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ABSTRACT. — Convergence of Dirichlet forms of diffusion processes is investigated without
assuming that the underlying measures are fixed or compatible with a fixed one. Here we tree
the case where the basic processes are skew product of finite dimensional diffusions and on
dimensional ones. We note the corresponding diffusions to the Dirichlet forms can be represente
as time changed processes of the basic processes, where the time change is given by t
additive functional associated with the underlying measure. Then the convergence of the Marko
semigroups of the obtained processes and the Feller property of the limit process are prove
by providing some convergence properties on additive functionals. The concrete expression c
a core for the limit Dirichlet form is also obtained, which may be of non-local type due to the
degeneracy of the underlying measure. Finally, under some regularity assumption, the parti
differential equation associated with the limit process is given, which is elliptic on infinitely
many disjoint strips with the non-local boundary condition including the boundary values on the
neighboring stripsa 2002 Editions scientifiques et médicales Elsevier SAS

RESUME. — On étudie la convergence de la forme de Dirichlet des processus de diffusion san
I'hypothése que les mesures de base sont fixées ou compatibles avec une mesure fixée. N
traitons ici le cas ou chaque processus fondamental est le produit semi-direct d’'un processt
de diffusion de dimension finie et d’un processus de diffusion unidimensionnel. Nous notons
que les processus correspondants a la forme de Dirichlet peuvent étre représentés comme ¢
processus changés de temps des processus fondamentaux. Le changement de temps est d
par les fonctionnelles additives associées aux mesures de base. Nous démontrons la converge
des semi-groupes des processus markoviens ainsi obtenus et la propriété Fellerienne du proces
limite en vérifiant la convergence des fonctionnelles additives. L'expression concréte de la forme
de Dirichlet sur un domaine dense est aussi obtenue. Elle peut étre de type non local du fait de
dégénérescence de la mesure de base du processus limite. Enfin, sous une certaine hypothést
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régularité, nous présentons I'équation aux derivées partielles associée au processus limite. Il e
elliptique sur une infinité de bandes deux a deux disjointes et satisfait & une condition au bor
sur la frontiére de chaque bande, en fonction des valeurs sur les bandes voigip@a Editions
scientifiques et médicales Elsevier SAS

1. Introduction

In the study of convergence of a sequence of Markov processes, the theory of Dirich
let forms is one of the most useful tools. In fact, the notiom afonvergence and Mosco
convergence as well as a monotone convergence theorem derive a lot of interesting r
sults (see [2,15,17,12,10,14,20], etc.). However, they are basically for a sequence ¢
Markov processes associated with Dirichlet forms on a fixed underlying Hilbert space,
which means that the underlying measures are fixed or at least compatible with a fixe
one.

In this article, we will be concerned with a sequence of diffusion processes whose
underlying measures of Dirichlet forms converge to a degenerate one. Especially, w
are interested in the case where a sequence of diffusion processes converges to a n
local Markov process, which never happens unless the underlying measures degenera
As a prototype of such sequences, we adopt that of diffusion processes which ar
skew products of finite dimensional diffusion processes and one-dimensional ones. Thi
enables us to express the semigroups as time changed processes of product diffusic
and obtain some properties such as convergence of semigroups and Feller property of t
limit process. The feature of the Dirichlet forms with degenerate underlying measures
and Dirichlet energy are already given in [7] using harmonic operators. We would notice
that those are actually expressed as a sum of local Dirichlet forms on the support of th
underlying measure and non-local Dirichlet forms on its boundaries. We will give the
explicit form of the Lévy measure for the Dirichlet form obtained as a limit of diffusion
processes in our setting (see Theorem 5.1 below). As is noted in [18] and [19], the
Dirichlet form of the type thus obtained corresponds to the second order differential
equation with non-local type boundary condition. Our simpler proof of Feller property
here offers another approach to this problem, which is actually an extension of the result
in [8]. However we must confess that this is fully based on the skew product structure,
and the rather tedious real analysis might be on stage if one deal with more gener:
processes. Finally, we would say that the results even in our case give a new type c
phenomena of the convergence of Dirichlet forms and well provide the rough shape o
formulas in forthcoming general settings.

This article is organized as follows. In the next Section 2, we set up our problem in
terms of Dirichlet forms and give an intuitive scope of our limit theorem. We establish
our limit theorem in Section 3, where we express the processes in terms of time chang
by additive functionals and prove their convergence. In Section 4, we show the Fellel
property of the semigroup of the limit process, using the expression of one-dimensiona
diffusion processes by a Brownian motion and its local time. In Section 5, we give
the explicit form of the Dirichlet form associated with the limit process as a sum of
local and non-local Dirichlet forms under a little stronger conditions. We also give
several examples, in which we can compute the explicit formulas of Lévy measures an
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determine the domain of the Dirichlet forms except for the last one. In the final Section 6,
we study the partial differential equations for the resolvent of the limit process. The
obtained one is elliptic on infinitely many disjoint strips with the non-local boundary
condition including the boundary values on the neighboring strips.

2. Preliminaries

For E=R? or E =R‘*, we denote byC(E) the space of all bounded continuous
functions onE, and by C(E) the space of those functions ifi(E) which vanish
at infinity. The set of all infinitely differentiable functions oA with compact
support is denoted by’$°(E), while the Sobolev space of order one B¥(E).

We also write asx = (x%,..., x4 1 x%) = (x', x%) e R x R, and denote by x|
dx’, d¢ the d-dimensional,(d — 1)-dimensional, one-dimensional Lebesgue measure
respectively.

Leta’ =a" (x'),i,j=1,2,...,d — 1, be a system of bounded measurable functions
onR?~1 which compose a symmetric and uniformly elliptic mattix' ); j—12 _4-1.Let
alsoa? = a? (&) be a bounded measurable function which is bounded from below by a
positive constant.

For eachn e N, let pi” = p¢” (£) be a nonnegative bounded measurable functioR on
anduy” = 1’ (x) abounded measurable functlonI@ﬁwhlch are bounded from below
by a positive constant. We now let™ (dx) = pg )(x) dx and consider the Dirichlet form
(EM, Fmyon L2(RY, n™) given by

EMW (u,v) = %/{(H pd” (x4 Z a’ (x")d.iu(x)d,jv(x)

R4 i,j=1

+a% (xd)axdu(x)axdv(x)} dx, (2.1)

F — Hl(Rd), (2.2)

where the derivatives,u := du/0x’, 1 <i < d, are taken in the distribution sense. It
then follows that the Dirichlet forng€™, F™) on L?(R¢, u™) is regular, so that there
exists an associated Hunt procs8 onR? (see [7]). Itis also known that the associated
semigroup{p\™: ¢ > 0} on L2(R, x™) is Markovian in the sense thatQ p” f < 1,
a.e. whenever & f <1, a.e. ([7]).

PROPOSITION 2.1. — For eachn € N, {p{”: ¢ > 0} is a Feller semigroup ol (R%).
Namely,

p"(C(RY)) c C(RY), >0,
limsup|p™ f(x) — f(x)| =0, feC(RY).
t10 xeRd

There exists a conservative diffusion proces® = (x\”, P®) on R¢ which has
{p”, 1 > 0O} as the transition operator, that s,



510 Y. OGURA ET AL./ Ann. |. H. Poincaré — PR 38 (2002) 507-556
PP FxX)=EP[f(X™)], >0, xeR?, feC(RY),

whereE ™ stands for the expectation with respectRf.

Proof. —Under the assumptiond,?(R?, ™) = L?(R?,dx) and the spacdu e
L?(R?, u™): 8.iu € L2(RY, dx), 1<i < d} coincides with the Sobolev spaét'(R9).
Further, the norme{”(, )¥2 is equivalent to the norm || 1z, where & (u, v) =
EM(u,v) + A(u, v)2ga ., A > 0. Therefore we get the proposition by means of
results due to Nash [16], Stampacchia [21] and Kunita [11].

In what follows, we consider the convergence of the diffusion proces&esvhen
oo (8) dg converge to a measure(ds) and uy” (x) dx to u(dx) in some sense. The

Dirichlet form (£, F) of the limit process could be supposed to be

1 d-=1 -
E(,v) = —/ > a (x)du(x)d,v(x) di’ (dx? 4 p(dx’))

2] ~
R4 i,j=1

+ % / a®? (x4) 8 a1 (x)dgav(x) . (2.3)
R4

However this is not right as it stands, since we must consider it on the 3&Ré, )

and the support of the measuyrés not necessarily equal to the whole sp&éeActually

this is the very case we are interested in, and we will give the right answer in Section &
below. To do this we study the rigorous form of the limit theorem and analyze the limit
processX. We also show the Feller property Bfunder additional assumptions.

3. Limit theorem

In this section, we will give the limit theorem for the diffusion processes in the

previous section. Our assumptions are the following:

(A.1) The measureﬁé”)(g) d¢ converge vaguely to a Radon measp(dé) onR.

(A.2) The functions.y” are decomposed a8 (x) = u{"” (x') 3" (x4), andu{” (x')
converge uniformly to 1 and the measur;eg)(g)dg converge vaguely to a
non-zero Radon measureon R.

In order to get our limit theorem, we will express the approximating proxé&ssoy

means of time change. L&t = (X/, P/,) be the diffusion process dR‘~! associated

with the following Dirichlet form(&’, ') on L2(R?~1, dx’):

1 d-1 B
&) =5 / .]Z_:la'f (), (6, v (x') di, (3.1)
Rd-1 HJ=
F'=HY(R. (3.2

We note that the transition operatgp;,r > 0} of X’ has the Feller property as
in Proposition 2.1. Also letg = (&, Pf) be the one-dimensional diffusion process
associated with the following Dirichlet forg€ %, 7<) on L?(R, d§):
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o 1 o
£ = / W EW (E)alE) ds,  FE = H(R).

R

In the following the sample paths;, &, etc. are sometimes denoted ¥4t), £(z), etc.
It is known that the diffusion process has the local time&=(z, £) which is continuous
with respect taz, £) € [0, 00) x R and satisfies 2, £5(z, £) dé = fé Ig(&)ds, t > 0,
for every measurable sé&t C R ([9]), wherelg is the indicator for a seE. We set

0= [(14 '€ ds=1+2 [ C.on’ Ok 120 @3
0 R

f=1+2 [ Ea.op@). 1>0 (3.4)
R
AV @ = [ 1 (X (0 0)s € b5, 120, (35)
0
A(t)=2/EE(t,S)m(dS), t>0. (3.6)
R

Denote the right continuous inverses,dfl)(Nt) andA(r) by '™ andt, respectively.
Let us consider the time changed prock¥$8 defined by

X = [(X(19 (1)), (). Po=PL® P x= (. x) R, @)

LEmMMA 3.1.— X® is equivalent to the diffusion proceX$” defined in Sectiog.

Proof. —Since P2 (lim,_.o. f" (1) = 00) = 1, § € R, by virtue of [6], the Dirichlet
form of the skew product ™ := [(X'(f™ (1)), £(t)), Py = P, QPZ5, x = (x',x%) e R]
is given by (™, F™), where the underlying measure is.dA™ (¢) is a positive
continuous additive functional &f®™ in the strict sense with Revuz measw® , which
has full quasi support. Therefore, in view of Theorem 6.2.1 in [7], the time changed
processX ™ is a Hunt process oR? and the Dirichlet form coincides witf€™, ™)

defined by (2.1), (2.2) with the underlying measuf&. Thus we get the conclusion.o
Let X be the time changed process defined by

X=[(X'(f(x)),&(r)), P.=P,®P&, x=(x',x?) eR’]. (3.8)

Now our limit theorem is

THEOREM 3.2. — The diffusion processe&™ converge toX in the sense that for the

transition operatorsp”,

lim pi” f(x) = Ex[f(X'(f(2)).§(x))], 1>0, xR’ feCR’), (3.9)

whereE, stands for the expectation with respectRg
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Proof. —First we note that the sdf, := [Mino<,<; &, MaX<< &] iS compact and
€5(1,&)=0for& ¢ E,, P7-a.s. £ € R. Hence by means of (A.1) and (A.2),

lim (1) =f(r), 1 >0, PF-as, §eR, (3.10)
nILmOOA(”)(t) =A@r), t >0, P,-as, xR’ (3.11)
By virtue of (3.11), it holds that
lim t™W =1 fort>0withy,_=1, P-asxecR’
We should notice that

P(lim W =17)=1 >0, xeR" (3.12)

n— o0

To this end, it is enough to show
Pf(tl_ <1)=0, >0, £§eR. (3.13)

In the case where supp] = R, 1, is continuous and hence (3.13) is obvious. Let us
consider the case wher®, := supfdm] # R. ThenR \ §,, is denoted by a finite or

a countable disjoint union of open intervals= (ay, b;), k € K with the end points
belonging toS,, U {—oc0, oo}. Since at least one af;, b, belongs toS,, andz;_ is a
Markov time of 2, we find that fore > 0 and¢ e R,

Pf(t, —1,_>¢)< Z PgE (E(t) ela, iy NSy, EneLifort_ <"u <7t +e)
keK

=Y EF[PS, \(uelfor0<"u<e); £(t-) € {aw, b} N Sl
keK

The probability in the last term is zero becausefé, < & for0 < u <¢) = P2 (&, >
Efor0<"u <e)=0, £ eR, & > 0. Thus we obtain (3.13).
We next note that
Py( lim £ (¢") =f()) =1, xeR’ 1>0. (3.14)

Indeed,

CE (1M, E) — €31, 8) | pg" () d

1 (5”) ~f@)| <[5 — 5| +2
R

+2‘/EE(I,,S),O((JM(§)C|§ —/ﬂ%f)p(ds)‘
R R

=71+ 4.
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By virtue of (3.12), there is an, € N such thatr,’ <7, +1, n >n,, andI — 0 as
n — oo. SincelZ (¢, £) is continuous int, £) € [0, c0) x R, (3.12) and (A.1) imply that

Il <2 sup [€5(c/™, &) — €5(x,, &) / ool (E)ds - 0 asn — oo.
E€Ey 41 Eoin
Since the setf, is compact and®(z,,&) =0 for & ¢ E,, Il > 0 asn — oo.
Accordingly (3.14) follows.
By virtue of Lemma 3.1,
P f) = E[f(X'(f (")), &(5"))]. (3.15)
Combining this with (3.12) and (3.14),
lim p™ f () = E[f (X' (f(z)), &(m)]. (3.16)

becausef € C(R?), andX'(¢) and&(¢) are continuous im. O
Remark3.3. — By means of (3.12), (3.14) and (3.15), we also see that

k

lim E. | [T /(X' (" (")), (7))

n—00 -
i=1

k

15 (X (fz)). £@))|.

i=1

—E,

forxeR!), O<ty<tr<---<t, fi€eCRY) (i=L2...,k), k €N, which shows
the convergence of finite dimensional distributions<éf to those ofX.

4. Semigroup of thelimit process

In this section we will show some properties of semigroup of the limit process
obtained in the previous section. Lgtdx) be the product measure defineddogdx) =
dx’ x m(dx?), whose supporg2, is given byR‘"* x §,,. Since PE(§(t;) € Sy, t >
0)=1, £ eR, itis enough to consider the restrictions ofo €2, for the right hand side
of (3.9). We denote them by, f (x), that is,

pfxX)=E[f(X (f(z),&(z))], t>0, xe RY, fe C(£2,). 4.1)

Furthermore we note thai, f (x) is essentially a function of € Q.. Let p'(¢, x’, y') be
the transition probability density of the diffusion proce€sando £ the first hitting time
of the one-dimensional diffusion proce8sfor a setE: o F =inf{r > 0: & € E}.

PROPOSITION 4.1. — Let f € C(R,),t > 0andx = (x/,x%) e R\ Q, # ¥. Then

pfx)= / pf (Y v P (s, x', vy dy

', ¥4, 5)eRI=1x3S,, x (0,00)
x P5 (f(aSEm) € ds, S(assm) e dy’), 4.2)
whered S,, stands for the boundary ¢, .
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Proof. —LetY = (Y;, P,) be the skew product of’ and E with respect td(¢) defined
by (3.4), that is,

Y =Y, = (X'(f(n), &), P, =P, ®P5, x=(x,x) eR’]. (4.3)

We note thatY is a diffusion process ofR?. Sincer, is a Markov time ofY and
Ty (W) = 15 (w) + r,(a);'; ) for0<s <1, wherew stands for the shifted path af, by
means of the strong Markov property 6f

E [f(Y(t40))] = Ex[Evey [f (Y (m))]], 0<s<t, x e R (4.4)

We also note that, for € R? \ 2,,,
P, (0 :aSEm >0) =1,
P.(Y(10) = (X'(f(05)).&(05)) e R x 38,,) = 1.
Hence puttings = 0 in (4.4), we get fox e R? \ Q,,,
E[f(X'(f(r)).§(t)] = Ex [Ey(o [f (Y ()]

- / e f ) P(Y (o) € dy)
RI=1x3S,,

= [ IOIPXEE) cdys £oF) edb)
(y’,y‘l)ERd*leSm
- / pf Oy ) PLXedy)
O, ¥4, 5)eRI=1x 38§, x (0,00)
x P5(f(og)) eds, &(o5,) € dy’)
= / pef (Y. y)p'(s.x', yHdy'
', ¥4, 5)eRI=1x3S,, x (0,00)
X PxEd (f(os‘i) e ds, f(asi) € dyd).
This shows (4.2). O

Remark4.2. — IfR\ S,, # @, thenR \ §,, is expressed by a finite or a countable
disjoint union of open intervalg; with the end points belonging t§, U {—oo, oo}.
Suppose that € I, = (a, b). Then

af, —o00o=a<b < o0,
og. =< minfo, 0}, —oco<a<b<oo, Pg-as,
oF —oc0o<a<b=o0,

a b
whereopE is the first hitting time to a poinp. Hence

PE(f(o) eds, £(0f ) edy’)

X
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Pj,(f(oba) € ds) 8, (dy?), —o0=a<b< oo,
PE(f(0f) eds, 02 <02) 8, (dy?)
= - _ ~ ~ —o00 <a<b<oo,
+ PE(f(of) eds, of <aZ)8,(dy’),
P)f,(f(of) € ds) 8, (dy?), —o0o<a<b=o00,

wheres, (d§) is the unit measure concentrated at a ppint
We next show thatp,, ¢ > 0} is a Feller semigroup. Pit=inf S,,, I» =sups,,.

THEOREM 4.3. — Let us assume that

0
[ i) =oo ift=—c0, (.5)
/gm(ds):oo if 1, = oo, (4.6)
0
Then it holds that
pfeCRHYNC(RQ,) fort>0, feC(RQ). (4.7)
limsup|p, f(x) — f(x)|=0 for f e C(Q,). (4.8)

t}0xeQ,

For the proof of Theorem 4.3, we prepare some lemmas.
First of all we give an expression of f (x) in terms of the one-dimensional Brownian
motionB = (B,, P/). We set

&
$(€) =/{1/add<n)}dn, £cR.

0

Obviously s(¢) is a strictly increasing continuous function dd and s(—o0) =
—00, s(00) =00. SinceA~t < a?(E) < A, £ e R, for some positive constant > 1,
we see that

ATHEIS s < AJEl, E€R. (4.9)
Denote byy (&) the inverse of(£). Note thaty’(§) = a%(y (£)), a.e.£ e R, and

ATHEIS Iy (®) < AlE], E€eR.

For eachu € R, we set

O (t;a) = Z/EB(t,s(é) —s(a)dg, >0,
R

where ¢8(¢, £) is the local time of the Brownian motioB, that is, fé Iz (By)ds =
2 [, 08(1,&)dg, for measurable set& C R. We denote byg(r;a) the inverse of
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t— ®d(t;a). ¢(t; a) is a strictly increasing continuous functionsinWe note that

q)(t;a):Z/EB(t,n)y/(n+s(a)) dp, t>0. (4.10)
R

Therefore
t/A< P(t;a) < At, t20, aeR,
from which
t/A<¢t;a) <At, 120 aeR. (4.11)

Further we put

f(t: a) =t+2/zB(¢<t;a),s<s) ~ s(@)p(ck),
R

At a) =2/£B(¢<t;a),s@) — s(@))m(dé),
R

7(t; a) =the right continuous inverse of— A(t; a).
LEMMA 4.4. — It holds that for every > 0, x e RY, f e C(2,),

P f (6) = Eg [EL[f (X ety ¥ (Bpeixtriasy +5 ()], (4.12)

whereE},, EE, stand for the expectations with respectRp, P/ respectively, and the
right hand side of4.12)should be read as

B / !
Eq [E L (X EMlumteixtyiad). 6=y By, iyt +s ) -

Proof. —Following the terminology in [9],E is a diffusion process o with the
scale functions(¢) and thespeed measurg2ds. By virtue of argument in [9, Ch. 5],
E=(, PEE) is equivalent to the time changed proceégsBy, ), Pffs)), where

(1) =2/zB<t,s>y/<s>ds =2/z3(r,s(5)) de,
R R

¢; =the inverse of — ®(1).

Since (B;, P} is also equivalent taB; + s(§), P¢'), the process(®(t, ), P7) is
equivalent to(£® (¢ (1; £), s(-) — s(£)), Py’) and (&, P7) is equivalent to(y (B .z +
5(§)), P§). Combining these facts with (4.1) and using of Fubini's theorem, we get the
assertion of the lemma.o

Remark4.5. — It should be noted thad := (y (Byr(:6):¢) + 5(§)), PY) is a one-
dimensionalgeneralizeddiffusion process having the scale functisrand the speed
measure 2 (cf. [9]). D is conservative because is a Radon measure dR. When
[, > —o0 [I2 < o0], the boundary; [I7] is regular reflectingin the sense of Feller [5].
When l; = —o0 [l = o0], the boundaryl; [I;] is entranceor natural in the sense
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of Feller [5] according as the integr@ﬂfoo ls(&)|m(dg)[ 5~ s(&§) m(d§)] converges or
diverges. The transition operatfy”} possesses the following properties:

D(B(Sm)) Cc C(Sn), (4.13)
. !lr?es pPf&)=0 ifl is natural and |IT f()=0, foreachi=1, 2

(4.14)

Iirpssgmpf)f(s) —f®)|=0, feC(Sw, (4.15)

where B(S,,) stands for the space of all bounded measurable functions,,onn
the case wheré [I;] is entrance, it happens that imy, 1, zes, pP f (&) # 0 even if

Mg,y ges, f(6) =0

LEMMA 4.6. —Let{a,} be a sequence convergingde R. Then

PB( Iim ®(t;a,) = ®(t;a), t >0) =1, (4.16)
POB( lim ¢(t:a,) = ¢(t: a), t>0)=1, (4.17)
P(f( lim f(1; a,) =f(t: a), t>0) =1, (4.18)
P(f( im A(1; a,) = A(; ), t>0)=1, (4.19)
P(f( im t(t;an)=t(t;a))=l, t>0, (4.20)
Py (lim ¢(t(t:an):an) = p(r(50)1a)) =1, >0, (4.21)
Py (lim f(z(t; an);an) =f(c(ta);a)) =1, 1>0. (4.22)

Proof. —-We sety,(dn) = y’(n + s(a)) dn. The Radon measureg, converge to the
Radon measurg, vaguely asa, — a. Therefore (4.16) follows from (4.10) by the
same reason as for (3.10). (4.17) is a direct consequence of (4.16). Vidgsset

p([0,&]), £ >0, =—p((¢,0), & <0, and furtherp, (&) = p(y (£ + s(a))). Then it
holds that

£t a) =z+2/@3<¢<z;a>,s) Fa(dE).
R

Since the measurgs, converge to the measupg vaguely as;, — a, we get (4.18) by
the same argument as for (3.14). In a similar way we obtain (4.19). We can derive (4.20
from (4.19) by the same argument as for (3.12). It is easy to see that

nILmOOA(dD(t; ay); dy) :nILmOOZ/ZB(t,s(S) — s(ay))m(d§)
R

= Z/KB(I, s(&) — s(a))m(dg)
R

=A(®(t;a);a), t>0, Pf-as
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Since¢ (t(t; a); a) is the right continuous inverse of— A(®(t; a); a), we get (4.21)
by the same reason as for (3.12). We obtain (4.22) from (4.18) and (4.20) by the sam
method as for (3.14). O

PrROPOSITION 4.7. — It holds that
p(C(Q)) cC®RY), t>0.

Proof. —Let us fixz > 0 and f € G(Qu) arbitrarily and let{x,}>°, be a sequence
converging taxy € RY. We set

ug =F(t(t;x0):x0), & =¥ (Byriuntynty +5(x7)), neNU{O}.
By means of Lemma 4.4,
|pef (%) — pi f (x0)| < E§ | E [f (X (), &)] — E;é [f (X' (u0), 80)]|]

<SESE, [|f (X (wn). &) — £ (X (un). &) |]]
Eyy [f (X (n), §0)] — Ejy [f (X (wo), &) ]

+Eg
SEp| sup [f(. &) — (. 5]

y'eRd-1
+E§[|p, £ () = Py f (- E0) (ko)
=[,+1,.
Since P& (Iim,_. o &, = &) = 1 by virtue of Lemma 4.6,

limsupZ, < Eg [limsup sup |f(y', &) — f(',)|] =0.

n—o00 n—>00 y/cRd-1

Noting that {p,,z > 0} is a Feller semigroup, and®(lim,_ «u, = ug) = 1 by
Lemma 4.6, we have

limsupll,, < Eq [limsup|p;, f(-, §0)(x,) = P, f (-, é0)(xp)|] = 0.

n— o0 n—oo

We thus get the conclusion of the propositiort
LEMMA 4.8. — For eachK > 0, let

fx (t) = supf(z;a), AK(t)=| inf s A(t; a).

|a\<K a\gK, a€d,

Then it holds that

Py (fx(0+) =0) =1, (4.23)
Py (fx(t) <oo, t>0) =1, (4.24)
Py (Ax(t)>0,t>0)=1 ifS,N[-K,K]#0, (4.25)

Py (im A (1) =00) =1 (4.26)



Y. OGURA ET AL./ Ann. I. H. Poincaré — PR 38 (2002) 507-556 519

Proof. —Leta e R, —co <a <0< B <ooandl =[y(s(a) + «), y(s(a) + B)]. We
then note that

s(&)—s()ela,p] ifandonlyif &£el, (4.27)
l[a+ A a,a+AT1B] C 1 Cla+ Aa,a+ ABI. (4.28)
Indeed,
s(a)+p

y(s@+p) —a=y(s@+p) ~y(@)= [ v,
s(a)
and henca+A~18 < y(s(a)+B) <a+AB. Inthe same way;+ Aa < y(s(a)+a) <
a + A~ta. Therefore we get (4.28).

We seta, = Minog,<; By, Br = MaXog<: By, andE, = [«;, B;]. By means of (4.11),
(4.27) and (4.28),

/ (1), 5 (&) — s(@)) p(dE) < / €8 (At 5(€) — s(a)) p(dE)
R R

< n@gxﬂB(At, mp({&: s) —s(a) € El)

< max¢®(At, mp([a+ Aaar a+ APa)
NeLA;

< ngXZB(At, Mo ([—K + Ao, K + ABad),
nNeLar

from which (4.23) follows.
By means of (4.18)(z, a) is continuous iz € R, which implies (4.24).
By using (4.11), (4.27) and (4.28) again, and noting that < 1,

At;a) > 2 / B (t/A. 5(8) — s(a))m(dE)

&l sE)—s(@eEn

>2 / €8 (1/ A, 5(€) — (@) m()
& s(E)—s@e[ATan , A1Bi/a]
>2 min B/, )

nelAYaa, A1B /Al
x m({&: s(&) —s(a) € [A Youyn, A7 Bial})

>2 min /N mm([a+ A 20, a4+ A72By4]).
nelA Yo a, A=18 /a1

Hence

Ax(t) =2 min 8 (t/A, inf m(la+A20, 0, a+ A2 )
k(1) LT /A, m) et ([ t/A Binl)

We notice that

min /N, ) >0, t>0,
VIE[A_lOl//AsA_lﬂt/A]
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because of\~1 < 1. We next note that

: . ,
|a\<II(r?faESmm([a+A an,a+ A Byal) >0, t>0.

For, if not, there exists am such thata| < K, a € §,, and
m((a+ A_20t,/A, a+ A_zﬂ,/A)) =0,

which contradicts that € S,,. Thus we get (4.25).
We take anR > 0 such thain([—R, R]) > 0. Then

A(t;a) =2 / 8 (t/A, s(€) — s(a))m(dE)

[EISR

WV

min Bt A.mm(—R. R
n=s(&)—s(a), [EI<R /A, mm(( D

>2 i B/n, —R, R]).
|n|<T<'19+K>£ /N, mm(] D

In order to get (4.26), it is enough to show that

Py (Jim min¢f(,6)=00)=1, L>0.

—XEISL

Since (B(t), P&) is equivalent to(c™1B(c?%), PP) and hence(®(t,&), PE) is
equivalent tac=1¢8(c?t, c€), PE) for ¢ > 0, we see that, for every> 0,

Py ( lim min €%k, &) >r)=P§ ( U {lmin Bk, &) > r}>

k <L <L
00 [£|< oo EIS

_k—>oo

lim P(f(\/zlg’rlLirlﬁB(l, £/Nk) > 1)
:pB( min ¢85, &) > r/Vk )
0 ,{ELJN{IEKL/JE )
=pPJ(t*(L0)>0=1 O
We denote byrg(¢) the right continuous inverse of — Ag(t). By virtue of
Lemma 4.8,

sup  f(t(t;a);a) <fx(tx (1)) <oco, t>0, PJ-as, (4.29)
la|<K,aeSy,
fx (tx(0+)) =0, Pg-as, (4.30)
for everyK > 0.
PROPOSITION 4.9. — It holds that

lim sup  |pf(x)|=0, feC(R,), K>0.

!’
I¥|—>00 | d 1<k, xdes,,
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Proof. —~We seth(y') = SURucg | (', y)I (€ C(R?Y)) andu = f(z(t; x); x4). By
virtue of Lemma 4.4,

|p fOI < E§[ELR(X)]] = E§ { / pu,x', y)h(y)dy'|.
Rd—l
It is well known that
Clt—(d—1>/2e—C2‘x’—y"z/’ <P x,y)< Cg,—<d—1)/ze—c4\x’—y’|2/r,
t>0, x',y eRITY, (4.31)
with some positive constants (i =1, 2, 3, 4) ([3,4]), from which
limsup  sup |p;f(x)]

|x'|—>o00 |x9|<K,x9€S)y,

<E§[limSUp sup /p/(u,x/,y/)h(y/)dy/}

x'|—=o00 |xd|< d
x| x| <K, x9Sy, Ri-1

< C3E [Iim sup  sup e PR (x' + uy') dy/}

x| =00 |xd|< d
%] x4|<K,x9€S, Ri-1

< C3E§ [ e Plimsup  sup k(x4 ay) dy/} .
[x/| =00 |x4|<K, x9€S,,
Rd-1
Noting (4.29), we see that
sup sup  A(x'+uy)=0, yeRL

|x/| =00 |x4|<K, x9€S,,

We thus obtain the conclusion of the proposition
PROPOSITION 4.10. — If (4.5)is satisfied, then

lim sup [p f(x)| =0, feC(R,). (4.32)

)Cd—> —00, )cd ES,-,, X/ERd—l

If (4.6)is satisfied, then

lim sup [pf(x)| =0, feC(R,. (4.33)

xd—>00,x4€8 1crd-1

Proof. —~We seth(y/) = sup, cga-1 | (', y¥)|, which belongs taC (S,,). By virtue of
Lemma 4.4 and Remark 4.5,

sup Ipf (ol < Eg [1(¥ (Byeatyny +5(x9)))] = pPh(x?). (4.34)
x'eR4—

By means of (4.9) and Remark 4.5, the assumption (4.5) [(4.6)] implies tHatf
—o0 [l = o00], it is a natural boundary. Accordingly, (4.32) and (4.33) immediately
follow from (4.14). O
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PROPOSITION 4.11. — Suppose thaf4.5)and(4.6) are satisfied. Then it holds that

limsup|p, f(x) — f(x)| =0, feC(Q). (4.35)

tl0xeQ,

Proof. —Let f € C(S,,) and puth(y?) = SURcra-1 £ (', y)|. Let us fix ane > 0
arbitrarily and take & > O satisfying suu > yics,, h(y%) <eand[—K, KNS, #0.
Then

sup|p. f (x) — f ()]

xeQy,

< sup P f(x) — fFO)|+ sup |pef(x) — f(x0)]

x'eR4-1 |xd| =K, x4€S,, x'eRI-1 |xd|<K, xS,

= Il + ” I
By means of (4.15), we havera> 0 such that

|pch(xd)—h(xd)|<s, xteS,, 0<t<t,,
from which
pch(xd)gh(xd)—l—8<28, |xd|>K, xteS,, 0<r<t,.

Combining this with (4.34),
I, <3¢, O<rt<i,. (4.36)
Since the diffusion processe&s and D are conservative, we find by Lemma 4.4 that
P f () = fF@| < EGEL[| (X}, 6) — fFO& O]+ Eg [| £, &) = f(x', x9)]]
=1l (¢, x) + IV (¢, x),
whereu =f(t(t; x7); x?), & =y (Byr(:xdyxdy + s(x9)). Noting (4.31), we find that

|||(t,X)=E§{ / P’(M,X’,y/)|f(y',5)—f(X’,S)|dy/}

Rd-1
< CgEg[ / e—C4|y/\2‘f(x/ + \/ﬁy/,f) _ f(x/,é)‘ dy/:| )
Rd-1

We note that: — 0 ast | 0 uniformly in x? e [-K, K] N S,, by virtue of (4.29) and
(4.30). Hence

limsup sup |f(x"+uy',n)— f&',m| =0, y eR,
0 x'eRI-1 |x/|<K,x4€S,, neSn
from which
limsup sup "z, x)

110 xeRI-L |x/|<K, xeSy,
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<C3E§[ / e—C4|y/\2

Rd—l
x limsup sup |f(x"+ Vuy' . n) — F(& )| dy
10 yeRI-1 |x/|<K, x4€Sy, nESn
=0. (4.37)
By means of (4.11) and Lemma 4.8,
sup |‘§ _xd| = sup |V(B¢(f(t;xd);xd) +S(xd)) _V(S(xd)”
x4|<K, x9eSy, x4|<K, xS,
<A su B Sy KA max  |Bg|— 0 asr |0,
|xd\<1<,fdesm Bocananl S B o D0 1 '
from which
limsup sup IV (z, x)
10 xeRI-1 |xd|<K, xd€S,,
< E§[limsup sup f(x', &) — f(x',xM)]] =0. (4.38)

110 x'eR4-1, |xd|<K, x4€Sy
(4.37) and (4.38) yield limgll, = 0. Combining this with (4.36), we obtain (4.35)0

Proof of Theorem 4.3. ket us fix ane > 0O arbitrarily. By virtue of Proposition 4.10,
there is aK; > 0 such that

sup Ip f(X)| <e.

x'eR4-1 |xd|>Kq, x4€S,,

Further, by means of Proposition 4.9, there 2> K, such that

sup Ip f(x)| <e.

I/ 1>K2, |4 |<K1, x4 €S
Consequently

sup Ip f(x)l <e.
[x|>2K7, xeQ,
Proposition 4.7 coupled with this implies (4.7). (4.8) is already shown in Proposi-
tion4.11. O

5. Dirichlet form of the limit process

In this section, we derive the Dirichlet forg€, ) of the limit processX defined
by (3.8).X is a time changed process of the conservative diffusion pro¢edsfined
by (4.3), which is the skew product &f and & with respect td defined by (3.4). Since
d¢ + p(d¢) charges no set of zer§®-capacity, by virtue of [6], the Dirichlet space
(&Y, FY) associated withy is regular on.?(R?, dx) and hasC§° (R?) as a core. Further
(&Y, FY)is given by
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d-1
EV(u,u) = %/ Z a’ (x")0,iu(x)d,ju(x) dx'(dxd + ,o(dxd))

R4 i,j=1

1
+ E/add(xd)axdu(x)axdu(x)dx,
R4

fyz{ueLz(Rd do: dyiu € LAR?, dx'(dx? + p(dx*))), 1<i<d—1}

d.au € L2(RY, dx)

We next note thafi(dx) = dx’m(dx¢) charges no set of ze®' -capacity. For this, it is
enough to show that, for every compact 8et R, there is a positive constagt such

that
/Iu(x)lu(dx) < C\E (u,u), ueCy(RY), (5.1)

B

thatis,/z(x) u(dx) is of finite energy integral, whe® (u, u) = £ (u, u) + (u, u)  2ga).
Let ® be an element of §°(R) such thatd (&) = 1 for & € I = {x: (x',x9) € B for
somex’ € R471}. Then it is easy to see that

/|M| du < {”axd””Lz(Rd)”q)”Lz(]R) + ||M||L2(Rd)||CD/”LZ(R)}M(B)l/zm(l)l/z,
B

from which (5.1) follows. Further we note that(z) defined by (3.6) is a positive
continuous additive functional of the diffusion proce¥sand P.(A(t) > 0, ¢t >
0 =1 «xe€Q, because ofP5(A(r) >0, 1t >0 =1, x? e S,. Employing
Theorem 6.2.1 in [7], we then see that the Dirichlet spaceF) is regular onL?(Q,,, 1)
and hasC{*(RY)|q, as a core.

If S, =R, then the Dirichlet form(&, F) is given by (2.3) with the domaitF =
{ue L?(R?, 1) d.u € L2(RY, dx/(dx? + p(dx?))), 1<i <d—1, d.au € L>(R?, dx)},
which is immediately derived from [7, Theorem 6.2.1].

We are thus restricted to the case whirg S,, # @. In this casep; f (x) is regarded
as a function ofr € €2, in the sense of Proposition 4.1. Following [7, Theorem 6.2.1],
we see that the restricted transition operdtay, t > 0} to 2, determines a strongly
continuous semigrougr;, r > 0} on LZ(QM, 1), which is associated with the Dirichlet
form (£, F) on L?(Q,, 1) being regarded as the Dirichlet form of the time changed
processX.

We now assume that

a’E)=1, EeR\S,, (5.2)
supfp] C Sp. (5.3)

R\ S, is expressed aR \ S,, = Uiex Ik, @ finite or a countable disjoint union of
open intervalsl;, = (ay, by) with the end points belonging t8, U {—o0, co}. We put
I' =R 1andQ, =T x Ii. Let Gi(x, y) be the Green function of2, of the Dirichlet
boundary value problem corresponding to the operé((irjﬁjfil 0, (ad,;) + 0,a0ya)
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in the weak sense. Note that?(x?) = 1 on ©; because of (5.2). We introduce two
functionsU, andV, onT x I accompanied with the intervd], where we denote the
right and left partial derivatives in? by 8;5, anda_, respectively.

8;18;:1Gk((x/= ak)9 (y/’ ak))’ If ay > —0Q0,
8;18;le(()6/= bk)9 (y/’ bk))’ If bk < 00,

Vi, y) = =840 . Ge((', aw), (¥, i)

xd

= —8)6_‘18+ Gk((x/, bk), (y/, ak)), if —o0< ap < bk < Q. (55)

¥

Uk(-x/v y/) = { (54)

We notice that the right hand sides of (5.4) are the same wherexek a; < by < 00
(see (5.13) with (5.16) below).

THEOREM 5.1. — Assume thas,, # R and(5.2), (5.3)hold. Then the Dirichlet space
(€, F) of X is regular onL?(Q,,, 1) and hasC§*(R?)|q, as a core. Fom € C§°(RY)|g, ,
the Dirichlet form& (u, u) is given by

d—-1
E(u,u) = % /{ > @ (x)du(x)o,u(x) + a? (xd)a;‘du(x)a;‘du(x)} dx

G, V=l

1 et
+§/Z a”(x/)axiu(x)axju(x)dx/p(dxd)

@, i,j=1

1 / N
+t3 X //{u(x/aak)—M(y/,ak)}zUk(x/,y)dx dy
keK: —oo<ar<bp<oo T 4T
1
T3 > //{M(X/, be) — u(y, be) YUY, y) dy' dy’
keK: —oo<Lay <byp<oo
XAk <Dk I'xD
! / / ’o ! A
T2 > //{u(x »ag) —u(y ,bk)}ZVk(x ,y)dx’dy’, (5.6)

keK: —oo<ag<bg<oo T o

where the first term of the right hand side vanishes in case wisgtie= 0.4 In case
where|S,,| > 0, 9%,u is defined by

E);lu(x/,xd) = Iim {u@§) - u(x/,xd)}/(é —xd), (5.7)

E—xd E€Sy,

which exists for every’ e I' anddx?-a.e.x? € S,,.

In order to prove Theorem 5.1, we prepare some lemmas. We first not6 thaty)
is expressed as

Gi(x,y) = /p’(t,x’, Y)qr (t,xd, yd) dr, x,yey, (5.8)
0

4| E| stands for the Lebesgue measure of akiset
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wherep'(t, x’, y") is the transition probability density of’ andg, (¢, &, n) is that of the
absorbing Brownian motion of,, which is given as follows. If-co = a; < by < 0,

{e—\s—mz/Zr _ e—|s+n—2bk\2/2r}_ (5.9)

Qk(tvgv 77)= m

If —o0 <ar <byp =00,

{e—\s—mz/zr _ e—|s+n—2ak\2/2t}, (5.10)

Qk(t,‘i:, 77): \/ﬁ

In the case where-co < g, < by < 00, we have the following two expressions:

. —a . —a
)zl/zsm(unn) sm( % nn)
bk — d bk — dg

(t,§,n)= 2
Qk ’ ’n_bk—

(5.11)
l o0
= Z {e—m—s+2n<bk—ak>|2/2z_e—m+e—2ak+2n<bk—ak)\2/2r}. (5.12)
Accordingly,
U )= [ e e dr, (5.13)
0
where

| 2
C(k(t)=a$_8n_qk(l,bk,bk)= ﬁ’ if —oo =a; <b; < o0, (514)

[ 2
ak(t)=8;8;qu(t,ak,ak)= F, if —o00 <ar <by =00, (515)

a(t) =85 9, qu(t, a, ax) = 8, 3, qu(t, by, by)

2
__ 2 i( n ) g0/ (b—a0)yt/2.

by — ax 2=\ bk — ai

if —oo <ap <by<o0. (5.16)

Further, if—oco < a; < by < 00,
Ve(x', y) = / P x ) peleydr, (5.17)
0

where
Bi(t) = —a;a,;qk(t, ax. by) = =07 97 qu(t, be. ar)

n—1 nimw
Z( 1) (bk

_ak

2
> e—(nﬂ/(bk—ak))zl/2 (518)
bk — Clk
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2 & 2n + 1)2%(by — ar)?
— ﬁ Z {( + ) t( k Clk) _ 1}e_(2n+1)2(hk_ak)2/2f. (519)

n=—0oo

We note the following estimates.
LEMMA 5.2.— ()Let—oco =qay < by < 00 OF —00 < a; < by = 00. Then there exist
positive constant€’s and Cg independent of, such that for every’, y' € T,
Cslx' — y/ 7T < U(x', ¥') < Cglx’ — y'| 7. (5.20)
(i) Let —oo < a; < b < 0o. Then there exist positive constarifs and C; (i =
7,8, ...,12 independent of, such that, ifix" — y'| < T,(by — ai), then
Crlx’ — ¥ ™ S U(x', y) < Calx’ — /|7, (5.21)
Colby —ap) ™ < Vi(x', y') < Cro(by — a) ™, (5.22)
and if |x" — y'| > T,(by — ay), then forw = U, V,

—d/2—-1 —d/2+1 —/2 Iy _
Cra(by — ap) VY x' — y/ |72t gV 2Cemix =y I/ (bi=ai)

d
<
<

SW(, ) < Cralby — ag) 77 Hx! — y/ |74/2H g V2Cami =l ima (5.23)
whereC, and C, are positive constants which appeared4n31)

Proof. —(i) Let —oco = a; < by < 00 Or —00 < a; < by = co. Then we immediately
obtain (5.20) from (4.31) and (5.13)—(5.15).

(i) Let —o0 < a; < by < co. We divide the proof into four steps. For simplicity we set
6 = b, — a;. In the following,¢; (i =1, 2,...) stand for positive constants independent
ofr,x’,y’, 6 andk.

(Step 1) First we remark that

1t <ap(t) < et ™2 if0 <1 <6?/2, (5.24)
073 Ly (1) < e3P if 1 > 022, (5.25)

It follows from (5.16) that

o0
272931120 <a(t) < 2n29_3e_”2’/292{l+ ane—nzﬂzl/wz}’ t>0. (5.26)
n=2

If + >62/2, then

o
o0 o0
2.2 2 2 2 T
ane—n e l/49 < ane—n < /Sze_é dg — £
— — 4
n=2 n=2 0

Combining this with (5.26), we get (5.25).
Since

Q@/dH(n + 1)2e—(n+1)27121/292 < Sze_gznz,/zez < 4n26—n27r21/292
n<é<n+l neN,
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we see that

o0
o0
2_2 2 2 2 2_2 2
ane—n w21 (267  gn1/20 +4/Sze—s 7% /26 G
n=1 1

8\/503 7 2 2

—&

S
A1/\/20

< 03t_3/2{9_3t3/2 + 2«/§n_5/2},

o0

o0
2_2 2 1 2.2 2
ane—n w1267 _/gze—g 7% /207 G
— 4
n=1 1

oo

e 2682 4
V273132 / 5e 5
T1/N/26

Therefore, ift <60?/2,

o0
63 o g2 e 2.2, op2
& 2, —n2721/20 —3/2 —5/2\ 3,-3/2
BT /é e de <z:1n e < (2732 4 2v270792)9% %2,
/2 n=

from which we get (5.24).
(Step 2) We next note that

5021526712 < B, (1) < cef?t 75272 if 0 <1 < 6%/2, (5.27)
70737127 B (1) < cgf 2 TP if 1 > 02)2. (5.28)

By means of (5.18),

Bi(t) =2m%073 [e‘”zt/ 2701 _ 4g@A7/0%)
= 2.2 2 2 2 )
+ Z{(Zn 4 1)2e @ D?%/26% _ (9 | 9)2g=(2n+D)?n%/20 }‘|
n=1

a2 2
< 2203 /%

o0
1+) @2+ 1)2e‘{<2"+1>2—1}n2r/202]
n=1

a2 2
< 2203 /%

00

2.2 2

l+4§ nze—nnl/ZQ]'
n=2

If + >62/2, then

oo oo

2.2 2 2
§ :nZe—n 4t /20 < § nZe—n < ﬁ/4,
n=2 n=2
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from which

Bi(t) < 22(1+ /m)o 3 1127, (5.29)
We also see that, if > 02/2, then f(£) := £e$7°1/2% is decreasing i§ € [1, oo), and
henced "> {f(2n+ 1) — f(2n + 2)} > 0, from which

Bi(t) > ane—se—nzx/zez{l _ 4e—3n2/4}.

This coupled with (5.29) implies (5.28).
Let0<t < 62/2. Then

2n + 1)262 62 62
%_127_125, n=0+1,42, ....

Therefore, by means of (5.19),

=

Bi(t) > 02175/270%/21, (5.30)

2
On the other hand,

Bi(t) < 2v/2/7 6% 5120/ { 1+ i(zn + 12 (@D? 1072 }
n=1

Since

o o

2 2 2
E (2” + 1)2e—{(2n+1) —1}6¢/2t < 4 E n2e—n < ﬁ’
n=1 n=2

we have

Bi(t) < 2v/2/m (1+ /7 )02 5/2e0/%
Combining this with (5.30), we get (5.27).
(Step 3) LetC be a positive number and put

02/2

Jy= / (=42 1= ClX' =y P/t gy
0

622
Ty =62 / §=d/2=2CI' =y /1 =022t gy

0
00

/ 12 2 2
J3=073 / t~@=D/26=Clx'=y'1*/t o=t /20% 4y
62/2

Then there is a positive constdhtindependent of such that, ifix’ — y'| < 7,0, then
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colx’ — ¥ I™ < i < epolx’ — ¥ 179,
c110™ < Ja<e1f 7,
0<Js<cf ™,

and if|x" — y'| > T,0, then
0< J1 < craf Y2y — y/|4/2H g V2Ca =16
0< < # ' — y’|_d/2+1e_*/iﬂ|x'—y'\/9,
c16f 2y — y/|_d/2+1e—~/iﬂ\f—y’l/0
< T3 <07y — y/|_d/2+1e—~/i”\f—y’l/0‘
Here is a proof. It is known that

]

/t—v—le—az/4le_pl dr = 2v+1pv/za_va (a\/ﬁ)’
0

wherea > 0, p > 0, andK, (&) is the modified Bessel function. Therefore

o0
Ia E/t—(d—l)/ze—cw—y’\z/ze—an/zez dr
0
=180 I — y|TUIRK 4 g 0(V2C T |X — ¥'|/6).

Since lim_, o e_f“f/)zé =1, there is &} > 0 such that

1 /= T
i R
2,/2§e <Kv(-§)<21/25e , &>Th.

Accordingly, if |x" — y'|/60 > T1/+/2C 7, then

’ ’
Clge_d/2+2|x/ _ y/|—d/2+1e—«/2Cn\x =y'l/0

<Ji< c209—d/2+2|x/ _ y/|—d/2+le—x/in\x’—y’|/0.

Put
6272
Jo= / ~d=1)/2g=Clx'~y/ 12/t ~n%1/262 4,
0
Then
02/2
Jg < e Clr=y/2/62 / ~d=D/2g=Clv'~y'12/21 g,
0
6%/1x'—y'|?
_ 2(d—3)/2|x/ . y/|—d+3e—C|x’—y’\2/02 (~d=1/25-C/t g4y

(5.31)
(5.32)
(5.33)

(5.34)
(5.35)

(5.36)

(5.37)

(5.38)
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We take ar, > min{T1/+/2C &, 2} such that for everg > 75,

531

/52
2 CE / 71226 Cli g < 1987 VCTE (5.39)
0

Hence, if|lx’ — y'|/0 > T» (= 2), then by means of (5.38),
Js < 2(d_3)/2c1992|x/ . y/|—d+1e—@n\x’—y’|/0
_ 2(d_3)/2c19(0/|x/ . y/|)d/29—d/2+2|x/ . y/|_d/2+1e—@n\x’—y’|/e

< 273020, 91242 _ y/l—a'/2+1e—«/2Cn\x -y'1/6.

Combining this with (5.37), we find that j&’ — y'|/6 > T», then
J3=073(Js— J5) = 2 Loy 2y — y/| /2 g VRO,

Noting thatJ/; < #~2J, and puttingZ, = 7>, we get (5.36).
We also notice that

o0 o0
Ji<03 / —d=D/2g-7%1/20 4, _ g—d / —d=1D/2g-7%1/2 4
02/2 1/2
which shows (5.33).
We next notice that
02/‘x/_y/|2
Jy= 202y _ / §=d/2=1g2C/1 gy
0
and hence, ifx’ — y’|/6 < T,, then
1712 0
2112y _ /| / /2120 gy < 2|y y/|—d/t—a'/2—1e—2C/tdt.
0 0

We thus obtain (5.31).
If |x"—y'|/60 > T,, by means of (5.39),

62/1x'=y'|?
J< 22y — y/|—de—C\x’—y’|/02 / —d/2-1g-C/t g4y
0
<2Perg(|x' — y'|/0) 2|y — y'| e VAT e
_ 2d/2c19(|x/ . y/|/9)—d/2—39—d/2—1|x/ _ y/|—d/2+1e—x/in|x’—y’|/0

< 2120, qT=412-3g=d/271 |y _ y/|=d/2+1g V2Tl =16

which shows (5.34).
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Since
1/2
=0 / §=d/2=2gClx'=y/12/6% =1/21 ¢y
0
we have always
1/2
Jo<07¢ /t‘d/z‘ze‘1/2‘ dr. (5.40)

0

On the other hand, ifx" — y’|/60 < T,, then

1/2
J> 04 /t—a'/2—2e—CT02/te—1/21 o,
0
This coupled with (5.40) implies (5.32).
If |x"—y'|/0 > T,, then by means of (5.39),
02/2
T, < 2 CIX =y /62 / j=d/2-2-CIx'~y' /21 4
0
92/|x’—y’\2
_ 2d/2+192|x/ _ y/l—d—ze—ax’—y’|2/92 / (—d/2-26=C/1 4
0

< 2d/2+1clge—a’/2—1|x/ . y/l—d/2+1(|x/ _ y/l/e)—d/z—se—x/in\x’—y’l/e
<

/241 T ~d/2-59—d/2=1| 1 _ y/l—d/2+1e—din\x’—y’|/e
; .

This shows (5.35).
(Step 4) We give a proof of (5.21), (5.22) and (5.23). By virtue of (4.31), (5.13), (5.24)
and (5.25),

62/2 00
620{ / §~d/2-1g-Calx'~y' Pt gy 4 -3 / t—(a’—l)/ze—Czlx’—y’2/ze—n2t/202dt}
0 02/2
<U(x',y)

62/2 0
< 021{ / §=d/2-1g=Calx' ' P/t gy 4 93 / §—(d=1)/2g=Calx'~y P/t g~n%1/267 dt}.
0 02/2
If |x"—y'| <T,0,then by means of (5.31) and (5.33),

caolx’ — Y17 S U(x', y') < caglx’ — y'| 7,

which shows (5.21). Ifx" — y’| > T,0, then by means of (5.34) and (5.36),
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—d/2-1 1 —d/2+1g—v/2Co7|x'~y'|/6

Co40 -l
< Uk(x/, y/) < c250—d/2—1|x/ _ y/|—d/2+1e—«/2_C4n\x’—y’\/9'
This shows (5.23) wittW = Uj.
By virtue of (4.31), (5.17), (5.27) and (5.28),
62/2
626{92 / /22 Colx'—y/ /1 =622 4y

0
00

193 / (A1) /2ol ~y 12t g%t /267 dt}
02/2
<V, y)
02/2

<cz7{92 / {~4/2=2gCalx'=y' /1 g=0%/21 g
0
o0
193 / §—(d=1)/2g=Cal'~y 12t g1 /262 dt}.
02/2

If |x"—y'| <T,0,then by means of (5.32) and (5.33),
20! < Vi, y) < o™,

which is (5.22). Ifjx’ — y'| > T,6, then by means of (5.35) and (5.36),
C300_d/2_1|x/ _ y/l—d/2+1e—mn|x’—)r’\/9
<V, y) < C319_d/2_1|x/ _ yll—d/2+1e—«/2_C2n|x’—y’|/0‘
We thus get (5.23) withV = V.. O

SinceC§°(RY)|q, is a core of(€, F), we fix au € Cg°(R?) and selp = u|q,. Then
¢ e F and

E(p.p) =E" (Hg,u, Ho,u), (5.41)
where Hgu(x) = E[u(Y,y): ol <o0], x eR?, o) is the first hitting time ofY for a
setE: o} =inf{t > 0: Y, € E}. Note thatHg, u € F*. We put

d-1
Eq, (v,v) = %/ Z a' (x")3,iv(x) 3 v(x) dx’ (dx? + p(dx?))

@, H=1

1
+ E/add(xd)axdv(x)axdv(x)dx,
2

d—1
Eq (v, v) = %/ > @ (x)3,v(x)0,v(x) dr + %/axdv(x)axdv(x)dx.
. 4

Qk l,j=1
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Noting (5.2) and (5.3), we see that

E(p.9) =Eq,(Ha,u, Ho,u) + > Eq (Hg,u, Ho,u). (5.42)
keK

LEMMA 5.3. — It holds that
gQM(HQMM, HQMI/L)

1 d-1 B
=3 / { > al(x)0,ip(x)d9(x) +a™ (x?) :d¢<x>a:d¢<x>} dx
G, Shi=l
1 d-1 B
+ E/ > a’ (x)0,ip(x)d,p(x) dx’p (dx),
Q, bi=1
whered?, is defined by(5.7), and the first term of the right hand side vanishes in case
where|S,,| = 0.
Proof. —It is obvious thatHg, u(x) = u(x) = ¢(x), x € Q,, because on(agﬂ =
0) =1forx € Q,. SinceHg ,u € F,
d ad
S0 = (), dx’ (dx? + p(dx?))-a.e.x € Q,,
1<i<d—-1,

i Ho,u(x) =

ad
Oyt e, u(x) = ——Zu(x), dx’dx’-a.e.x € Q.
Assume thats,,| > 0. Then

- d d T d_ . .d _ d_ d
|8|5T3|(x , X +£}ﬂSm|/£_|ng(1)‘(x g,x'|NS,l/e =1 dx’-a.ex’ €S,

from which
3 / d _ . / / d d
Fe 3 x) = lm {6 —ul 1))/ - )

= lim {o(. &) -, x)}/(E—x") =d%e(x, x?),

E—xd €Sy
for everyx’ e I and d?-a.e.x? € S,,. We thus get the conclusion of the lemmaz
We are going to derive an explicit form &%, (Ho,u, Ho,u).
LEMMA 5.4.— (i)Let—oco =a; < by < 00. Then

1
oy (Ho,u, Ho, = ¢ [ [{o' b0 = o0y, b0 ) de dy
I'xI’
(i) Let—oo < a; < by =00. Then

1
Ea,(Ha,u, Ho,u) = 5 /{w(x/,ak) —o(y, a)} U,y de' dy'.

I'xI’
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Proof. —We assume; < co and writeb in place ofb,. The assumption (5.3) implies
that PP (f(t) =1, 0<t <o) =1for& e I;. We also note than(agu =o0g =0) <
o0) = 1 for x € Q. Therefore

1
Hg,u(x) = E, lp(X'(0f),b)] = -5 /go(y’, b)ay_de (x, ', b)) dy’, (5.43)
T

1
P (X'(0f) edy) = —50,4Gx (x, (', b)) dy’, (5.44)

for x € Q;, y' € I'. By means of Green’s formula and (5.43),

1
Eq,(Ho,u, Ho,u) = 5 / Ho,u(x',b)d 4 Ho,u(x', b) dx’
r

1
= 3 [ DB (K o))y
r

1
=2 (0B oW b= (X (o). )]
r

1
2 OBt b+ (X (). 07
r

=i+ /o
By virtue of (5.44), (5.4) and (5.20),

1
=g /{cp(x/, b) — (', b)}za;za;sz((x’, b), (y', b)) dx" dy’

I'xI’

1
=3 /{(p(x/, b) — (¥, b)}zUk(x/, y)dx'dy’ < o0.

rxr

Since Ho, 1(x) = P5 (0} < o0) = 1 and henced,«Hg, 1(x) = 0, by using Green’s
formula again,

1
Jo= Z/ax_rlEx [¢(X/(Gf)’b)z]|xd=b o' =

r

1
5E0, (Ha, 1, Ha, (%)) =0.

Thus we arrive at the first assertion. The second assertion is obtained in the same way
above. O

LEMMA 5.5.—Let—o00 < a; < by < o0. Then

1
Eay (Ha,u, Ho,1) = 5 / / Lo, ar) — 9, ap) VUL, y) de' dy’

<’

1
+ ) //{‘P(X/, b)) — ey, bk)}zUk(xl, y')dx’ dy’

rxr
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/ (o @) — 00, b)) Vi, ) d’ .

<’

Proof. -We seta = a, b = by. Since P(c4 = o =0, Anof <o0) =1 for
x € Q, wherer A's =min{r, s}, we have

Hg,u(x) = E;[p(X’ (cf Acf),B(cf nof))]

1
:5/{<p(y/,a)8yf1Gk(x,(y/,a)) =@y, D)3G(x, V', b)) by, (5.45)
r

1

P.(X'(0f)edy, of <of) = 5 yd Gi(x, (y,a))dy’, (5.46)
/ / 1

P, (X (o’bB) IS dy , o’bB < o'aB) —an .G (x (y b)) dy , (547)

for x € @, andy € T'. By means of Green’s formula and (5.45), we get
Eq,(Ho,u, Ho,u)

1
=3 /{ngﬂu(x/, b)d_yHeq,u(x',b) — Ho,u(x',a)d; Ho, u(x', a)} dx’
r

xd=b

1
=5 [{o DB Lo (X (0f Aof). Blof Aof))]
r

— 9, ) E[p(X (0, Aoy’ ), B(o,) Aoy ))]| ey} X'

x“’:a

1
=5 1o DL [o(X (o). a): o <ol
r

+ o, D)3 Ex[@(X (), b); 0y <0 ]| azs
— o )dLEc[p(X' (o)), a);0] <o}
— o', )L E [o(X (0)).b); 07 <0r]

xd=a

e

xd=a

1
=5 [0 et b~ p(X (o)) iaf < af]]u, &
r
1
2 0B ot b oK (08). )%l < oo,
1 — / / B 2, B /
— 7 [ E e b~ o(X (0).5) i of < 0]y
r
1-/8);,E go(x/,b)2+<p(X/(abB),b)2 Gf <o, H , dx’

3 / D5E (o0~ o(X (o)) ) 0! <o),

xd=qa
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1
— Z/B;;Ex [go(x/,a)2+<p(X/(aaB),a)2;aaB <0bB]|xd:a dx’

r

dx/

g (0B @) o (X (60).5) 5o <o

r

OB+ (X ). 5 o < o
r
=h+ L+ 3+ Ia+ I+ Js+ J7+ s

xd=qa

By virtue of (5.46), (5.47), (5.4), (5.5), (5.21), (5.22) and (5.23),

1
Ji= —5/ / {o(/0) = oy, )} 901G (', b). (0. ) e’ dy’

rxr

1
= g//{f/’(X’,b) — (Y. )} Vi(x', y) dx'dy’ < o0,

<’

1
Ja=¢ / / {0t D) =00 D} 004G (. b), (0 b)) v’ dy’

rxr

1 4 / ’o ’ ’
-8 /{(p(x,b)—(p(y,b)}zUk(x,y)dx dy’ < o0,

rxr

1
Js=3 /{w(x/, a) = (v, @)} U, y) dv' dy’ < o0,

<’

1
=3 //{f/)(x’, @) — (v, b)Y Vi, y) di' dy’ = J1 < 0.

<’

On the other hand, by means of (5.45) and Green'’s formula,

Jo+Ja+Je+ Js

1
2 03B o b7+ (X (02 Aaf). Blo? nof))?

xd=b
—0LE Jo(x )2+ o(X (0 nof), B(oF AoP))?] |, } ¥

1 _ , 2
=3 R e(X 6f nap) Blof Aol)) ]|y

- a;:lEx [(p(X/(GaB A GbB)’ B(GaB A GbB)) } |xd—a} dX/

1
= 5€a,(Ha, 1, Ho, (u?) =0.

We thus get the conclusion of the lemman

537
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Proof of Theorem 5.1. tn view of [7, Theorem 6.2.1}€, F) is regular onL.?(2,,, )
and C(RY)]q, is a core of(£, F). We then see that, far € C*(RY)|q,, E(u, u) is
given by (5.6) because of (5.42) and Lemmas 5.3, 5.4, 55.

Example5.6. — LetX’ be the(d — 1)-dimensional Brownian motion an@ the one-
dimensional one, that ig// (x') = 8" (x"), 1<, j <d — 1, anda?(¢) = 1. We exhibit
Dirichlet spaces corresponding to somendp.

() Letm(d§) = I, .00)(6)dE and p(dé) = k,8,(d€), wherea € R, «, is a nonneg-
ative constant. Then the corresponding Dirichlet sp@ceF) in Theorem 5.1 is given
by

d d-1
Eu, u) = %/Z(ax,-u)zder %“/Z(ax,-y;u)zdx/
B, i=1 A

} + N _ .+ N2 ro Y
+8Z/F{ya u(x') =y u(y)}Uo(x', ) de' dy',
F={ueL*E, dx): Eu,u) < oo}
_ [lue HYE,): yfue HXD)},  ifk, >0,
B { {ue HY(E,): y;ue HY2I)}, if k, =0, (5.48)

whereE, =T x (a,0), T, =T x {a}, y, is the trace operator on, from the domain
E,, and

o0
2 I
Uo(x',y') = o /(Znt)_(d_l)/ze_‘x /24372 g
0

=27~ (d/2)|x' — y'|7¢. (5.49)

HY*(T) is the fractional order space defined B/(I") = {u € LA(T): |lullzvzr
< 0o} with the norm

12
Ntll vz = Nl e + { / / () — u(y)) A’ — /|4 dx’ dy/}

<’

We always identifyl", with T". In order to see (5.48), it is enough to note that

+ 1
IV, ull2ry < cllull gre,y, w€ H(Eq),

1
lvllgrzry < c2llvllgrey, ve H(D),

for some positive constantg andc; (cf. [1, Ch. VII]).

(i) Let m(d§) = I(4.5)(&) d€ andp (d§) = k,8,(dE) + k6, (dE), Where—oco <a < b <
oo andk,, k;, are nonnegative constants. Then the corresponding Dirichlet a8
in Theorem 5.1 is given by
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d
S(Lt,u):%/Z(axfu)zdx
i=1

Eap "
K, d-1 5 Ky d-1 )
+ 52 [ euwter + 5 [ Y 0oy e
L=l 2=l

1 U / U / / /
5 [ [ty = yrue) Pus(e, ') o' dy
I'xI’
1 — / — N2 7o / /
5 [ [ue) = v uG) uae, vy ' dy'
I'xI’
yviue H(T) if i, >0,
ya+u e HY2(I') if x, =0,
yyue HX)  ifx, >0,
Yy U € HY*(') ifk,=0

F={ueHYNEy,):

whereE,, =T x (a,b), T, =T x {a}, T, =T x {b}, v, [y, ] stands for the trace
operator o', [T',] from the domainE,;,, andUy is given by (5.49).

(iil) Let m(dE) = I—oo.a)() 0 + Lp.00)(§) d AN p(dE) = 1484 (dE) + 18, (),
where—oo < a < b < o0 andk,, «;, are nonnegative constants. Then the corresponding
Dirichlet form in Theorem 5.1 is given by

d
E(u,u):% / > (3iu)?dx

E,UE, =1
d_

1 d-1
Kq _ , K ’
+ E/Z(axfya w)2dx’ + E"/Z(ax,«y;u)zdx
r r i=1

i=1

youx') =y u(y) )} U (x', y') dx’ dy’

1
N
I'<I’
1 =+ !/ =+ !/ 2 !/ / / /
2 [ [ = v ) U, ) ' dy
'xr
1 — ! + !/ 2 / !/ ! !/
3 [ [riue) = v ut) vty e dy
I'<I’
whereE, =T x (—00,a), E, =T x (b,00), [, =T x {a}, T, =T x {b}, v, [v,]
stands for the trace operator op [I',] from the domainE, [E,], and U,,(x’, y") and
V.o (x', y") are given by

b—a

0 0 2
Uus(w', ') = [ @yttt 27 (LI ) gtz
—a
0 n=1
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— 27 =5/2 (y _ q)~@+I/2 1 _ y|=(d=3)/2

x > n PR g p(nwlx = '/ (b —a)), (5.50)
n=1
A T —(d=1)/2 X' —y'2/2t 2
Vap(x', y) = | (2rt) € —
b—a
0
ad nw \ 2 2
-1 n—l( ) e—(nn/(b—a)) t/2 dr
x );_( ) b—a

— 27825 (jy _ q)~@HI2| ! _ | ~d=D)2

x Y (=D YRK g p(nmlx — Y/ (b — a)). (5.51)
n=1
Note thatU,;,, V,;, satisfy (5.23) withC, = C4 = 1/2. Especially, itd =2, U,,,, V,, are
reduced to

vy _ iy _ _2
Uanp(X',y) = g WY/ £ gy /b 72

(b—a)?

27[ ’ / / / -2
V(. y) = e ¥ =ylr/b=a) 1 4 o= ¥ =y I/ (b—a) ,
b V)= = {1+ J
because oK _1/2(§) = /7 /2€ e *. By virtue of Lemma 5.2, it holds that faf = y, u
ory, u with u € HY(E, U E),

[[ 166 =800 PUnt &' dy' < cal e

'’
<eof [ [ 1806 = 80N Pt 3 @' oy + 1912 )
'’

and further,

_ 2 _
[ [ Iriutd = yiru) Vs ' dy' < ol ulege + vl
I'xD’

wherec; (i =1, 2, 3) are positive constants. Therefore the donig&iis given by

y;ue HY()  if k, >0,
vy ue HY*T) if ik, =0,
yyue HY) if k, >0,
yyue HY3T) ifk,=0

F={ueHYE,UE)):

(iv) Let m(dg) = §,(d¢) and p(d§) = «k,8,(dE), where—oo < a < oo andk, is a
nonnegative constant. Then the corresponding Dirichlet space is given by



Y. OGURA ET AL./ Ann. I. H. Poincaré — PR 38 (2002) 507-556 541

K, [t ,
E(u,u):E/Z(axiu(x’,a)) dx
2=l

/{u(x/, a)—u(y, a)}zUo(x/, y)ydx'dy’, (5.52)
I'xI’
ry, ifk,>0,
7= {Hl/Z(F ), ifk,=0, (5.53)

wherel', =T x {a} andUyj is given by (5.49). The Dirichlet space corresponding to the
casex, = 0 is obtained in [7, Example 6.2.2]. The coefficieridin the right hand side
of (5.52) is twice of X8 in (6.2.33) of [7], because (5.52) is derived from the Brownian
motion on the whole spad® and (6.2.33) in [7] is derived from the reflecting Brownian
motion on the half space.
(v) Let{a,};2, and{b,};°, be increasing sequences such thab < by < a; < b1 <
e<day <b, <apy1<bpyr <o, andlimoa, =lim, oo b, =a, < 00. Let

m(dE) =Y " mylp, 1.a0,)(E)dE +m,8,, (dE),

n=1

wherem,, > 0, m, >0 andzn 1my(a, —by_1) +m, < oo. Hencem is a finite measure
onR. In this cases,, = U,21[by-1, @, 1U{a.} andR\ S, = (=00, bo) U (U, 21 (@, by)) U
(a,, 00). Let

p(E) = Ka,84,(dE) + > ki, 8, (AE) + k18, (),
n=1 n=0

wherex,, >0, kp, >0, k. >0, andd 72 k,, + > ro o ks, + ki < 00. Hencep is a finite
measure ofR and suppe] C S,,. Then (5.6) is reduced to

Eu,u) = /zdj )+ /%(8 (',a,) dv

u,u) = (0yiu(x +)y =+ iu(x, ay
2 i=1 1 2 L=l

>

d-1 d—1
+ /Z dyiu(x’, by)) dx’—i— /Z O iu(x’, a*)
n=0 r i=1 i=1
1 o0
+3 > /{u(x/, an) —u(y', @)} Up(x', y) dx’ dy’
n=1"yr
1 o0
52 / {u(x' by) — u(y, ) YU, ¥y e’ dy
n=0Tpsr
1 /
+ /u(x @) — u(y', a) 2Uo(x', y') dr’ dy
xI"
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1 o0
+ 4 Z//{u(x/, ap) —u(y', bn)}ZVn(x/, y)dx' dy’,

n=1"yr

for u € C§*(RY)|q,, whereE, =T x (b,_1,a,), n=1,2,..., Ug is defined by (5.49),
U,=U,,, is defined by (5.50) withk =a,, b =b,, andV, =V, ;, is defined by (5.51)
witha =a,, b=05b, foreachn =1, 2, ....

The domain is the completion ofCg°(R?) |, with respect to the norrfy (-, -)*/2,
where&i(u, u) = E(u, u) + (u, u) 2, - Therefore every € 7 possesses at least the
following properties.

(v.1) If m, > 0, thenu(-, a,) € HY(I') or u(-,a,) € HY?(T") according tok, > 0 or
Ky =0.

(v.2)u e HY(E,) forn=1,2, ... and

o) d
||M||?c) 3=Z{/Z(3xiu)2dx+mn/u2dx} < 0.

n=1 E, i=1 E,

(v.3) Both ofy, u andy," u belong toH"*(I") forn=1,2,..., and

sy =3 [ o) = voue) U, ) ' dy

n=l7pr

+3 / / [yru@) — vt u(H UL y) di' dy
n=0"

+3 / / [yout) — () }va(x', y) d' dy’ < oo,
n=1Tr.p

(v.4) For eachn = 1,2,..., y, u € H'(I) if «,, > 0. For eachn =0,1,2, ...,
)/btu € HY() if k, > 0. Further

o d-1 00 d-1
ZKan /Z(axiya:l,t)z dx/ + ZK};” /Z(E)x, ybtu)z dx/ < 00,5
n=1 r i=1 n=0 r i=1

Herey, and Vbtfl are the trace operators @iy, :=1I" x {a,} andI',, , ;=T x {b,_1}
from the domaink,,, respectively.

By means of above properties, it is easy to see that every satisfies the following
identity and finiteness condition.

Yo u(x) =y ux’) = / dau(x', xHdx?, aex’ erl. (5.54)

b1

5We use the convention-@o = 0 throughout this paper.
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o 4og

3 / S (@uu(x, x9))% da

n:lbnil i=1

+3 / [you() — you(y) UL ) dy

n=1 r

+y / [yru) — v u(y) ULy dy

n:OF
> 2
+ Z/{ya:u(x/) — yb“:u(y/)} V,(x',y)dy <oo, aex’'erl. (5.55)
n=1 r
Let us remark that, for eveny € F, there exists the limit

Yeu(x") = Ii_)moo Ve, u(x’), aex'erl, (5.56)

wheree, = a, orb,, v, =y, if &, =a,, = y,jn‘ if &, =b,, for eachw € N, and further it
holds that

vuu(xY=u(x',a,), aex'el, ifm,>0, (5.57)

Iyl 2y < cafllulley + el + sl e} (5.58)
wherec; is a positive constant independento F. In order to prove above properties
(5.56)—(5.58), it is enough to show that there is a positive congtastich that, for
ueF, mn=012... (m<n),andfora.ex T,

n—1 %+1

) = ) <ol 8 [ ' 547

k=m by

+3 / you() — yu(y) U y) dy!

k=m r
+ / ) = v Vi) dy/}. (5.59)
k=m T
We give a proof of (5.59) in the case whete=a,, ¢, = b,,. Since
n—1 n—1
Yart () =y u(x) =Y {ya uG) —yiuC)}+ > {yu) =y uGp}
k=m k=m+1
n—1
+ ) {vauGp = yauth},
k=m+1

fory,el' (k=m+1,...,n—1), by virtue of (5.54), we find that
n—1 +1

n—1
‘ya;u(x/) — yb“;u(x/)‘z < 3{ Z / (Bxdu(x/,xd))zdxd . Z(akH —by)
k=m

k=m by
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2

n—1

+< > ‘ybt”(x/)_ya;”(yl/c)o
k=m+1

2

n—1
+< > IVaZu(y;i)—yaMx/)I) } (5.60)

k=m+1

PutA, = [ Vi(x’, y") dy’, which is independent of because/,(x’, y’) is a function of

|x" — y'| by means of (5.51). By virtue of Lemma 5&,:= inf;cn ver (by — ax) A > 0.

Let v (x', dy’) = A,;lvk(x/, y)dy'. Integrating the second term of the right hand side
of (5.60) by the product measuf{!};,lnH v;(x’, dy?) over the sef” -1, we find that

2

n—1 n—1
< Z |ybtu(x/)_ya;u(yl/()‘> H Vj(x/,d)’})
k=m+1 j=m+1

rn—m-1

Z /\kau(x) J/aku(y)l ve(x’, dy’)

k=m+11

+Z/‘ybku(x) Vak“()’)|vk(x dJ’)
k#l

X / [yaru(x) =y, u(@)|v(x', dz’)
r

2

n—1 , 12
{Z (/ i) = ) ) )

k=m+1
n—1
< ¥ /lmu(x) POV x Y
k=m+11 k=m+1 'k
<2 Z /Iy;,ku(X) yaku(y)l Vi(x', y)dy'.
REIy S—E R

Noting thath(x y) < Ur(x’, "), and integrating both sides of (5.60) by the product
measureH] —nt1vj(x', dy}) over the sef™” -1, we obtain (5.59).
From above observation, it follows that the Dirichlet spé€eF) is given as follows:

00 1 d 5 00 K, d-1 )
5(u,u):ZE/Z(3xiu(x)) dx+z7"/2(axiya;u(x/)) dx
n=1 E, i=1 n=1 i=1

00 d-1 _
+§%K£"/§;a viu)? ;a ()
n= l'\ 1= =

+

ool

3 / [youG) — you(y) U,y d dy
xI'

n=17
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+3 Z//{Vbnbt(x)—yb,,u(y)} U, (x', y") dx' dy’

n=0Tgr
/{V*M(X’) — V*u(y/)}zUo(x/, y)dx"dy’
I'xI’
£33 [ [ — vt P vy o
n=lp

o {u_ u satisfies (v.2), (v.3), (v.4), and furthgru € H* (F)}
" ory.u € HY(I") according toc, > 0 ork, =0

(vi) Let us consider the case whefig = ¢ for everyn € N in (v). Namely, let{a, }°2 ;
be an increasing sequence with Jim, a, = a, € R. Let

m(dg) = " m,8,, (dE) + m,8,, (d§),
n=1

wherem,, >0, m, >0, > >, m, + m, < co. Hencem is a finite measure oR. In this
casesS,, = Uy~ 1{a,} U{a,} andR\ S,, = (—00, a1) U (Us21 (@, an41)) U (ay, 00). Let

p(dE) = Kknda, (dE) + k.84, (dE),

n=1

wherek, >0, «x, >0, Y02k, + k. < 00. Hencep is a finite measure ofR and
supdpe] C S,.. Then (5.6) is reduced to

g(” M)— ) x’u(-x an) dx/ ) x’”(x Cl*)
2 Tp p!

—

lOO
+52 /u(x an) = (', a) 2 (Un 1 (X, ¥) + U, ) A’ dy’

OO

/ u(x',a) —u(y, a*)}zUo(x/, y) dx"dy’

OOII—‘

Z//{u(x an) —u(y', an+1)} V,(x', y) dx’ dy’,

n=1"yr

foru e Cgo(Rd)mM, where Uy is defined by (5.49)U, = U,,q,,, is defined by (5.50)
witha =a,, b=a,11, andV, =V, ., is defined by (5.51) witlh = a,,, b =a,1 for
eachn=12,....

Since the domainF is the completion OfCSO(Rd”QM with respect to the norm
E1(-, )Y?, everyu e F has the following properties.
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(vi.1) If m, > 0, thenu(-, a,) € HX(I") or u(-, a,) € HY?(T") according tac, > 0 or
Ky =0.
(vi.2) u(-,a,) € HY?(I") forn=1,2,..., and

ul2, —Z//{u(x an) = (', a) P (Un 1 (X', ) + U, ) A’ dy’

n=lpsr

+Z//{u(x an) —u(y', an+1)} V,(x', y)dx'dy’ < oo.

n=1"ryr

Further, by the same argument as in (v), we find that, for eweryF, there exists the
limit
Ve (x") = nILmoou(x/, a,), a.ex'eTl,
and
vuu(x)=u(x',a,), aex'el, ifm,>0,
Ivsull oy < cafllull gy + luC, a)llzr)

wherec; is a positive constant independentuo€ F. Thus the Dirichlet spac€, F) is
given as follows.

E,u) = ZK"/Z diu(x’, ay)) dx/+ /Z (0 Vuut (x ))
- i—1

1 o0

52 / u(x', @) — u (', @) (Un (', y) + Un(x', ) e’ dy’
n=1Tyr

l

+3 /nu(x)—y*u(y)} U, y') di’ dy’
I'xI

l o0

+ ZZ /{u(x/,an) — M(y’,an+1)}2Vn(x’,y/) dx’ dy’,

II
N

I'xI’

Fe {M. u satisfies (vi.2), and further,u € H1(I") or}
"y, € HY*T) according tac, > 0 ork, =0J

(vii) Let E be the triadic Cantor set, that i8,= [0, 1]\ U;21 U,c(0.2-1 (@ be), Where
a,=>""1e3" +3 " andb, =a, + 37", fore = (e1, ..., 6,_1) € {0,2}"%. Letm be
the Cantor measure, that is, a finite measure corresponding to the Cantor function. The
Sn=E. Let

pe)=>" > {ka84,(E) + 8, (dE)},

n=1¢e(0,2)n—1

wherex,, andx;, are nonnegative constants angl”; >°,(0.2y-1{ka, +kp,} < 00. Then
o is a finite measure and supg C S,,. Therefore (5.6) is reduced to
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d-1

E(u, “)—_Z Z /Z xiu(x/,ae))zdx

n=1¢e{0,2)"1 r i= =1

Z S o« /; dou(x’, be))?

” lee{o,2)n-1

+§ /{u(x/,o)—u(y’,o)} Uo(x', y) dx’ dy’

I'xI’

/ (u(x', 1) — u(y', DY2Uor', v de' dy’

xI

+3 Z Z //{u(x/,ae)—u(y/,ae)}te(x/,y/)dx/dy/

” lec{0,2)" 1<

._J

+3 Z Z //{u(x/,be)—u(y/,be)}te(x/,y/)dx/dy/

” lec{0,2)" 14

+2 Z Z //{u(x/,ae)—u(y/,be)}ZVe(x’,y/)dx/dy/,

ar= Leef0,2"1 T p

for u € Cg"(Rd)mH, where Uy is defined by (5.49)U, is defined by (5.50) with
a=a,, b=>b, andV, is defined by (5.51) witht = a., b = b.. The domainF is
the completion ofC°(R?)|q, with respect to the normi€(-, -) + (-, -)12q, }"?
Although we cannot determine the domdinwe may say that

FC {u elL? (€2, )2 sup |u(x’,xd) —u(y', yd)‘zvN (dx’dxd dy’ dyd) < oo},
NeN
I'KxExXI'XE

wherevy’s are Radon measures dnx E x I x E defined by
vy (dx'dx/dy’dy?)
= Up(x', y){dx"8o(cx?) dy'8o(dy?) + dx'8y (cx?) dy’81 (dy?) }
+ XN: Z {U.(x', y) {dx'8,, (dx?) dy’'s,, (dy?)
n=1¢e{0,2)1-1
+ '8y, () dy'8y, (dy?) } + Ve(x', y) dx's,, (dx?) dy'8y, (dy?) }.

6. Thepartial differential equation for thelimit process

Let {a}32_o and {b}2_, be sequences such that < by < axp1 < by, k=
0, +1, +£2,...,and "l’T}(_)_OO ay = Iimk_>_oo by = —00, Iimk_mo ay = Iimk_mo by = o0.
Let m(dé) = Zlfi—oo mkl(bk,ak+l) (‘i:) dé andp(dé) = Z:i_oo{/(akgak (d‘i:) +Kbk8hk (d‘i:)}y
where m;’s are positive constants, ang,’s and «,’S are nonnegative constants.
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m and p are Radon measures @ supfip] C S, = Ure_oo[bx, ak+1], andR \ S, =
Ure oo (ak. by) . In view of Theorem 5.1, the corresponding Dirichlet form is given by

E(u,u) = Z / { ij(x/)axiu(x)ax_/u(x)+add(xd)8xdu(x)8xdu(x)}dx

k——oo i, j=1
> K,
+ Z %/ Z al](x )0, yaku(x )8x/)’aku(x "y dx!
k=—o00 i,j=1

K
+ %/Z a (x) 3,y u(x) 3 ypru () dx’

k=—00 i,j=1

1 o0
T3 > /{Vaku(x) Vaku(y)} Ur(x', y") dx"dy’

k=— 0TI

1 o0
+§ E /{yhku(x)—ybku(y)} Ui (x', y)dx' dy
k=—

+% Z /{Vuku(x)—ybku(y)} Vi(x', y) dx' dy’,
k=—oco Ty
where Ex = T x (br, ax+1), To, =T x {ar}, T, =T x (B, v, [y, is the trace
operator onl',, [I'p.] from Ey_1 [E], and Uy, V; are given by (5.13) and (5.17).
The domainF is the space of all measurable functionsiefined onE := (J;2 _ Ex
satisfying the following properties.
(F.1)u e HY(Ey) for k=0,41,42,..., and

{/Z(Bx,u) dx—i—mk/u dx}<oo
k=—00

i=1 Ey

(F.2) Foreachk =0,£1,£2, ..., y, u € HY(I') or HY(I") according tac,, > 0 or
ke =0, andy,fu € HY(T") or HY*(T") according tac,, > 0 ork;, = 0. Further

e¢]

Z Kak/z(ax yﬂku) dx’ + Z K”k/z(ax thu) dx’

k=—o00 k=—o00

+ //{yakuoc) you () U ) de' dy’

=T rxT

+ 3 //{y,,kuu)—y,,ku(y)} Ui, y') de’ dy’

=T rxT

+3 / / [yut) — yru(y) )2 Ve(x', y') ' dy’ < oo,

X rxr
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Put&(u,v) = E(u, v) + A(u, v)2g ) for A > 0. By virtue of the general theory, for
eachf e L?(E, ) and A > 0, there exists a unique elemanbf F denoted byG, f
such that

Ek(u,v)z(f, U)LZ(E,M)? ve F. (61)

It is known that{G;, » > 0} is Markovian in the sense thatQAG; f < 1 whenever
0 < f <1 ([7]). Hence it is defined as a bounded linear operatorCof), where
E=U2_ Exwith Ex = E, UT,,,, UT,,. We pose the following assumption on the
sequencesa )2

Ak+1

and{b}2_ -

Z mk(ak+1—bk)2:oo, (62)
0<k<o0

Z my (a1 — bp)® = oo, (6.3)
—oo<k<0

which imply that (4.5) and (4.6) are satisfied. Therefore we can derive the following
assertion from Theorem 4.3.

THEOREM 6.1. — Under the condition$6.2) and (6.3) it holds that
G.(C(E)) cC(E), 1>0.

We are going to observe the assertion of Theorem 6.1 from a point of view of partial
differential equation theory. In order to proceed our argument, we need the following
assumption.

a’ ect¥), i,j=1,...,d—-1, (6.4)

for ana € (0, 1]. HereC1*(I") is the space of all continuously differentiable functions
onT with bounded derivatives and with the finite norm

I le= > [l + > [07],

|r|=0,1 |r|=1
where

£ =suplf @), [fla= sup LX) SO

x,yel’ |x — y[*
ar = (axl)rl(axz)rz e (ax‘l)rda r= (rlv r2, ..., rd)?
lrl=rit+r2+-+ra.

In the following, we fix a nonnegative elemepte C3°(I") such thaty (y") = 1 for
1V1<1/2, x(y') =0for[y’| > 1, andx (—y") = x ().
PROPOSITION 6.2. — Under the assumptio(6.4), there exists the limit

bl (x') = Ib!ir(]) / (' = x)x (O —xHUr(x',y)dy', x'eT, (6.5)

/
MAg

foreachi =1,2,...,d—1,andk =0, +1,42,...,whereA* = {y e : |x'—y'| <¢}.
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In order to prove Proposition 6.2, we need some estimatep’@fx’, y'). We

summarize them first of all. Following the parametric method, we find gh@t x’, y")
is represented as

P, )= (t,x', )+ 4, x,y), (6.6)
where

— ;o ~y1/2 —(d— 1 ’ ’ / ’ ’
7% (1, x',y) = (deta(z)) " *@r )~ 1>/2exp{—5(x —y)a(Z)'(x' —y )}, (6.7)
a(z) = (a;j(z)) = (@ (z))71, andq(z, x', y') is the remainder term.
LEMMA 6.3. — There are positive constan;z and C14 such that
1G(t, X, y)| < Crgt @ T @/2g=Cral' 1"/t 0 <t <00, x',y €T (6.8)

Proof. —In the following, ¢;, c», etc. stand for positive constants independent of
variables. Lett’, y’, 7/ € I". By means of (6.7),

177 (t, %', y)| < eyt~ @D2ge2l =Y/t 0 < < o0, (6.9)
Combining this with (4.31), we get

lg(t,x', y)| < C3t_(d_l)/ze_c“")‘/_y/‘z/’, O<t<oo. (6.10)
In [13, p. 378, (13.5)], the following estimate is already obtained.

~ (1 _ 2
1G(t,x", y)| < st~ @02gmcol =y It 0 <t LT,

whereT > 0 is fixed arbitrarily. This estimate coupled with (6.10) implies (6.8)n
Proof of Proposition 6.2. We put

Wi (y'; 7) = (deta(z)) / (2rt)~@-D/2 exp{—z—lt ya(z) fy’}ak(t) dr,  (6.11)
0

for y’, z/ € T'. We note that there is a positive const@hg such that
(Wi (s &) = Wi (' 2)| < Casla” = 21174, (6.12)

foreveryx’,y',z/ eTl', k=0,4+1,+2,.... Indeed, noting (6.4), we see that

1
(We(y's ") = Wi (y'5 2)| =‘/85Wk(y/;x/+s(z/—x/))ds
0

1
<% -7 / IV, Wi s )y s ey s
0
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0]

<elx — Z/|{ /t_(d_l)/ze_cz‘y/lz/’ak (r) dr
0
o0
12
+1y'1? / e 10 dt},
0

for some positive constantg andc,. Combining this with (5.24) and (5.25), we get
(6.12).
By virtue of (6.6),

Up(x', y) = / 7 (6. Y (1) i + / Gt %', y () di
0 0

=Up1(x', y) + U 2(x', y").
From (6.11),

Ua(x', y) = Wi (5 — x5 ).
Noting thath\Axr(yi —xHx(y = xYWi(y —x'; x')dy’ =0, we have

/ (' = x)x (¢ = XUk, y) dy’
ray

= / (O =x)x O =Wy — x5y — Wiy — x5 X))}y’
ray
By virtue of (6.12),

(Wi () —x'3y) = Wi(y/ — x5 x)| < Cslx’ — y/ |74+,
Therefore there exists the following limit:

b, ((x):= Ii% / (yi — xi))((y/ — XU (x', y)dy’
’ e
ray

= /(yi —x (Y = X)Wy — x5y = Wi (y — x5 x') L dy’
r

= /yix(y/){Wk(y/;x/+y/) — Wi(y'sx")}dy'.
r

By means of (6.8), (5.24) and (5.25),
Ur2(x', y) < c1 / (e 2 I g gy — y |77,
0

for some positive constants (i = 1, 2, 3). Therefore there exists the following limit:
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b ,(x') == |i?g / (' = x)x (Y = xHU2x', ) dy’
’ &
r\ay

= /(yi —x)x(y = XU 2(x', y)dy'.
r

Thus there exists the limit; defined by (6.5). O

We define the following operators.
1 d-1 -
Au(x) = E{ D 0, (@ (N3 u(x)) + dea (@™ (x) dpau(x)) }
ij=1
l 1 dd I I 1 dd l
8n;u(x )= Ea (a)d,au(x’, a), Bn;u(x )= —Ea (b)o,au(x’, b),
~ Ke d-1 ..
Agu) == 3 du(a’ () ),
i,j=1
R+ ’ 1 + / ’ + ’ + / / /
Bfut) =5 [{rEute' +5) = vEule) = Voyfut) -y 1)
r
1d—l )
x Up(x', x" +y)dy + 2 > b (v u ),
i=1

A- / 1 / / — / o / /

Cirut) = [1nfue +3) = yuG) Vi '+ ) d
r

A- / 1 — / / / o / /

Crru) = [1rau +3) = pfuG) Vi '+ ) d
r

where¢ = a; or by.

THEOREM 6.4. — Assume(6.2), (6.3) and (6.4). Let f € C(E) and A > 0. Then

u = G, f is the unique element i@ (E) N F satisfying the following equations in weak
sensefor everyk =0, +1, +2, ...,

(Amy — Au = my f in Eg, (613)
an;ku = .%T;fku + ZFS’V,;:u + E,;k+u inTp,, (6.14)
an;kﬂu =A, u+B, u+ C;;lu inCq,,. (6.15)

Remark6.5. — We say that an element F satisfies Egs. (6.13)—(6.15) in the weak
sense if the equations

/()»mk — ADux)v(x)dx = /mkf(x)v(x) dx forv e Hol(Ek), (6.16)

Ex Ex
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/ O U ' = / (Afu+ Bju+Cpru) (g dd'  (6.17)
r r

for ¢ € HY(I') or HY?(I") according as;, > 0 ork;, =0

hold for (6.13) and (6.14) and a similar equation for (6.15). More precisely, the integrals
in the above are understood as follows. Firstly,

/ Au(x)v(x) dx
Ex

d-1
= _% { > a () du(x)d,v(x) + add(xd)axdu(x)axdv(x)} dx
Ex

i,j=1

for v e H}(Ey). Secondly, letv = Hr. ¢ and take a sequende,} C C3°(R) such
thatp, (&) =1for|& — bi| <1/n,=0for|& — by| > 2/n,and 0< p, < 1. Then

/ B u ()P o' = lim % / a (x1),0u (1) (V) po () ) dx,  (6.18)
r Ex

for eachg € HX(T") or HY?(I"). Note that the convergence is secured in the following
proof of Theorem 6.4. Furthew = Hr,, ¢ (x) can be replaced by any othere
H3/2(Ey) or HY(E) with y; v = ¢. Thirdly,

d—1
/ AL uep () de' = =2 / S @l (D yiu(x )0, ¢ () dx,
r r i

i,j=1

for ¢ € HY(T) if xy, > 0, and [ ﬂ,j;u(x/)d)(x/) dx’ = 0 for all ¢ € HY/?(T") otherwise.
Finally,

/ Byu () (x') ' (6.19)
r

1
"8 / [V (') = yo,u () Ho () — p(y) UK, y') ' dly,

rxr

~ 1
/Cb—k+u(x/)¢(x/) dx’ = _Z /{ya;u(y/) _ )/b_]tl/l(x/)}Vk(X/, y/) dy/qﬁ(x/) dx/,
r rr

for all ¢ € HY(I") or HYA(T").

Proof of Theorem 6.4. We will only prove (6.16) and (6.17). Takinge H3(E}) in
(6.1), we obtain (6.16). Take nextx)p,(x?) for v in (6.1), wherev = Hr ;¢ andp,
given in Remark 6.5. We then have, for sufficiently large

1 d-1 3
Amk/u(x)v(x)pn (xd)dx+§/ > @ () 3u(x)d,v(x) p (x) dx

Ey Ey i,j=1
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+ %/add(xd)axdu(x)axd(v(x),on (x?)) dx

Ey

d-1
+ K_gk/ Z aij(x/)axiy;,:lfi(x/)aquﬁ(x/) dx’
L

i,j=1

1
+ 5 [ [{reut) =yt Ho ) = 0N}, vy

<’

1
+2 / / au () = vy uG) V', y) dy'g () d’
r r
- / F OOV om (x4) dhr.
Ex

The first two terms and the last term go to nas> oo. Hence the limit in (6.18) exists
and (6.17) follows in the sense of Remark 6.51

Finally we give intuitive validity ofgj;. The expression foﬁ;i is similar.
PROPOSITION 6.6. — For eachu € Cgo(Rd)|E—k and¢ € C3°(I'), (6.19) holds in the
strict sense.
Proof. —Let¢, ¢ € C°(I"). Then
186 =00 Hee) = oD U ) ' dy
I'xD’
=tim [ [ {86 = 0N Hew) = 90N U ) ' dy
I'xT\A,
=lim®,,
el0
where A, = {(x’,y) e T x I': |x' —y'| < &}. Noting thatU, (x’, y") = U (y', x'), we
have

O, = / / SN {0() — o) — Veo(x) - (v —x)x(y —x)}

IXT\A,

x Up(x', y))dx'dy’

— / dON o) — () = Vye(y) - (X' = y)x(x"—y)}
IXF\A,

x Up(x', y))ydx'dy’

- / SEIVep(x) - (v — ) x(y — YU, y') dx' dy’
IXF\A,

- / / $ONV,0() - (X — YIx (& — ) Ue(x's y) dx’ dy’

IxT\A,
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— 2 / / SN {00 — 9(x) = Vo) - () = X)X (Y — )}
I'XI\A,

x Up(x', y))dx'dy’
2 / / SEIVep(x) - (v — ) x (¥ — YU, y') dx’ dy’

XA,
=-2P;, — 20,,.

By means of Lemma 5.2 and Proposition 6.2, there exist the limits; of i =1, 2, as
¢ | 0and

lim ;. = F/ () d' F/ [ +7) — (") = Vup(x) - Y x (5}

X Uk(.x/, xl +y/) dy/’
®y, = / ¢y d’ / Vog() - (' — ) — XU, y') dy’
I

/
MAg

d-1
z/d)(x’)zf)xup(x/) dx’ / (' = x)x (¢ = XU,y dy’
r i=1

/
MAg

d-1 '
— / (') 0o b(x)dx' ase | 0.
r

i=1

Therefore we obtain (6.19).0
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