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ABSTRACT. – The paper is devoted to one-dimensional nonlinear stochastic partial differential
equations of parabolic type with non homogeneous Dirichlet boundary conditions of white-noise
type. We formulate a set of conditions that a random field must satisfy to solve the equation.
We show that a unique solution exists and that we can write it in terms of the stochastic kernel
related to the problem. This formulation allows us to study the basic properties of the solution, as
the continuity and the boundary-layer behavior, by means of Malliavin calculus. 2002 Éditions
scientifiques et médicales Elsevier SAS

AMS classification:60H15; 60H07

RÉSUMÉ. – Cet article est consacré à l’étude d’équations aux dérivées partielles stochastiques
non linéaires paraboliques en dimension un avec conditions aux bord de type Dirichlet non
homogènes. Nous formulons des conditions qu’un champ aléatoire doit satisfaire pour resoudre
l’EDPS. Nous montrons qu’il existe une solution unique et qu’elle s’exprime à l’aide d’un noyau
stochastique relié au problème. Cette formulation nous permet d’étudier les propriétés de base de
la solution, telles que la continuité et le comportement au bord, en utilisant le calcul de Malliavin.
 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

Our purpose in this paper is to study stochastic partial differential equations of the
form



dtu(t, x)= ∂2u

∂x2
(t, x)dt +

n∑
j=1

[
bj (x)

∂u

∂x
(t, x)+Fj (t, x, u (t, x))

]
dWj

t

u(t,0)= V̇t
u (0, x)= 0, (t, x) ∈ I T := [0, T ] × R+

(1.1)
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whereWt = (W 1
t , . . . ,W

n
t ) is a real standardn-dimensional Wiener process andVt is a

Brownian motion adapted to the filtration generated byWt . We set the initial condition
equal to zero in order to simplify the notation; no major problems arise in the general
case.

Existence and properties of the solution to an evolution problem with boundary noise
are broadly investigated in the literature. The way we interpret the solutionu(t, x), see
Definition 2, is in particular inspired from that given in [16]. An alternative approach we
would like to mention is given by the semigroup techniques developed, among others,
in [4] and [11], which allow to study the global properties of the solution.

In this paper we show that the solution of Eq. (1.1) is the random processu(t, x)

which satisfies the evolution equation

u(t, x)=
t∫

0

∂pD

∂y
(s, t,0, x)dVs

+
n∑
j=1

t∫
0

( ∫
R+

pD(s, t, y, x)Fj
(
s, y, u(s, y)

)
dy
)

dWj
s , (1.2)

wherepD(s, t, y, x) is the fundamental solution of the linear homogeneous part of
Eq. (1.1). This kernel is adapted toF t

s = σ {Wr, s � r � t}, which means that the
integrals in Eq. (1.2) are anticipative. We will interpret the first integral in the backward
Itô sense and the second one in the Skorohod sense (see [15]).

The evolution equation related to problem (1.1) in the whole space has been studied
in [14] and in [2]. Following the approach introduced in these papers we establish the
existence and uniqueness of a solution to Eq. (1.2) with values in an appropriate weighted
Sobolev space, which turns to be the spaceLpγ of real-valued functionsf such that

∫
R+

∣∣f (x)∣∣p(xp−1+γ ∧ 1
)

dx <∞,

where 0< γ < 1 andp � 2. The main theorem is a consequence of estimates on
Skorohod integrals of the form

t∫
0

( ∫
R+

pD(s, t, y, x)�(s, y)dy
)

dWs,

obtained using the techniques of Malliavin calculus; by means of such estimates we
show also that the solution of Eq. (1.2) is continuous in the open half-line{x > 0}.
We are interested in the regularity behavior of the solution, especially near the origin,
where the boundary data is highly irregular. Our results are, again, connected to those
proved in [16]; we will show that near the boundary the solution still behaves not too
badly: namely, it has a singularity of order 1 inx = 0 and for anyα > 0 it holds that
x1+αu(t, x)→ 0 a.s. asx ↓ 0.
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1.1. Main assumptions and statement of the results

In this paper, we will always assume without stating that the coefficients in Eq. (1.1)
satisfy the following regularity assumptions:

(h1). The drift coefficientsbj : R+→ R belong toC3
b and they satisfy the joint ellipticity

condition

 (x) := 1− 1

2

n∑
j=1

b2
j (x)� ε > 0. (1.3)

(h2). The nonlinear termsFj (t, x, u) are uniformly Lipschitz continuous in the variable
u: there exists a constantL such that for allt ∈ [0, T ], x ∈ R andj = 1, . . . , n∣∣Fj (t, x, u)− Fj (t, x, v)∣∣� L|u− v|. (1.4)

(F )p,ϑ . We say that condition(F )p,ϑ holds, wherep � 2, 0< ϑ < 1, if there exists a
functionh(x) ∈ Lpϑ such that for allt ∈ [0, T ] andj = 1, . . . , n∣∣Fj (t, x,0)∣∣� h(x) for everyx ∈ R+.

The class of functions which satisfy condition(F )p,ϑ is quite spread; for example, we
can takeh(x)= 1/x, which belongs toLpϑ for anyp � 2, 0< ϑ < 1.

We make use of the following notation. Let(&,F,P) be the canonical probability
space of then-dimensional Brownian motionW = {Wt, t ∈ [0, T ]}. Given a Banach
spaceX, we denoteLp(&×[0, T ];X) the space ofp-integrable random processes with
values inX andMp(& × [0, T ];X) the subspace ofp-integrable, adapted processes.
The following result states the main properties of the solution to the evolution equation
(1.2). The proof will be given in Section 4.

THEOREM 1. – Assume that condition(F )p,ϑ holds for somep � 2, 0< ϑ < 1.
Then Eq.(1.2) has a unique solutionu(t, x) in Mp(&× [0, T ];Lpγ ) for anyγ ∈ (0,1).
If moreover condition(F )p,ϑ holds for somep > 2, 0< ϑ < 1, then the functionu(t, ·)
is continuous on[δ,∞) for everyδ > 0 and it satisfies that

x1+αu(t, x)→ 0 a.s., (1.5)

for everyα > 0.

Our next aim is to properly define the meaning of weak solution for Eq. (1.1).
We consider the class of smooth functionsf (t, x) which belong toC∞

0 and satisfy
f (t,0)= 0; a formal computation leads to

∞∫
0

∫
R+

u(s, x)

[
∂f

∂s
(s, x)+ ∂2f

∂x2
(s, x)

]
dx ds +

n∑
j=1

∞∫
0

∫
R+

Fj
(
s, x, u(s, x)

)
f (s, x)dx dWj

s

−
n∑
j=1

∞∫
0

∫
R+

∂

∂x

[
bj (x)f (s, x)

]
u(s, x)dx dWj

s = −
∞∫

0

∂f

∂x
(s,0)dVs. (1.6)
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To make this rigorous, we need to give a meaning to the left hand side of the previous
equation, becauseu(t, x) might not exist on the boundary. However, we can “avoid” the
boundary by consideringx + ε instead ofx as the space variable in (1.6).

DEFINITION 2. – A functionu = u(t, x) in Lp(&× [0, T ];Lpγ ), continuous inx ∈
(0,+∞), is a weak solution of Eq.(1.1) if the following identity holds

lim
ε→0

{ ∞∫
0

∫
R+

u(s, x + ε)
[
∂f

∂s
(s, x)+ ∂2f

∂x2
(s, x)

]
dx ds

+
n∑
j=1

∞∫
0

∫
R+

Fj
(
s, x + ε, u(s, x + ε)) f (s, x)dx dWj

s

−
n∑
j=1

∞∫
0

∫
R+

∂

∂x

[
bj (x + ε)f (s, x)]u(s, x + ε)dx dWj

s

}
= −

∞∫
0

∂f

∂x
(s,0)dVs. (1.7)

In Section 5 we will prove the following result.

THEOREM 3. – Assume that condition(F )p,ϑ holds for somep > 2, 0< ϑ < 1. Then
the solutionu(t, x) ∈Mp(&× [0, T ];Lpγ ) of Eq.(1.2) given in the previous theorem is
the unique weak solution of Eq.(1.1).

2. The construction of the stochastic kernel

In this section we recall the definition and the basic properties of the stochastic kernel
related with Eq. (1.1). This construction follows that in [14]; see also [8]. In order to
make the paper self-contained, we recall first the basic definitions of Malliavin calculus
required along the paper. For all the details we refer to the monograph [12].

2.1. Basic definitions in Malliavin calculus

Let H be the Hilbert spaceL2([0, T ];Rn). For anyh ∈ H we denote byW(h) the
Wiener integralW(h)=∑n

j=1

∫ T
0 hj(t)dW

j
t . LetS be the set of smooth and cylindrical

random variables of the form

F = f (W(h1), . . . ,W(hm)
)
, (2.1)

wheren� 1, f ∈ C∞
b (R

m) (f and all its derivatives are bounded), andh1, . . . , hm ∈H .
Given a random variableF of the form (2.1), we define its derivative as the stochastic
n-dimensional process{DtF, t ∈ [0, T ]} given by

DtF =
m∑
i=1

∂f

∂xi

(
W(h1), . . . ,W(hm)

)
hi(t), t ∈ [0, T ].

In the same way, we can define the iterated derivative operator on a cylindrical random
variable by setting

Dpt1,...,tpF =Dt1 . . .DtpF.
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The derivative operatorDp is a closable unbounded operator fromL2(&;H) into
L2(&;Hp) for eachp � 1. We denote byDp,2 the closure ofS with respect to the
norm defined by

‖F‖2
p,2 = ‖F‖2

L2(&) +
p∑
k=1

∥∥DkF∥∥2
L2(&;Hk).

Next, we introduce the adjoint of the derivative operatorD; it is the Skorohod integral
with respect to the Brownian motionW :

δ(u)=
n∑
j=1

T∫
0

uj (t)dW
j
t

for any u ∈ Dom(δ) ⊂ L2(& × [0, T ];Rn). The domain of the Skorohod integral
contains the setM2(&;H) of square integrable and adapted processes and the operator
δ restricted to this space coincides with the Itô stochastic integral (see [13]).

Let us define the family of spacesLn,2 = L2(H ;Dn,2) equipped with the norm

‖v‖2
n,2 = ‖v‖2

L2(&;H) +
p∑
k=1

∥∥Dkv∥∥2
L2(&;Hk+1)

.

We recall thatL1,2 is included in the domain ofδ, and for a processu in L1,2 we can
compute the variance of the Skorohod integral ofu as follows

E
(
δ(u)2

)= E

T∫
0

|ut |2 dt + E

T∫
0

T∫
0

〈Dsut ,Dtus〉ds dt.

Main tools from Malliavin calculus that we use in the paper are contained in [12].
Apart from these, we need to recall the following change-of-variables formula for the
Skorohod integral; see [2] and [7].

PROPOSITION 4. – Consider a process of the formXt =∑n
j=1

∫ t
0 uj (s)dW

j
s , where

(a1) u ∈ L2,2,
(a2) u ∈ Lβ(&× [0, T ];Rn), for someβ > 2,
(a3)

∫ T
0 |u(s)|2 ds < N for some positive constantN .

Let F :R → R be a twice continuously differentiable function such thatF ′′ is
bounded. Then we have

F(Xt)=F(0)+
n∑
j=1

t∫
0

F ′(Xs)uj (s)dWj
s + 1

2

t∫
0

F ′′(Xs)|u(s)|2 ds

+
t∫

0

F ′′(Xs)
〈
u(s),

n∑
j=1

s∫
0

Djs u(r)dW
j
r

〉
ds. (2.2)
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2.2. The stochastic heat kernel

Let B = {Bt, t ∈ [0, T ]} be a Brownian motion with variance 2t defined on another
probability space(W,G,Q). Consider the followingbackward stochastic differential
equationon the probability space(&×W,F ⊗ G,P × Q):

ϕt,s(x)= x −
n∑
j=1

t∫
s

bj
(
ϕt,r(x)

)
dWj

r +
t∫
s

√
 
(
ϕt,r (x)

)
dBr. (2.3)

From the results in Theorems 3.4.1 and 4.5.1 of [9] we know that Eq. (2.3) has a solution
ϕ = {ϕt,s(x),0 � s � t � T , x ∈ R}, continuous in the three variables and verifying

ϕr,s
(
ϕt,r (x)

)= ϕt,s(x), (2.4)

for all s < r < t, x ∈ R.
The existence of the kernel for the operator∂

2

∂x2 + ∑n
j=1 bj (x)Ẇ

j
t
∂
∂x

is proved in
Proposition 9 of [14].

PROPOSITION 5. –Letϕt,s(x) be the stochastic flow defined by Eq.(2.3). Then there
is a version of the marginal densityp(s, t, y, x)= Q[ϕt,s (x)∈dy]

dy which isF t
s -adapted and

it satisfies the semigroup property:

p(s, t, x, y)=
∫
R

p(s, r, y, z)p(r, t, z, x)dz, (2.5)

for all 0� s < r < t � T , x, y ∈ R.

We denoteq(s, t, y, x) the heat kernel onR defined by the Laplace operator∂
2

∂x2 ,
which is known to be

q(s, t, y, x)= 1

2
√
π(t − s) exp

(
−(y − x)2

4(t − s)
)
.

We setqD(s, t, y, x)= q(s, t, y, x)− q(s, t,−y, x): it is known thatqD(s, t, y, x) is the
heat kernel onR+ with zero Dirichlet boundary conditions. We recall that∂q

∂y
(s, ·, y, x) is

the density function of a Brownian passage time, which also means that for anyx, z ∈ R+
∞∫
s

[
qD(s, t, y, x)− qD(s, t, y, z)]dt = 0. (2.6)

This can be easily proved as follows:
∞∫
s

[
qD(s, t, y, x)− qD(s, t, y, z)]dt

=
∞∫
s

y∫
−y

[
∂q

∂y
(s, t, η, x)− ∂q

∂y
(s, t, η, z)

]
dηdt
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=
y∫

−y

[ ∞∫
s

∂q

∂y
(s, t, η, x)dt −

∞∫
s

∂q

∂y
(s, t, η, z)dt

]
dη = 0.

Consider now the stochastic kernelpD(s, t, y, x) = p(s, t, y, x) − p(s, t,−y, x).
From the analog result for the kernelp, that is given in Eq. (4.15) of [14], it is possible
to prove thebackward Kolmogorov equationfor any test functionf ∈C∞

0 (R):

∫
R+

pD(s, t, y, x)f (y)dy = f (x)+
n∑
j=1

t∫
s

bj (x)

( ∫
R+

∂pD

∂x
(s, r, y, x)f (y)dy

)
dWj

r

+
t∫
s

( ∫
R+

∂2pD

∂x2
(s, r, y, x)f (y)dy

)
dr. (2.7)

This gives us the evolution equation

pD(s, t, y, x)= qD(s, t, y, x)

+
n∑
j=1

t∫
s

( ∫
R+

bj (z)qD(r, t, z, x)
∂pD

∂z
(s, r, y, z)dz

)
dWj

r , (2.8)

from which we can prove that this kernel satisfies the semigroup property

pD(s, t, y, x)=
∫

R+

pD(s, r, y, u)pD(r, t, u, x)du (2.9)

and the Dirichlet boundary conditions.
In order to study the stochastic problem (1.1) it is important to have estimates on

the kernelpD(s, t, y, x). In the sequelC andc will be some positive constants that can
change from line to line.

LEMMA 6. –For all s < t , x, y ∈ R+, it holds that

∥∥pD(s, t, y, x)∥∥Lp(&) �C(t − s)−1/2 exp
(

−|y − x|2
c(t − s)

)
, (2.10)

∥∥∥∥∂m+kpD
∂yk∂xm

(s, t, y, x)

∥∥∥∥
Lp(&)

� C(t − s)−(m+k+1)/2 exp
(

−|y − x|2
c(t − s)

)
(2.11)

for eachm= 0,1,2, k = 0,1 and for some constantsC,c > 0.

Proof. –In Proposition 11 of [14] some estimates for the kernelp(s, t, y, x) are given.
The first part of the lemma is proved using those results; here we give only the proof of
(2.11) in the casem= k = 1, in which some new ideas are needed.

We observe that the chain rule for the Malliavin derivative gives

D
(
1[y,∞)(F )

)= ∂

∂x

(
1[y,∞)(F )

)
DF = − ∂

∂y

(
1[y,∞)(F )

)
DF.
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Using the integration-by-parts formula of Malliavin calculus we can write

∂p

∂x
(s, t, y, x)= EQ

[
1{ϕt,s (x)>y}δ

(
δ

(
ϕ′
t,s(x)Dϕt,s(x)

‖Dϕt,s(x)‖2

)
Dϕt,s(x)

‖Dϕt,s(x)‖2

)]
,

from where it follows that

∂2p

∂x∂y
(s, t, y, x)

= −EQ

[
1{ϕt,s (x)>y}δ

(
δ

(
δ

(
ϕ′
t,s(x)Dϕt,s(x)

‖Dϕt,s(x)‖2

)
Dϕt,s(x)

‖Dϕt,s(x)‖2

)
Dϕt,s(x)

‖Dϕt,s(x)‖2

)]
.

Denote

H0 = δ
(
ϕ′
t,s(x)Dϕt,s(x)

‖Dϕt,s(x)‖2

)
,

Hi = δ
(
Dϕt,s(x)

‖Dϕt,s(x)‖2
Hi−1

)
, i = 1,2, . . . .

With this notation we can write

∂2p

∂x∂y
(s, t, y, x)= −EQ

[
1{ϕt,s (x)>y}H2

]
.

We define moreover the processBt,s(x)= ϕt,s(x)− x. As a first step we study estimates
on the indicator function. It follows that

∂2p

∂x∂y
(s, t, y, x)= −EQ

[
1{Bt,s (x)>y−x}H2

]= −EQ
[
1{−Bt,s (x)>x−y}H2

];
since B and −B have the same distribution, it is sufficient to study one case.
Assumey > x: using the trivial bound

1{Bt,s>a} � exp
(
KBt,s(x)

2

p(t − s)
)

exp
(

− Ka2

p(t − s)
)

valid for anya � 0,K > 0, we obtain

∣∣∣∣ ∂2p

∂x∂y
(s, t, y, x)

∣∣∣∣� exp
(

−K|x − y|2
p(t − s)

)
EQ

[
exp
(
KBt,s(x)

2

p(t − s)
)

|H2|
]
.

By Schwarz’s inequality

E

[
exp
(
KBt,s(x)

2

p(t − s)
)

|H2|
]p

�
(

E

[
exp
(

2KBt,s(x)2

(t − s)
)]

E|H2|2p
)1/2

.

The following estimate is proved in [2]

E

[
exp
(

2KBt,s(x)2

(t − s)
)]

= 1√
1− 8K

;
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with the same arguments as in the proof of Proposition 11 of [14], we can prove that

(
E|H2|2p)1/2p �C(t − s)−3/2

which yields the desired estimate.✷
Remark7. – From the definition ofpD(s, t, y, x)= p(s, t, y, x)−p(s, t,−y, x) and

using the mean value theorem we may prove the estimate

∥∥pD(s, t, y, x)∥∥Lp(&) �Cya(t − s)− 1
2− a2 exp

(
−(y − x)2
c(t − s)

)

for 0 � a � 1.

The following lemma is concerned with the Malliavin derivative of the stochastic
kernel. The operatorD− defined in (2.12) is usually known in the literature as the
forward Malliavin derivative.

LEMMA 8. – For all 0 � s < t � T , x, y ∈ R+, pD(s, t, x, y) ∈ D1,2 and there exists
a version of the derivative such that the following limit exists inL2(& × R+;Rn) for
everys, t ∈ [0, T ] andx ∈ R+:

D−
s pD(s, t, ·, x)= lim

ε↓0
DspD(s − ε, t, ·, x). (2.12)

Moreover, it satisfies the evolution equation

DspD(r, t, y, x)=
∫

R+

(
D−
s pD(s, t, u, x)

)
pD(r, s, y, u)du (2.13)

and the estimates

∥∥D−
s pD(s, t, y, x)

∥∥
Lp(&)

� C(t − s)−1 exp
(

−|y − x|2
c(t − s)

)
, (2.14)

∥∥D−
s

[
pD(s, t, y, x)− pD(s, t, y, z)]∥∥Lp(&)

� (t − s)−1−σ/2|z− x|σ
[
exp
(

−|y − x|2
c(t − s)

)
+ exp

(
− |y − z2

c(t − s)
)]
, (2.15)

for 0 � σ � 1.

Proof. –The regularity properties ofpD(s, t, x, y) follows from those ofp(s, t, x, y)
that are proved in [14]. Using the semigroup property (2.9) we get

DspD(r, t, y, x)=Ds
∫

R+

pD(s − ε, t, u, x)pD(r, s − ε, y, u)du.

Now Eq. (2.13) follows recalling thatpD(s, t, x, y) is F t
s -adapted and passing to the

limit ε→ 0. From the backward Kolmogorov equation (2.7) we can prove the following
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representation for the derivative of
∫

R+ pD(s, t, y, x)f (y)dy, see for example Section 3
of [3]

Ds

∫
R+

pD(r, t, y, x)f (y)dy =
∫

R+

pD(r, s, y, x)b(y)
∂

∂y

( ∫
R+

pD(s, t, u, y)f (u)du
)

dy.

Then it follows that

Ds

∫
R+

pD(s − ε, t, y, x)f (y)dy

=
∫

R+

pD(s − ε, s, y, x)b(y) ∂
∂y

( ∫
R+

pD(s, t, z, y)f (z)dz
)

dy

and lettingε tend to zero we obtain

D−
s pD(s, t, y, x)= −b(x) ∂

∂x
pD(s, t, y, x).

Now, using the estimates of the previous lemma the result follows.✷

3. The boundary term

We consider here the term

:(t, x) :=
t∫

0

∂pD

∂y
(s, t,0, x)dVs. (3.1)

It is easy to prove that: ∈Mp(&× [0, T ];Lpγ ) for everyp � 2, 0< γ < 1. In fact we
have, using estimate (2.11) and the isometry property of the Itô backward integral, that

E

∣∣∣∣∣
t∫

0

∂pD

∂y
(s, t,0, x)dVs

∣∣∣∣∣
p

�C
∣∣∣∣∣
t∫

0

(t − s)−2 exp
(

− x2

c(t − s)
)

ds

∣∣∣∣∣
p/2

=C
∣∣∣∣ 1

x2
e−x2/t

∣∣∣∣
p/2

= Cx−pe−px2/2t . (3.2)

The following lemma will be necessary in Section 5.

LEMMA 9. – For every test functionϕ ∈C∞
0 ([0, T ]) the following convergence holds

T∫
0

:(s, ε)ϕ(s)ds−→
ε→0

T∫
0

ϕ(r)dVr a.s. (3.3)



E. ALÒS, S. BONACCORSI / Ann. I. H. Poincaré – PR 38 (2002) 125–154 135

Proof. –In order to prove the almost sure convergence we notice that, sinceε > 0, we
can apply Fubini’s theorem and study the limit

T∫
0

( T∫
r

∂pD

∂y
(r, s,0, ε)ϕ(s)ds

)
dVr →

T∫
0

ϕ(r)dVr.

Notice that it is sufficient to prove that

f (ε)=
T∫

0

T∫
r

∂pD

∂y
(r, s,0, ε)ϕ(s)ds dVr (3.4)

is a continuous function in 0, and to identify the limit.
In order to study the continuity off notice that for everyε, ε′ > 0

f (ε)− f (ε′)=
T∫

0

T∫
r

[
∂pD

∂y
(r, s,0, ε)− ∂pD

∂y

(
r, s,0, ε′)]ϕ(s)ds dVr

so we reduce to estimate the integral

Ir
(
ε, ε′)=

T∫
r

[
∂pD

∂y
(r, s,0, ε)− ∂pD

∂y

(
r, s,0, ε′)]ϕ(s)ds

As ϕ has compact support we can write the above integral as

Ir
(
ε, ε′)=

∞∫
r

[
∂pD

∂y
(r, s,0, ε)− ∂pD

∂y

(
r, s,0, ε′)]ϕ(s)ds (3.5)

and the following identity is obvious

Ir
(
ε, ε′)=

∞∫
r

[
∂pD

∂y
(r, s,0, ε)− ∂pD

∂y

(
r, s,0, ε′)][ϕ(s)− ϕ(r)]ds

+ ϕ(r)

∞∫
r

[
∂pD

∂y
(r, s,0, ε)− ∂pD

∂y

(
r, s,0, ε′)]ds

= I1(ε, ε′)+ I2(ε, ε′).
We start from the first term. Asϕ is smooth we can estimate the first term as follows

E
∣∣I1(ε, ε′)∣∣p �C

∣∣∣∣∣
T∫
r

∥∥∥∥∂pD∂y (r, s,0, ε)−
∂pD

∂y

(
r, s,0, ε′)∥∥∥∥

Lp(&)

(s − r)ds
∣∣∣∣∣
p

�C
∣∣ε− ε′∣∣p∣∣∣∣∣

T∫
r

(s − r)−1/2
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×
[
exp
(

− ε2

c(s − r)
)

+ exp
(

− ε′2

c(s − r)
)]

ds

∣∣∣∣∣
p

�C
∣∣ε− ε′∣∣p.

On the other hand, using the evolution equation (2.8) we can write

∞∫
r

[
∂pD

∂y
(r, s,0, ε)− ∂pD

∂y

(
r, s,0, ε′)]ds

= ∂

∂y

∞∫
r

[
pD(r, s,0, ε)− pD(r, s,0, ε′)]ds

= ∂

∂y

∞∫
r

[
qD(r, s,0, ε)− qD(r, s,0, ε′)]ds

+
n∑
j=1

∂

∂y

∞∫
r

[ s∫
r

( ∫
R+

[
qD(u, s, z, ε)− qD(u, s, z, ε′)]

× ∂pD

∂z
(r, u,0, z)bj (z)dz

)
dWj

u

]
ds.

Now we need to apply Fubini’s theorem to the right-hand side of the previous expression,
which becomes equal to

∂

∂y

∞∫
r

[
qD(r, s,0, ε)− qD(r, s,0, ε′)]ds

+
n∑
j=1

∂

∂y

∞∫
r

[ ∫
R+

[ ∞∫
u

[
qD(u, s, z, ε)− qD(u, s, z, ε′)

]
ds

]

× ∂pD

∂z
(r, u,0, z)bj (z)dz

]
dWj

u .

The identity in Eq. (2.6) applies in both integrals, so thatI2(ε, ε
′)= 0, which means that

E
∣∣Ir(ε, ε′)∣∣p �C

∣∣ε− ε′∣∣p. (3.6)

By Kolmogorov’s continuity theorem this implies that there exists a version off (ε)

that is continuous, with sample paths that are a.s. Hölder continuous functions with an
arbitrary exponent less thatp−1

p
. Sincep � 2 is arbitrary, the trajectories are a.s. Hölder

continuous for any exponent less than 1. We remark that there is no problem caused by
the fact that we do not considerε = 0 (this is done by convenience of the proof ); one
may simply definef (0) using the completeness of the spaceLp(&).

Let us prove (3.3). We already noticed that it remains to identify the limitf (0) =
limε→0f (ε). From the evolution equation (2.8) we can write
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T∫
0

T∫
r

∂pD

∂y
(r, s,0, ε)ϕ(s)ds dVr

=
T∫

0

T∫
r

∂

∂y
qD(r, s,0, ε)ϕ(s)ds dVr

+
n∑
j=1

T∫
0

T∫
r

∂

∂y

s∫
r

( ∫
R+

qD(u, s, z, ε)
∂pD

∂z
(r, u, y, z)bj (z)dz

)
dWj

u

∣∣∣∣
y=0

ds dVr.

The second term of the above identity, evaluated inε = 0, is zero. In order to finish the
proof, it suffices to control that

∞∫
0

∂

∂y
qD(0, s, y,0)

∣∣∣∣
y=0
ϕ(s + r)ds = ϕ(r).

We get

∂

∂y
qD(0, s, y,0)

∣∣∣∣
y=0

= −y
s
q(0, s, y,0)

∣∣∣∣
y=0

and putting it in the above integral,

∞∫
0

−y
s
q(0, s, y,0)

∣∣∣∣
y=0
ϕ(s + r)ds =

∞∫
0

− y

2s
√
πs

exp
(

−y
2

4s

)
ϕ(s + r)ds

∣∣∣∣
y=0

by the change of variablet =
√
y2

4s we read

∞∫
0

−y
s
q(0, s, y,0)

∣∣∣∣
y=0
ϕ(s + r)ds = 2√

π

∞∫
0

exp
(−t2)ϕ(r)dt = ϕ(r).

LEMMA 10. – For any α > 0 the following convergence holds for anyt ∈ [0, T ],
almost surely:

x1+α:(t, x)→ 0 asx→ 0. (3.7)

Proof. –The proof will follow if we show that for someα′ < α the function
x1+α′

:(t, x) is a.s. bounded in some neighborhood of 0; in turn, this is implied by a
regularity result of this kind: there exists a version of the functionx1+α′

:(t, x) that is
almost surely Hölder continuous in an interval[0,K], K > 0.

So we are lead to prove that for everyp � 2 andx, z ∈ (0,K), x < z, the following
estimate holds:

E
∣∣z1+α:(t, z)− x1+α:(t, x)

∣∣p � C|z− x|pα. (3.8)

We can write

E
∣∣z1+α:(t, z)− x1+α:(t, x)

∣∣p �A1 +A2,
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where

A1 = xp(1+α)E
∣∣:(t, z)−:(t, x)∣∣p,

A2 = (z(1+α) − x(1+α))pE∣∣:(t, z)∣∣p.
In Eq. (3.2) we have proved thatE|:(t, z)|p �Cz−p so that

A2 �C|z− x|pα.
On the other hand, we can estimate the difference

E
∣∣:(t, z)−:(t, x)∣∣p �CE

∣∣∣∣∣
t∫

0

[
∂pD

∂y
(s, t,0, z)− ∂pD

∂y
(s, t,0, x)

]2

ds

∣∣∣∣∣
p/2

�C
∣∣∣∣∣
t∫

0

∥∥∥∥∂pD∂y (s, t,0, z)−
∂pD

∂y
(s, t,0, x)

∥∥∥∥
2

Lp(&)

ds

∣∣∣∣∣
p/2

.

By the estimates (2.10) and (2.11) we can easily deduce that (recall that we have chosen
x < z)

E
∣∣:(t, z)−:(t, x)∣∣p �C|z− x|pα

∣∣∣∣∣
t∫

0

(t − s)−2−α exp
(

− x2

c(t − s)
)

ds

∣∣∣∣∣
p/2

�C|z− x|pαx−p(1+α)

which proves the assertion in Eq. (3.8).
Now we are in the position to apply Kolmogorov’s continuity theorem and the lemma

is proved. ✷
Remark11. – The above proof shows in particular thatx → :(t, x) is a continuous

function on(0,+∞) and that it is uniformly Hölder continuous on(δ,+∞) for any
δ > 0.

4. Mild solution

We recall from the introduction thatLpγ is the space of real-valued functionsf such
that

∫∞
0 |f (x)|p(xp−1+γ ∧ 1)dx <∞, where 0< γ < 1 andp � 2. In order to prove

Theorem 1 we need some preliminary results.

LEMMA 12. – The application< defined by

(<�)(t, x)=
n∑
j=1

t∫
0

( ∫
R+

pD(s, t, y, x)�(s, y)dy
)

dWj
s (4.1)

is a contraction fromMp(&×[0, T ];Lpγ ) toMp(&×[0, T ];Lp(R+)), for all 0< γ < 1
andp� 2.
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Proof. –Without loss of generality we can assume thatn = 1. We denote bySa the
space of simple and adapted processes of the form

φ(s)=
m−1∑
j=0

Fj1(tj ,tj+1](s),

where 0< t0< t1< · · ·< tm = T and theFj areFtj -measurable random variables inS .
Denote for simplicity

Bx(s)=
∞∫

0

pD(s, t, y, x)�(s, y)dy,

so that(<�)(t, x) = ∫ t
0 Bx(s)dWs . We can assume that� is a simple and adapted

process; suppose first thatpD(s, t, y, x) is an elementary backward-adapted process, so
thatBx(s) satisfies the assumption of Proposition 4; consider the family of functions

FN(x)=
|x|∫
0

y∫
0

(
p(p− 1)zp−2 ∧N)dzdy;

by Itô’s formula we obtain that

E
(
FN
(
<�(t, x)

))= E

t∫
0

F ′′
N

(
<�(s, x)

)
B2
x (s)ds

+ 1

2
E

t∫
0

F ′′
N

(
<�(s, x)

)
Bx(s)

( s∫
0

DsBx(r)dWr

)
ds. (4.2)

By means of a density argument, we can easily check that Eq. (4.2) holds also for the
kernelpD(s, t, y, x) introduced in the previous sections.

Now from the boundF ′′
N(x)� p(p− 1)(FN(x))(p−2)/p it follows that

E
(
FN
(
<�(t, x)

))
�p(p− 1)

t∫
0

(
E
∣∣FN (<�(s, x))∣∣) p−2

p
(
E
∣∣Bx(s)∣∣p)2/p ds

+ p(p− 1)

2

t∫
0

(
E
∣∣FN(<�(s, x))∣∣) p−2

p

×
(

E

∣∣∣∣∣Bx(s)
( s∫

0

DsBx(r), dWr

)∣∣∣∣∣
p)2/p

ds.

Applying the lemma on p. 171 of [17] we obtain that

E
(
FN
(
<�(t, x)

))
� cp

{ t∫
0

(
E
∣∣Bx(s)∣∣p)2/p ds
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+
t∫

0

(
E

∣∣∣∣∣Bx(s)
( s∫

0

DsBx(r) dWr

)∣∣∣∣∣
p/2)2/p

ds

}p/2
.

This gives us, by Fatou’s lemma, that

E
∣∣<�(t, x)∣∣p �C

{ t∫
0

(
E
∣∣Bx(s)∣∣p)2/p ds

+
t∫

0

(
E

∣∣∣∣∣Bx(s)
( s∫

0

DsBx(r)dWr

)∣∣∣∣∣
p/2)2/p

ds

}p/2

that we can write ∥∥<�(t, x)∥∥p
Lp(&)

�C
{
φ1(t, x)+ φ2(t, x)

}
. (4.3)

A few computations show that the first term can be decomposed

φ1(t, x)� C1
{
φ1,1(t, x)+ φ1,2(t, x)

}
,

where

φ1,1(t, x)=
{ t∫

0

( 1∫
0

∥∥pD(s, t, y, x)∥∥Lp(&)∥∥�(s, y)∥∥Lp(&) dy
)2

ds

}p/2
,

φ1,2(t, x)=
{ t∫

0

( ∞∫
1

∥∥pD(s, t, y, x)∥∥Lp(&)∥∥�(s, y)∥∥Lp(&) dy
)2

ds

}p/2
.

We consider the second term since it is possible to bound the first one with the same
estimates. We have

φ2(t, x)=
{ t∫

0

[
E

( ∫
R+

∫
R+

pD(s, t, x, y)�(s, y)

× (<�)(s, u)(D−
s pD(s, t, u, x)

)
dudy

)p/2]2/p

ds

}p/2

proceeding as in the first case we get

φ2(t, x)�C2
{
φ2,1(t, x)+ φ2,2(t, x)+ φ3(t, x)

}
,

where we have defined, for someq > 0,

φ2,1(t, x)=
{ t∫

0

(t − s)−q
( 1∫

0

∥∥pD(s, t, y, x)∥∥Lp(&)∥∥�(s, y)∥∥Lp(&) dy
)2

ds

}p/2
,

φ2,2(t, x)=
{ t∫

0

(t − s)−q
( ∞∫

1

∥∥pD(s, t, y, x)∥∥Lp(&)∥∥�(s, y)∥∥Lp(&) dy
)2

ds

}p/2
,
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φ3(t, x)=
{ t∫

0

(t − s)q
( ∫

R+

∥∥D−
s pD(s, t, u, x)

∥∥
Lp(&)

∥∥ (<�)(s, u)∥∥
Lp(&)

du
)2

ds

}p/2
.

Our next aim is to prove estimates forφ2,1(t, x) and φ2,2(t, x) (with the same
techniques we will boundφ1(t, x)). Let us start from the first one: for somea ∈ [0,1]
andb ∈ R to be fixed later, we use Remark 7 to estimate

φ2,1(t, x)�C2,1

{ t∫
0

(t − s)−q−1−a
( 1∫

0

ya exp
(

−(y − x)2
c(t − s)

)∥∥�(s, y)∥∥
Lp(&)

dy

)2

ds

}p/2

�C2,1

{ t∫
0

(t − s)−q−1−a
( 1∫

0

y2(b−1) exp
(

−(y − x)2
c(t − s)

)
dy

)

×
( 1∫

0

y2(a−b+1) exp
(

−(y − x)2
c(t − s)

)∥∥�(s, y)∥∥2
Lp(&)

dy

)
ds

}p/2
.

We recall the following estimate, which holds for anyb > 1/2:

1∫
0

y2(b−1) exp
(

−(y − x)2
c(t − s)

)
dy �C (4.4)

so that

φ2,1(t, x)�C2,1

{ t∫
0

(t − s)−q−1−a

×
( 1∫

0

y2(a−b+1) exp
(

−(y − x)2
c(t − s)

)∥∥�(s, y)∥∥2
Lp(&)

dy

)
ds

}p/2
.

We integrate in dx:

∫
R+

φ2,1(t, x)dx �C2,1

∫
R+

{ t∫
0

(t − s)−q−1−a

×
( 1∫

0

y2(a−b+1) exp
(

−(y − x)2
c(t − s)

)∥∥�(s, y)∥∥2
Lp(&)

dy

)
ds

}p/2
dx

and by Hölder’s inequality

∫
R+

φ2,1(t, x)dx �C2,1

∫
R+

{ t∫
0

(t − s)−q−1−a+ 1
2− 1

p

×
( 1∫

0

yp(a−b+1) exp
(

−(y − x)2
c(t − s)

)∥∥�(s, y)∥∥p
Lp(&)

dy

)2/p

ds

}p/2
dx.
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The desired estimate follows by applying Minkowski’s and Hölder’s inequalities, under
the assumptionq + a < 1/2:

∫
R+

φ2,1(t, x)dx � C2,1

t∫
0

(t − s)−q− 1
2−a

1∫
0

yp(a−b+1)∥∥�(s, y)∥∥p
Lp(&)

dy ds.

We consider now the second term. Assume thatq < 1:

φ2,2(t, x)�C2,2 t
(1−q)(p/2−1)

t∫
0

(t − s)−q

×
( ∞∫

1

∥∥pD(s, t, y, x)∥∥Lp(&)∥∥�(s, y)∥∥Lp(&) dy
)p

ds.

We integrate both sides of the above inequality with respect to dx; using estimate (2.10)
and Hölder’s inequality we get

∫
R+

φ2,2(t, x)dx � C2,2 t
(1−q)( p2 −1)

t∫
0

(t − s)−q
∞∫

1

∥∥�(s, y)∥∥p
Lp(&)

dy ds.

We need to take some care in order to evaluateφ3(t, x). Using (2.14) and Schwartz’s
inequality we may write

φ3(t, x)�C3

{ t∫
0

(t − s)q
( ∫

R+

exp
(

−(u− x)2
c(t − s)

)
(t − s)−1

× ∥∥(<�)(s, u)∥∥
Lp(&)

du
)2

ds

}p/2

�C3

{ t∫
0

(t − s)q−2
( ∫

R+

exp
(

−(u− x)2
c(t − s)

)
du
)

×
( ∫

R+

exp
(

−(u− x)2
c(t − s)

)∥∥(<�)(s, u)∥∥2
Lp(&)

du
)

ds

}p/2

�C3

{ t∫
0

(t − s)q− 3
2

∫
R+

exp
(

−(u− x)2
c(t − s)

)∥∥(<�)(s, u)∥∥2
Lp(&)

duds

}p/2
.

The integration in dx leads to∫
R+

φ3(t, x)dx
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�C3

∫
R+

{ t∫
0

(t − s)q−3/2
∫

R+

exp
(

−(u− x)2
c(t − s)

)∥∥(<�)(s, u)∥∥2
Lp(&)

duds

}p/2
dx;

we apply first Hölder’s inequality

∫
R+

φ3(t, x)dx �C3

∫
R+

{ t∫
0

(t − s)q−1− 1
p

×
( ∫

R+

exp
(

−(u− x)2
c(t − s)

)∥∥(<�)(s, u)∥∥p
Lp(&)

du
)2/p

ds

}p/2
dx

and then Minkowski’s inequality

∫
R+

φ3(t, x)dx � C3

{ t∫
0

(t − s)q−1
( ∫

R+

∥∥(<�)(s, u)∥∥p
Lp(&)

du
)2/p

ds

}p/2
.

By another application of Hölder’s inequality we have

∫
R+

φ3(t, x)dx �C3

t∫
0

(t − s)q−1
∫

R+

∥∥(<�)(s, u)∥∥p
Lp(&)

duds.

We now defineδ = 1
2 − a > q andb − a = (1 − γ )/p. So far we have proved the

following estimate

∫
R+

∥∥<�(t, x)∥∥p
Lp(&)

dx �C1,1

t∫
0

(t − s)δ−1

1∫
0

xp−1+γ ∥∥�(s, x)∥∥p
Lp(&)

dx ds

+C2,1

t∫
0

(t − s)δ−q−1

1∫
0

xp−1+γ ∥∥�(s, x)∥∥p
Lp(&)

dx ds

+C1,2

t∫
0

∞∫
1

∥∥�(s, x)∥∥p
Lp(&)

dx ds

+C2,2

t∫
0

(t − s)−q
∞∫

1

∥∥�(s, x)∥∥p
Lp(&)

dx ds

+C3

t∫
0

(t − s)q−1
∫

R+

∥∥(<�)(s, x)∥∥p
Lp(&)

dx ds.

A simple Gronwall-like argument shows that the above estimate becomes
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∫
R+

∥∥(<�)(t, x)∥∥p
Lp(&)

dx �C1,1

t∫
0

(t − s)δ−1

1∫
0

xp−1+γ ∥∥�(s, x)∥∥p
Lp(&)

dx ds

+C2,1

t∫
0

(t − s)δ−q−1

1∫
0

xp−1+γ ∥∥�(s, x)∥∥p
Lp(&)

dx ds

+C1,2

t∫
0

∞∫
1

∥∥�(s, x)∥∥p
Lp(&)

dx ds

+C2,2

t∫
0

(t − s)−q
∞∫

1

∥∥�(s, x)∥∥p
Lp(&)

dx ds.

Now we are able to integrate between 0 andT ; repeated applications of Fubini’s theorem
imply

T∫
0

∫
R+

∥∥(<�)(t, x)∥∥p
Lp(&)

dx dt

�
(
C1,1 T

δ +C2,1T
δ−q) T∫

0

1∫
0

xp−1+γ ∥∥�(s, x)∥∥p
Lp(&)

dx ds

+ (C1,2T +C2,2 T
q
) T∫

0

∞∫
1

∥∥�(s, x)∥∥p
Lp(&)

dx ds

� CT
T∫

0

∞∫
0

(
1∧ xp−1+γ )∥∥�(s, x)∥∥p

Lp(&)
dx ds,

so for every positive timeT such thatCT < 1 we have proven that< :Lp(& ×
[0, T ];Lpγ ) → Lp(& × [0, T ];Lp(R+)) is a contraction. The restriction onT can be
easily avoided repeating the above arguments in[T ,2T ], and so on.

In order to complete the proof we only need to control that all the parameters
are well defined. Since for anyp � 2, γ ∈ (0,1) the interval(0, (1 − γ )/p) is non
empty, it is sufficient to takeq inside this interval, which implies in particular that
1
2 − q >

γ

p
+ 1

2 − 1
p
> 0; take nowa ∈ ( γ

p
+ 1

2 − 1
p
, 1

2 − q): it is well defined and
b= a + (1− γ )/p verifiesb > 1/2. Now the proof is complete.✷

LEMMA 13. – Assume that� ∈Mp(&× [0, T ];Lpγ ) for somep > 2 and0< γ < 1.
Then for anyt ∈ [0, T ] anda > (1+ γ )/p the mapping

x −→ xa(<�)(t, x)

is almost surely uniformly Hölder continuous on[0,K], for all K > 0, of orderρ, where

ρ <
1

2

(
a − 1+ γ

p

)
∧
(

1

2
− 1

p

)
.
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Proof. –We try to apply the same construction as in the previous lemma. Let us denote

Bx,z(s)=
∞∫

0

[
pD(s, t, y, x)− pD(s, t, y, z)]�(s, y)dy,

andX(t, x, z)= ∫ t
0 Bx,z(s)dWs . A few calculations show that

E
∣∣X(t, x, z)∣∣p
� C

{ t∫
0

(
E
∣∣Bx,z(s)∣∣p)2/p ds +

t∫
0

(
E

∣∣∣∣∣Bx,z(s)
( s∫

0

DsBx,z(r)dWr

)∣∣∣∣∣
p/2)2/p

ds

}p/2

� C
∣∣∣∣∣
t∫

0

∥∥Bx,z(s)∥∥2
Lp(&)

ds

∣∣∣∣∣
p/2

+C
∣∣∣∣∣
t∫

0

∥∥∥∥∥Bx,z(s)
( s∫

0

DsBx,z(r)dWr

)∥∥∥∥∥
Lp/2(&)

ds

∣∣∣∣∣
p/2

= I1 + I2.
We are interested mainly in the second term. Letq be a parameter in(0,1) that will

be chosen later.

I2 �
∣∣∣∣∣
t∫

0

(t − s)−q
( ∫

R+

∥∥pD(s, t, y, x)− pD(s, t, y, z)∥∥Lp(&)∥∥�(s, y)∥∥Lp(&) dy
)2

ds

+
t∫

0

(t − s)q
( ∫

R+

∥∥D−
s pD(s, t, y, x)−D−

s pD(s, t, y, z)
∥∥
Lp(&)

× ∥∥<�(s, y)∥∥
Lp(&)

dy
)2

ds

∣∣∣∣∣
p/2

.

Let us write

I2,1 =
t∫

0

(t − s)−q
( ∫

R+

∥∥pD(s, t, y, x)− pD(s, t, y, z)∥∥Lp(&)∥∥�(s, y)∥∥Lp(&) dy
)2

ds,

I2,2 =
t∫

0

(t − s)q

×
( ∫

R+

∥∥D−
s pD(s, t, y, x)−D−

s pD(s, t, y, z)
∥∥
Lp(&)

∥∥<�(s, y)∥∥
Lp(&)

dy
)2

ds.

In order to estimate the first term we notice that for all constantsc ∈ (0,1) andd > 0:∥∥pD(s, t, y, x)− pD(s, t, y, z)∥∥Lp(&)
� C(t − s)− 1

2− c
2− d

2 |x − z|cyd
[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]
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from where it comes that

I2,1 �C|x − z|2c
t∫

0

(t − s)−q−1−c−d

×
( ∫

[0,1]
yd
[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]∥∥�(s, y)∥∥
Lp(&)

dy
)2

ds

+C|x − z|2c
t∫

0

(t − s)−q−1−c

×
( ∫

[1,∞)

[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]∥∥�(s, y)∥∥
Lp(&)

dy
)2

ds.

We now use the following estimate, whereδ > 1
2 anda > 0:

1∫
0

y2(δ−1) exp
(

−(y − x)2
c(t − s)

)
dy � C(t − s)a+δ−1/2x−2a

and we get

( 1∫
0

yd
[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]∥∥�(s, y)∥∥
Lp(&)

dy

)2

� C(t − s)a+δ− 1
2

∫
[0,1]

y2(d+1−δ)

×
[
exp
(

−(y − x)2
c(t − s)

)
x−2a + exp

(
−(y − z)2
c(t − s)

)
z−2a

]∥∥�(s, y)∥∥2
Lp(&)

dy

so that

I2,1 �C|x − z|2c
t∫

0

(t − s)−q−1−c−d+a+δ− 1
2

( 1∫
0

y2(d+1−δ)

×
[
exp
(

−(y − x)2
c(t − s)

)
x−2a + exp

(
−(y − z)2
c(t − s)

)
z−2a

]∥∥�(s, y)∥∥2
Lp(&)

dy

)
ds

+C|x − z|2c
t∫

0

(t − s)−q− 1
2−c

×
( ∞∫

1

[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]∥∥�(s, y)∥∥2
Lp(&)

dy

)
ds.

Takingx, z ∈ [0,K] we can write
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I2,1 �C|x − z|2c
t∫

0

(t − s)−q−1/2−c+[(a+δ−1−d)∧0]
( ∫

R+

(
y2(d+1−δ) ∧ 1

)

×
[
exp
(

−(y − x)2
c(t − s)

)
x−2a + exp

(
−(y − z)2
c(t − s)

)
z−2a

]∥∥�(s, y)∥∥2
Lp(&)

dy
)

ds.

Notice that, by Hölder’s inequality

∫
R+

(
y2(d+1−δ) ∧ 1

)[
exp
(

−(y − x)2
c(t − s)

)
x−2a + exp

(
−(y − z)2
c(t − s)

)
z−2a

]∥∥�(s, y)∥∥2
Lp(&)

dy

�
( ∫

R+

(
yp(d+1−δ) ∧ 1

)[
exp
(

−(y − x)2
c(t − s)

)
x−pa + exp

(
−(y − z)2
c(t − s)

)
z−pa

]

× ∥∥�(s, y)∥∥p
Lp(&)

dy
)2/p( ∫

R+

[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]
dy
) p−2

p

,

from where it follows that

I2,1 �C|x − z|2c
t∫

0

(t − s)−q−1/p−c+[(a+δ−1−d)∧0]
( ∫

R+

(
yp(d+1−δ) ∧ 1

)

×
[
exp
(

−(y − x)2
c(t − s)

)
x−pa + exp

(
−(y − z)2
c(t − s)

)
z−pa

]∥∥�(s, y)∥∥p
Lp(&)

dy
)2/p

ds.

Notice thatI1 �
∣∣I2,1∣∣p/2 since we can chooseq = 0 in the definition. Hence this term

also is bounded byI2.
Now we consider the second term. Applying Hölder’s inequality we get

I2,2 �C|x − z|2c
t∫

0

(t − s)q−2−c

×
( ∫

R+

[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]∥∥<�(s, y)∥∥
Lp(&)

dy
)2

ds

�C|x − z|2c
t∫

0

(t − s)q− 3
2−c

×
( ∫

R+

[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]∥∥<�(s, y)∥∥2
Lp(&)

dy
)

ds

�C|x − z|2c
t∫

0

(t − s)q−1−c− 1
p
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×
( ∫

R+

[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]∥∥<�(s, y)∥∥p
Lp(&)

dy
)2/p

ds.

In order to apply Garsia–Rodemich–Rumsay’s lemma we need to estimate the
quantity

R :=
K∫

0

K∫
0

‖xa(<�)(t, x)− za(<�)(t, z)‖pLp(&)
|x − z|m+2

dzdx

for a parameterm such that 0<m< pc− 1. The symmetry of the problem yields

R = 2

K∫
0

z∫
0

‖xa(<�)(t, x)− za(<�)(t, z)‖pLp(&)
|x − z|m+2

dx dz

�C
K∫

0

z∫
0

|x − z|pc−m−2

∣∣∣∣∣
t∫

0

(t − s)q−1−c− 1
p

×
( ∫

R+

[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]∥∥<�(s, y)∥∥p
Lp(&)

dy
)2/p

ds

∣∣∣∣∣
p/2

dx dz

+C
K∫

0

z∫
0

|x − z|pc−m−2

∣∣∣∣∣
t∫

0

(t − s)−q−c−1p+[(a+δ−d−1)∧0]
( ∫

R+

(
yp(d+1−δ) ∧ 1

)

×
[
exp
(

−(y − x)2
c(t − s)

)
+ exp

(
−(y − z)2
c(t − s)

)]∥∥�(s, y)∥∥p
Lp(&)

dy
)2/p

ds

∣∣∣∣∣
p/2

dx dz

+C
K∫

0

z∫
0

|xa − za|p|x − z|pc−m−2∥∥<�(t, z)∥∥p
Lp(&)

dx dz

that is,

R�C
K∫

0

∣∣∣∣∣
t∫

0

(t − s)q−1−c− 1
p

( ∫
R+

exp
(

−(y − z)2
c(t − s)

)∥∥<�(s, y)∥∥p
Lp(&)

dy
)2/p

ds

∣∣∣∣∣
p/2

dz

+C
K∫

0

∣∣∣∣∣
t∫

0

(t − s)−q−c−1/p+[(a+δ−d−1)∧0]

×
( ∫

R+

(
yp(d+1−δ) ∧ 1

)
exp
(

−(y − z)2
c(t − s)

)∥∥�(s, y)∥∥p
Lp(&)

dy
)2/p

ds

∣∣∣∣∣
p/2

dz

+C
K∫

0

∥∥<�(t, z)∥∥p
Lp(&)

dz
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and finally

R�C
K∫

0

∣∣∣∣∣
t∫

0

(t − s)q−1−c− 1
p

( ∫
R+

∥∥<�(s, y)∥∥p
Lp(&)

dy
)2/p

ds

∣∣∣∣∣
p/2

+C
∣∣∣∣∣
t∫

0

(t − s)−q−c−1/p+[(a+δ−d−1)∧0]

×
( ∫

R+

(
yp(d+1−δ) ∧ 1

)∥∥�(s, y)∥∥p
Lp(&)

dy
)2/p

ds

∣∣∣∣∣
p/2

.

In order to complete the proof we only need to control that all the parameters are well
defined. Actually, it is sufficient to take

a >
1+ γ
p

, c ∈
(

1

p
,

(
1− γ

2p
+ a

2

)
∧ 1

2

)
,

m ∈ (0,pc− 1) q ∈
(
c,

1− γ
p

− c+ a
)
,

d >
γ

p
+ 1

2
− 1

p
, δ = d + (1− γ )/p > 1/2.

With this set of parameters, the right hand side of the above estimate is finite; from
the Garsia–Rodemich–Rumsay’s lemma it follows that(<�)(t, ·) is uniformly Hölder
continuous with arbitrary parameter less than1

2(a − 1+γ
p
) ∧ (1

2 − 1
p
). The proof is now

complete. ✷
Proof of Theorem 1. –The proof of existence and uniqueness of the solution is

based on the classical fixed point theorem for contractions. LetK be the following
transformation

(Kφ)(t, x)=:(t, x)+
n∑
j=1

t∫
0

∫
R+

pD(s, t, y, x)Fj
(
s, y,φ(s, y)

)
dy dWj

s . (4.5)

We show first that for anyλ ∈ (0,1) the applicationK mapsMp(&× [0, T ];Lpλ) into
eachMp(&× [0, T ];Lpγ ). The boundary term:(t, x) belongs toMp(&× [0, T ];Lpγ )
as it is shown in Section 3. In view of Lemma 12, it remains to prove that for any
φ ∈ Mp(& × [0, T ];Lpλ) the process�(s, y) = F(s, y,φ(s, y)) belongs toMp(& ×
[0, T ];Lpλ). But we have

E

n∑
j=1

T∫
0

∫
R+

∣∣Fj (s, y,φ(s, y))∣∣p(1∧ yp−1+λ)dy ds

� C E

T∫
0

∫
R+

(∣∣φ(s, y)∣∣p + ∣∣h(y)∣∣p)(1∧ yp−1+λ)dy ds.
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Finally note that<�(s, y) belongs toMp(& × [0, T ];Lp(R+)) (see the proof of
Lemma 12) andLp(R+)⊂ Lpγ for anyγ ∈ (0,1).

Our next aim is to prove the boundary regularity result stated in Eq. (1.5). We have

x1+α:(t, x)+ x1+α
n∑
j=1

t∫
0

∫
R+

pD(s, t, y, x)Fj
(
s, y,φ(s, y)

)
dy dWj

s → 0

since the first term tends to 0, as it is proved in Lemma 10, and the second one does the
same, as a consequence of Lemma 13. Finally, the regularity of the solution is again a
consequence of the proofs of Lemmas 10 and 13.✷

5. Weak solution

We devote this section to the proof of Theorem 3. The idea is to prove that the left
hand side of Eq. (1.7) is equal to the term

∞∫
0

( ∞∫
r

∂pD

∂y
(r, s,0, ε)ϕ(s)ds

)
dVr

which appears in Lemma 9 (whereϕ(s)= ∂f

∂x
(s,0) has compact support). For simplicity

of notation we taken= 1. Let us denote

:(s, x)=
s∫

0

∂pD

∂y
(r, s,0, x)dVr,

A(s, x)=
s∫

0

∫
R+

pD(r, s, y, x)F
(
r, y, u(r, y)

)
dy dWr.

Fix a test functionf (t, x). We claim that

+∞∫
0

∫
R+

:(s, x + ε)
(
∂f

∂s
(s, x)+ ∂2f

∂x2
(s, x)

)
dx ds

−
+∞∫
0

∫
R+

:(s, x + ε) ∂
∂x

[
f (s, x)+ b(x + ε)]dx ds

= −
+∞∫
0

+∞∫
r

∂pD

∂y
(r, s,0, ε)

∂f

∂x
(s,0)ds dVr (5.1)

and
+∞∫
0

∫
R+

A(s, x + ε)
(
∂f

∂s
(s, x)+ ∂2f

∂x2
(s, x)

)
dx ds
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−
+∞∫
0

∫
R+

A(s, x + ε) ∂
∂x

[
b(x + ε)f (s, x)]dx ds

=
∞∫

0

A(s, ε)
∂f

∂x
(s,0)ds +

+∞∫
0

∫
R+

F
(
r, x + ε, u(r, x + ε)) f (r, x)dx dWr. (5.2)

From the above identities we have that
+∞∫
0

∫
R+

u(s, x + ε)
[
∂2f

∂x2
(s, x)+ ∂f

∂s
(s, x)

]
dx ds

−
+∞∫
0

∫
R+

∂

∂x

(
b(x + ε)f (s, x))u(s, x + ε)dx ds

+
+∞∫
0

∫
R+

F
(
r, y + ε, u(r, y + ε)) f (r, y)dy dWr

= −
+∞∫
0

∞∫
r

∂pD

∂y
(r, s,0, ε)

∂f

∂x
(s,0)ds dVr +

+∞∫
0

A(s, ε)
∂f

∂x
(s,0)ds.

The first term in the right hand side is studied in Lemma 9, where we prove that it
converges a.s. to− ∫∞

0
∂f

∂x
(s,0)dVs . Using the same arguments as in Lemma 13 we can

show that the function
∞∫

0

A(s, ·)∂f
∂x
(s,0)ds

is a.s. continuous on[0,∞), so that the last integral a.s. converges to zero. This
concludes the proof of existence.

Finally, we consider the uniqueness problem. Consider a solutionũ(t, x), which exists
for the first part of the theorem. We introduce the process

v(t, x)= ũ(t, x)−
t∫

0

∫
R+

pD(s, t, y, x)F
(
s, y, ũ(s, y)

)
dy dWs;

it is easy to verify thatv(t, x) is a weak solution, in the sense of Definition 2, of Eq. (1.1)
with F ≡ 0. By well known results, we have thatv(t, x) is unique and

v(t, x)=
t∫

0

∂pD

∂x
(s, t,0, x)dVs

which implies that ũ(t, x) satisfies the evolution equation (1.2) and, hence, it is
unique. ✷
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In order to complete the proof of the theorem, it is necessary to prove the claims
in (5.1) and (5.2). This results from some lengthy computations based on Kolmogorov’s
equation and integration by parts.

Claim (5.1) is proved by an application of the evolution equation (2.8) in the definition
of :(t, x)

+∞∫
0

∫
R+

:(s, x + ε)∂f
∂s
(s, x)dx ds

=
+∞∫
0

∫
R+

s∫
0

∂pD

∂y
(r, s,0, x + ε)∂f

∂s
(s, x)dVr dx ds

=
+∞∫
0

∫
R+

s∫
0

∂qD

∂y
(r, s,0, x + ε)∂f

∂s
(s, x)dVr dx ds

+
+∞∫
0

∫
R+

s∫
0

s∫
r

∫
R+

b(x + ε)qD(σ, s, z, x+ ε)∂
2pD

∂z∂y
(r, σ,0, z)

× ∂f

∂s
(s, x)dzdWσ dVr dx ds.

By repeated applications of Fubini’s theorem and integration by parts formula we get
+∞∫
0

∫
R+

:(s, x + ε)∂f
∂s
(s, x)dx ds

=
+∞∫
0

+∞∫
r

∂qD

∂y
(r, s,0, ε)

∂f

∂x
(s,0)ds dVr

+
∫

R+

+∞∫
0

+∞∫
r

∂qD

∂y
(r, s,0, x + ε)∂

2f

∂x2
(s, x)ds dVr dx

+
∫

R+

+∞∫
0

:(σ, x + ε) ∂
∂x

(
f (σ, x)b(x + ε))dWσ dx

−
∫

R+

+∞∫
0

+∞∫
r

+∞∫
σ

b(ε)qD(σ, s, z, ε)
∂2pD

∂y∂z
(r, σ,0, z)

∂f

∂x
(s,0)ds dWσ dVr dz

−
∫

R+

∫
R+

+∞∫
0

+∞∫
r

+∞∫
σ

b(x + ε)qD(σ, s, z, x+ ε)∂
2pD

∂y∂z
(r, σ,0, z)

× ∂2f

∂x2
(s, x)ds dWσ dVr dzdx

which is equivalent to (5.1).
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In order to control (5.2), we apply Kolmogorov’s equation (2.7):

+∞∫
0

∫
R+

A(s, x + ε)∂f
∂s
(s, x)dx ds

=
+∞∫
0

∫
R+

s∫
0

F
(
r, x + ε, u(r, x + ε))∂f

∂s
(s, x)dWr dx ds

+
+∞∫
0

∫
R+

s∫
0

s∫
r

∫
R+

∂f

∂s
(s, x)

∂2

∂x2
pD(r, σ, y, x + ε)

× F (r, y, u(r, y))dy dσ dWr dx ds

+
+∞∫
0

∫
R+

s∫
0

s∫
r

∫
R+

∂f

∂s
(s, x)b(x + ε) ∂

∂x
pD(r, σ, y, x + ε)

× F (r, y, u(r, y))dy dWσ dWr dx ds.

A little effort, using the same ideas as in the lines leading to (5.1), shows that this quantity
actually matches (5.2).
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