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532 M. GRADINARU ET AL.

INTRODUCTION

Let (X;,t > 0) be a nice real-valued diffusion, with scale function s
and speed measure m; we are particularly interested in the case when X,
is Brownian motion, or a Bessel process with dimension d €]0, 2[.

In a number of problems, the laws of inhomogeneous functionals

O/f(s, X;)ds

are of interest (see, e.g., [3,4,23]). Such functionals may be represented
as (inhomogeneous) integrals of the local times of X:

O/f(s, Xs)ds=0/m(a'x)0/dsL§f(s,x), ©.1)

where
t
L = 181?(} (1/m(x, x +¢)) /dslixgxsgxﬂ,
0

are the (diffusion) local times at level x associated with X (see, e.g., [11],
p. 174).

Although the computations of the laws of f(; f(s, X;)ds may be
obtained, in theory, from the Feynman—Kac formula, these computations
are not easy in practice. Thus, it seemed natural to first consider the
“simplest” cases (in view of (0.1)), i.e., the computations of the laws of

t
L®:= [p()dLs,
0

where L, := LY is the local time at level 0.
Now, the moments of L,("’) are easily obtained in terms of the densities
p; (x, y) of the semi-group P;(x, dy) with respect to m(dy), i.e.:

Py (x,dy) = p;(x, y) m(dy).

Indeed, it follows from (0.1) and the continuity of p;(x,y) (see,
again, [11], p. 175), that:
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ABEL TRANSFORM AND LOCAL TIMES 533

E.[d,L}] = p;(x, y)dt.

We denote, for simplicity, q(¢) := p; (0, 0). With the help of the Markov
property, the moments of LY are given by:

EO[(ng))m]:(m!)E[//m / ds, Ly, - - d, Ly, 0(s1) - - - 0 (5m)

0 5 Sm

t ot t
"—"(m!)//---/dS]dSz---dsm
0 s

Sm—1
X q(51)q(s2 = 51) g (Sm — Sm—1)P(51) - - P(Sm).
Using Fubini’s theorem, we can write:

Eo[(L)"] = (m!) Q1 (¢ Qu(9 Qul--- Qa9 1) --))), (0.2)

where
0:(¥) :=(QW)(t)=/Q(t —s) Y (s)ds. 0.3)
0

In the particular case when X is the Bessel process with dimension
d =2(1+n), where n €]—1, 0, we get

q@t) =k,t™ ', k,:=2""T(n+ 17!, 0.4)

so that Q is then a multiple of the Abel integral operator (see Section 1.5
below) with index @« = —n. Hence, the Abel integral operators are
naturally closely related to the laws of wa) for Bessel processes (see also
Remark 4.1).

More generally, the above computations, which could be extended to
the computations of the moments of fO’ f (s, X;)ds are well-understood
in the diffusion literature (see, e.g., [19] for some particular examples).

However, what may be a little newer is that in this paper is our
characterization of the law of

t

LO(R) = / ¢(s)dLy(R)
0

for the Bessel process R, for the Bessel bridge, conditioned to take the
value y in time 1, and in particular y = 0. Recall that Lgl)(R) =Li(R)is
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534 M. GRADINARU ET AL.

a Mittag-Leffler random variable with parameter |n| (see, e.g., [7], p. 447
or [14], p. 129).
Moreover, we show that the random variables

z
Rz and /ga(l —Z4v)dL,(R) 0.5)
0

are independent, and foz ¢(1—Z+v)dL,(R) is exponentially distributed
with parameter 1. Here, Z is a random variable independent from R. Its
probability density function, s on [0, 1], is the Abel transform of index
1 + n of the derivative of a regular increasing function f. The function ¢
is related to f by the equality ¢ =« /f.

Clearly, the particular case n = —1/2 corresponds to the process |B|,
with B the linear Brownian motion.

Our approach is based on two probabilistic representations for the so-
lution of a partial differential equation with mixed boundary conditions.
Using Abel’s transform and these two representations (the backward Kol-
mogorov representation and the Fokker-Planck representation) we de-
duce some useful information on functionals of local time Lf"’). Some
results obtained here may be proved using the dual predictable projection
of the last passage time in O (see another proof of Corollary 3.4).

The plan of the paper is as follows. After some useful preliminaries on
Bessel processes and Abel operators (Section 1), we give the probabilistic
representations for the solution of this partial differential equation and the
analytic relations involving Abel’s transform (Section 2). In Section 3
we state our main results. The proofs are given in Section 4. We
also make a number of remarks. This paper is a complement and a
generalization of [10]. One of the novelties in this paper is the importance
of the Abel transform which we had not realized, hence also not
introduced in our 1997 preprint. Finally, for practical and pedagogical
purposes, we collect in Appendix A the main formulas obtained in both
papers.

1. PRELIMINARIES

In this section we review a few basic facts on Bessel processes and on
Abel operators. For the proofs of these results, the reader may consult the
book [17], Chapter XI (see, also, for a number of applications, [15,20,
22]), respectively, the book [9], Chapter 4.
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ABEL TRANSFORM AND LOCAL TIMES 535
1.1. Bessel processes and Bessel semi-groups

For any d > 0 we denote by R? the square of a d-dimensional Bessel
process, the unique solution of the stochastic differential equation

t
R3=R§+2/,/R3dﬂs+dt,
0

where 8 is a linear Brownian motion. The law of the square of a d-di-
mensional Bessel process, started at x, is denoted Qid) and satisfies the
following additivity property:

d d) _ Hd+d)
Qgc ) * Qx/ - Qx+x’ ’

for every d,d’ > 0 and x,x’ > 0. Take 0 < d < 2 and denote by n :=
d/2 —1e€]-1, 0[ the index of the Bessel process, and Q" := Q@. From
the additivity property we deduce the Laplace transform

E% [exp(—A R?)] = (14 211)" ™D exp(—Ax/(1 4+ 2A1)).

By inverting the Laplace transform we get, for n > —1, the density of the
semi-group of the square of the Bessel process of index n, started at x:

qr(x,y) = 2t) " (y/x)"? exp(—(x + y)/2t) L,(/xy /1),
t>0, x>0,

where I, is the Bessel function of index n. For x = O this density
becomes:

g"©0,y):= Q)™ T (n+1)"'y"e /%,

The square root of the square of a Bessel process of index n, started at a2,
R,, is called the Bessel process of index n started at a > 0. Its law will
be denoted by P%. The density of the semi-group is obtained from that of
the square of a Bessel process of index n, by a straightforward change of
variable. We obtain, forn > —1,

pr(x,y) = /D)(y/x)" exp(— > + y*)/2t) Li(xy/1),
t,x >0, (1.1)

and

pH0, ) :=27"T(n + 1)~ ly2H e /2  y 50, (1.1)

Vol. 35, n® 4-1999.



536 M. GRADINARU ET AL.

From (1.1) we see that, for positive Borel functions u, v,
<17t"u,v>uz<u,17t"v>v, t>0, (1.2)
where IT]" denotes the semi-group of the Bessel process of index 7
IT}u(a) :=E}[u(R,)],

and

o]

(u,v), = /u(x)v(x)xz"+1 dx.
0

Hence the semi-group is symmetric with respect to the invariant measure
given by:

v(dx) := x>y oop (x) dix. 1.2)
The infinitesimal generator of the Bessel process is
L=(1/2)(3%/3x*) + ((2n + 1)/2x)(d/dx) (1.3)

on

D& :={f: f, Lf € Cy(10.000), limx™*'f'(x) =0} (1.3)

(see also [13], p. 761, or [6], pp. 114-115).
A continuous process (r;: t € [0, £]), the law of which is equal to

Py0() :==Pi(-| Ry =b)

is called the Bessel bridge from a to b over [0, #]. In the sequel, we shall
be interested in the Bessel bridge r;, from 0 to 0 over [0, 1 — s], with
s €[0,1].

1.2. Absolute continuity properties and law of the first hitting time
of 0

It is known that for —1 < n < 0 the point 0 is reached a.s. under P” and
it is instantaneously reflecting. Let us denote Ty := inf{r > 0: R, = 0}
and F; := o {R,: s <t}. Then, the laws of the Bessel processes satisfy

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



ABEL TRANSFORM AND LOCAL TIMES 537

the following absolute continuity property:

(P2) 7nr<y) = (Ri/@)" exp (—(n2/2) / ds/Rf) - (P9) 75
0

an equality which is satisfied for every n > —1. Note that P? is the law of
the 2-dimensional Bessel process starting from a. From this we deduce,
for —1<n <0,

(PZ)]J-',O{KTO} = (a/Rt)zln' . (PL"l)u_-l, (1.4)

(Jn| = —n, since —1 < n <0).
Let us denote by TY—," the semi-group of the Bessel process killed at Ty

I u(x) :=E} [u(R) Ly <zy],
and we can deduce from (1.2) and (1.4), that, for positive Borel functions
u,v,
(TT'u,v), = (u, T, v),, t>0. (1.5)

Moreover, by (1.4), we can deduce the Williams’ time-reversal prop-
erty: the processes

{Rpy—+: t < To} under P} and {R;: ¢ < y,} under Py (1.6)
are identical in law (cf. [18], p. 1158 or [15], p. 302). Here we denote

v, :=sup{t: R, =x}.

Therefore
PX(Ty e dt) =P} (y, € d).
Using aresult in [15], p. 329 (or [17], p. 308, Ex. (4.16), 5°), we can write

P (y, €dt) = (In|/x) p}"(0, x) dt.

Using (1.1") we obtain the density of T, under P%,
d(x, 1) :=(d/d)PL(To < 1)
= 2T (jn) " xm e 2 x 1> 0 (1.7)
(for this particular result and n > 1/2, see also [8], p. 864).

Vol. 35, n° 4-1999.



538 M. GRADINARU ET AL.

We also note that, using the strong Markov property at T, we get, for
y >0,

0, y) =pr(y,0) =/¢(y,S)p{’LZ(0, 0)ds. (1.8)
0

Here p;»¥(0, y) is the density of the semi-group [T} with respect to the
invariant measure v.

1.3. Local time at level 0

The local time at level x for the Bessel process L} (R) can be defined
as an occupation density: for every positive Borel function #,

/ h(R,)ds =2 / h(x) L (R)x*"* dx. (1.9)
0 0

Note that we use a different normalisation than in the formula in [17],
p- 308, Ex. (4.16), 4° and also than in (0.1) in the Introduction.

This choice of local times agrees with the fact that R,2 Inl _ 2|n| L?(R) is
a martingale. Indeed, R,2 "l is a JF;-submartingale and it suffices to write
its Doob—Meyer decomposition to obtain L?(R ) (up to a constant factor).
We often denote L,(R) instead of LY(R).

Let us now mention two related scaling properties. Firstly, the Bessel
process has the Brownian scaling property, that is, for any real ¢ > 0,
the processes R., and c'/?R, have the same law, when R, = 0. Secondly,
{L:(R): t > 0} inherits from R the following scaling property: indeed,
by (1.9),

{Lei(R): 120} & (ML (R): £ >0} (1.10)
We also recall that,
1 1
/(p(t)dL,(R) <00 & /qo(t)t_"_l dt < oo (1.11)
0 0 '

(see [16], p. 655, and [12], p. 44, for the case of Brownian motion,
n=-1/2).
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1.4. A simple path decomposition and the Bessel meander

It is known that, conditionally on g;, {R,: s < g} is independent of
{R;: s > g}, where g, :=sup{s < t: R; =0}. More precisely, the Bessel
meander

mo(u) = (1//T— 8 ) Rersut—gn» % €10, 1], (1.12)

is independent of F,, (see [20], p. 42). Let us recall also that, for fixed
t >0,

(law)
r = tZ—n,1+n»

where by Z,, we denote a beta random variable with parameters a, b
> 0:

P(Zap € du) =B(a, b) w1 (1 — u)*~" Ty 11 (u) du.

Moreover, for every ¢t > 0,

m,(1) = R,/T—g ‘= 2E(1), (1.2)

where £(1) denotes an exponential variable with parameter 1 and 4/2€ (1)
is a Rayleigh random variable having density u e’ /2 X0, 00 ().

1.5. Abel’s integral operator
The Abel transform of a positive Borel function f on [0, oo, is defined
as

Jf(t) = F(a)_l/(t—u)“_lf(u)du, t>0, (1.13)
0

where o > 0. The operator J* is called Abel integral operator, or
fractional integral operator. Our principal interest is for 0 < a < 1.
Clearly, J! is the ordinary integration operator, that is J'f is the
primitive of f.

By straightforward calculation we can verify that, for «, 8 > 0,

J%o JB = Jotb, (1.14)
This, together with the previous remark, implies, if f(0) =0,

Ja+1(f/)=-]af- (1.14/)

Vol. 35, n° 4-1999.



540 M. GRADINARU ET AL.

Let us also note that if &, (¢) :=1¢¥, y > —1, then

J, =T +1)/T(@+y+1)egty (1.15)

2. TWO PROBABILISTIC REPRESENTATIONS

Let us consider wy a continuous function with growth less than
exponential at infinity, and f a continuous function such that f €
C'(J0, oo[). Assume that wy(0) = f(0) =0.

2.1. Dirichlet and Fokker-Planck representations

Recall that £ is the generator of the Bessel process (see (1.3)). There
is existence and uniqueness of the solution of the problem

(Bw/0t) (t,x) = (Lw)(t,x), t, x>0, 2.1

with
(0, x) = wo(x), x2=0, 2.2)

and
w@,0)=f(t), t=0. 2.3)

It admits both a Dirichlet representation (Proposition 2.1 below) and
a Fokker—Planck representation (Proposition 2.2 below). We shall then
compare these two representations (Proposition 2.3 below).

PROPOSITION 2.1. — The solution w(t, x) of (2.1)~(2.3) can be writ-
ten as

w(t,x)=w(t,x)+wt,x), tx2=0, (2.4)
where

w1 (tv x) = Ez [wO(Rt)I[t<TQ]]’ t9 X 2 09 (2'5)

wz(t,x) = E: [f(t - TO)I{tZTO}] = /¢(x,s)f(t — S) dS,
0

t>0,x>0. (2.6)

Proof. — To obtain (2.4) it suffices to solve the Dirichlet problem for the
operator £ — 3/9¢t on [0, co[ [0, t] (see also[10], Proposition 1.2). O
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PROPOSITION 2.2. — The solution w(t, x) of (2.1)~(2.3) (also) admits
the following Fokker—Planck representation

y2n+1a)(t’ y)
=/wo(JC)Pt"(x,y)xz'”“1 dxE} [CXP <—/§0(S)dLs(R)> | R =yJ,
0 0

t,y =20, (2.7)

where, if w is given by (2.4),
o) = (1/f @) 1i%x2"+1(aw/ax) (t,x), t>0. (2.8)

Remark. — (i) Unlike formulae (2.5) and (2.6), formula (2.7) features
the “unknown” function w both on its left and right hand sides.

(i) The decomposition (2.4), w = w; + w, yields a corresponding
decomposition

=01+ ¢

(with obvious notation). In Proposition 2.4 below, f¢; and f¢, shall be
given in a closed form, in terms, respectively, of wg and f.

Proof of Proposition 2.2. - Let ¢ be given by (2.8) and define

M, :=exp (—/(p(S)dLS(R)).

0

We introduce, for ¢ > 0, x > 0, the function &(z, x) defined by
(h(), (), :=E , [h(R)M,]. (@)

Here 4 is an arbitrary bounded positive Borel function and we denote
[e.¢]
Pl (A) = / P (A)wo(x)x*" ! dx.
0

(i) Let g:[0, co[x[0, oo[— [O, oo[ be a smooth function with compact
support disjoint of [0, oo[x {0}. Ito’s formula gives

Vol. 35, n° 4-1999.



542 M. GRADINARU ET AL.

g(t, R) M, = g(0, x) + / (9g/3x)(s, R)M, dB,
0

t
+ / (3g/3s + Lg)(s, R)M, ds,
0

so, taking the expectation, we can write

<g(t’ ')7 &')(ta )>v = <g(0, '), a)o(~)>v
+ [ (s /o5 + L)), (s, ) ds.
0

Taking the derivative with respect to ¢ we get

<g(t’ ')’ (aa/at)(to )>v = <(£8)(t, ')» a)(t’ )>v (b)

Since the support of g is disjoint of [0, 0o[ x {0}, integrating by parts we
deduce

(801, ), 3@/31)(2, ), = (8(t, ), (LD, ),
Hence o satisfies (2.1).
(ii) Let us consider u and v two smooth functions defined on [0, oo[
and take now g : [0, oo[x [0, oo[— R a smooth function with compact
support such that g(z,x) := u(t)x?" + v(r) in a neighbourhood of
[0, oo[ x {0}. Since R,z'"' —2|n|L,(R) is a martingale, Ito’s formula gives

g(t, R) M, = g(0,x) + / (3g/0x)(s, R\)M, dB,
0
t t
+ / Lg(s, R)M, ds + / (39g/05)(s, Ry) M, ds
0 0

+ [ @inlu - ¢6 1) ML (R).
0

(iii) Assume that u, v, ¢ verify
2|nlu(s) — @(s) v(s) =0. (©)

By the same arguments of (i) and by (c), we obtain again (b). Since the
assumptions on the function g are different, let us detail the integration
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by parts on the right hand of (b). Using the form (1.3) of the operator £
we can write,

(L), ), o, 4)),

(1 a—(t x)x (@, x))”“ 17°_g t, x)x2+1 85)0 x)dx
2 0x 2 J ax g

x}0
~ x1o0
(% g—(t x)xz”"'la)(t x))xw — <§g(t,x)x2"+1%%(t,x))xw
l i 2n+1@_
+ 2 O/g(t,x) ™ (x P (t,x))dx
= e @30,0) ~ " lim 1 220, 0) + (54,9, (LB, ),

Since w verifies (2.1), replacmg the above equality in (b), we deduce

2lnlu@)d(t, 0) — v(t) lig)lxz"“ (B@/9x)(t, x) =0. (d)

(iv) Since u, v are arbitrary functions, combining (c) and (d) we get

2n+13_w(t,x) w(,0) 1mx2n+1§é

%40 ax @(t,0) x10 ax LX) =0 ©

Moreover, o satisfies
(0, x) =wo(x), Vx=0.

Since w and w verify the same parabolic equation (2.1) with the same
initial and mixed boundary conditions (2.2) and (2.3), we deduce that
o0 =w.

(v) Therefore, by (a) we deduce that, for every bounded positive Borel
function 4,

/ h(y)o(t, )y dy

= / wo(x) x> dx E" [h(R,)exp <— / (p(s)dLs(R))].
0

0
Vol. 35, n° 4-1999.



544 M. GRADINARU ET AL.

By conditioning with respect to R, = y on the right hand side of the above
equality we obtain (2.7), since 4 is arbitrary. O

Now, the Dirichlet representation of w naturally decomposes @ into
w1 + w, and, in the next proposition, we also find this decomposed form
in the Fokker—Planck representation.

PROPOSITION 2.3.—The decomposition w = w; + w, appears as
follows in the Fokker—Planck representation: fort,y > 0,

[e¢]

Y ant,) = [ o) plx, x*H dx BTy > £ R =]
0
o0
=y / 0ol (x, y)x dx, 29
0
and
o0
Y a2, y) = / 0o ()l (x, )X dx

0

x E} [exp (— /(p(s)d LS(R)> Ti>ny | Re = y} , (2.10)
0

or, equivalently,

y2n+1w2(t, y) = /ds E; [exp (— / o(s + v)dL,,(R)) ‘ R, _ = y]
0

0
o0
X / Mo (x)p(x, s)pr_ (0, y)dx, t,y>0. (2.11)
0

Here, p}! is given by (1.1), (1.1"), ¢ by (1.7) and ¢ by (2.8).

Proof. — The first equality in (2.9) is only the translation of the
symmetry of the semi-group of the killed Bessel process ﬁ," , with respect
to the measure v (see (1.5)). The second equality in (2.9) is obtained
thanks to formulae (1.1) and (1.4), from which the formula

P;(To >t|R =y)= (IInI/In)(xy/t)

follows. To get (2.11) we use the strong Markov property at 7p. O
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2.2. Analytic relations involving Abel’s transform

There exist some analytic relations between the functions wg, f and ¢
involving Abel’s transform (cf. Proposition 2.4 below).

Recall that f is a continuous function such that f € C!(]0, oo[) and
f(0) =0. Let us introduce, for ¢t > 0, and —1 < n < 0, the constant

¢ :=2"""T(n + 1)/ T(n)), (2.12)

and the function

ar(t) i=c, (I ) @). (2.12)
Recall that, from (1.14'), we have (J'af)(t) = c,(J"" f)(¢), hence

1
kg ::/af(t)dtzc,,(J"+1f)(l). (2.13)
0

We now give the promised explicit representations of ¢; and ¢, (see
the remark following Proposition 2.2):

PROPOSITION 2.4. — Assume that ¢ is given by (2.8) with w the
solution of (2.1)—(2.3). Write ¢ = @1 + ¢, where

@i(t) := (1/£ () 11?3x2"+1(aw,~ Jox)(t,x), i=1,2. (2.8)
Then, we have

mﬁm=@Mﬂwww*/wm%¥m@,rﬂx(MM
0

(@ f)t)=—as(), t>0, (2.15)
and, consequently:
M+WW#QMNWW“/WMWWW%t>MM®
0

Proof. — We need to compute the limits in (2.8"). First, using (2.9)
and (1.1), we can write
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o1 (t, x) = (1/(tx") / Y wo(y) exp(— (2 + y2)/2t) L (xy/1) dy. (a)
0
Since
(/2" , (/2!
Ilnl()’) m’ I|n|()’) —m, asy~0,

(2.14) follows from (a) by direct calculation.
On the other hand, by (2.6) and (1.7), we can write

X" (wy(t, x) — W, 0))

= (2"/T(n))) ( / sV e (£ (e —5) - £(1)) ds

0
- f(t)/s"_le_xz/zs ds),
from which we deduce
@In)) ™ (@2 HO)
= (2"/T(In])) (/S”"l (fe—9)—f@®)ds+ t"f(t)/n>- (b)

0

To obtain (2.15), we write in (b), f(t —s) — f(t) = ft'_s f'(u)du, and,
by straighforward calculation, we find (2.12). O

3. MAIN RESULTS

Before stating our new results, we explain the guiding idea behind
them: suppose wp and f are given. We shall write another form of (2.11),
using (2.6) and (2.16). For t = 1 and every y > 0, we get

1
y/ 2"/ T(|n)))s" e/ £(1 - 5) ds
° 1
= [ @ +9P 6P 0.3 ds
0

1—s
x Ej [exp<— / p(s+ v)dLv(R)> \Rl—s = }’} ,
0
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since, by (1.7),
X o) (x, 5) = 2" T (n]) " xao (x)s" ! e~/

The first above equality was obtained using the two probabilistic
representations (2.1)—(2.3) and Abel’s transform. We see that the given
function wp does not appear in the above equality. It suggests the
following general result, where, this time f and ¢ are given as new
parameters:

THEOREM 3.1. - Consider the continuous functions f:[0,1] —
[0, oo[ and ¢:]0, 1] — [0, oo[. Assume that f € C'(10,1]), f(0) =0
and that t™¢(t) converges ast | 0. If « 7 is given by (2.12'), then, for
everyy >0,

1
ﬂw+wm~wﬁ&wm
0

x En [exp(—/(p(l s+ v)dLU(R)> ] R, = y}
0
1

= (2"+1/l"(|n|))y/s""l e’/ f(1 - 5)ds (3.1)
0
or, equivalently, for any positive bounded Borel function h,

h(Ry) exp(-—/rp(l -5 +v)dL,,(R)>}

1
/(af+(pf)(1 —5)dsE;
0 0

1

o0
= @*1/T(nD) [yheydy [ 1 - )ds. By
0 0

In Remark 4.13 we prove a reciprocal result to Theorem 3.1. As
consequences of this theorem, we can prove the following interesting
results: Propositions 3.2 and 3.3 below concern the Bessel process,
whereas Propositions 3.5 and 3.6 below concern the Bessel bridge r (see
also the end of the Section 1.1).

PROPOSITION 3.2. — Consider a continuous increasing function
£:[0,1] = [0, oo such that f € C'(10,1]), f(0) =0 and f'(t) ~ ct?
(for some constants ¢, p > 0) as t | 0. We also assume, without loss
of generality, that the function f is chosen such that the constant kg
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in (2.13) equals 1. Consider a random variable Z with the proba-

bility density function o (1 — s)Xg 11(s), independent of R. Then, for
¢ :==ay/f, the random variables

z
Rz and /(p(l —Z+v)dL,(R) 3.2)
0

are independent. Moreover,

zZ
/¢(1 — Z+v)dL,(R) & ). (3.3)
0

PROPOSITION 3.3. - Consider a continuous function ¢:]0,1]
— [0, 0o[ such that t"\¢(t) converges as t |, 0. For A > 0, we denote

1—-a

Ay(a) :=E [exp (—A / o(a+ v)dLv(R))} , a€c[0,1]. (B4
0
Then,
(I+A/en)Ay)Ap =1, (3.5)

where, c, is given by (2.12), and we denote, for a positive Borel
function h,

(Ah) (@) :=J"(gh)(1 —a), a€l0,1]. (3.6)
Here and elsewhere h(a) := h(1 — a). Hence,
Ap(@) = (=M/c) (AL1) (@), a€l0,1]. (3.7)
k=0

COROLLARY 3.4. — For any random variable Z > 0 a.s., independent
of R, the integral

Z
(271 T(In)) / (Z - v)"dLy(R) (3.8)
0

is a standard exponential variable and is independent of Z.

In Remark 4.6 we prove a reciprocal result to Corollary 3.4.
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PROPOSITION 3.5. — Consider a continuous increasing function f:
[0, 1] — [0, 0o[ such that f € C'(10,1]), f(0) =0 and f'(t) ~ ct?
(for some constants ¢, p > 0) as t | 0. We also assume, without loss

of generality, that the function f is chosen such that f(1) = 1/2, or,
equivalently

1
27"T(n + 1)—1/(1 —n" lap(n)de =1. (3.9)
0

Consider a random variable Z with the probability density function
27" (n+ D7 s (1 — ) T 13(s),

and Z is independent of r. Then, for ¢ :=ay/f,

Z
/go(l —Z+v)dL,ir) ¥ e). (3.10)
0

1 . .
COROLLARY 3.6.—If Z () Zin\,a» @ > 0, is a beta random variable,

independent of r, then,
Z
20 (n + 1) B(|n|, @)~ /(1 —Z+v)"dL,(r) ). (3.10)
0

PROPOSITION 3.7. — Consider a continuous function ¢:10,1] —
[0, oo[ such that t" @(t) converges as t | 0. For A > 0, we denote

l—a
Ey(a) :=E lexp (—A / pla+ v)dLv(r))} , ae€[0,1]. (3.11)
0

Then,
(I4+\/cw)By)E, =1, (3.12)
where ¢, is given by (2.12), and we denote, for a positive Borel function h,

B,h)(@a) := (1 —a)y""'J™"(ge_p,1h)(1 —a), ae[0,1] (3.13)
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(recall that €, (s) = s7). Hence,

Ep@ = (=A/c)(BE1)(@), ae(0,1]. (3.14)

k=0

4. PROOFS AND REMARKS

Proof of Theorem 3.1. — (i) Let us denote ¥ (¢) := t"lp(¢). It is enough
to consider (3.1) for f and ¢ positive polynomials. Indeed, for general
functions f, ¥, the result is obtained by a limiting procedure: there exist
positive polynomials f; and v, such that

fi—> f, fi—~f Y = ¥,

uniformly, when k 1 oo (thus ay, — o).

(ii) As said in the beginning of the previous section, to get (3.1) we need
to verify the equalities (2.11) (combined with (2.6)) and (2.16). Suppose
that, for given f, ¢, the integral equation (2.16) has a solution, wy.
Then, Section 2.1 asserts the existence of the solution w(#, x) of the
problem (2.1)—(2.3), with boundary conditions f and wg. Moreover,
by (2.8), we can find a function, which we denote, for the moment, as
¢. Since, by Proposition 2.4, ¢ verifies (2.16) we conclude that ¢ = .
Finally, by Propositions 2.1-2.3 we get (2.11). Therefore, we need to
study the integral equation (2.16).

(iii) By composition with J~" in (2.16), and using (1.14’), and (2.12),
we obtain

T(n+1) f@) + (T(nD /2" T ™ (ef)(®)

=T(—=n)"" [ yoo)dy [ —uw)y ™" " e du  (a)
[raora |

(since f(0) =0). Now we use the next equality
t
/(l _ u)—n—lun—l e—y2/2u du = 2—nF(_n)t—n—1y2n e—y2/2t. (b)
0

We can verify (b), by (1.8), (1.7) and (1.1"). Replacing (b) in (a) and using
again (1.1") we obtain that (2.16) is equivalent to

F @+ A/e)I 7 (9f) (@) = ] w(0). (©
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We need to prove the existence of a solution wy for (c).
(iv) Let us note that, for given f, ¢, such that ¢(¢) =" (¢), with f, ¢
positive polynomials, J ™" (¢f) is also a positive polynomial. By (1.13),

I @f) @) =T (=n)"! / (¢ — )" U (Y f) ) du
0

1
—T(=n)"! / (1 — )" 10" (Y f)(tv) dv,
0

and the right hand side is a positive polynomial in ¢.
(v) It suffices to prove the existence of a solution wq for

I} wo(0) = 7 (2), ()
where 7 (¢) is a positive polynomial, with 7 (0) = 0. Since, for p > 0,
1] (62,)(0) = E§ (R}) = 1" EG (R”),

there is existence of a solution, wy(x), of the equation (c’), which is a
polynomial in x, with we(0) =0. O

Proof of Proposition 3.2. — First, we note that by the hypothesis on f,
the function ¢ satisfies the assumptions of Theorem 3.1. Take A > 0 and
apply (3.1’) with the function ¢ = as/f replaced by A¢p. Then, for every
positive bounded Borel function 4,

1

/af(l - 5)Ej [h(Rs)exp(—)»/go(l -5+ v)dLAR))} ds
0 0

o]

1
= A+ 27 @ T(a) [yhody [5771e 0 £ - 5)ds.
0 0
Since 1/(14+ 1) = f0°° exp(—(1 + A)u) du, we obtain (3.2), noting that &
is arbitrary. Taking in the above equality # = 1, by (2.13) and integrating
with respect to y, we get on the right hand side (1 + A)~! (because
ks =1). We deduce (3.3) atonce. O

Proof of Proposition 3.3. — It is enough to prove that A, verifies (3.5).
We begin by proving that, for / a regular function,
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1
I'(|n])
n+1
0

(with I'(s) = =’(1 — 5)). Indeed, by (2.12') and integrating by parts,
1

(T(nl)/2") / ap(s)l(s)ds

0

o, ()I(s)ds =1 —a)"'I(1)+ T (n+ 1)(.]"“?)(1 —a) (4.1

1 1 s
=I'(n+ 1)/l(s)(J"+1f/)(s)ds =/l(s)ds /(s —u)" f'(u)du
0 0 0

1 1

= [ rwadu [ —uric)ds

u

_n+1 _nl
fwm{i—ﬂ—ﬂn—/“ )+Hnw]

0\_ =

———/f(u)du [—(1 ——u)"l(l)+/(s-—u)"l'(s)ds}
0 u

Taking f := §,, the Dirac delta function in the above equality, we get
1

(C(n/2*) [, @1 ds

0

1
=(1-a)'l(1) - /(s —a)'l'(s)ds

=(1-a)"l(1) - /(1 —a—v)"lI'(1 —v)dv,
0

from which we deduce (4.1).
Integrating with respect to y in (3.1) (with A ¢ instead of ¢), we obtain

1 1
(F([nl)/2"+l) /(Olf +Apf)($)Ay(s)ds = /(1 —8)" f(s)ds.
0 0

Take now I(s) := A,(s) and f :=§, and assume just for a moment that
A, is regular. In this case, using (4.1), the above equality becomes:

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



ABEL TRANSFORM AND LOCAL TIMES 553

(=)' Ay () + T+ D™ A) (1 —a) + LD 6 4 )@)

n+1
= (1 - a)’l,

or, since A,(1) =1,
a"+ T+ 1) A) (@) + (AT (In])/2"H) (§A,) (@) = a”.
By composition with J =" and by (1.14), we obtain,
A,(1=a)+ (A /c) I ™" (FA,) (@) =1

(since J7"(e,)(a) = I'(n + 1)). Moreover, this equality is true for
continuous A,, so the regularity assumption can be removed. 0O

Remark 4.1. - Clearly, by (3.7) we get, for a € [0, 1], and k € N*,

I—a k
0

If a = 0, this expression for the moments is identical to (0.2), up to
multiplication by 2, since, by (0.4), c,k,I"(|n|) = 1. The factor 2 is given
by the different normalizations in (0.1) and (1.9); the local time defined
in (0.1) is the double of that in (1.9).

Remark 4.2. — We can prove the second part of Proposition 3.2, that
is (3.3), as a consequence of Proposition 3.3. Indeed, we need to compute
E[A,(1 — Z)], where Z is a random variable with the probability density
function E 7 on [0, 1]. We can write

E[(A,4,)(1 — 2)]
=E[J7"(§A,)(2)]

1 s

=T'(-n)"! /ozf(l —s)ds /(s —u) 1 ($X¢)(u) du

0 0

1 1—u
=T (=n)"" [ (§A)w)du | 1 —u—v)" apv)dv
[ ]

1
= /((p Ay —u) (J"af)(1 —u)du
0
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1
—c, / Ap(1 =) (@f)(1 — u) du
0

. cn/A¢(1 —wa (1 —u)du=c,E[4,(1— 2)]
0

(since pf = af). Taking the expectation in (3.5) we get (1+A) E[A,(1 —
Z)] = 1. Therefore, E[A,(1 — Z)] is the Laplace transform of E().
Remark 4.3.-In the particular case ¢(t) := t?™, B > 0, we can

perform more calculations. Indeed, by (3.6) and induction, we get, for
k € N¥,

1 1%
——— || B(jB, Inl).

Therefore, we obtain the moments

1 k
E} [( / v’”"dL,,(R)) ]

0

1 1 k-1
=k!(m) kﬂH (JB, Inl). 4.2)

In [10] the case ¢(t) := t" was considered (see Section 2.3), and
the results were obtained by a slightly different method. Explicit laws
appeared for beta random variables Z; o, @ > 0.

Remark 4.4. — We consider ¢(¢) := (1 —t)?, B > n. Then we get,
by (3.6) and induction, for k € N*,

(DO =

a)E-m H F@B+H+G-DB - n)).

k —
D@ =0~ FGGB-m+1D

Therefore,

1—a k
Eg[(/(l—a—v)ﬁdLv(R)> ]
0

a)kB—m H F(B+H+G—-H(B—n)
rg@-nm+1

= (k!/c*)( . (43)
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Remark 4.5. - If we take in (3.7) ¢ =1 and a = 0, by the above
calculations with 8 = 0, we obtain the moment expressions

Eg [(cn Ll(R))k] =k!/T(kln|+1), keN¥, “4.4)

that is the moments of a Mittag-Leffler random variable with parame-
ter |n| (see, e.g., [7], p- 447, or [14], p. 129; see also [5], p. 452). This
is equivalent to the well known fact that the subordinator {z,: ¢ > 0} is
stable with index |n|:

En[e ] = e, 4.5)

Here 7 is the inverse of L(R), 1, := inf{s: L;(R) > t}, and satisfies the
scaling property:
(law)

{t;: t 20} =" {aty: t 20}

We can write, for any k € N*,

Ej[(e0 Li(R)) =B [ea/et™] = AT ki) |31 B[] .
0

By (4.4),
o0 o0
/ AP=TER[e0] dh = (k — 1)1/ (Inlck) = / Aklnl=1 g=endl"l gy
0 0

and we deduce (4.5), using the injectivity of the Mellin transform.
Assuming (4.5), the above equality gives (4.4).

Proof of Corollary 3.4. - We simply take in (4.3), B = n to obtain the
k-moments and the Laplace transform of (I'(|n|) /2"t E(1). Then, by
scaling, we note that A, does not depend on a € [0, 1[. The independence
property announced in the corollary also follows by scaling. O

Another proof of Corollary 3.4. — To prove (3.8), we may assume that
Z =1, by scaling.
(i) We denote g := g; = sup{s < t: R, = 0}. It is sufficient to prove that

A = 2”+11"(|n|)"1/(1——v)"dL,,(R), te0,1], (@)
0
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is the dual predictable projection of C; := I,<y, € [0, 1], that is

1
Elh,] = E[ h,,dAv], (b)
/

for every predictable process i > 0 (see, e.g., [21], pp. 16-18). Indeed,
we can follow the method in [2], p. 99. Since A, = A, taking in (b)
h =exp(—AA), we have, for every A >0,

1

E[exp(—AA;)] =E [ / exp(—AA,) dA,,J =E[(1/A)(1 — exp(—AA)))].
0

Thus, we obtain E[exp(—AA1)] = 1/(1 + 1), the desired result.
(ii) We shall verify (b). It is enough to show this formula, for &, :=
Ij0,71(v), where T is a stopping time with values in [0, 1]:

P(g <T)=E[Ar]. ©
Using (1.7), we can write
P.(To > v) =2"T'(In|) "' & (x?/v),

where we denoted @ (y) := [ s™"~!e~*/2ds. Then,
P(g < T |Fr)=2"T(In))"'@(R%/(1-T))
=2"T'(In)~'®(X7/(1 - T))
=2"T'(In))" '@ (RF™ /(1 — T)").

Here we denoted ¥ (y) := ®(y'/I"l) and by {X,: 0 <t < 1}, the square
of the Bessel process of index n, whose infinitesimal generator is:

L =2x(8%/8x) +2(1 4+ n)(3/dx).

Clearly, (£ + (3/3s))®(x/(1 — s)) = 0. Using the fact that X" —
2|n|L,(R) is a martingale (see Section 1.3), by Ito’s formula we can write

E[2'T(In)™"'®(X7/(1 - T))]

T
=E[2”l"(|n|)_1/2|n|lP'(O)(1 —v)"dL,(R)|.
0
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Since ¥'(0) = 1/|n|, we get
T

P(g<T)=2"""T'(jn))'E { / (1—v)" dLv(R)] =E[Ar],
0

by (a), and (c) is verified. O

Remark 4.6. — We can prove the following result which is, in some
sense, a reciprocal result of Corollary 3.4:
Assume that, for any a € [0, 1[, the integral

1-a

/ p(a+v)dL,(R) 3.8)
0

is a standard exponential variable. Then
p(0) = (2" /T(nD)A —1)". (3.8")

For the proof, we note, by (3.4), that, for any a € [0, 1[, Ay(a) =
1/(1+ 1). By Proposition 3.3, A, verifies (3.5). Hence J " (¢)(a) = c,.
Since, by (1.15), J "¢, = I'(n + 1), we conclude using the injectivity of
Abel’s transform.

Proof of Proposition 3.5. — The right hand side of (3.1) can be written
as

1
21/ T(np))y / §n1 e £(1 — ) ds
0

1/y?

— (2n+1/ F(lnl))y2n+l / un—l e—l/Zuf(l _ uy2) du.
0
We replace in (3.1) (with A¢ instead of ¢) the above equality, the
expression (1.1") for p?(0,y) and we simplify by y#'+1. Then, letting
y J 0, we get

1
27"T(n+ 1)~ /af(l —s)s!
0

x Eg lexp (—-A/go(l — s+ v)dL,,(r))] ds
0
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=1 +A)—1(2"+1/F(|n|))f(1)/u"—‘e—1/2“ du
0

(recall that ¢ f = a ). Since (recall that f(1) =1/2)
2"t/ T (D) £ (1) /u"—l eV gu=2f1)=1,
0

we get (3.10). To justify (3.9), we use (1.14’) and (2.12'):
1

=20 )W =20 )™ [A =91 (7)) ds

0

1
—2"T(n+ 1) /s—"-laf(l —s)ds. O
0

Proof of Corollary 3.6.—The result is obtained taklng f@ =
t"‘ "=l in Proposition 3.5. O

Proof of Proposition 3.7. — Let us denote

l—a
Ay(@;y) :=E} [exp(-x / so(a+v)dLv<R)>]R1_a=yJ @

0

and
I(s) = (1 =)' e 209 A (51 ). ()

Clearly, 5,(a) = Ay(a;0) and, for y =0, =6, 5(,,. With these
notations and using (1.1’), (3.1), with A¢ instead of ¢, can be written
as

27T (n+ 1) /(af +Apf)($)l(s)ds
0

1
= (2"*1/ T (In]))y™™" / s" e/ £(1 — 5) ds. (©
0
Taking in (¢) f := §,, the Dirac delta function, and using (4.1), we obtain
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2T+ D' —a)"1(1) + 2" (") (1 — a)
+ (AT (In)/2T (n + 1)) (¢l)(a)
=4ny—2n(1 _ a)n—l e——yz/Z(l—a)'
Since, by (b), [(1) =0, we get
2"(J"*'T)(a) + (AL (Inl)/ Q2T (n + 1)) (1) (a)
— 4ny—2nan—1 e—y2/2a’
or, by composition with J 7",

1(a) + (M /cw) T (§e—n144(e; ¥)) (@)

=2"T'(—n)~ly™" / (@—u)y™"lunte "1 gy, (d)
0

On the right hand side of (d), we make the change of variable u = vy? to
get

(@) + (A /ca) T (Pe—n-144(e; ¥)) (@)

a/y?

=2"T(—n)"! / (a— vyz)_"_lv"_1 e /2 du.
0
Then, letting y | O in the above equality, we obtain,

a1 E (@) + (eI T (Pen1E,) (@) =a™"!,

and making a straightforward calculation on its right hand side, we
get (3.12). O

Remark 4.7. - By (3.14) we get the following moment expressions:
fora € [0, 1], and k € N*,

1—a

k
Eﬁ[(/ <P(a+v)dL,,(r)> ] = (k!/Cf,)(le)(a). (3.14))

0

Remark 4.8.— We take ¢(t) :=t#*", B > 0. Then we get, by (3.6) and
induction, for k € N*,

1

B*1)(0) =
(B,1)© L(n*

k
B(jB, Inl).
=1
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Therefore, we obtain the moments

1 k
1
EO[(/ WP dL (r)> } v(m) HB B, 1nl). @6)
0

Remark 4.9.— As in [10], Section 1.4, we can use the moment (or
the Laplace transform) formulas to deduce some limit theorems. For
example, by (4.6) we can prove that, for g | 0,

n+1 !
#0040 Fman )
0

V& 2T (n+ 1)4/B
&%) A, 1). @.7)

Here, N (0, 1) denotes the standard normal distribution and
= (I"()/T D) = (T'(=D/ T(InD),
xB(x,|n])=1+8,x+o(x), x]O0.

The proof of this result is similar to the proof of Theorem 1.27 in [10].
The same result can be obtained for the Bessel local time using (4.2): for

ﬂio’

2" (n 4 1) B 1
Vo, (‘[/ dL.(R) ~ 2" (n + 1)/B

% A0, 1). @.7)

Remark 4.10. — Proposition 3.5 can be obtained as a consequence of
Proposition 3.7. Consider Z a random variable with density

27T (n+ D7l ™ o (1 — 5) T, 1)(s),

independent from the Bessel bridge r. We compute

E[(B,&,)(1 — Z)] = E[Z"J ™" ($e—n-18,)(Z)]

1
=2"T'(n+ 1)-‘r(—n)/af(1 —s)ds
0

x [(s—u)™"" 1(go o) @u" " du
[em
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=2""T(n+ )7'I'(— n)/ o) @u™" " du
x [ (1—u—v)""ap)dv
[

1
=2""T'(n+ 17! /(go E(1—wu" N (J ") (1 —u)du
0

1
=20(a)™" [ 5,01~ wu )1 - wdu
0
1
=2F(|n|)"1/E¢(l —w)u""ap(1 —u)du = c,E[E,(1 — Z)]
0

(since ay = @f). Then, we take the expectation in (3.12) and we
deduce (3.10).

Remark 4.11. — We can obtain (3.3) from (3.10) and vice-versa.
Indeed, by (1.10), it is not difficult to see that

(aw) ; »
(L’(r))te[o,l] = (g Lgt(R))te[O,l]' (4.8)

Here, we denote g := g; = sup{s < 1: R; = 0} which is independent
from (g7'/2R;,: t < 1), hence from (g" Lg,(R): t > 0). From (4.8), we
obtain that, for any positive Borel function v,

1
g [vigndL,o) / Y () dLy(R).
0

Recall that (see Section 1.4) g is a beta random variable with parameters
—n,n + 1. Then, by (3.14), to deduce (3.7) (both for a = 0), we need to
verify, for any k € N*,

1
(441)(0) =B(—n,n+ 1) /t“""l(l — )"t (B 1) (0) dt. (4.9)
0
For k = 1 we can write, by (3.13),
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1
B(—n,n+1)7! /t‘"—1(1 — )"t (B o)1) (0) dt
0
1
—B(=n,n+ 1)"'T(=n)"! /f"—l(l — e
0
1
X /(1 —uw) " ot —w)u du
0
1 1
=B(=n,n+ 17T (=) [ v lp@)dv [ (1 —)"(t —v) " ldt
[rvon]

1
=T (=n)"! / v lg(v) dv = (4,1)(0),
0

as we can see by making the changes of variables (1 — u) = v and
s = (t —v)/(1 — v). The same reasoning applies for arbitrary k. We leave
to the reader the proof of the fact that (3.14) can be obtained by (3.7).

Remark 4.12. — Assume that the conditioning is {R;_, = y}, with
arbitrary y. Then a functional equation, similar to (3.5), can be written,
using (3.1):

(I + (A /cn)Ap) (o5 y) = Y (oY), (4.10)

where

Yy(a;y) :=pi_,0,y)

1—a
x En lexp (—A / (p(a+v)dLv(R)) ’Rl_a =y] @.11)

0

and
Y(a;y) =Tn+ 1)*1F(—n)-‘y/(a — )y e Y2 gy (4.12)
0
Therefore, we get a similar expression as (3.7) for ¥, (a; y) with ¢ (e; y)

instead of the constant function 1.
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Remark 4.13. — Here, we give a probabilistic explanation for the
appearance of Abel’s integral operator, using the Bessel meander. In fact,
we can state a reciprocal result of Theorem 3.1:

Consider the continuous function f:[0, 1] — [0, oo[, such that f €
C'(00,11), f(©0) = 0, and assume that the random variable Z is
independent from the Bessel process R, having the probability density
Sunction B(1 — s)Xjo,1;(s). Suppose that the random variable Rz has the
probability density function given by

1
6 @ TnD)y Moo ) " P (1 =5)ds. (@13)
0

Then, the function B is an Abel transform of f’'. More precisely,

Bt) =art)=c,(J"M f) ). (4.14)

For the proof, we recall that, by (1.12) and (1.12'),

1
R /=g m,1),

and m, (1) is independent of g,, being Rayleigh distributed. Let us denote,
for any positive bounded Borel function #,

Dy (s) = / h(y/5)ye ™ 2 dy.
0

Then, by (4.13),
1

1
/ B(s)Ef [Pr(s — &)] ds=kj?l(2”+1/l"(|n|))/s"(Ph(s)f(s)ds.
0

0

Hence, the probability density function of the random variable Z — g7 is

k7' (2" /T (InD)s™ £(5) T, 1 (). @)

On the other hand, Z — g; = (taw) Z(1 — gy), with g; independent from Z.

Recall that 1 — g; is a beta random variable with parameters n + 1, —n.
Hence,
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E[I(Z - g2)]
1 1
—B(n+1,-n)"! / 1(y)dy / (1= )" B(y/u)du, (b)
0 y ’

for any positive bounded Borel function / on [0, 1]. Combining (a) and (b)
we get, for y € [0, 1],

k7' (2 T (InD) (1 = »)" )
1
=T+ 1)"'T(=n)"! / (1= u) "B — (1 = y)/u)du. ()
-y

We make on the right hand side of (c) the change of variable v =
1 — (1 — y)/u and we get, after straightforward calculations,

FO) =1/e)(JTT"B) ().

We get the same result by composition with J~" in (4.14).

APPENDIX A. FORMULAE ON INTEGRALS OF BESSEL
LOCAL TIMES

We gather here the main results obtained in [10] (these are denoted
between brackets) and in the present paper.

Explicit laws

We denote by L,(B) and L, () the local times at 0 of the Brownian
motion B starting from 0O, and of the Brownian bridge b; we denote
by L;(R) and L,(r) the local times at 0 of the Bessel process R, of
index n € ]—1, O[, starting from 0, and of the Bessel bridge r. Here, Z,
denotes a beta random variable with parameters a, b independent of the
process for which the local time is considered; in particular U = Z ; is
a uniform random variable on [0, 1] and V = Z 11 is an arcsine random
variable. £(1) is the standard exponential dlsmbutlon and y(2) is the
gamma distribution of parameter 2. ¢ denotes a normalisation constant.
The last passage time in O before time 1 is denoted g = sup{s < 1: B
or R, = 0}. Z is independent of the process for which the local time
is considered. A is a strictly positive parameter. If f € C! (R%), with
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f(0) =0, we denote by a the function

ap(®) =@/ T D) [~ w5 du
0

(1) Brownian motion

Z
VZr ' dL.(B)

(law)
=& 1.18
BG.W) J VT=Zii+t (1) [1.18]

1 1
27 / dL,(B) (law) JT/ dL;(B) (lﬂv)g(l)
1 Z - T, o
B0 e B T VI e

[1.25,1.26]

dL;(B) (law)
,/ W e(1) [2.25
BO» D AI/\/(1+t)(r+zw) 01223

2 dL,(B) (law) 2 dL;(B) (law)
\/;/f—l_ \/;/m——l— 0

[1.23, A.16], see also [A]

e,

a

it a

/ dLi(B) (aw)
t

0

(L? local time at level a) [Rk.1.26,iv)]

V2L,(B) law V2|By| (law Mittag- Lefﬂer(%)
[Rk.1.26,1)], (4.4)

(2) Brownian bridge

@ ey 11.31]
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(B1)

(B2)

(B3)

(B4)

(BS)

(B6)

(b1)
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1
\/z/ dL,(b) aaw)\/7/ dL,(b) “a"’)g(n [1.32] (b2)

1
2 st b aw aw
/_/____(L('z)ga) (¢ “:’Z%’%) [1.34] (b3)

1=
SRV
1
\/E / aL® .,
i \/t+1 Z

A "Rl S |
7T Ju(l —u) 0.11)

3
1 / dL,(b) (law) dL;(b) (aw)
_ ="£&(1)
f /

VG =0 - Vi —3)
[1.23,A.16] (b5)

(law)

[1.36] (b4

Li(b) =" +2&E(1) [Rk.1.26,iv)] (b6)

(3) Bessel process

V4
2ln| /(p(l — Z+0dL(R) ™ g,
0

Z® ca (1 —u)lp ) (3.3) (R1)
2"HF(" +1) (law)
TR /(1 Zia+0"dL(R) 1) [2.37, (3.3) (R2)
2H P (n 4 1) s
! n-+ (law)
L 27 1+0)"dL,(R) " (1) [2.37,3.3 R3
B 0/( YALR) ®e1) 237,633 R3)
Zin+1
2n+1 y (law)

(1=Zjpp1 +D"dL(R) '="E(1) [237],33) (R4)
L (|nf)
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2n+1

L(|n)

/ (Z-t"dL(R) 1) (vZ>0) (3.8)

n+1

L (|n))

/ (1—0)"dL,(R) "X 1) (3.8)

1
on+l & w W
Fay | gt dL® e (¢ Zpy)

0

(3.8,4.7)

n+1F ]_ W
2TTCH Dy (R) ) Mittag-Leffler(Jnl)
C(jnl)

(4.3), see also [D-K]

(4) Bessel bridge

(law)

2|n|/(p(1—Z+t)dL,(r) ="&£(1),

—n—1
(aw) U " Tar(l—u)
Z = c—————1 3.10
c P+ D) 0,11() (3.10)

Zjnj,n
2T (n+1) )
T B(nl,A) - "dL(r) e (3.1
B(jn], 1) 0/(1 Zia+0)"dLi(r) = E(1)  (3.10)

1
2n+1F(I’l+ 1) /( Z)L‘|,,|

" (law)
B@, Inl) 1= Zy +’) dLi(r)"="E1) [2:43]

2m+ 1- aw
TG / () a2 e
(8= -4 Zinnr1) (3.8,4.7)

(5) Ornstein—Uhlenbeck process

dL;(O) (1aw)
B()»,Z)/ E() [2.21]

el
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(R5)

(R6)

(R7)

(R8)

@1

(12)

(3)

(r4)

oD
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2 7/VdL,(0) (law)
\/; O/ e ey 223 (02)

k-th moments

Here, k e N*; B > 0;¢, =2""'I'(n+1)/I'(|n|). Forp, h: [0, 1] — R,
Borel functions, we denote, for a € [0, 1], :

l1—a
(Ayh)(@) =T (|n))~! / (1 —a —u)"=Y(ph)(1 - u) du
0

and
(Byh)(a)
1—a
=1 —a)"'r(|n)~"! / (1 =a—u)(1 —w)" " (ph)(1 — u)du.
0

(1) Brownian motion

1
Eo [(\/1 —Zs / (Zon+(1 = Zx,l)t)ﬂ‘”zdL,(m)
0

k

|

k—1

= (kD@m) 2 (/KB + 1) [[ BGB + 1. 1/2),
j=0
A>0 [1.43] (MB1)
1 k
Eo [( zﬂ—mdL,(B)) }
/
k—1
= (k)@m) k)" [[ BGB, 1/2) [1.47] (MB2)
j=1
1 k k—1
Eo [( / 1#=1d Lt(B)) } = 2PK=D / ((27r)"/2ﬂ" 11 C%fﬂ)’
0 ‘ j=1
B eN* [Rk.1.26,ii)] (MB3)
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1 k
EOK tﬂ_l/zst(B)>]
/
k-t T =T

- 2B F((k_l)ﬁJr%)HH(jﬂ—i),

j=1i=1
1
-5 €N [Rk1.26,i)]

(2) Brownian bridge

1 k
EOK\/l — Zyap / (Zoip+ (1 —zx,l/z)t)ﬂ‘”zst(b>> ]
0

k
= kHQn) [ BGB+A,1/2), A>0 [1.44]

j=1
1 k
EO[( tﬂ'l/zdL,(b))]
!
k
= (k)@m) 2 [ BB, 1/2) [1.48]
j=1
r, 1 kA k .
Eo ( / t""”zst(b)> = 2PkHD / (<2n)"/2ﬂ">HCéﬁe
- N0 - j=1

BeN* [Rk.1.26,ii)]
1 k-

-0

K B3
1
X (B —1i), — —-eN [Rk.1.26,ii)]
szl g jB -3
(3) Bessel process

l—a
ES[(/so(aH)st(m) }
0

= (k!/c) (As1)(a), a€l0,11 (3.7)
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Eo -(/tﬁ—lﬁd Lt(b)> = (k!/2?) (F(ﬂ)/ ' (kﬂ i %>)

)
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(MB4)

(Mbl)

(Mb2)

(Mb3)

(Mb4)

(MR1)
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1—a k

E;;[(/(l—a—t)ﬂdL,(R)) }

0

_ a6 ETB+1)+( — (B —n)

= (k!/c* ,
(/e BTTGE-m+D
ael0,1[ (4.3) (MR2)
1 k
EO[( tﬂ+"dL,(R)>J
/
1 k 1 k—1
k'(m> HB (jB,Inl) (4.2) (MR3)
Ei[e™*%] =" (1, the inverse of L,(R)) (4.5) (MR4)
(4) Bessel bridge
1-a k
EO[( <p(a+t)dL,(r)”
/
= (k!/c;)(BE1) (@), ael0,1] (3.14) (Mrl)
1 k
EOK tﬂ+"dL,(r)>]
/
k k
=kl<m> J=1B B.nl) (4.6 Mr2)

Limit theorems

Here 8, = (I'"(1)/T' (1)) — (" (In[)/ T (In])), 8_1/2 = log4. We have
the convergence in law to the standard normal distribution of:

1
T p-1/2 __ L
,/10g2<¢30/v dL,(B) m),

as Bl 0 [Rk.1.28] (LB1)
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- 1 [dLB) [logl/e
2log2 \/logl/‘eo Je+v 2r )’

ase |0 [1.53] (LB2)
- 1 dia)  [logl/a?

2log2 \ \/log1/a? J Jv 2w '

asa 0 [1.56] (LB3)
P 1 [dL,(B)  [log(t/s)

2log2 \ Vlog (/s) J Jv 2r )’

ass/t— 0 [1.58] (LB4)

1
,/é(x/ﬁ/vﬂ—lﬂuv(m—ﬁ) as B 10 [1.50] (Lbl)
0
b4 1 1dL,,(b)_ logl/e
2log?2 Jlogl/eo Jerv V2w )

ase | 0 [Rk.1.28] (Lb2)

n+1
2+I‘(n+l)(\/—/ WAL (R) — 1 )

Vo 21T (n+ 1)J/B
asfl0 (4.7) (LR1)

n+1
2+I‘(n+1)<\/—/ oG (1) — 1 )

V5, 2HT (n + 1)/B
aspl0 (4.7 (Lrl)
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