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ABSTRACT. — The paper is devoted to one-dimensional nonlinear stochastic partial differential
equations of parabolic type with non homogeneous Dirichlet boundary conditions of white-noise
type. We formulate a set of conditions that a random field must satisfy to solve the equation
We show that a unique solution exists and that we can write it in terms of the stochastic kerne
related to the problem. This formulation allows us to study the basic properties of the solution, a:
the continuity and the boundary-layer behavior, by means of Malliavin calcu2802 Editions
scientifiques et médicales Elsevier SAS

AMS classification60H15; 60HO7

RESUME. — Cet article est consacré a I'étude d’équations aux dérivées partielles stochastique
non linéaires paraboliques en dimension un avec conditions aux bord de type Dirichlet nor
homogénes. Nous formulons des conditions qu'un champ aléatoire doit satisfaire pour resoud
I'EDPS. Nous montrons qu'il existe une solution unique et qu’elle s’exprime a 'aide d’'un noyau
stochastique relié au probléme. Cette formulation nous permet d’étudier les propriétés de base |
la solution, telles que la continuité et le comportement au bord, en utilisant le calcul de Malliavin.
0 2002 Editions scientifiques et médicales Elsevier SAS

1. Introduction

Our purpose in this paper is to study stochastic partial differential equations of the
form

92 " 9 ,
dou(t,x) = B—XZ(I’X) dr + Z:l{bj(x)i(t,x) + Fi(t,x,u(t,x)) | dW/
]:
w(t.0) =V, (1.1)
u(0,x) =0, (t,x)eI" :=[0,T] x R,
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whereW, = (W2, ..., W") is a real standard-dimensional Wiener process amdis a
Brownian motion adapted to the filtration generatediyy We set the initial condition
equal to zero in order to simplify the notation; no major problems arise in the general
case.

Existence and properties of the solution to an evolution problem with boundary noise
are broadly investigated in the literature. The way we interpret the solution), see
Definition 2, is in particular inspired from that given in [16]. An alternative approach we
would like to mention is given by the semigroup techniques developed, among others
in [4] and [11], which allow to study the global properties of the solution.

In this paper we show that the solution of Eq. (1.1) is the random praogss)
which satisfies the evolution equation

t

d
u(t.x) = [ L2(s,1,0,x)dV,
dy
0

+Z/( /pD(s, t,y,x)Fi(s, y,u(s,y)) dy) daw/, (1.2)

=19 "R,

where pp(s,t, y, x) is the fundamental solution of the linear homogeneous part of
Eqg. (1.1). This kernel is adapted 18] = o {W,, s <r < t}, which means that the
integrals in Eq. (1.2) are anticipative. We will interpret the first integral in the backward
It sense and the second one in the Skorohod sense (see [15]).

The evolution equation related to problem (1.1) in the whole space has been studie
in [14] and in [2]. Following the approach introduced in these papers we establish the
existence and uniqueness of a solution to Eqg. (1.2) with values in an appropriate weighte
Sobolev space, which turns to be the spageof real-valued functiong” such that

/|f(x)|p(x”_l+y A1) dx < oo,
Ry

where O< y < 1 and p > 2. The main theorem is a consequence of estimates on
Skorohod integrals of the form

t

/(/PD(S,t,y,x)cD(s,y)dy) dw,.

0 Ry

obtained using the techniques of Malliavin calculus; by means of such estimates w
show also that the solution of Eqg. (1.2) is continuous in the open halffhne 0}.

We are interested in the regularity behavior of the solution, especially near the origin,
where the boundary data is highly irregular. Our results are, again, connected to thos
proved in [16]; we will show that near the boundary the solution still behaves not too
badly: namely, it has a singularity of order 1.in= 0 and for anyx > 0 it holds that
xu(t, x) - 0a.s. ax | 0.



E. ALOS, S. BONACCORSI/ Ann. I. H. Poincaré — PR 38 (2002) 125-154 127

1.1. Main assumptions and statement of the results

In this paper, we will always assume without stating that the coefficients in Eq. (1.1)
satisfy the following regularity assumptions:

(h1). The drift coefficient®; : R, — R belong toC; and they satisfy the joint ellipticity
condition

T(x):=1— %be(x) >e>0. (1.3)
j=1

(h2). The nonlinear terma; (¢, x, u) are uniformly Lipschitz continuous in the variable
u: there exists a constafitsuch that foralk € [0, T], x e Randj=1,...,n

|Fj(t,x,u)—Fj(t,x,v)|<L|u—v|. (1.4)

(F),,s. We say that conditiofiF), » holds, wherep > 2, 0< ¥ < 1, if there exists a
functionf(x) € LY such that foralk € [0, T]andj =1,...,n

|Fi(t,x,0)| < h(x) foreveryx e R,.

The class of functions which satisfy conditioR) , » is quite spread; for example, we
can takeh(x) = 1/x, which belongs td.; foranyp >2,0< ¢ < 1.

We make use of the following notation. L&R, 7, P) be the canonical probability
space of the:-dimensional Brownian motio®W = {W,,t € [0, T]}. Given a Banach
spaceX, we denotd.” (2 x [0, T]; X) the space op-integrable random processes with
values inX and M?(Q2 x [0, T]; X) the subspace op-integrable, adapted processes.
The following result states the main properties of the solution to the evolution equation
(1.2). The proof will be given in Section 4.

THEOREM 1. — Assume that conditioniF), s holds for somep > 2, 0 < ¥ < 1.
Then Eq(1.2) has a unique solution(z, x) in M? (2 x [0, T]; L?) for anyy € (0, 1).
If moreover condition(F),, » holds for some > 2, 0 < ¢ < 1, then the function(z, -)
is continuous otig, oo) for everys > 0 and it satisfies that

xeu@r,x) -0 as., (1.5)

for everya > 0.

Our next aim is to properly define the meaning of weak solution for Eq. (1.1).
We consider the class of smooth functioyigs, x) which belong toCg° and satisfy
f(,0) =0; aformal computation leads to

o0 2 n o0
//u(s,x)[?)—f(s,x)—l- 0 f(s,x)} dxds—l—Z//Fj(s,x,u(s,x)) £ (s, x)dx dW/
g J=1oR,

9x2
0R,

n o 8 ' 008
—Z//a[bj(x)f(s,x)]u(s,x)dxdwg] =—0/£(S,O)dvs. (1.6)

J=1oR,
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To make this rigorous, we need to give a meaning to the left hand side of the previou:
eqguation, becausgz, x) might not exist on the boundary. However, we can “avoid” the
boundary by considering + ¢ instead ofx as the space variable in (1.6).

DEFINITION 2.— A functionu = u(z,x) in L?(Q2 x [0, T; L?), continuous inx €
(0, +00), is a weak solution of Eq1.1) if the following identity holds

52
IiLn{//u(s x+8){—(s x)+—f(s x)}dxds

+Z//F (s,x + & u(s,x +¢e)) f(s,x)dxdW/

J=1lo R,
i of
-> [b;(x + &) f(s,x)]uls, x+s)dxde} —(5,00dV,. (1.7)
j= 10/R{8 0/8

In Section 5 we will prove the following result.

THEOREM 3. — Assume that conditio(¥") , » holds for some > 2,0 < ¥ < 1. Then
the solutionu(z, x) € M” (2 x [0, T]; L?) of Eq.(1.2) given in the previous theorem is
the unique weak solution of E¢L..1).

2. The construction of the stochastic kernel

In this section we recall the definition and the basic properties of the stochastic kerne
related with Eq. (1.1). This construction follows that in [14]; see also [8]. In order to
make the paper self-contained, we recall first the basic definitions of Malliavin calculus
required along the paper. For all the details we refer to the monograph [12].

2.1. Basic definitions in Malliavin calculus

Let H be the Hilbert spaceLz([O T];R"). For anyh € H we denote byW (h) the

Wiener integralW (h) = e 1f0 h;(t)dW/ . LetS be the set of smooth and cylindrical
random variables of the form

F=f(Whb,..., Wh™), (2.1)

wheren > 1, f € C;°(R™) (f and all its derivatives are bounded), and...,h" e H.
Given a random variablé of the form (2.1), we define its derivative as the stochastic
n-dimensional procesD, F, t € [0, T} given by

D,F = Z

In the same way, we can define the iterated derivative operator on a cylindrical randon
variable by setting

L WH™)AR (), tel0,T].

D! ,F=D,...D,F.

11,...,Ip
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The derivative operatoD? is a closable unbounded operator frab3(Q; H) into
L?(Q; HP) for eachp > 1. We denote byD”-? the closure ofS with respect to the
norm defined by

p
||F||f,,2 = ||F||i2(s2) + ZHDkFHiz(Q;Hk)'
k=1

Next, we introduce the adjoint of the derivative operdigiit is the Skorohod integral
with respect to the Brownian motiow:

S(u) —Z/ uj(t) dw/

110

for any u € Dom(8) C L% x [0, T];R"). The domain of the Skorohod integral
contains the set?(Q2; H) of square integrable and adapted processes and the operato
d restricted to this space coincides with the 1t6 stochastic integral (see [13]).

Let us define the family of spacés-? = L?(H; D"?) equipped with the norm

p
1012 5 = 1012200, + Dl D[ 20 s,
k=1

We recall thafl.*-2 is included in the domain of, and for a process in L2 we can
compute the variance of the Skorohod integrak @fs follows

T TT
E(8(u)?) :E/|ut|2dt+E// (Dsu,, Dyuy) ds dr.
0 00

Main tools from Malliavin calculus that we use in the paper are contained in [12].
Apart from these, we need to recall the following change-of-variables formula for the
Skorohod integral; see [2] and [7].

PROPOSITION 4. — Consider a process of the fordy =37"_; Jou;(s)dW/, where

(al) u e L?2,

(@2) u e LP(2 x [0, T]; R™), for somes > 2,

(al) fOT lu(s)|?>ds < N for some positive constant.

Let F:R — R be a twice continuously differentiable function such th#t is
bounded. Then we have

FX)=FO+) / F(X,)u; () AW/ + 5 / F/(X,)lus) 2 ds

]10

+/F”(X )<u(s) Z/Dfu(r)dWJ>ds (2.2)

]10
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2.2. The stochastic heat kernel

Let B ={B,, t €[0, T]} be a Brownian motion with variance #efined on another
probability spaceW, G, Q). Consider the followingoackward stochastic differential
eguationon the probability spac&2 x W, F @ G, P x Q):

0@ =x =3 [ by, 0) W/ + [ /261, 0) dB,. (2.3)
j=1 K s

From the results in Theorems 3.4.1 and 4.5.1 of [9] we know that Eq. (2.3) has a solutior
o ={p(x),0<s <t <T,x € R}, continuous in the three variables and verifying

Dr,s (got,r(x)) = got,s(x)» (24)

foralls <r <t, x eR. ,
The existence of the kernel for the operatgs + >7_; b; (x)W/ 2 is proved in
Proposition 9 of [14].

PROPOSITION 5. —Let ¢, (x) be the stochastic flow defined by E2.3). Then there
is a version of the marginal densipy(s, 7, y, x) = M which is F!-adapted and
it satisfies the semigroup property

ps,t,x,y) = /p(s,r,y,Z)p(r,t,z,x)dz, (2.5)
R

foral 0<s <r<tr<T,x,yeR.

We denotey(s, ¢, y, x) the heat kernel ofR defined by the Laplace operatg‘f%,
which is known to be

. S
IO e m = T\ A=)

We setgp(s,t, y,x) =q(s,t,y,x) —q(s, t, —y, x): itis known thatgp (s, ¢, y, x) is the
heat kernel ok, with zero Dirichlet boundary conditions. We recalltl%éts, Ly, x)is
the density function of a Brownian passage time, which also means that for amyR ;.

[e.e]

/[qD(s,t,y,x) —qp(s,t,y,2)] dr =0. (2.6)

s

This can be easily proved as follows:

0]

/[qD(s’tv y’-x) _QD(S,t,y,Z)] d[

B 9 9
=//[—q (s,t,n,X)——q (s,t,m,2)| dndr
dy dy
s =y
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_/[/—(s t,n,x)dt — 72—?(s,t,n,z)dt] dn=0.

N

Consider now the stochastic kerngh(s,t,y,x) = p(s,t,y,x) — p(s,t, —y, x).
From the analog result for the kerne] that is given in Eq. (4.15) of [14], it is possible
to prove thebackward Kolmogorov equatidior any test functionf € C3°(R):

_ . app -
/pm&n%xvoow—4%o+§;/bmm(/EM(&n%mf@nw)mw

R+ s R+

t 82
+/(R/ 8521) (s,r,y,x)f(y) dy) dr. 2.7

This gives us the evolution equation

pp(s,t,y,x) =qp(s, 1, y,x)
t
- apD j
+> bj(z)qD(r,t,z,x)a—(s,r,y,z)dz dw/, (2.8)
j=1 K ]R+ <
from which we can prove that this kernel satisfies the semigroup property

pp(s,t,y,x) = /PD(S”'»yv”)PD(r»t,M,x)du (2.9)
Ry

and the Dirichlet boundary conditions.

In order to study the stochastic problem (1.1) it is important to have estimates on
the kernelpp (s, t, y, x). In the sequelC andc will be some positive constants that can
change from line to line.

LEMMA 6.—Forall s <, x,y e Ry, it holds that

2
_ 1/2 ly — x|
P0G 1, 3.2 ey < Ct = 5)” exp( ) (2.10)
9" p ly —xf?
\aﬁwm@ o <ca-s o~ (2.11)

for eachm =0, 1, 2, k =0, 1 and for some constants, ¢ > 0.

Proof. —In Proposition 11 of [14] some estimates for the kemp@l, ¢, y, x) are given.
The first part of the lemma is proved using those results; here we give only the proof o
(2.11) in the caser = k = 1, in which some new ideas are needed.

We observe that the chain rule for the Malliavin derivative gives

ad d
D(l[yvoo)(F)) = a(l[y,oo)(F))DF = _5(1[y,00)(F))DF
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Using the integration-by-parts formula of Malliavin calculus we can write

(p;’s(x)DgO,,s(x)> Do, 5(x) )}
| )

Ip
a(sa t? Yy, -x) = EQ |:1{§0t,x(x)>y}5 <5 <

D@ s ()12 /) | D@y s (x)]?
from where it follows that
82p
?t’ 9
8x8y(s Y, X)
@, (X)D, s(x)\ Dg, s(x) Dy, (x)
= o[ Yo (2 (45 ) 1D o) D))
I Dg; s ()l I D@ s(X)</) | D s (x)]]
Denote

Ho—s (M)
D@12

Dy, s
H,~=3( @r,5(x) _
I Dg; s ()l
With this notation we can write

H,-_l), i=12....

2

0xdy

(S, t? Yy, -x) = _EQ [1{§0t,x(x)>y}H2} :

We define moreover the proceBs,(x) = ¢, ;(x) — x. As a first step we study estimates
on the indicator function. It follows that

2

p .
8x8y(&t’y’x):?_EQ[LBmubw—ﬂfb]:“_EQ[L—&Jubw—ﬂ[bL

since B and —B have the same distribution, it is sufficient to study one case.
Assumey > x: using the trivial bound

e Bt"‘(x)z)exp< Ka” )
P =T =) pi—s)

valid for anya > 0, K > 0, we obtain

le—yI2> [ (KBt,s(x)z) }
<expl ————— |Eg |expl ————— | |H2||-
o pi—s )T e )
By Schwarz’s inequality

2 p 2 1/2
E[exp<w>|[{2|} < (E [exp(MﬂMHﬂz[’) )
p(t—s) (t—s)

The following estimate is proved in [2]

2KB;s(x)*\1 1
E[eXp( (t—s) ﬂ_ 1—8K’

82
‘ (s,t,y,x)

axay
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with the same arguments as in the proof of Proposition 11 of [14], we can prove that
(EIH/2) Y < C(t — )72

which yields the desired estimaten
Remark7. — From the definition opp (s, ¢, v, x) = p(s,t, y,x) — p(s,t, —y, x) and
using the mean value theorem we may prove the estimate

(y— X)2>

c(t—s)

1 a
1PDCs, 3, )| Ly S Cy* (1 —5)"272 eXp(—

for0<a < 1.

The following lemma is concerned with the Malliavin derivative of the stochastic
kernel. The operatoD~ defined in (2.12) is usually known in the literature as the
forward Malliavin derivative

LEMMA 8.—Forall0<s <t <T,x,yeRy, pp(s, t,x,y) € D2 and there exists
a version of the derivative such that the following limit existd.f{Q x R, ; R") for
everys,t € [0, T]andx e R,:

DS_pD(S,t,',X)="?8DspD(S—8,t,‘,.x). (212)
&
Moreover, it satisfies the evolution equation

DsPD("»f,)’»x)=/(DS_PD(SJ,M»X))PD(”,S,J’»”)d” (213)
Ry

and the estimates

_ _1 ly _x|2
HDS pp(s,t, y,x)||Lp(Q) <C(t—y) exp(— pro s))’ (2.14)

||D5_ [pD(S,t, ya-x) _PD(SJ,)’» Z)]HLP(Q)

2 .2
<@t —s)"12) 7 —x|° [exp(— lc);t _xs|)> +exp<—c|zt _Zs)ﬂ, (2.15)

forO<o <1

Proof. —The regularity properties gbp (s, ¢, x, y) follows from those ofp(s, ¢, x, y)
that are proved in [14]. Using the semigroup property (2.9) we get

Dspp(r,t,y,x) = Dj /pD(s —e&, t,u,x)pp(r,s —e,y,u)du.
R4

Now Eq. (2.13) follows recalling thap, (s, ¢, x, y) is F!-adapted and passing to the
limit ¢ — 0. From the backward Kolmogorov equation (2.7) we can prove the following
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representation for the derivative QL pp(s,t,y,x)f(y)dy, see for example Section 3
of [3]

0
D, [ pott.vx frdv= | pD<r,s,y,x>b<y)a—( / pD<s,t,u,y)f<u>du) dy.

R, R,

Then it follows that

Ds/po(s—s,t,y,X)f(y)dy
Ry

0
=/pp(s—s,s,y,x)b(y)a—(/pu(s,t,z,y)f(z)dZ) dy

Ry

and lettinge tend to zero we obtain

i 9
D; pp(s,t,y,x) = —b(X)apD(s, t,y,X).

Now, using the estimates of the previous lemma the result follows.

3. The boundary term

We consider here the term

t

3
W, x) = BL;(s,t,O,x)dVS. (3.1)
0

Itis easy to prove that € M?(Q2 x [0, T']; L) for everyp > 2, 0< y <1. In fact we
have, using estimate (2.11) and the isometry property of the 1td6 backward integral, that

t 9 p t x2 p/2
E| [ P2 1,0, x)dV,| <C /(r —s)‘zeXp(— )ds
Ay c(t—ys)
0 0
1 p/2
—C ;e‘)‘z/ | = Cxre 2, (3.2)

The following lemma will be necessary in Section 5.

LEMMA 9. — For every test functiop € C3°([0, T']) the following convergence holds

T T
/\Il(s,a)cp(s)ds—g/cp(r)dvr a.s. (3.3)
0 0
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Proof. —In order to prove the almost sure convergence we notice that, sind® we
can apply Fubini’s theorem and study the limit

T T A
/ ( / 9P . s 0, 6)p(s) ds>dv, > [emav,.
0 r ay 0

Notice that it is sufficient to prove that

fle)= //—(r 5,0,8)p(s)ds dV, (3.4)

is a continuous function in 0, and to identify the limit.
In order to study the continuity of notice that for every, ¢’ > 0

TT

f(e) — / [—(rsO )——y(rsOs)}p(s)dstr

0or

so we reduce to estimate the integral

T
Ir(a,a/)z/{—(r 5,0,8) — 8y (r 5,0, 8)}<p(s)ds

As ¢ has compact support we can write the above integral as

I (s, ¢") =/{—(r 5,0,8) — ayD (r,s,0,¢ )}cp(s) ds (3.5)

r

and the following identity is obvious

Tra 9
I (s, ¢ =/[8L;)(r, 5,0,8) — BL;(}’, 5,0, s/)} [@(s) — @(r)] ds

[ [opo opp }
a U, 909 - T4 ) 101 d
+¢(r)/[8y(rs €) 5 (r,s,0,¢")| ds

=I(e &) + (e, &).

We start from the first term. Ag is smooth we can estimate the first term as follows

p

(s —r)ds

0
E|Il(s,s /Hﬂ(rs 0, )——(rs 0,¢")
dy LP(Q)

[i-n1

r

<Cle—¢|"
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82 8/2
% {exp(—c(s - r)) * exp(—c(s - r)ﬂ ds

<C|8—8’|p.

p

On the other hand, using the evolution equation (2.8) we can write

/[—;)yD (r,5,0,8) — BL;(F’ 5,0, g/):|ds
2 7 /
:8_/[pD(’"’s’0’8)—PD(I’,S,O,S)]ds
y

9 7 /
=5/[QD(r,s,O, &) —qp(r,s,0,&")]ds

Ry
y a(f;ﬁ(r, 1,0, 2)b; (2) dz> dw;‘] ds.
Z

Now we need to apply Fubini's theorem to the right-hand side of the previous expression
which becomes equal to

a o0
W [lan(r.5.0.0) = an(r,5,0.¢)] &

n 9 0o 00
+j§—:15r/[/[/[qD(”’S’Z’S)_QD(M,S,Z,S/)}dS]

Ry “u
X %(r, u,0,2)bj(2) dz] dw.
The identity in Eq. (2.6) applies in both integrals, so that, ¢) = 0, which means that
E|L (e,&")|" < Cle —&'|". (3.6)

By Kolmogorov’s continuity theorem this implies that there exists a versioif @
that is continuous, with sample paths that are a.s. Holder continuous functions with al
arbitrary exponent less thé{[;—l. Sincep > 2 is arbitrary, the trajectories are a.s. Holder
continuous for any exponent less than 1. We remark that there is no problem caused t
the fact that we do not consider= 0 (this is done by convenience of the proof); one
may simply definef (0) using the completeness of the spdc&<).

Let us prove (3.3). We already noticed that it remains to identify the lifig@) =
lim._.q f(¢). From the evolution equation (2.8) we can write
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//—(r 5,0,8)p(s)ds dV,

TT
:// —qp(r,s,0,8)p(s)dsdV,
0r

The second term of the above identity, evaluated #10, is zero. In order to finish the
proof, it suffices to control that

dsdv,.

y=0

e(s+r)ds =q(r).

y=0

T
/B_QD(O,S,)’»O)
5 y

We get

= _§CI(0» S, ya O)

]
~.4D (09 s, Y,
ay y=0 y=0

and putting it in the above integral,

o 2
(p(s—i-r)ds:/— Y exp(—i—) (s +r)ds

/_%Q(O,S,y, 0)
0

y=0 5 ZSQ/JTS y=0
by the change of variable= \/g we read
——q(O 5,v,0) (s +r)ds=— / Yo(r)dt = @(r). O
0/ v=0 v 0

LEMMA 10. - For any @ > 0O the following convergence holds for any [0, T'],
almost surely

W, x) > 0 asx — 0. (3.7)

Proof. —The proof will follow if we show that for somex’ < « the function
x1'W(s, x) is a.s. bounded in some neighborhood of 0; in turn, this is implied by a
regularity result of this kind: there exists a version of the functidt® W (z, x) that is
almost surely Holder continuous in an intery@) K], K > 0.

So we are lead to prove that for evepy> 2 andx, z € (0, K), x < z, the following
estimate holds:

E|z" W (t, z2) — xM (@, x)|” < Clz — x| (3.8)
We can write
E|z1 W (1, 2) — x" W (1, x)|" < A+ Ay,
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where
A =xPTIEN (1, 7) —
A, = (Z(l-i-a) _ x(l+"‘))pE|lIJ(t, Z)|p'
In EqQ. (3.2) we have proved thB{W (¢, z)|” < Cz~? so that

A < Clz — x|

On the other hand, we can estimate the difference
2 r/2
E|W(r,z) —W(t,x)|" < CE’/ —(s t,0, z)——(s t,0, x)}

2 p/2

ds

LP(S)

‘/HPD(stOz) (stOx)

By the estimates (2.10) and (2.11) we can easily deduce that (recall that we have chose

X <z)
! 2
/(t —5)7¢ exp(— C(tx_ S)) ds
0

< Clz — x|Pex— P+

p/2

E|W(t, z) — W(t,x)|” <Clz — x|

which proves the assertion in Eq. (3.8).
Now we are in the position to apply Kolmogorov’s continuity theorem and the lemma
is proved. O

Remark11. — The above proof shows in particular that> W (¢, x) is a continuous
function on (0, +00) and that it is uniformly Hoélder continuous a@, +o0) for any
5> 0.

4. Mild solution

We recall from the introduction that? is the space of real-valued functiogfssuch

that [5° | f (x)|? (xP~ 7 A1) dy < oo, Where O<y <1landp > 2. In order to prove
Theorem 1 we need some preliminary results.

LEMMA 12. — The applicationA defined by

(ADP)(,x) = Z/( /pD(s, t,y,x)P(s, y) dy) dWSj 4.2)
=10 "R,

is a contraction fromM? (2 x [0, T']; L{j) toMP(Qx[0,T]; LP(R,)),forall0<y <1
andp > 2.
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Proof. —Without loss of generality we can assume that 1. We denote byS, the
space of simple and adapted processes of the form

m—1

B(s) = Fily, .00,

j=0

where O< g <1, <--- <t, =T and theF; aref; -measurable random variablesn
Denote for simplicity

e¢]

Bx(s)=/pD<s,r,y,x>d>(s,y)dy,
0

so that(A®)(z, x) = fé B, (s)dW,. We can assume thab is a simple and adapted
process; suppose first thap (s, ¢, y, x) is an elementary backward-adapted process, so
that B, (s) satisfies the assumption of Proposition 4; consider the family of functions

x|y

Fy(x) = //(p(p _ 1272 A N) dzdy;
00
by 1t6’s formula we obtain that

E(Fy(A®(t,x))) :E/ FY (A®(s,x)) B2(s) ds
0

1 t N
+§E/FJ’\;(ACI>(s,x))Bx(s) </DSBX(I") dW,) ds. (4.2)
0 0

By means of a density argument, we can easily check that Eq. (4.2) holds also for thi
kernelpp (s, 7, y, x) introduced in the previous sections.
Now from the boundFy (x) < p(p — 1) (Fy(x))?~2/7 it follows that

E(Fy(A®(, %)) < p(p—1) /(E|FN (AD(s,2))|) 7 (E|By(s)|")?" ds
0

p—2

(P=1 | ez
+%/(E|FN(A(D(S,X))|) 7
0

K PN 2/p
X (E B, (s) </ DB, (r), dW,) ) ds.
0

Applying the lemma on p. 171 of [17] we obtain that

t

E(Fy(A®(t,x))) < c,,{/(E|Bx(s)\p)2/p ds

0
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+/Z<E B, (s) <j DB, (r) dWr)
0 0

This gives us, by Fatou’s lemma, that

2

P/2\ 2/p r/
) ds} .

t

E[AD(t, x)|” < C{/(E|BX(S)|p)2/pds

0
t s p/2\ 2/p p/2
+([<E B, (s) <O/DSBX(F)dWr> ) ds}

[A®(t, %)|} ) < CL{e1(t, X) + d2(t, ) }. (4.3)

that we can write

A few computations show that the first term can be decomposed

$1(t, x) < C1{p11(t, x) + ¢p12(t, %)},

p/2

Lo @) dy) ds} ,

o) p/2

Pra(t, 1) = {/(/Hpm,r,y,x)|lu,(m|ld><s,y>| e dy) ds} .
0 1

We consider the second term since it is possible to bound the first one with the sam
estimates. We have

$olt, x) = {/[E( [ [ pot.tix @)

0 Ry Ry

where

t 2

1
pralt,x) = { / ( St 5.9) g 19652 )]
0

0

t 2

p/2

r/242/p
X (A®)(s,u)(D; pp(s,t,u,x))du dy) } ds}
proceeding as in the first case we get

2(t, x) < Co{pa1(t, x) + ¢22(t, x) + P3(t, x) },

where we have defined, for some- 0,
t 1

¢2,l(t=x): {/(t_s)_q </||PD(S=I’ y’x)HLI)(Q)Hq)(S9 y)|
0

0

2

p/2
ds} ,
r/2
ds} ,

LP(Q) dy)
2

bo(t.x) = { Ja—s ( Y2 P O T s dy)
0 1
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r/2

! 2
$3(t, x) = {/(l _S)q(/HDs_pD(s»t,va)HLP(Q)H (AD)(s, )| Ly d”) ds}
0 R,

Our next aim is to prove estimates f@r 1(7, x) and ¢,o(¢,x) (with the same
techniques we will bound,(z, x)). Let us start from the first one: for sormae= [0, 1]
andb < R to be fixed later, we use Remark 7 to estimate

1 2 p/2
mﬂrm<cu{/u—nq1“</yem<(i )H®QYWN®dQ m}
1 (v — x)2
e fumarrr([rren(-52) )

0 0
1 ( p/2

« (/yZ(a—b+1) exp( )Zf )H (s, y)| Lr@) y) ds} )

0

We recall the following estimate, which holds for ahy- 1/2:

1
)2
/yz“"l) exp(—u> dy<C (4.4)
0

c(t—ys)

so that

$2.1(t, x) < CZ,l{/(t — )4
0

1
N2
X (/ y2a=b+D) eXp(— (c)zt —xs)) ) @, y)|
0

We integrate in d:

p/2
2
L) dy) ds} .

t
/@ﬂﬁwm<cu/{/a—wﬂ4ﬂ
]R+ 0
1 ( p/2
% (/yZ(a—b+l) exp( c)ét )HCI)(s y)||L,,(Q) )ds} dx
0
and by Hélder’s inequality

/¢21<t x)dx<C21/{/(t s) 4Tty

Ry
1 2

(y — )2 2/p r/
x (/yp(a—b+1) exp(— =) > 126, 70 dy) ds} dx.

0




142 E. ALOS, S. BONACCORSI/ Ann. I. H. Poincaré — PR 38 (2002) 125-154

The desired estimate follows by applying Minkowski’'s and Holder’s inequalities, under
the assumptiog +a < 1/2:

t 1
1
[#aatt0dx < Cox [ =) E0 [ 31D, )] o, Ay
Ry 0 0

We consider now the second term. Assume ¢hat1.:

t
$22(t, x) < Cap 1A= 0P/2D / (t — )7
0

® P
X (/HPD(S, t, y,x)HL,,(Q)HCD(s, y)HL,,(Q) dy) ds.
1

We integrate both sides of the above inequality with respect taising estimate (2.10)
and Holder’s inequality we get

t [ee)
/¢2,2(I,X)dx < Cap t(l_q)(%_l)/(f —s) 1 /Hq)(s,y)Hip(Q) dy ds.
R, 0 1

We need to take some care in order to evaldate, x). Using (2.14) and Schwartz’s
inequality we may write

! Y
g3t x) < Cs{ Ja—sr ( / exp(— (C”(t _xs)) )(r — 5
0

R4

2
L,,(Q)du> ds}
(o -420)a)
<C3{O/(t s)? (R/exp( =) du

(1 = x)? 2 e
X ( /exp(— pP— > [(AD)(s, u)HL,,(Q) du) ds}

Ry
p/2
2 dud
Ly (o du ds .

p/2
X [|[(ADP) (s, u)|

t

. N2
< Cs{ Ja=st [~ (cbzt _xs)) )la®)s.w)
0

Ry

The integration in @ leads to

[ gt
R:
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? _ 2 p/2
gcg/{/(z_s)q—s/z/exp(_ Zr _xs)))||(A<p)(s,u)||jp(mduds} dx;
0

Ry Ry

we apply first Holder’s inequality

/¢3(t,X)dx <C3/{/l(t—s)‘1‘l‘71)
R+ 0

Ry

( _ )2 2/p r/2
X (/exp(_ Cu(t _xs))H(ACD)(s,u)Hip(Q) du) ds} dx

Ry

and then Minkowski's inequality

/¢3(t,X)dx < Cs{/(t —S)q_1< /||(A<D)(s,u)|
Ry 0 Ry

By another application of Holder’s inequality we have

2

) 2/p p/
Lo (@) du) ds} .

t

/¢3(l‘,x)dx < Cg/(t —s)‘i—l/H(A(D)(s, u)||€,,(m du ds.
Ry 0 Ry

We now defines = % —a>qgandb—a=(1-y)/p. So far we have proved the
following estimate

t 1
/||A<D(t,x)||ip(sz)dx < C1,1/(t _S)(H/xp_1+qu)(s’x)||ip(sz)dxds
R, 0 0

‘ 1
+ C2,1/(f —S)S_q_l/xp_Hqu)(s’x” iv(sz)dXdS
0 0

r o0
+c1,z//||d>(s,x)|
01

t 00
+C2,2/(f—S)_q/Hq)(S’X)HiP(Q)dXdS
0 1

p
Lo @) dx ds

+ Cg/(z — s)q—l/|y(Aq>)(s,x)|yf,,(Q)dxds.
0 R,

A simple Gronwall-like argument shows that the above estimate becomes
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t 1
/|y(Ac1>)(r,x)| {,,(Q)dx<cl,1/(r—s)ﬁ—l/xf’—lﬂ||q>(s,x)|yf,,(mdxds
R, 0 0

t 1
+ C2,1/(t _S)B—q—l/xp—l+VHCI)(s,x)||ip(Q)dde
0 0

t

+cl,2/7ud>(s,x)|
1

0

p
L@ dx ds

t oo
+C2,2/(l‘ —s)_q/|’d>(s,x)| i,,(mdxds,
0 1

Now we are able to integrate between 0 dhaepeated applications of Fubini’s theorem

imply

T

[ [lca®ya 0 deer

0 Ry

1
< (C11 T’ + CZ,lTa_q) /xp_l+y ||CD(S’ x)HiP(Q) dx ds

0
/|’d>(s,x)|
1

T oo
< CT//(1/\x”_1+y)||cl>(s,x)Hip(Q)dxds,
00

+ (C12T 4+ C22T)

p
Lo (@) dx ds

Z
/

so for every positive timel' such thatCT < 1 we have proven that\:L”(Q2 x
[0, TT; L) — LP(Q2 x [0, T]; LP(R,)) is a contraction. The restriction df can be
easily avoided repeating the above argumen{§'ji27], and so on.

In order to complete the proof we only need to control that all the parameters
are well defined. Since for any > 2, y € (0, 1) the interval (O, (1 — y)/p) is non
empty, it is sufficient to take inside this intf:rvall, vlvhich implies in particular that

%—q>%+%—%>0; take nowa € (4 + 3 — 5,3 — ¢): it is well defined and

b=a+ (1—y)/p verifiesb > 1/2. Now the proof is complete. O

LEMMA 13.— Assume tha € M?(Q x [0, T']; L?) for somep > 2and0 < y < 1.
Then for anyr € [0, T] anda > (1+ y)/p the mapping

x —> x“(AD)(¢, x)

is almost surely uniformly Holder continuous fih K1, for all K > 0, of order p, where

1( 1+y>/\<1 1)
p<-la——— ——— .
2 P 2 p
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Proof. —We try to apply the same construction as in the previous lemma. Let us denote

e ¢]

By . (s) = /[pp(s, 1, y,x) — pp(s,t,y,2) ] P(s, y)dy,
0

andX(t,x,z) = fé B, .(s)dW,. A few calculations show that

E|X(t,x,2)|"

t t 2

s r/2\ 2/p r/
< c{/(E\Bx,Z(s)\p)z”’ ds +/<E B,.(s) </ DSBX,Z(r)dW,> > ds}
0

0 0
t p/2 t s p/2
2
<C /HBLZ(S)HLP(Q) ds +C/ B .(s) </DSBX,Z(r)dWr> ds
0 0 0 LPI2(Q)

=1+ I
We are interested mainly in the second term. 4.dite a parameter if0, 1) that will
be chosen later.

2

I < L) dy) ds

Ja—9 ( Jlpos.t.3.3 = pots.1.3.2) g |1965. )]
0 R,

t
+ fa —s)q( JID7 (.t 3.5 = DT p(s. 7.2 ey
0 Ry

r/2

2
X |[AD(s, y)HL,,(Q) dy) ds

Let us write

! 2
ba= [ —s)“f(/HpD(s,r,y,m = 51,3, D 1y |96 ) i dy) ds,
0

Ry
t
12,22/0 —s5)1
0

2
X (/”Ds_PD(S’t»y’x)—DS_PD(S,I,y,Z)HL,,(Q)HA(D(S,y)HL,,(Q)dy) ds.
Ry

In order to estimate the first term we notice that for all constart$0, 1) andd > O:

HPD(SJ»)’,X) _PD(Sat»y’Z)HLp(Q)

1 ¢ d —x)? —9°
<C(t—s5)"7272x — |y [exp(-%) - exlo(_ (cy(t —Zz) )}
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from where it comes that

t
1< Clx — 2% / (t — )4~

(y - x)2 (y — Z)Z 2
) ( / s {exp(— C(t—s)> +exp<— c(t—s))hm)(s’y)HLP(sz) dy) ds

[0,1]

t
+Clx—z|* /(z —5)1 e
0

)2 2
(] for(- 27 e 22 P 1259l ) .
[1,00)

We now use the following estimate, wheye- % anda > 0:

1
N2
/y2(8—1) exp(— y—x) )dy < C(f — 5)H-1/2, 2
c(t—ys)
0
IE:

Lo @Y )
[0,1]

=12\ o, (y —2)? —Za:| 2
) {exp(— c(t—s) )x " exp(— c(t—s) )Z 195 92 Ay

and we get

1
y _(y—x)2> ( (v — Z)zﬂ
<O/y o = ) TN Ty ) [Iee

1
< C(f _ S)tl+5—§

2

2(d+1—8)

so that

! 1
Li<Clx—z* [( - s)_q_l_c_d+“+5—% ( y2d+1-3)
/ /
_(y —X) —2a < (y Z) ) _2a:|
* [exp( c(t —s)) +exp c(t —s) @, y)|

LP() y) ds
t
+Clx — zlzc/(t — s)_q_%_c
0

iy (y — x)2 (-
: (1/ {eXp<_ c(t—s)) +exp< c(t — ﬂ [ y)HLP(Q) )ds

Takingx, z € [0, K] we can write
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t
12’1 < Clx _ Z|2C /(t _ S)—q—1/2—c‘+[(ll+5—l—d
0

< [exp( -

Notice that, by Hdlder’s inequality

/(yz(d““” A1) [exp(—

+

(y —x)?
c(t—ys)

>x—2¢1 + exp(—

(y —x)?
c(t—ys)

)

(y —2)?
c(t

X% 4 exp
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(/(yZ(d-i-l—B) A1)

Ry

)Z_Z”} HCD(S, y)Hi,,(Q) dy) ds.

)N0]

—5)

<_

(y —2)?

2
c(t—ys) Lrey dy

)Z_za} | @ (s, y)|

_ (y—x)%\ _ (y—2)2%\ _
(d+1-8) . a _ u
S (/(yp A [exp( C(t—S)>x ’ +exp( C(t—S)>Z ’ }
2/p 2 2 =2
P (y—x) (y—2) »
X”Q“”Mh”mdo (/{®@<_drﬂﬂ>+em(_c0—m>}®> ’

+

from where it follows that

1
I,1<Clx — z|2c/(t _ S)—q—l/P—C-i-[(a-l-S—l—d)
0

/(yp(d+l—8) A1)

A0] (

Ry
6= G =2\ oI
8 [exp(— c(t —s) )x ’ +exp(— c(t —s)>Z ’ }|’d>(s,y)| i')(m dy) -

Notice that/; < |12,1|”/2 since we can choose= 0 in the definition. Hence this term

also is bounded bys.

Now we consider the second term. Applying Hélder’s inequality we get

t
bzgcu—mk/a—wfkf
0

e

+

(y —x)?
c(t—ys)

) o

<Clx—z* [(t—s)72°

/

x( {am(_ )+eﬂ(—
J

+
t
1.1
<cu—nk/a—wa‘v
0

(y —x)?
c(t—ys)

2

(y—2)?
; ) o

c(t—ys)

)} [AD(s, y)|

(y —2)°
c(t—ys)

1A e ) e
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(y —x)? (- 2
X (R/ {exp(— pP— ) + exp( prom )} HACD(S y)||L,,(Q) dy) ds.

+

In order to apply Garsia—Rodemich—-Rumsay’s lemma we need to estimate the
quantity

© dz dx

K K
:// [x“ (AD)(z, X)—Z“(ACD)(I DIy
00

_ Z|m+2

for a parametem such that O< m < pc — 1. The symmetry of the problem yields

L a _ La p
R:2/ [x“(AD) (1, x) — 2 (ADP)(¥, 2) 70

|X—Z|m+2

t
1
/ (t—s)? 1>
0

© dx dz

Z

K
cc | [r-arn
00

/2
(y —x)° (y— a1
X (/[exp(— c(t—s)) +e p( =9 ):|HACD(S y)||Lp(Q)dy) ds| dxdz
Ry
K z t
C//|X_Z|pc—m—2 /(t_S)—q—c—1p+[(a+8—d—1)A0]</(yp(d+l—8)/\1)
00 0 R,
/2
@— x)? (y— a1
[ ) p( proR— )}HCIJ(s,y)Hip(Q)dy) ds dx dz
K z
// — 2P — 2| A R, 2) |7 g A 2
00
that is,
K, t (y 2/p p/2
C//(t—s)q l-c— (/exp( = )HAd)(s y)||Lp(Q) ) ds| dz
0

t
/(t _ g)ameYpHlats—d=DA0]
0

K
vcf
0

_ (y —2)?
X (/()’p(dH D A1) exp(— c)(}t _Zs)>|}d>(s,y)|

Ry

p/2
dz

» 2/p
L@ dy) ds

K
+ C/HACD(I, z)||ip(sz) dz
0
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and finally

! . 2/p
Ja=sH( [laee e d) d
0 Ry

t
/(t _ §)~4=e=1/pHl(ts—d=DA0)
0

p/2

K
R<C/
0

+C

2/p p/2
X (/(yp(dﬂ_‘s) A 1)||<D(s,y)|’i,,(m dy) ds

Ry

In order to complete the proof we only need to control that all the parameters are wel
defined. Actually, it is sufficient to take

1+y (l (l—y a) 1)
a>——, cel—|——+=A=],
p p 2p 2 2

1—
me (0, pc—1) qe(c, y—c+a>,
p

y 1 1
d>V 42 s—dvd—p/ps12
p

With this set of parameters, the right hand side of the above estimate is finite; from
the Garsia—Rodemich—Rumsay’s lemma it follows thvatb)(z, -) is uniformly Holder
continuous with arbitrary parameter less thga — HTV) AG - %). The proof is now
complete. O

Proof of Theorem 1. ¥he proof of existence and uniqueness of the solution is
based on the classical fixed point theorem for contractions.kL&e the following
transformation

(IC¢)(t,X)=\I'(t,x)+Z//pD(s,t,y,X)F,-(s,y,ms,y)) dydw/. (4.5

=10 Ry

We show first that for any € (0, 1) the applicationC mapsM?(Q x [0, T]; LY) into
eachM?(Q x [0, T1; L?). The boundary term¥/ (¢, x) belongs toM”?(Q2 x [0, T]; L?)

as it is shown in Section 3. In view of Lemma 12, it remains to prove that for any
¢ € MP(Q x [0,T]; LY) the processb(s, y) = F(s,y, ¢(s,y)) belongs toM?(Q x

[0, T]; LY). But we have

an T
EZ//\F,-(s,y,¢<s,y))\”(lAyﬂ—H)dyds

=10 R,

T
<CE [ [(o6 )" +h|") (LA 377 dydb.

0 Ry
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Finally note thatA® (s, y) belongs toM?(2 x [0, T]; LP(R,)) (see the proof of
Lemma 12) and.”(Ry) C LY foranyy € (0, 1).
Our next aim is to prove the boundary regularity result stated in Eq. (1.5). We have

xHew (s, x)+x1+°‘2//p[)(s 1y, X)Fi(s,y,¢(s,y)) dydW/ - 0

J=10 r,

since the first term tends to 0, as it is proved in Lemma 10, and the second one does tt
same, as a consequence of Lemma 13. Finally, the regularity of the solution is again
consequence of the proofs of Lemmas 10 and 13.

5. Weak solution

We devote this section to the proof of Theorem 3. The idea is to prove that the left
hand side of EqQ. (1.7) is equal to the term

0]

/(/@(r,s,o, &)p(s) ds) dav,
dy

0 r

which appears in Lemma 9 (whepés) = %(s, 0) has compact support). For simplicity
of notation we take: = 1. Let us denote

N
0
W(s, x) = %v,s,o,x)dv,,
y
0

F(s,x)://pD(r,s,y,x)F(r,y,u(r,y)) dy dw.,.

0 Ry

Fix a test functionf (¢, x). We claim that

+00
//\D(s,x—l—e)(%(s,x)—l— f(s x))dxds

0 R4+

+00
— //\If(s,x+8)ai[f(s,x)+b(x+8)]dxds
0 Ry *
00 +00

//L r5.0.6) L (5.0 ds v, (5.1)
0 ox

and

70/1"(5,x+8)(%(s, x) + f( x))dxds

0 R,
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+00
—//F(s,x—I—e)%[b(x—i—s)f(s,x)}dxds

0 R,

/F(s &)— (s O)ds+//F rox+eu(r,x+¢)) f(r,x)dedw,. (5.2)
0

0 Ry

From the above identities we have that

+
//u(s x—l—e){—f(s x)+—f(s x)} dx ds

0 R,

+00
B //%(b(x+8)f(s»x))”(s»x+8)dde

0 Ry

+ O/R/F(r,y+8,u(r,y+8)) f(r, y)dydw,

+00 00

//aﬁ(r 0.0 6 0da, +/r<s &L (5,00

The first term in the right hand side is studied in Lemma 9, where we prove that it
converges a.s. te [y %(s, 0) dV;. Using the same arguments as in Lemma 13 we can
show that the function

/F(s, -)%(s, 0)ds
" ax

is a.s. continuous off0, o), so that the last integral a.s. converges to zero. This
concludes the proof of existence.

Finally, we consider the uniqueness problem. Consider a soliatrow), which exists
for the first part of the theorem. We introduce the process

v(t,x)=ﬁ(t,x)—//pD(s,t,y,x)F(s,y,ﬁ(s,y)) dy dw;;

OR,

it is easy to verify thav (¢, x) is a weak solution, in the sense of Definition 2, of Eq. (1.1)
with F = 0. By well known results, we have tha{z, x) is unique and

t

3
v(t. x) :/%(s,t,o,x)dvs

0

which implies thati(z, x) satisfies the evolution equation (1.2) and, hence, it is
unigue. O
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In order to complete the proof of the theorem, it is necessary to prove the claims
in (5.1) and (5.2). This results from some lengthy computations based on Kolmogorov’s
equation and integration by parts.

Claim (5.1) is proved by an application of the evolution equation (2.8) in the definition

of W(t, x)

+00
//\I’(s,x +8)%(s,x)dxds

0 R,

_///BPD( s, Ox—i—s)—f(s x)dV,.dxds

0R+

_/// (FS0x+g)_f(S ©)dV, dx ds
.

0 Ry 0 rR,

(rUOZ)

X 2—f(s, x) dz dW, dV, dx ds.
N
By repeated applications of Fubini's theorem and integration by parts formula we get

+00
//\Il(s,x +8)%(s,x)dxds

0 ]R+
+00 +00

_//8qD(rs Os)—f(s 0)ds dv,

“+o00 +OO

+/// ( s0x+8)—f(s x)dsdV, dx

+//lll(a x+8)—(f(a x)b(x 4 ¢)) dW, dx

+00 400 400

// / /b(S)qD(G 5.2, e)

“+00 +00 +00

/////b(x+s)qD(gst+8)

R, R,

(ra 0,z2) f(s 0)ds dW, dV, dz

(rUOZ)

8
f ——(s,x)ds dW, dV, dz dx
8x2

which is equivalent to (5.1).
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In order to control (5.2), we apply Kolmogorov's equation (2.7):

+00
/ /F(s,x +8)%(s,x)dxds

0 R,

_///SFrx+8 u(rx—i—e))—f(s x) dW, dx ds

0 R; 0
T
0R.O0 7R,

X F(r y, u(r, y)) dy do dW, dx ds

—i—/////—(s x)b(x—i—e)—pD(ra y, X +¢)

0 Ry O r Ry
x F(r,y,u(r,y)) dydW, dW, dx ds.

A little effort, using the same ideas as in the lines leading to (5.1), shows that this quantity
actually matches (5.2).
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