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ABSTRACT. — We extend the forward-backward martingale decomposition
of Meyer-Zheng-Lyons’s type from the symmetric case to the general
stationary situation for the partial sum S.(f) with f satisfying a finite
energy condition. As corollaries we obtain easily a maximal inequality and
a tightness result related to Donsker’s invariance principle, and especially
a criterion of a.s. compactness related to Strassen’s strong invariance
principle. © Elsevier, Paris

Key words: forward-backward martingale decomposition, the functional central limit
theorem or Donsker’s invariance principle, the functional law of iterated logarithm or
Strassen’s strong invariance principle.

RESUME. — On étend la décomposition de martingale progressive-
rétrograde du type Meyer-Zheng-Lyons du cas symétrique au cas
stationnaire général pour des sommes partielles S;(f) avec f satisfaisant
une condition d’énergie finie. Comme corollaires, on obtient facilement une
inégalité maximale associée au principle d’invariance de Donsker et un
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crittre de compacité p.s. pour le principe d’invariance forte de Strassen.
© Elsevier, Paris

Mots clés : décomposition de martingale progressive-rétrograde, le principe d’invariance
de Donsker, le principe d’invariance forte de Strassen.

1. INTRODUCTION

1.1. Consider a Markov process (2, F, (F1), (X4), (8:), (IPs)zec5) valued
in a Polish space F, with transition probability semigroup (P;) and with an
invariant and ergodic probability measure o on (E, B). Here,

ot € T, T = IN (discrete time) or IR* (continuous time); And (X);c m+
is cadlag in E in the continuous time case;

o 0, X (w) := Xi(Osw) = Xiys(w), Vs,t € T,w € Q; B is the
Borel o-field of E,

o the past o-field F;, = 0(Xs;8 < t); G = 0(Xs;8 > t) (the future
o—field); F = Go;

o Po(Xo=1)=1, E°f(X,):=E"f(X;) = [ Pi(e,dy)f(v);

o E(6n | F) = EX*n, Py := [,a(dz)lP, — a.s. for any bound
Go-measurable 7;

e aP,(A) := [, a(dz)Pi(x,A) = a(4), VA € B (the invariance of
a wrt. (P));

e Vf € bB, the space of real bounded B-measurable functions,
P.f = f,a — a.s. = f is constant o — a.s.

The last two points together are equivalent to say that IP = IP,, is (6;)ser-
invariant and ergodic on (2, F). In this paper we do not distinguish the
o-fields on 2 and their completions w.r.t. IP. Throughout this paper,
< -+ > and || - |lo denote respectively the inner product and norm in
L?(E,a), IE(-) the expectation w.r.t. IP = IP,. .

Forany f € L3(E,a) := {f € L?(a); < f,1 >= 0}, consider the partial
sum

n—1

Salf) =Y f(Xy), ifneT=N
(1.1) k=0

or  Su(f) = /Ot f(XJ)ds, ifteT=R"
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FORWARD-BACKWARD MARTINGALE DECOMPOSITION AND COMPACTNESS 123

The main motivations of this paper are the Donsker (weak) invariance
principle or the functional central limit theorem (in abridge: FCLT), and
the Strassen strong invariance principle or the functional law of iterated
logarithm (in abridge: FLIL) for the partial sum S;(f) as t — 400 or more
generally for an additive functional (in abridge: AF) (S;). By AF, we mean

SO = O, Ss+t = Ss + GsSt, VS,t € T, IP — a.s.

The main purpose of this paper is to study consequences of the following
finite energy condition for f € LE(«),

(1.2D) |< f,u>|< C/< (I-P)u,u>, VYuéeLiE,a),
in the Discrete time case and
(12C) |< fyiu>|< CV/< —Lu,u>, VueDC LY(E,a)()D(L)

in the Continuous time, where L is the generator of (P;),cr+ in L?(E, a),
D is an appropriate domain to be specified later, C' > 0 is a constant.

1.2. In the reversible (or symmetric) case (i.e., P; = P, where P;* is the
adjoint operator of P, in L?(«)), Kipnis and Varadhan [KV, 1986] showed
that (1.2) is equivalent to the natural minimal condition

i EG)

. im ————
(1 3) t—}+moo t

and established the FCLT of S;(f) under (1.2) or (1.3). Their main tool for

the passage from CLT to FCLT is the following maximal inequality ([KV,

Lemma 1.4 and Lemma 1.12]
(1.4)

= 0*(f) < 400,

3
P sup |g(X)|>1] <5v/<g,9>+T<g,Ag>, VI>0
teD ([0,T) !

where ID is the set of all diadic points j/2%, A = I — P, or —L according
to T =IN or RT.
The further works extend their result in two directions:

1) the symmetry assumption is relaxed as the quasi-symmetry or strong
sector condition below:

(1.5) < Au,v >< Ky/< Au,u > - /< Av,v >, Vu,v €: ID(A)
where A = I — P, or —£ according to T = IN or R*.
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124 L. WU

2) for more general AFs other than S;(f), especially in the continuous
time case.

We present several of them up to the knowledge of the author.

Goldstein [G, 1995] obtained the FCLT for a general anti-symmetric
additive functional of a symmetric Markov process.

For the simple exclusion process with an asymmetric mean zero
probability kernel, Varadhan [Va, 1995] established the central limit theorem
(in abridge: CLT) of S;(f) for all f € L3(E, «) satisfying (1.2), and proved
even the FCLT for some special f related to the movement of a tagged
particle, by exploiting the quasi-symmetry of this process shown in L.
Xu [Xu, 1993].

More recently for general quasi-symmetric Markov processes, Osada and
Saitoh [OS, 1995] get the finite dimensional CLT for fairly general additive
functional (S;) under a condition of type (1.2) (see [OS, (1.6)]). And they
obtained the corresponding FCLT for rather general additive functionals
related to reflected diffusions. In a non published preprint [W2, 1995],
Kipnis-Varadhan’s maximal inequality (1.4) is established with an extra
factor K in its RHS which is the constant in the quasi-symmetry condition
(1.5). The proof therein is parallel to the original one of Kipnis-Varadhan.

However whether the LIL and the FLIL hold under (1.2) or (1.3) in
the quasi-symmetric case is not treated in these quoted works, for lack of
an a.s. compactness result. In fact as well known, the maximal inequality
of type (1.4) gives (or can be used to give) an a priori estimation or
a criterion of tightness for the laws {P(ﬁ(snt)te[o,l]),n — oo} over
ID|0, 1] (the space of real cadlag functions on [0, 1], equipped with Skorohod
topology). But it does not seem to furnish a priori estimations or (strong)

a.s. compactness about the a.s. behavior of ——I——Sn,n — 00 ¢,
v/ 2nloglogn

required by the LIL and FLIL.

For the symmetric Markov processes, it is noted in [W1, 1995] that the
ingenious forward-backward martingale decomposition of Meyer-Zheng-
Lyons (see [MZ, 1984}, [LZ, 1988]) gives very directly not only a better
maximal inequality than (1.4), but also a strong a.s. compactness result
required for the LIL and FLIL.

Hence the idea of this paper can be abstracted as one simple point: to
extend the forward-backward martingale decomposition of Meyer-Zheng-
Lyons to the general stationary case for S.(f) for those f satisfying
(1.2).
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FORWARD-BACKWARD MARTINGALE DECOMPOSITION AND COMPACTNESS 125

1.3. This paper is organized as follows. The next Section is devoted to
the discrete time case. In Section 3 we discuss their counterparts in the
continuous time case, which is a little more complicated because of the
unboundedness of A = —L. Finally we furnish in the Appendix a semi-
FLIL for sums of backward martingale differences, required for the a.s.
compactness.

2. THE DISCRETE TIME CASE

2.1. Hilbert spaces H;,H_; induced from (1.2)

Let T = IV and write P = P;. Let P* be the adjoint operator of P in
L?*(E,a) and P° = (P + P*)/2, the symmetrization of P.

LEmmA 2.1. - P7 = P+TP* is a—ergodic. In particularVu € L3(E, ) :=
Ho,

(2.1) <(I-Plu,u>=0=u=0.

Proof. — By the ergodicity of P wur.t. «, for any A,B € B with
a(A) Aa(B) > 0,3n >0, [,14P"1gda > 0. Then

1
/ 1A(P”)"13da2 —/ 1AP"1Bda>0,
E 2" Jg

where the ergodicity of P? follows. ¢
Let

(2.2) I-P° = / ME, = [ ME,
[0,2] (0,2]

be the spectral decomposition of I — P? on Hy ( Eg = 0 by (2.1)). By
(2.1), I — P° : Hy — Hy is injective. Then its inverse

R : D(Rg)(c Ho) — Ho

is a well defined self-adjoint operator with domain ID(RJ) = Ran(I — P°)
(the range) and

1
(2.32) ¢ — ([— P7)! = / LiE,
.21 A

Vol. 35, n°® 2-1999.



126 L. WU
1
(2.3b) ID(R]) = {f € Ho;/ ]ﬁd < E\f,f >< +oo}
(0,2

We introduce now two Hilbert spaces H; and H_; inherited from the
condition (1.2).

DEFINITION 2.2. — Let ‘Hy be the completion of the pre-Hilbert space
(Ho = LA(E,a),< -, >1) where the inner product is given by

(2.4) <u,v>1:=< (I = P%)u,v >= / A< Exf,g>.
(0,2]
We define (H_1,|| - ||-1) as the dual Hilbert space of (Hy, || - ||1) w.r.t. the

canonical dual relation Hj = H,.

LemMA 2.3. — (a) H_1 C Ho and the imbedding is continuous.

(b) For every f € Hy, the following properties are equivalent:
(b.i) f € H_y;
(b.ii) f verifies (1.2D);
(b.iii) f(m 1d < Exf,f >< +o0;
(b.iv) Y02y < (P°)*f, f > is convergent.

In that case,
[I£ll-1 = inf {C > 0; the condition (1.2D) holds with C'}
1
—<R§f.0>= [ JA<Bufif>

(2.5) (0,2]
=Y <(P)f,f>.
n=0
(c) ID(R]) is dense in (H_1,|| - ||-1). I — P’ can be extended as

an isomorphism: Hi — H_1, R§ can be extended as an isomorphism
RE : H_y — H; and R{ is the inverse of I — P° : H; — H_;.

Proof. — (a) Since Hoy C H; is a continuous and dense imbedding with
(2.6a) |ully := V<t >1 < V2 < u,u>:=V2|ullo, Yu€ Ho.

then H_; = H] C Hy = Ho and this imbedding is dense with

(2.6b) £l < V2l £ll-1.

Annales de UInstitut Henri Poincaré - Probabilités et Statistiques



FORWARD-BACKWARD MARTINGALE DECOMPOSITION AND COMPACTNESS 127

(b) The equivalence between (b.i) and (b.ii) follows from the definition of
H_;. The all other equivalences as well as (2.5) follow from (2.2), (2.3a,b)
and the simple observation below

1 1/2
@ W= (f e<mnr>)
= V<E3ff>=IEflx, VfeD(RG).

(c) They are all obvious by (2.7) and ||g||; = ||(I—P?)g||-1, Vg € Hop. $

Since I — P,I — P* are injective on Hy, we can define the potential
(or Poisson) operators

Ry = (I — P)_l : D(Rg) = Ran(I - P)(C Ho) — Ho
Ry=(I—P*)™': D(R}) = Ran(I — P*)(C Ho) — Ho
LemMa 2.4. — a) ID(Ro) | JID(RS) C H_1 and

I1fll-1 < V2||Rofllo, Vf € ID(Ro);
(2.8)
Ifll-1 < V2IIRs fllo, VS € ID(R})

b) It holds that

lRofllx < |Ifll-1, VS € ID(Ro);
(2.9)

IRsflls < Ifll-1, Vf € D(Ry).
Proof. — Notice that

(2.10a) 2<u,(I-Pu>—-<({I~-Plu,(I-Pu>
=< u,u>— < Pu,Pu>>0

(2.10b) 2<u,(J-P)u>-<{I-P*)u,I-P)u>
=<u,u>— < P*'u, P*u>>0.
Let f € ID(Ry). For each u € Hy,

< fiu>=<Rof,(I—-P")u>
<NRofllo - (I = P*)ullo < [|Rofllov/2 < u, (I — P*)u >

Vol. 35, n°® 2-1999.



128 L. WU

by (2.10b). Hence f € H_; and the first inequality in (2.8) is shown. The
first inequality in (2.9) follows from

(IR fl11)*> =< Rof,(I — P)Rof >=< Rof, f >< [|[Rofll1- I fll-1.
Similarly we get the other parts of (2.8), (2.9) for Rj. &

2.2. Forward-backward martingale decomposition
We are now ready to show the key

THEOREM 2.5. — Let T = IN. There exist three bounded linear mappings

G:H_1 — Ho= L%(Eag‘)’

<Gf,Gf ><2(||fll-1)
M]._> . H_]_ i LZ(Q,2~¢17P) eLQ(zQ?fO’ P)7

EM ()" < 2(|fll-1)
My i H_oy — L2(Q,290,1P) e ngﬂ,gl,ﬂ?),

EM;(f)” < 2(fll-1)
such that the following forward-backward martingale decomposition holds
P — a.s.

(2.12)  25.(f) = M (f) + M7 (f) + Gf(Xo) — Gf(Xa), Vne N

(2.11)

where
M:(f) = Zﬂk—er(f)y M:(f) = Zek—lM{_(f)'
k=1 k=1

Proof. — Assume at first f € ID(RJ). Let g = R§ f € Ho. Set
(213)  m(g) := g(X1) - Pg(Xo), m*(g) := g(Xo) — P"g(X1).
Obviously IE(m(g) | Fo) = 0, i.e., m(g) € L*(F1, IP) © L*(Fo, IP). And
similarly JE(m*(g) | G1) = 0, i.e., m*(g) € L*(Go, IP) © L*(Gy, IP).

We have by (2.10a) and Lemma 2.3

E[m(g)]* =< 9,9 > — < Pg,Pg >
(2.14a) <2<g9,(I-P)yg>=2<g,9>1
=2<f,f>1
and similarly by (2.10b) and Lemma 2.3
E[m*(9)]* =< 9,9 > - < P"g,P"g >
(2.14b) <2<g,(I-P")g>=2<g,9>1
=2< f’f >_1-

Annales de IInstitut Henri Poincaré - Probabilités et Statistiques



FORWARD-BAGCKWARD MARTINGALE DECOMPOSITION AND COMPACTNESS 129

Observe

Su((I = P)g) = Y (9(Xx) = Pg(Xx-1)) + 9(Xo) — g(Xn)
(2.15a) k=1

= 3 beumle) +9(Xo) — 9(X)

and
Sn((I = P")g)

(2.15b) N ; (9(Xk-1) = P*g(Xk)) — P*g(Xo) + P*g(Xy)

= Zak_lm*(g) - P*g(XO) + P*g(X")'

k=1

Taking the sum of (2.15a) and (2.15b) and noting that f = (I—P7)g, we get
(2.16)

25,() =3 Bkcam(g)+ 3 bham® (g)+ (I~ P*)g(Xo) — (I — P*)g(X.,),

k=1 k=1

which is exactly our forward-backward martingale decomposition for
f € ID(RF).
Remark by (2.10b) that

<{T-P)g,(I-P)g><2<g,(I-P)g>=2<f f>_;.
Hence the linear mappings defined by
f— My (f) = m(R§f) € L*(F1,IP) & L*(Fo, IP)

(2.17) f— M (f) :==m"(Rg f) € L*(Go, IP) © L*(Gy, IP)
f— Gf:=(I-P"Rjf € LYE,a) =H,

for f € ID(R]) are bounded w.r.t. ||f||_;, and all with norm < v/2.

Therefore they admit all the continuous extension to the whole space
f € H_1, denoted by the same notations. Hence the forward-backward
martingale decomposition (2.12) follows from (2.16) by continuous
extension.

Vol. 35, n® 2-1999.



130 L. WU

Remark 2.6. — The forward-backward martingale decomposition (2.12)
is the main new point that we incorporate into the studies of (1.2). The
decomposition of this type appeared at first in Meyer and Zheng [MZ,1985]
and it was developped systematically by Lyons and Zheng [LZ, 1988],
for the symmetric Markov processes in the continuous time. It should
be emphasized that (2.12) is not the exact counterpart of their original
decomposition which is done for g(X;) — g(Xo) instead of S;(f). This is
a key point and we find very difficult to extend their original version to
the actual non-symmetric case.

Notice also that this decomposition is not unique, because in general
there exists 0 # n € L2, measurable w.r.t. o(Xo,X;), such that
E(n|Fo) = E(n | G) = 0, and M{(f) + 1, M (f) — 0 satisfy
also (2.12).

2.3. Several corollaries

We present now several compactness results as direct corollaries of
(2.12). We begin by a maximal inequality and a criterion of tightness (for
laws only).

COROLLARY 2.7. — For each f € H_; or satisfying (1.2D),

(a) the maximal inequality below holds:

(2.18) E sup |Se()P<(24n+3) < f,f>_1, Vn2>1
0<k<n
(b) the family of the laws of

P %S{nt](f) e D(0,1]), n>1
on ID([0,1]) under IP is precompact for the weak convergence topology and
any limit probability measure of this sequence is supported by C ([0,1]), the
space of continuous real functions on [0,1). Here [z] denotes the integer
part of z > 0, ID([0, 1]) is the space of all cadlag functions n : [0,1] — IR,
equipped with the Skorohod topology.

Proof. — (a) It consists to control the three terms appeared in (2.12). At
first for the (F,)-martingale M, (f) := > ,_; k-1 M7 (f), by Doob’s
maximal inequality and (2.11),

Emax (Mg (f))” < 4BE(M,” ()" = anEM7(f)’ <8n < f,f >_1.
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FORWARD-BACKWARD MARTINGALE DECOMPOSITION AND COMPACTNESS 131
For the sum of backward martingale differences M (f) :=
Y ore1 Ok—1 M (f), note that
M= (f) = My_(f),k=0,1,---,n

isa (G- k)kzg,l,...,n-maningale. Hence by Cauchy-Schwarz and by Doob’s
maximal inequality and (2.11) again,

B ypax (M (£))* < 2B(M;7 ()" + 2B max (M7 (f) = M ()
< 2BE(M,(f))" +8E(M,(f))*
= 10nIE(M; ()" <20n < f,f >4
Finally by Cauchy-Schwarz and (2.11),
IE max (Gf(Xx) — Gf(Xo))®
< 2E[Gf(Xo))’ + 2 max (Gf(Xy))’
< 2B[Gf(Xo)l* + 2 ) [Gf(Xy)
k=1
=2(n+1)<Gf,Gf ><4(n+ 1)< f, f>_1.
By the three estimations above, we get by (2.12) that
4IE Tgx(sn(f)f <3x[8n+2n+4(n+1)] < f,f>_1

where (2.18) follows.

(b) It follows from (2.12) by the following three facts: the classical FCLT
for the forward martingale M~ (f); and

(2.19) %I’??X(G F(Xi) = Gf(X0))? — 0, IP - a.s. and in L'(IP)

(by Birkhoff’s ergodic theorem); and finally Lemma A.1 in Appendix for
M=(f). ¢

Remark 2.8. — For each f € ID(Ry) C H_1, we have by (2.15a) with
9 = Rof,Mn(Rof) = 35—, O-1m(Rof),

E( max [Rof(Xy) — Rof(Xo)I2>

1<k<n
(2.20) < 2[IE ax (Mi(Rof))’ + IE max (Sk(f))2]

<28n < Rof,f>+(24n+3) < f, f >_1]
<2x(32m43)< £,/ >4

Vol. 35, n® 2-1999.



132 L. WU

where we have used < Rof,f >=< Rof,Rof >1<< f,f >_1 (by
Lemma 2.4). Up to a numerical factor (2.20) implies, with g = R, f, Kipnis
and Varadhan’s maximal inequality (1.4), and (2.20) does not contain the
explosing term < g,9 >=< Rof,Rof > as in (1.4) when one would
approach to some f € H_; but f ¢ ID(Ry).

As said in the introduction, (2.12) implies not only the maximal
inequalities (2.18) and (2.20), but also the a.s. compactness related to
FLIL, stated in

COROLLARY 2.9. — Let f € H_y. With IP—probability one, the sequence

1

o)

Sy (f) € D([0,1]), n>1

is precompact in ID([0,1]) and all its limit points are contained in

K(V2||fll-1). where

n € C([0,1]; n(t) = /0]t k(s)ds where

K(o) =
k€ L?([0,1],ds) and / k?(s)ds < o®
0

is the ball of radius ¢ > 0 in the usual Cameron-Martin subspace, and
h(t) := /2tloglog(tV €2).
Proof. — It follows from (2.12) by the classical FLIL for the forward

martingale M~ (f) ([HH]), and (2.19) for Gf(X,) — G f(X,), and finally
Lemma A.l1 for M= (f). <

3. CONTINUOUS TIME CASE

3.1. General situation

Let T = IR'. The situation is more delicate because of the
unboundedness of the generator £ of (P;) in L?(E, a). Our first assumption
allows us to define the symmetrization £7 of the generator L.

(H1) D is a sub-algebra of C(E) contained in ID(L) () ID(L*), so that

(C‘E‘C* , D) is essentially self-adjoint in L*(E, ).

Here C(E) is the space of real continuous functions on E, and L is the
adjoint of £ in L?(E,«) (then the generator of (P;) in L*(a) by [Ka]).
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FORWARD-BACKWARD MARTINGALE DECOMPOSITION AND COMPACTNESS 133

Let L7 be the closure of (£t£- D), which is self-adjoint by (H1) and
definite nonpositive. Let (£7,ID(£7)) be the symmetric form associated

to —L7. It is the closure of

L+Lr
2

1
1 €)= 5(< —Lu,v >+ <u,—Lv >) =< —
(3.1) 2
Yu,v € D

u,v >,

We assume in further

(H2) forany u € ID(E7)(\Ho, €7 (u,u) = 0 = u =0, a—a.s.
This condition means that —£° : ID(L?)(C Ho) — Hp is injective. Then

(3.2) ¢ .= (=£7)"": Ran(£7) = D(RS)(C Ho) — ID(L?)

is a well defined self-adjoint operator on Hj.

DerFINITION 3.1. — H; is defined as the completion of the pre-Hilbert
space ID(L) w.r.t. the inner product < u,v >1:= £7(u,v) or the norm

lully == V& (u,u).
‘H_1 is defined as the completion of the pre-Hilbert space ID(RY)
w.r.t. the inner product < f,g >_1=< R§f,g > or w.r.t the norm

Ifll-1 = V<R3 f, f>.

LemMa 3.2. — (a) L? can be extended as an isomorphism Lo :Hy — H_y
and R§ can be extended as an isomorphism Rf : H_1 — H;.

(b) H_1 is the dual Hilbert space of Hi and the dual bilinear relation
<+, >_11 0n H_y X H; is the continuous extension of < f,u >,V(f,u) €
ID(RY) x ID(L?).
(c) For each f € Hy, the following properties are equivalent

(c.i) f € H_y;

(c.ii) f satisfies (1.2C) with D given in (HI);

(c.iii) f0+°° < f,P?f > dt < 400, where (P? = et*”) is the semigroup
generated by L°.

In that case,
(3.3) | fll-1 = inf {C > 0; (1.2C) is valid with C}
=/ < f,P7f>dt
0

Proof. — Its proof is the same as in the discrete time case, so omitted. {
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We turn now to check the forward-backward martingale decomposition.
At first for each test-function u € D C ID(L)(ID(L*) N C(E),

t
(3.4a) M, (u) := u(Xt) — u(Xo) +/ —Lu(Xs)ds
0
is an additive (F;)-forward cadlag martingale; reversing the time,
t
(34b)  M*(u) = u(Xo) — u(X,) + / _Lru(X,)ds,
0

is additive and cadlag, such that (Mj;(u) — Mj_,(u),0 <t <T)is a
backward (Gr_.)—martingale. By Ito’s formula,
t
E(My(u))’ = IE / (L(u?) — 2uLlu)(X,)ds
0
(3.5) =2t < —Lu,u >=2t < u,u >q;
E(M; (u))® E/ (L£*(uw?) — 2ul*u)(X,)ds
=2t < —L'u,u >=2t < u,u >1 .

By Doob’s maximal inequality, for any 7" > 0 fixed,

(3.6a) IE max (My(u))* < 4B[Mr(w))® = 8T < u,u >,
and |

IE max (M (v))”
(3.6b) < 2BE[Mz(u)]® + 218 max (M _,(u) - M;(u))?

< 10E[M}(u)]? = 20T < u,u > .

Taking the sum of (3.4a) and (3.4b), we get
t

(3.7) —2/ LOu(Xg)ds = My(u) + M} (u), Vt>0, IP—a.s.
0

Let IBr be the Banach space of all real (F;)—adapted cadlag processes
X = (Xi)ieo,r) defined on (2, F,IP) equipped with norm || X||r =
\/ESUPte[o,T] |X¢|2. As D is dense in H;, the linear mappings u —
M (u) € Br and v — M*(u) € Br can be extended to u € H;, and
(3.4a,b), (3.5), (3.6a,b) still hold.
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Now by (H1), for any f € ID(R), v = Rif € ID(L?), there are
ur, € D,k > 1 so that uy, — u, L7ur — L7u in Hy. By (3.7), we get for
any f € ID(R§) and for any T > 0,

(3.8) 2 /0 t F(X,)ds = My(RSf) + MF(RSf), Vtel[o,T], IP-a.s.

The two sides of (3.8), as element in (IBr, || -||7), are both continuous w.r.t.
the norm || f||lo + || f||-1. Consequently by continuous extension we get

THEOREM 3.3. — Assume (HI) and (H2). Let f € L3(E, a) satisfy (1.2C).
Then the forward-backward martingale decomposition below holds:

(3.9) 2/Otf(Xs)ds = MP () + M(f), Ve20, P-as,

where M~ (f) := M.(RSf) and M~ (f) := M*(R§f) are additive and
cadlag in time t, linear and bounded in f € Ho(\H_1, verifying

(3.10)  BM7() = EM () =2<f,f>1.
In particular we have

(a) The maximal inequality below holds

(3.11) E sup |Si(f)P < 14T < f,f >_1 .
0<t<T

(b) The family of the laws of {ﬁSn(f) e C([0,1]), n > 1} under IP is
precompact.

(c) With IP—probability one, the sequence

, .
{t — poySm(h) € C01]), 2 1}

is precompact in C([0,1]) and all its limit points are contained in

K(V2[|fll-1).

Proof. — The maximal inequality (3.11) follows from (3.6a,b) and (3.9).
The compactness criteria (b), (c) follow from (3.9), the discrete time’s
FCLT and FLIL for forward or backward martingale (Lemma A.1) and the
following estimation

1 D D * (DO * (DO
~ (sup I M85 1) Mig (B3 1) -sup | M; GRS ) M5y (5 ) 2)—o
both in L!(IP) and IP — a.s. (by Birkhoff ergodic theorem). ¢
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Remark 3.4. — Several simple but key properties in the discrete time case
do no longer hold automatically in the continuous time case:

1) The assumption (H2) is not always valid in the continuous time case,
contrary to (2.1) in the discrete time situation.

2) Lemma 2.3.(a) and (2.6a,b) are no longer valid in general. For example,
‘H_; contains much more elements than those in H_; (| H, (such as Revuz
measures).

3) Lemma 2.4.(a) does not hold in general.

Remark 3.5. — Let ¢ € H_;\'Ho and define
(3.12) S.(p) := liin S.(fx), in Br

where fr € H_1(\Ho and fr — ¢ in H_;. This is well defined by
(3.11). By continuous extension S.(¢) satisfies still the forward-backward
martingale decomposition (3.9) and consequently all claims in Th.3.3.

3.2. The quasi-symmetric case

In this paragraph we assume the sector condition (1.5) and our Markov
process is Hunt. We show now that (1.5) can be used to substitute the
assumptions (H1) and (H2) above for Theorem 3.3. We begin by the
construction of L7.

Let (£,ID(£)) be the closure of the sectorial form (£(u,v) =< —Lu,v >,
Vu,v € ID(L)). Let (£7,ID(E%)) be the closure of (£7(u,v) = 1 <
—Lu,v >+ < u,—Lv >,Yu,v € ID(L)), and —L? be the corresponding
definite nonnegative self-adjoint operator. It is known that ID(L) and
ID(L*) are form core of (£7,ID(E7)) and ID(E7) = ID(E) (see [Ka,
Ch. VI)).

Secondary let us verify (H2). In fact for any f € ID(£7)(Ho with
E°(f,f) =0, then f € ID(E) and by (1.5),

E(f,u)l S KVE(f, £) - VE(u,u) =0, Yue D).

It follows that f € ID(L) and £f = 0. By the assumed ergodicity of
(Py), f =0,a — a.s.

Hence R = (—£°)~! is well defined on H,. Define the Hilbert spaces
(H1,< +->1,]] - |l1) and (H_1,<-,->_1,]|| - ||-1) as in Definition 3.1.
All claims in Lemma 3.2 remain valid with D = ID(L) in (1.2C).

We can now state the following result whose proof is given in Appendix.
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THEOREM 3.6. — Let T = IR™, assume (1.5) and (X:) is a Hunt process.
For f € Ho(\H_1 (or equivalently (1.2C) with D = ID(L) ), the forward-
backward martingale decomposition [(3.9)+ (3.10)] still holds. In particular
all claims in Theorem 3.3. remain valid.

Remark 3.7. — Under the sector condition (1.5), we can prove (the detail
is left to the reader) in the discrete and continuous time cases both,

(i) ID(Ry) is a dense subset in H_;, and Ry := A~ : (ID(Ry),
| - ||-1) — H; is a contraction, where A = I — P or —L.

(ii) equivalence between

(@) f € H_1 or equivalently (1.2D or C),

(b) limsup,_,, +IE(S¢(f))? < +o0;

(©) o*(f) = limi—oo FE(S:(f))? € IR exists;

(d) liminf,_¢ < R.f,f >< 400, where R, = (e + A)~%.

Remark 3.8. — By (3.12) in Remark 3.5, Th.3.6 remain valid for S.(¢)
for any ¢ € H_;. Hence the general finite dimensional CLT in [Va, 1995]
and [OS, 1995] for S.(¢) becomes the FCLT.

Moreover by the a.s. compactness in Corollary 2.9 and Th.3.3.(c) and
the property (i) above in Remark 3.7, and by an approximation of f by
(fx) € ID(Ry) w.r.t. the norm || - ||~1, we get the FLIL below:

THEOREM 3.9. — In the discrete and continuous time cases both,
assume (1.5). For every f € 'H_i, with probability one the sequence
{Sn.(f)/h(n);n > 1} is precompact in ID([0,1]) and the set of its limit
points is exactly K(o(f)) where o(f) is given in Remark 3.7.(ii.c).

APPENDIX

A.1l. Semi-FLIL for sums of backward martingale differences
The following lemma were used in Corollary 2.7 and 2.8. and Th. 3.3.
Lemma A.l. — Let
| my € L2(Go) © LX(G1).
Then M, = ZZ:I 0r_1m; satisfies the FCLT, and IP — a.s.

(A.1) {h—(l—n—)M[n.],n > 1}

is precompact and the set of its limit points C K(o)
where o* = IE(m,)? and K(o) is given in Corollary 2.9.
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Proof. — For a : IN — IR, the notation a with an added exposant C is
used to denote the polygone function defined on IR*, connecting (n,a,),
ie, al = an+ (t — n)(ans1 — an),Vt € [n,n+ 1],n € IN.

The FCLT is easy: note that (M\™ = M,, — M,,_y, k=0,---,n)isa
(Gn—k)osk<n-martingale. By the classical FCLT for martingales (see [HH]),

1
T(MDC) — oW,
in law on C|[0,1]. Consequently
1 1

=M = == (M - ME) Wy — Wy_),

\/’ﬁ n- \/7_7, n n—-n- | — G( 1 1 )
in law on C[0,1]. But (W1 — Wi_)seo0,1 is still a Brownian Motion, the
FCLT follows.

We translate the semi-FLIL in (A.1) (the full FLIL is an equality instead
of C) as

(A.2) dz’st( W )MC (a)) — 0, in C[0,1], P —a.s.

Unlike the FCLT, (A.2) is far from to be a direct consequence of the
classical FLIL for martingale and it is relied on two results.

At first we have proved in [W1] by means of a variant of Skorohod’s
representation that

(A.3) limsup ——

h( 75U sup|Mk| <20 =2v/IE(m)?.

Having this a priori estimation and using an approximation procedure if
necessary, we can assume that m; is bounded.
In that bounded case, Dembo [De, 1996] proves that IP ( = (1 )M (M@ ¢ )

(

satisfies the large deviation principle with speed = 2loglogn and

with rate function

1t
I(v) = — "(t)%dt
M =57 [ 70
if v € the Cameron-Martin space and + oo otherwise
on C[0,1] w.r.t. the uniform convergence topology. Then by contraction

principle,

P(ﬁMc € A) A C C]0,1] (Borel subset)

satisfies the same large deviation principle.
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Finally as well explained in [DS], this large deviation principle implies

(A2). & '
A.2. Proof of Theorem 3.6

We prove the forward-backward decomposition (3.9) in the actual context,
which without (H1) requires Fukushima’s decomposition from the Dirichlet
form theory under (1.5) (see [MR, p. 180, Th. 2.5]):

for every £—quasi continuous g € ID(£7), Vt > 0,
(A4)  g(Xi)—g(Xo) = My(g) +Ne(9) = —M; (9) - Ni(9), IP—a.s.

where (Mi(g)) (resp. (Mz(g) — Mi_,(9)) is a (%) (esp. (Gr—:))
martingale with

(A.5) E[M(9)]" = BIM; (9))" = 2€°(g,9), ¥t >0,

and N(g), N*(g) are continuous additive functional of zero enery so that

Ni(g) = / Lo(X.)ds, Vg e D(L):

(A.6) ?
N/ (v) = / L*v(Xs)ds, Yve ID(LY).
0

By (A4), we get Vt > 0, IP — a.s.
(A7) —Ni(9) — N; (9) = My(g) + M (g).

Now we prove that Vg € ID(L?), IP — a.s.,

(A8) Nu(g) + Ni(g) = 2 / £7g(X.)ds,

for each ¢ > 0 fixed (then for all ¢ > 0 by the continuity of the two
sides of (A.8)). Note that [(A.7) 4 (A.8)] gives (3.8) which leads easily
to (3.9) by (A.5).

To prove (A.8) for ¢ > 0 fixed, we take g € ID(L), g; € ID(L*) such
that gx — g, g5 — g in ID(£7) as k — oo (possible as ID(L), ID(L*) are
form core of ID(£7)). It is well known that
(A.9)

Se(Lgr + Lg7) = Ni(g) + N7 (k) — Ni9) + Ni(9)  in L*(IP).

Notice also Yu € ID(E),
(A.10)
< Lgr+L*ggyu >=—E(gr, u) —E(u, g§) — —2E7(g,u) =2 < L7g,u > .
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Now for (A.8), it remains to show for ¢ = Lgr + L* g},

(A.11) ESq(¢r) H wi(Xy,) — B25,(£7g) [[ wi(Xe)

=0 1=0

as k — oo, where 0 = tg < t; < -+ < t,, = t, u; € bB are arbitrary. This
can be done by recurrence on m > 0 and here we treat only the case m = 1.

t
the LHS of (A.11) =< uo,/ Py(¢rPi—suy)ds >
0
t
:/ < R:UO'Pt_SU1,¢k > ds.
0

For any 0 < s < t, Prug, Pi_su1 € ID(E7) (a consequence of (1.5)) and
they are bounded, then their product P}ug - Pi_suy € ID(E7). Therefore
by (A.10) and the dominated convergence, we get (A.11) for m = 1. &
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