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ABSTRACT. — We consider the hydrodynamic behavior of asymmetric
mean zero exclusion processes with speed change. The model discussed in
this paper is of non-gradient type and so is its associated symmetric process.
We derive a nonlinear diffusion equation for the macroscopic density field
obtained in the diffusive scaling limit by estimating the relative entropy with
respect to the local equilibrium state of second order approximation. The
estimation of the asymmetric part is carried out by using the strong sector
condition. The diffusion coefficient is bigger than that of the associated
symmetric process in the sense of matrix. © Elsevier, Paris

RESUME. — Nous considérons le comportement hydrodynamique des
processus d’exclusion asymétrique de moyenne nulle. Le modele discuté
dans cet article est nongradient, de méme que le processus symétrique
associé. Nous obtenons une équation de diffusion non linéaire pour le
champ de densité macroscopique dans la limite de diffusion. La méthode
repose sur I’estimation de ’entropie relative par rapport a 1’état d’équilibre
local de I’approximation du deuxiéme ordre. L’estimation de la partie
asymétrique est obtenue a 1’aide de la condition sectorielle forte. Le
coefficient de diffusion est plus grand au sens matriciel que celui du
processus symétrique associé. © Elsevier, Paris
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768 K. KOMORIYA
1. INTRODUCTION

We consider the asymmetric mean zero exclusion processes with speed
change whose invariant probability measures are Bernoulli measures. The
model we discuss in this paper is of so-called non-gradient type and so is
its associated symmetric process. We consider the hydrodynamic behavior
of this model and derive a nonlinear diffusion equation for the macroscopic
density by passing to the hydrodynamic limit. Strong sector condition (see
the condition (e) below), which we assume to control the asymmetric part,
will play a key role in our discussion.

Now we describe the model. Let I'y be the d-dimensional periodic lattice
(Z/NZ)? whose points are represented by z = (1, ..., 74). The exclusion
process with speed change on I'y is a Markov process with the state
space Xy = {0,1}'" = {n = (.).ery;n- € {0,1}} whose generator
is given by

Lyf=5 Y elwynlf(r) — fn)] for ne Xy,  (11)

z,yel'n

where ¢ : Z% x Z? x X — [0, 00) satisfies c(z,y,n) = c(y,z,n) and =¥
is defined by

M™)u=q9n (ifu=y)

7. ( otherwise ) .

{ny (ifu=2a)

Here X = {0, I}Zd and n € Xy is identified with its periodic extention to
X. The domain of Ly, denoted by Fyu, is the set of all functions on Xy.
We consider that the site x is occupied if 7, = 1 and free if , = 0.

We also define L by

Lfm =5 > cl@un)f(r) - f(n) (12)

z,y€Z4

for f € Fo and n € X, where F; denotes the set of all local functions on
X, namely the set of all functions depending only on finite coordinates.

Throughout this paper, we assume the following conditions:

(a) Positive and local: ¢(z,y,n) > 0 if and only if |z —y| = 1 and 7, # n,.
¢(z,y,n) depends only on {n,;|z — x| < r} for some r > 0.

(b) Translation invariance: ¢(z,y,n) = c(0,y — z,7,n) for all z,y € Z¢
and n € X.

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



HYDRODYNAMIC LIMIT 769

(c) Mean zero: (Z c(0,y,mMnoy), =0 for 0<p < 1.

lyl=1
(d) Stationarity: Bernoulli measures v, with 0 < p < 1 are invariant
measures of the process associated with L.

(e) Strong sector condition: There exists a constant C, such that

= [t -ain) < 0= | Lp- iy [ 1g-gan it (1)

for all f,g € Fopand 0 < p < 1.

(f) Smoothness of diffusion coefficient:

a(p) = {ai;(p) hr<ij<a € C*([0,1]).

(a(p) will be defined in Section 3.)

Here 7., * € Z?, denote the shift operators acting on X defined by
(T2m)y = My+= and (), stands for the expectation with respect to the
Bernoulli measure v,. 7., € 'y, act also on Xy by (7.1), = Nyt for
y € 'y, with addition being modulo N. They also act on Fy or Fn by
o f(n) = f(7=n).

In view of (a), we restrict ourselves to the nearest jumps. But the methods
used in this paper are valid for more general cases. The fifth condition (e)
is the key to control the asymmetric part. As for symmetric process, the
condition (e) is automatically satisfied with C; = 1. An asymmetric example
which satisfies the conditions (a)—(e) will be given at the end of this section.
We will make some remarks about the condition (f) after Theorem 1.1.

Let 9NV (t) = {n)(t),z € T'x} denote the Markov process on
Xy governed by the generator N2L . Its macroscopic empirical-mass
distribution is the measure-valued process defined by

pN(t,do) = N~ Y nN(t)6./n(dF), 0 €T,

€l N

where T¢ = R?/Z¢ is the d-dimensional torus identified with [0,1)¢ and
bg is the delta measure at 6.

Now we consider the following nonlinear diffusion equation:

d
o160 = 3 g lanlolt. ) 5700 (1.4

Vol. 34, n°® 6-1998.



770 K. KOMORIYA

Here a(p) = {aij(p)}1<ij<a is the diffusion coefficient given in the
condition (f).

We state the main result of the present paper.

THEOREM 1.1. — If the nonlinear diffusion equation (1.4) has a smooth
solution p(t,0) with initial data po(6) € (0,1) and Hy(foltho) = o(N%)
as N — oo, then pN(t,df) converges in probability to p(t,0)df for
every t. (Hy(fol|1o) is the relative entropy defined by (2.3), fo denotes
the initial density, o(n) = Z5"'exp{ Z Mpo(z/N))n.} and Xp) =

zel
log{p/(1 — p)}; see Section 2 for detail.e) )

Hydrodynamic behavior for exclusion processes has been studied by
many authors. It is well known that the entropy approach initiated by
Guo, Papanicolaou and Varadhan [3] is quite useful for analyzing the
hydrodynamic behavior of microscopic systems and the method has been
applied to various gradient type models. For non-gradient models, Varadhan
[10] proposed an effective approach and it also has been applied to various
non-gradient models. In fact, Funaki, Uchiyama and Yau [2] proved the
hydrodynamic limit for symmetric non-gradient exclusion processes with
speed change with the help of the arguments in [10]. Another method
used in [2] is the relative entropy method proposed by Yau [13]. They
modified it in order to treat the non-gradient models and introduced the
local equilibrium state of second order approximation. The framework of
our proof is essentially the same as that of [2]. But, since our model is
asymmetric, we have to modify them and some more estimates are needed.
For asymmetric models, main technical difficulty is how to control the
asymmetric part. For asymmetric mean zero simple exclusion process, Xu
[12] proposed “loop decomposition” method to control the asymmetric
part. The method, however, depends strongly on the property of the simple
exclusion. In this paper, we use the strong sector condition (see the condition
(e)) instead of loop decomposition method to control the asymmetric part
and we extend to general speed change processes. This condition is quite
essential to treat the asymmetric part and simplify the arguments caused
by the asymmetry of the process. In fact, the strong sector condition is
also used for proving central limit theorems for the tagged particles (cf.
[4],[8], or [11]). In addition our model is of non-gradient type and so is
its associated symmetric process. It also makes the arguments complicated.
For the condition (f), we can show that the diffusion coefficient is Lipschitz
continuous in (0, 1) in the same manner as in [6]. But the smoothness of
the diffusion coefficient has not been verified in any case of interest even
if the model is symmetric.

Annales de 'Institut Henri Poincaré - Probabilités et Statistiques



HYDRODYNAMIC LIMIT 771

In Section 2, we prove Theorem 1.1 by estimating the relative entropy.
Several results in Section 2 can be shown similarly to [2], so we outline
the arguments and refer to [2] for details. In Sections 3 and 4, we prove
Theorem 2.1 and Lemma 2.2 whose proofs are postponed in Section 2.
Theorem 2.1 is quite useful for non-gradient type models. This method,
often called “gradient replacement”, was proposed by Varadhan [10]. We
can prove Theorem 2.1 by computing the central limit theorem variances
(see Lemma 3.1). In order to compute the variances of asymmetric terms,
we formulate a fundamental estimate on the variances of functions contained
in a suitable function space in Section 3 (see Theorem 3.1). We also define
the diffusion coefficient in Section 3. In Section 4, we prove Lemma 2.2
by using the strong sector condition. This lemma shows that, in particular,
we can take a function F' which does not depend on local densities in the
local equilibrium state of second order approximation (see (2.5)).

To conclude this section, we explain the 2-dimensional discrete vortex
model given in [4] as one of the examples which satisfy the conditions
(a)—(e). We consider a discrete vortex model in terms of exclusion process
as follows. Each particle moves on Z? like vortex with the same vorticity.
If two particles are at the neighboring sites, one particle is effected by other
particle’s presence and the jump rate to a special direction increases. They
thus effect each other. Mathematical description of this model is given by
the generator L, corresponding to (1.2),

Li) =g 3 U — fol+ 3 S A ). (15)

z,y€Z? z€Z? 1=1

Here the first term on the right-hand side stands for the motion of the

2-dimensional simple random walk with exclusion and the second term
is defined by

Ar,ai f(77) = nwnw—kaz(l - "7z+az+1)[f(77z+a“m+al+l) - f(n)]

Here we label eight lattice points on the boundary of the square [—1,1]?
counterclockwise a,as,- - -,ag, with a; = (1,0). We set ag = a;. We
refer to [4] for details.

We can easily check that the discrete vortex model satisfies the conditions
(a)~(d). For the condition (e), it suffices to check the strong sector
8

condition with respect to each Z A, ... But this is essentially the same

1=1
as Observation 2 in [11]. We can also check that the constant C, does
not depend on p.

Vol. 34, n® 6-1998.



772 K. KOMORIYA

2. PROOF OF THEOREM 1.1

In this section, we prove our main theorem by computing the relative
entropy with respect to the local equilibrium state of second order
approximation. The computations are essentially the same as those of
[2]. But we have to modify some parts since our model is asymmetric.
Before proving our main theorem, we prepare some notations.

For A C I'y or C Z4, (A)* denotes the set of all bonds b = {x,y} inside
A. Now we can rewrite the generator of our model as follows:

Ly = Z C(b’n)ﬂ—ln

be(FN)*

where ¢(b,n) = c(z,y,n) for b = {z,y} and m, = 7., is the operator
on Fy defined by

mf(n) = f(n°) = f(n) for feFy
with nb = n*v.
In the following, we will use the adjoint operator and the symmetrization

of L. The adjoint operator with respect to v, is given by

* 1 * *
LN = 5 z c ('r7y777)7rz,y = Z c (5,77)7% (21)

z,yel'n be(I'n)*

where ¢*(z,y,n) = c(z,y,n"?). The symmetrization of Ly with respect
to v, is given by
: 1

Ly = 3 Z (2, Yy, MTey = Z c* (b, ), (2.2)

z,y€l'N be(T'n)*

where cs(xa yﬂl) %{C(xay’n) + C*((IJ7 Y, 77)} We also define L* and L°
acting on Fj in the same manner as (1.2).

We also define the relative entropy and the local equilibrium state. Let v
be the uniform probability measure on Xy. The relative entropy Hy(f|g)
of two probability densities f and g relative to vV is defined by

H(fl9) = [ flog(/g)av™. (23)
XN
The local equilibrium state v;(n)dv” is defined by
Ye(n) = Z;7 exp{ Z A(t,z/N)n.} for ne Xy, (2.4)
€N

Annales de ’Institut Henri Poincaré - Probabilités et Statistiques
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where Z, _is the normaliza:[ion constant. For the present model, we take
A(t,0) = A(p(t,0)). Here, X(p) = log{p/(1—p)} for p € (0,1) and p(¢,6)
is the smooth solution of the nonlinear diffusion equation (1.4).

We also define the local equilibrium state ;(n)dv"¥ of second order
approximation by

be(n) = Z; Yexp { ) Atz /N)m.

z€ln
1
+ ng: (OA(t,x/N), . F(n))} for 1€ Xy. (2.5)
Here Z, is the normalization constant, O = {0;A\}1<i<4,0; = 5%’

F = (Fy,- - F) € F¢ and (-,-) stands for the inner product of R
We shall also write )\ = a and 02\ = {8 0; /\}1<,]<d = {8,]>\}1<Z7]<d
for A = A(t,0). We remark that F, in the right-hand side of (2.5), does
not depend on local densities p(t,6).

Now we prove Theorem 1.1. The proof is divided into three steps.

Step 1. — First we estimate the relative entropy with respect to the
local equilibrium state of second order approximation. Let hy(t) =
N=2Hn(fe|b:), where fi(n) denotes the density of the distribution of
n™(t) on Xx with respect to vV,

Then by Lemma 3.1 in [13],

P <N~ [ v L - 20 ™. (26)

Xn

Now we compute the right-hand side of (2.6). We note that
N=% "N Ly (n)

N2—d
=—— > <@ yn)exp{(At2/N) = Alt,y/N))(ny — 12)
zyeln
1
+ ey Y (OMt2/N), 7. F)} ~ 1]
zel'n
Nl-—d . . N_d . "
= - 2 Z c (x?yvn)ﬂx,y(n) + Z c (Tayan)Qi,y(n)
z,yel'n z,yel'n
N»d
- > c(zy,m)
x,ye€ly

X Zafjk(t,w/f\’)(yi —x;)(y; — x5)(y — M=) +o(1),

Vol. 34, n® 6-1998.



774 K. KOMORIYA

where
Quy(n) = (OAE,z/N), (y — ) (1 = 12)) = Ty Y, (ON(t,2/N), 7. F).
Set

Q. () = (DAt 2/N), (y = 2)(0y = 12) = Tay (Y 7-F)).

z€l N

Then we have
N~ IN?Lybe(n) = Q1(n) + Q2(n) +0(1) as N — oo, (2.7)

where

Q1(77) = —N;-d Z C*(xay77])ﬁz,y(n)

z,y€l'N

= NS OGN, (= ) )

z,y€l'N

+ NN (Ot @ /N), Ly(r.F)),

ze€ln

92(n>=N44 > el umad, 0

wyGFN
Z (2, y, n)z Atz /N)(yi — 2:)(y; — x5)(ny — 1)

zyel'n

On the other hand,

8¢ —dry10Z
d¢t f=-N dZt 18—;

+N- d_{z (t,z/N)n, + Z(a)\tiﬂ/N) k) }

x€lN .L'EFN

= —EY [N~ Y A(t,z/N)n.]

+ N7 Atz /N)n, + o(1). (2.8)

€l N

2

The law of large numbers with respect to 1.dv verifies

lim E"[N™* )" A(t,z/N)n.) / A(t, 0)p(t, 6)d8. (2.9)

N—oco
z€lN

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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Summarizing (2.6)—(2.9), we have

ahgt(t) < B[ (n) + Qs(n)] + / ) At,0)p(t,8)d0 + o(1)  (2.10)

as N — oo, where Q3(n) = Qy(n) — N~¢ Z At, 2 /N)n,.
zel'n

Step 2. — We next estimate the right-hand side of (2.10). We first estimate
Q3 by using so-called one-block estimate (cf. [1]).

By the translation invariance of ¢ and the mean zero assumption (see the
conditions (b) and (c) in Section 1, respectively), we have

(c"(z,y,m) ZafjA(m/N)(yi —2)(y; — 25)(My = M2))p =0 (2.11)

for all z,y € Ty and 0 < p < 1.
So by one-block estimate (cf. [1]),

t
lim Tim / EfQs(n) + N7 >~ Aty o/N)ie x
0

K—o00o N—oo

zx€ly
N—d
zel' N
where 7, x = (2K + 1)7¢ Z 7y and ¢(p; F) denotes the

y€lz—K,z+K]4NZ4
symmetric d X d matrix corresponding to the quadratic form

(1étos ) = 5 S 40,5, (1 (0, — 10)

ly|=1

— T,y Z TZF))Z),, for 1 € R
z2€Z4

For the flux term €;(n), the next theorem plays an important role. The
proof will be given at the end of Section 3.

THEOREM 2.1. — There exists C > 0 such that

AT T T + — — S 1
Kh_r>noo ]\}Lmoo i Ef[Q(n) + N dwezFN (a(fle,)OA(t, z/N), |A(K)|TmAK(n))
BN 3 (OM /). 2 s YA o W) < 4

Vol. 34, n° 6-1998.
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for all B > 0, where

A(K) = [-K,K]* N2, |A(K)| = (2K +1)7,
Ag = > (y—m)(y—2)

b={z,y}e(A(K))*

The d x d matrix Z(p; F') will be defined in Section 3 (see (3.25)).

We can show in the same manner as in Lemma 3.4 in [2] that

T
_ 1

i i fe[Ni-d E e 5 )JOXNE, 2 /N), ———T1, A

lim A}lm ; FE [ weFN(a(n ,K) ( z/N) A(K)] x(n))

+ N7 YN A @/ N)Py(ile k)] dt = 0, (2.13)

z€lN 4]

where

P(p) = /Op a(m)dm.

We remark that the condition (f) (see Section 1) is used to show (2.13)
(cf. Lemma 3.4 in [2]). On the other hand, by the integration by parts,

- / Tr(82A(t, 0)P(p(t, 6)))df
Td
= /T (OML9), x(p(t,0))alp(t, )N O)dD.  (2.14)

Here Tr denotes the trace of a matrix and x(p) is the compressibility
defined by

x(p) =p—p’. (2.15)
Collecting these observations, we have shown that
r C
h(T) = () < [ BH )it +
0

+3 5 (31 2o F) | + | 20(p)ate) — (i) |}

< [N Iy ds + o(0), (2.16)

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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as N — oo and then K — oo, where

Q4(77) = _Nﬁd Z }‘(t7m/N){ﬁz,K - p(t,q:/N)}

TN ST TH(@ At 2/N){P (e ) — Plplt, 2/ N))})
+ N7 Y (@A 2/N), (x(ei) i )

- X(p(t,.I‘/N))G(p(t%/N))}@A(t, $/N)>?
and || - || denotes the operator norm of matrix.

Step 3. Finally we estimate the first term on the right-hand side in (2.16)
and complete the proof of Theorem 1.1. By the entropy inequality, we have

1 d 1
Ef Q) < sva o8 E¥e [N 0] shi(t) for 6> 0. (2.17)
Now we recall the large deviation type estimate of local Gibbs states (cf.
Theorem 3.3 in [2]). For A(-) € C}(T%) and F € F¢, we define the local
equilibrium state 93 (1)dv™ of second order approximation by

W) =2 exp{ Y Aa/N)n,
zely
1
+ N Z (8)‘(‘T/N)7T£F(n))} for n € XNa
z€e€lN
where Z = Z, pn is the normalization constant. Then for every

G(8,p) € O(T¢ x [0,1]),

lim lim N %log E’*/’iv»F[exp G(n)]

K—oco N—oo

< sup {G(0,0(0)) = I(p(0); A(0))}dB,  (2.18)

p(0)€C(T4;[0,1]) J T4

where

Gn) = 32K +1)'G(e/N, fia k),

[e3

I(p;\) = —Ap + {plog p + (1 — p) log(1 — p)} + log(e* + 1).

Here we divide I'yy into disjoint boxes of size (2K + 1) and « index such
boxes or their center sites.

Vol. 34, n® 6-1998.



778 K. KOMORIYA

Let h(t) = A}im hy(t). Noting that Hy(foltho) = o(N?) implies
h(0) = 0, the next lemma follows from (2.16)—(2.18).

LEMMA 2.1. — Under the assumptions in Theorem 1.1, there exist 69, C > 0
such that for 0 < § < b9 and B > 0,

h(t) < %/0 g(s)ds + l/0 h(s)ds + ¢

5 B
+5 sup (81 205 F) || + | 2x(p)a(p) — & ) [}
p€[0,1]
x /0 1 OACs, ) 22 ay ds, (2.19)
where
g(t) = gs(t) = sup {6 o(u(8);¢,6) — I(u(0); A(t, 0))}db,
u(8)€C(T4[0,1]) JTd

o(ust,0) = =A(t,0){u — p(t,0)} + Tr(O*(t, 0){ P(w) — P(p(t,0))})
+ (9AQ, 0), {x(w)a(u) = x(p(t,0))alp(t, 0))}OA(t, 6)).
We will prove the next lemma in Section 4.

LEMMA 2.2.

inf sup {8 Z(p; F) || + || 2x(p)a(p) = &(p; F) I} =0 for B>0
FeFs p€[0,1]

We can show that gs(t) < 0 by choosing § > 0 suitably (cf. Corollary
2.1 in [2]). So the next corollary is deduced from Lemmas 2.1 and 2.2 with
the help of Gronwall’s inequality.

COROLLARY 2.1. — There exists a function F € F¢ such that for every
€>00<h(t) <eforte|0,T]

Now we return to the proof of Theorem 1.1. For J € C>(T4), 6§ >0
and t > 0, set

A={n€ XN~ 32 Jw/Nm. = [ 1@)0(t,0)001 > ).

z€lN

By the large deviation estimate on v;dv”Y, we have
lim N~%log P¥*(A) = —C(6) < 0.
N—oo

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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On the other hand, by the entropy inequality (cf. [3]),

. log 2 + Hy (fi[4)
PIA) S v 1 P A

So by Corollary 2.1, we have ]\}im P#(A) = 0, completing the proof of
Theorem 1.1. O

3. THE DIFFUSION COEFFICIENT

In this section, we prove Theorem 2.1 whose proof was postponed in
the previous section. The proof will be given at the end of this section.
We use the method called “gradient replacement” proposed by Varadhan
[10] and compute the central limit theorem variances. To compute those of
asymmetric process, we prepare some notations and lemmas. The most part
of the arguments in this section rely on the strong sector condition (e) (see
Section 1). We also define the diffusion coefficient a(p) in this section.

Let Lj g, denote the operator acting on functions f = f(§) on
XA(K) = {0,1}A(K) by

LigfO = D b€ Omf(©).

be(A(K))*

Here n € X is decomposed into n = £ - ¢ where { = nlsx) € ¥a(x)
and ¢ = N|ak)ye € Xak)e = {0,1}A)° We define the linear space of
local functions G by

g= {glg € Fo, (g>A(s(g)),m =0 for Ym € {Ov L |A<S(g))|}}

Here (-)A(x),m stands for the expectation with respect to the uniform

probability measure on Xa(x),m = {€ € Xa(K)i Z & = m} and s(g)
zeA(K)
denotes the size of the support of g, namely

s(g) = min{K € N;g € Fax) }-

Here Fa(x) denotes the set of all o{n, : # € A(K)}-measurable functions
on X. We remark that if g € G, then (g)a(x),m = 0 for all K > s(g) and
m € {0,1,- -, |A(K)|}. We also remark that if g € G, then (g), = 0 for
0<p<1 ForgheGnFpx)) We define

Axmc(gh) = —(9(Li.)” WA m,
AK,m,C(g) = AK,m,C(gag)'

Vol. 34, n° 6-1998.



780 K. KOMORIYA

The next lemma is the key to prove Theorem 2.1. It shows that Theorem
2.1 is proved by computing the central limit theorem variances of functions

in G.

Lemva 3.1. —  Ler J(t,0) = {Ji(t,0)}, € C=([0,T] x
T RY),G(n) = {GiM}L, € Fig N 9' and M(p) =
{Mi;(p)hr<ij<a € C([0,1],R* ® R?). Then there exists C > 0 such
that for every 8 > 0,

T [ BNV Y (/N7 G)

N —oo 0
z€l N

- /BNﬁd Z (](t’x/N)’M(ﬁx,K>J(t7x/N))]dt

z€l'N

< /BT |ll<S|1|l})|I bu?[(ﬂA(K)'((la G)a (_LZ(K),C)il (l> G))A(K)»m

— (MG ACGEDD] + 5.

Proof. — The proof is based on Lemma 6.1 in [2]. Put

Kni(n)=N > (J(t,z/N),7.G(n))

zelN

y Z (t,x/N), M (i) 1) J (t, z/N)).

zel'y

By the entropy inequality,

r 1 N [T eK C
/ Eft [N—dKN?t(’n)]dt < N log B [efo B N,z(m)dt] + =,
0 g g

where "V is the uniform probability measure on Xy. Set

Ut(n) = E"[efo ’BKN»S(ﬂs)ds]'

Here E" stands for the expectation with respect to the probability measure

on the path space corresponding to 7™ (¢) starting from 7). By Kac formula
we have

d ]/ U *
th [uf] = 2E" [uy - (N*Ly + 8K )]

= ZEV [’th . (NQLISV + ﬁKN’t)Ut]
< 2B [wy]? - Qv 5(t),
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where Qp (t) stands for the largest eigenvalue of the symmetric operator
N2L% + BKn;:. So we have

T 1 T C

/ EN N7 Ky (n)]dt < -N"d/ Qn p(t)dt + —.
0 p 0 B

The rest can be shown in the same manner as in Lemma 6.1 in [2]. O

Now we compute the central limit theorem variance of g € G. The next
lemma, the integration by parts formula for functions in G, is useful in
computing the variances. It is essentially the same as Lemma 4.1 in [6]
and therefore the proof is omitted.

LemMa 3.2. — For g € G, K > s(g9) and for x,i such that
{z,z + e} € (A(K))*, set

1 N
WK,x,i(Q) = 9 Z T—yT"y,y+ei(“Ls(g)) 197
yy€A(s(9)),x—yEA(K —5(g))

S

s(g) = Z Ty Thel’l

be(A(s(9)))"

Z <ng : u>A(K),m

zeAM(K —s(g))

d
= Z E <Tx\I"K,:L-,i(g) : 7rac,m+eiu>A(K),m~

i=1 a;{z,x+e, }E(A(K))*

where L

We consider the following R<-valued functions ®(n), W*(n), and
W (n):

®(n) = {(I'i(n)};l=1 = {ne, — 770}?:17
Ws(ﬁ) = {Wf(’fl) ?:1 = {08(0761‘»71)(%1- - "70)}?:17
W*(n) = {W;(n) ?:1 = {c"(0,€i,m)(ne;, — 7]0)}?:1»

where e; € Z? denotes the unit vector to the i-th direction. We remark that
all these functions belong to G<.

For g € G, set

VK,m,<<g>:|A—(1KWAK,m,c< S ng), (3.1)

z€A(K—s(9))
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and
(g > Lo)na)o+ (9 >, o}
xeZd z€Zd
Velo) = leRSdu)Pe}‘ d
LS (0, 64,m) (e, = m0) = Toe (D T h)) )0
i=1 reZ?

(3.2)
We remark that the numerator of V,(g) is well defined for g € G.

The next theorem essentially follows from the arguments in [10]. We
remark that the computations of the central limit theorem variances depend
only on the symmetric part of the underlying dynamics.

THEOREM 3.1. — For g € G,

lim Vimc(9) = V,(9)

Kym— o0, miieyr =

uniformly in p € [0,1] and ¢ € X.

Proof. — We first prove the lower bound. By Schwarz inequality,

Ak Z Te9, —Liry ¢ Z (l,z)¢

z€A(K—s(g)) z€A(K)

+ > )

2EA(K —s(Ls f))

< \/AK,m,C( Z ng)

z€A(K—s(9))

\/AK,m,<<—Lz<K),<< Y Goe+ S nh).

zeA(K) zEA(K ~s(L*f))

We note that

1
linr ——— Nk m
K,m— oo' (= |A(K)| K, a( A(K)C( Z ([II?

zEA(K)
+ Z 72 f))

xGA(K s(L*f))

72 O elvn) (Wei _770) “Wo,ei(z Txf))2>p7

reZ4
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and

1
T DK m Tz9,
AT TR DR

z€A(K —s(g))

_LR(K),(( Z (lvx)gw"i'ZTmf))

zEA(K)

= (g Z (l7'r)77x>p + <g Z Tzf)p

x€Z4 x€Zd

m
Km-»oo,lAK

uniformly in p € [0,1] and { € X (cf. [2]). So we have

lim inf pVK,m,g(g) > V,(9)- (3.3)

K,m—co, ratiy
For the proof of upper bound, assume

v < lim sup Viem.c(9). (3.4)

K,m—oo, MEY—}(H —p
Set

ik, (£) = (L))~ Z 72g) for &€ Xyx).

zEA(K—s(g))

Then we have

1 _
Vim,c(9) = m( Z Tug, UK, ) AK),m

zeA(K—3(g))

> (€ Ompiig,e)®) ag)m

be(A(K))*

1
- 2A(K))

By using this relation, for K > s(g), one can arrange g, and find a
function ux € Fp(k) such that

1
'——< Z T:cg'uK>p:1»

K
AR z€A(K —s(g))

, ° Tk )? 1 o
mbe(glg))*(c (b ) (o)) < -+ (1),

- Y k), = o)) (3.5)

AK
IAC )le(A(K)\A(K—S(g)))*
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(cf. [5] or [10]). Here o(1) terms come from the contributions near the
boundary and one can arrange that they are negligible. Set ¥;(g) =
i Z T yTyyte (— L)) 9. By using Lemma 3.2, we have

2
y:yEA(s(g))

d
1
E3) Z meK,x,i(g) Tz re UK ) p

Z (Wi(g) - oK), + 0o(1),

xEA(K)

where

1
¢i |A( Z T—2Tzzte; UK = Wo,ei(m Z ToUK ).

z€A(K) zEA(K)

We easily see that {¢X)}xcn is bounded in L*(v,). So it has a
subsequence converging weakly to ¢; € L?(v,). Letting K — co, we have

M&

Vi(g) - ¢i)p =1,

=1

> (e Orea )6 < (3.6)

v

| =
—

2

From the way of construction, ¢ = {¢}%; is the germ of a closed form
(see Section 4 in [2]). So ¢; is well approximated by functions of the form
li(ne, — Mo) + To,e; Z 7. f. However, since

x

d

Y (Vi) AL =m0)+70.e D TS Do = (g D (L))ot g D Taf)ps
i=1 x z€Z4 z€Z4

(3.7)
we have v < V,(g), which combined with (3.4) yields the upper bound.
(The uniformity of the convergence automatically follows from the manner
the limit is taken.) O

For g, h € G, we define the inner product < g,h >, by

1
< g,h>,==[V,(¢g+h)—V,(9-h).

4

Set || g |,=< 9,9 >4/ Let ~ be the equivalence relation such that
g ~ hif and only if || g — h || ,= 0. The completion of G/ ~ with the inner
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product < -, - >, is denoted by H, where G/ ~ is the quotient space. In

the following, g € G is identified with the element of H.
Let us introduce four subspaces of H:

L'Fo={L°f;f € Fo}, L*Fo={L"f;f€ Fo},
g ={(LW*(n);l e RY}, G, ={(I,®(n));l € R*}.

The subscripts of G? and G, indicate “current” and “gradient”, respectively.

The next lemma is easily obtained from the definition of the inner

product of H.
LemMA 3.3. — For f € Fo, g € G and | € RY,

KL f.9>,= =g Y Taf)p
z€Z4
< (l,Ws(n)),g >p= <g Z (lvx)nz>/1'
reZd

Proof. — We first note that

'jI{VK,m,((LSf +9) = Vimc(L°f—9)}

1 8
= m( > (L f)

zeA(K—s(L® f+g))

X (_ f\(K),C)_l Z ng)A(K),m
z€A(K—s(L*f+g))

1 .
= m(Lf\(A'),c( Z 7o f)

s€A(K—s(L*f+9))

X (—Lf\(K),g)_l z Te)A(K),m
SEA(K =s(L* f+9))

2eA(K—s(L* f+g)) zeA(K—s(L® f+g))
Since g € G, letting K, m — oo, ﬁ"ﬂ — p, we have (3.8).
For (3.9),

S Wit (LW () + 9) = Viem (LW () = )}
1
= (1, W (1)
ACK)] zE/\(K*S(%;’Vs(fl))Jrg))

X (_ f\(K),C>_1 Z TxQ)A(K),m
c€A(K —s((1,W*(n))+9))

Vol. 34, n® 6-1998.
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Here we can  replace Z (I, W*(n)) by
z€A(K —s((L,W*(n))+9))
—-Lj K),c( Z (I,x)¢;), since the contribution near the boundary
zEA(K)

goes to zero as K, m — oo and IA(LK)I — p. So we have (3.9).

The following relations, which we will use later, can be shown in the same
manner as in Lemma 3.3. These relations are valid for every 1 < ¢ < d,
l € R*and f € F.

<L ®i(n), Wi(n) >,=bijx(p), (3.10)
<L (L, ®()), L* f >,=0, (3.11)
I (W () =< (L, W*(n)), (L, W (n) >,

= 2 S {el0,eom) Ui, — 1)) (312

=1

Here 6;; stands for the delta of Kronecker. Note that [ L*f - fdv, =
JL*f - fdv,. This implies

I L*f =< L*f, L f >,

d
= %Z(c(O,ei,n)(m,ei( Z 7)) oy (3.13)
|2 F < 2 1 (3.14)

CoROLLARY 3.1. — H = G¢+ LsF,.

Proof. — Let Pr denote the orthogonal projection to G¢ + LFy. Then
by Theorem 3.1 and Lemma 3.3,

Lg, (LW () - L°f >,
19 ll,={Vo(9)}/* = sup
o= Wl = e, T aWetn) — o7 1,
=|| Pr(g) ||, for all g€ g.

This completes the proof.
LemMA 34. — H = G, + L*Fo.

Proof. — The assertion obviously holds for p = 0,1. So suppose
0 < p < 1. First we prove H = Gy + L5F,. Note that G,LLF,
(see (3.11)). So by corollary 3.1, if H # G, + L*F, then there exists
a € R\ {0} such that

< (a7 Ws(n))v (/87 q)(n)) >>p: 0
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for all 3 € RY. Hence by taking 3 = «, we have

< (a, W5 (), (@, ®(n)) >,= 0.

By (3.10),
d
< (o, W2(0)), (o, ®(m)) >,=>_af - x(p).
=1
Combining last two equalities yields « = 0. Hence we have H =
Gy + L Fy.

We next show G, + L*Fy = G, + L*F,. This holds if we check that
the orthogonal projection from L*F, to L*F, is onto. Here we have to
modify above argument since the dimension of L*F, is infinite (This fact
was pointed out in [7].). Suppose that there exists an element g € LF,
such that < g,h >,= 0 for all h € L*F,. By the definition of L*F,,
there exists a local function f. such that

lg—Lf|l,<e (3.15)
for ¢ > 0. By taking h = L*f. and by (3.13),
L gL' fe>,=<(g-L°f.)+ L°fo,L*f- >,
=< (9= L f), L' fe >, + | L I
=0. (3.16)
In Lemma 3.5, we will prove
WL fe < Cs [l L fe lp -
Combining this with (3.15), we obtain
| < (g=Lfe), L7 fe >, | < Ce || L fc ||, - (3.17)
Combining (3.16) and (3.17) yields
| L*fe ll,< Cie. (3.18)

Consequently, by (3.15), (3.18) and the triangle inequality, we have

lglly <llg—Lfellp + 1 L°f I,
<e+ Cse = (Cs+ 1)e. (3.19)

Since ¢ is arbitrary, || g ||,= 0 and this proves the onto-property of the
projection. [J

Vol. 34, n°® 6-1998.
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Now we are at the position to define the diffusion coefficient a(p) of
the nonlinear diffusion equation (1.4) for the limiting macroscopic density
field. Since W} € H for 1 < i < d, from Lemma 3.4, there exists a matrix

a(p) = {aij(p)}1<ij<a such that
d —
Z aij(p)®;(n) — Wi(n) € L*Fo (3.20)
7j=1
for 0 < p < 1. We next show the uniqueness of a(p). We first remark that

| (1, ®(n)) [l,=0 if and only if [=0 (3.21)

for 0 < p < 1 (cf. Theorem 5.1 in [2]).

We will use the next lemma not only for showing the uniqueness of a(p),
but also for proving Lemma 2.2 (see Section 4). It gives a bound to control
the asymmetric part in terms of the symmetric part.

Lemma 3.5. - For f € Fo,
WL fll,<Coll L5f |, - (3.22)

Here the constant C is given in the condition (e) in Section 1.

Proof. — (3.22) obviously holds for p = 0,1. So suppose 0 < p < 1. We
first remark that if || L°f ||,= 0 then || L*f ||,= 0, since || L*f ||,= 0 if
and only if f =const. by (3.13). So we also suppose || L*f ||,# 0. Then
as in (3.5), for each K € N, we can find a function ug € Fa(x+s(L*f))
such that

1 B
A2 s =1,
T - c® ThUK )> _ 1
2[A(K)| be(%}:{))*( (b, m)(myuK)®), < 7T +0(1),
1
|A(K)] > {(mpur)?), = o(1). (3.23)

bE(A(K+s(L* FYNA(K))*
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By the strong sector condition and the third relation in (3.23),

I ( Z Ta:f)uK

EA(K)
S m- IA(K i (P - ) 1
wEA(K)
=i K)[ Y. wmh- (Y mft
z€A(K) 2eA(K)
’ {mbe(g(:lf))*(cs(bm)(wbulf) )o}? +o(1).

Noting (3.23) and the relation

{~ |A(K)|< (Y (Y et =L,

zEA(K) zeA(K)
as K — oo, we have || L*f ||,< Cs || L°f ||, as desired. [
In order to prove the uniqueness of a(p), we prepare the next lemma.
LEmma 3.6. - L*F NG, = 0.

Proof. — The assertion obviously holds for p = 0,1. So suppose
0 < p < 1. Suppose for each € > 0, there exists a function f. € Fy
so that

I (@) = L fe o< e (3.24)
By using (3.11) and (3.13),
| L fe P=< (L,®()) — L*fo, L fe > < e || L°f. ||, -

So we have || L*f. ||,< . By Lemma 3.5, we also have || L* f. ||,< Cie.
Since ¢ is arbitrary, (l , @(7})) = 0 in H by (3.24). Therefore lemma follows
from (3.21). O

The uniqueness of a(p) for 0 < p < 1 follows from (3.20), (3.21) and
Lemma 3.6. The continuity of a(p) (see the condition (f) in Section 1)
implies the uniqueness of a(p) for p = 0, 1.

Vol. 34, n® 6-1998.
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Now we prove Lemma 2.2 except for the uniformity with respect to
p. Let Z(p; F) denote the symmetric d x d matrix corresponding to the
quadratic form

(1.2 F)) = (1, a(p)®(n) — W*(n) + L°F) || (3.25)

for I € R? and F € F¢. In the next lemma, as in Section 2, || - || denotes
the operator norm of matrix.

Lemma 3.7. — (i) inf || Z(p; F) ||I=0for 0 < p < L
FeFg
(ii) There exists a constant C, which does not depend on p, such that
| 2x(p)alp) = e(p; F) IS C || Z(p; F) || -

Proof. — The first assertion follows from (3.20). Hence we only have
to prove (ii). From (3.20), there exists a function F® = {Ff}i<;<q € F¢
such that

5 1 2 * * 1€
(e1, Z(p; F)es) —IIZam(p)‘f’k(n) Wi(n)+ L7F; [l,< e (3.26)

for e > 0 and 1 < ¢ < d. By Schwarz inequality,

l«Zw,%m Wi(n) + LFe, LFS 3, | < || IFF ||,
(3.27)
We note that
d
I L2F5 o<l L7 F5 (< e+ 1Y ag(p)@(n) — Wy () Il -
k=1
Since a(p) and || - ||, are continuous in [0,1] (see the condition (f) in

Section 1 and Section 4, respectively), the right-hand side of (3.27) is
bounded above by C\e with some constant Cy, which does not depend on
p,forl <i<dand 0 < e < 1.

On the other hand, by Schwarz inequality and the continuity of || - ||,

I<<Zalk )@i(n) — Wi (n) + L*FE,W(n) >, | < 3Che.  (3.28)
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Using the relations (3.8)-(3.13), for | € R?, we obtain from (3.27) and
(3.28) that

(2, 2x(p)a(p)l) — (I, é(p; F€)1)]
= 12x(p) Y aij(p)lil;

4,j=1

d
= (e (0, m) (i, = m0) — Mo (Y T F9))%), |
=1

i z€Z4
d

d
Z di{< Za’k )®r(n) — Wi(n) + L*F7, L°F; >,

+< Zak )@x(n) = Wi (m) + LF7, WS (n) >, }]

< 2d(01 + Co)e|l}? (3.29)

for 0 < p < 1. This completes the proof. [

Now we recall the definition of the diffusion coefficient of the associated
symmetric process (cf. [9]). The diffusion coefficient of the associated
symmetric process, denoted by a®(p), is given by

o (L eps Gelps )Y - d
l,a’(p)l) = inf l e R%. 3.30
(a(p)l) = jinf S5O for (3.30)
On the other hand, we have
. (L e(p;s FoH) d .
l,a(p)l) = lim —————= for [ € R 3.31
(1 alp)h) = lim =5 (3.31)

with a sequence F° € F¢ defined in the proof of Lemma 3.7. So the
following assertion follows from (3.30) and (3.31).

CoroLLARY 3.2. — (I,a*(p)l) < (L,a(p)l) foralll € R* and 0 < p < 1.
To conclude this section, we give the proof of Theorem 2.1.

Proof of Theorem 2.1. — Apply Lemma 3.1 with J(¢,0) = 0A(t,6),
M(p) = Z(p; F) and
1

G(’?) | ( )|{a(771:K)AK(71)
- > TEWrm+ Y, w(LP)(m))

rEA(K —s(W*)) zEA(K—s(L*F))
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Then Theorem 2.1 follows from above arguments. [J

4. PROOF OF LEMMA 2.2

Finally we prove Lemma 2.2 which was proved in Lemma 3.7 except for
the uniformity with respect to the density p. The key idea is that, though
our model is asymmetric, the uniformity follows from the arguments of the
symmetric case by using the strong sector condition (e) (see Section 1).

We need the continuity of || g ||, with respect to p for the proof of
Lemma 2.2.

Lemma 4.1. — For g € Gand 6 > 0, || g |I2= V,(g) is Lipschitz
continuous in [6,1 — §].

Proof. — We modify the proof of Lemma 4.2 in [6], so we refer to it for
details. From the variational principle and Lemma 3.2, we have

1
Vkmc(9) = = sup {2 Tag " U m
]A(K)] e Fagre xe/\(;g(g))( >A(K)7

1
Y Z (€35, (O) (T2 y 1)) A a),m }
z,yEA(K)
— sup (T2 Uk 2i(9) * Topte s .
T A( K)| uefMK){;( Z K,i(9) +e U)A(K),
1
B 5 Z <ci,:c+ei,C(5)(7rz,z+5¢u)2>A(K),7n) } (41)

wi{,zes} €(A(K))*

Here £ € Xk, ¢ € Xax)e and ¢ ¢ is a function on X (k) defined by

Coy.c(§) = c*(z,y,€ - ¢). We define the operators Ok m and O'K acting
on Fyky by

@) = — 3 ulob,

zeA(K)

(O mt)(§) = = 3 u(oaE)(1 - ,)

z€EA(K)

for u € Fa(x), where

_J1-& (ify=x)
(028)y = {&, (ify#z)
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We can easily see that Ok m O Tay = Mgy 0 0g,, and

(Ok me1t B)AK) ma1 = (U O Y A(K) ms

for u,h € Fy(x). So by using Schwarz inequality, we have

<ci,y,c (Wx»yal?,m+11L)2>A(K),m+1 = <Ci,y,C (UI},m+1W£ayu)2>A(K),m+l

(4.2)
< <c;,y,Cal_(,m+l(ﬂ_m’yu)2>1\(K):m+1 = (Ult,mci,y,c : ("T%yu)2>A(K),m-

Therefore

1, .
21V ke ,2,i(9) '7rw,1+ezu>A(K),m - _2—<C;,x+ei,C(Ww,m+eiu)2>A(K),m

< 2<Tx\PK,x,i(g) ' 7rx,a:+e,-0';(,m+1u>A(K),m+1
1 _
- —i<c;:,x+ei,c(7r$,$+€iJK,7n+1u)2)A(K)>m+1

- 2((0—14;,m - 1)(773\1’1(,%71'(9)) : 7ratf,meei“‘)A(K),m

1

+ 5((0—1—?,771, - 1)(c;,x+ei,c) ’ (W$,$+ezu)2>A(K),m

Since ¥k, (g) is a local function,
(0% m — 1)(TE\I’KI {(9)(©)
K)I — ZI (T2 Wk ,2,i(9))(04€) — (1o VK ,2,i(9)) (E)[(1 — &)

1 01(9)
~AK)| 1 =n’

where n = V\%f_ﬂ We also have

1 C
(OFm = DO S T

Since we may restrict the supremum on the right-hand side of (4.1) to
functions satisfying

Z <(7rx,yu)2>A(K),m S CB(g)lA(K)Iv

z,yEA(K)

Vol. 34, n° 6-1998.
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we have

2 Z |((01_2,m — D)(12 ¥k .2,i(9)) - 7rac,av-kez-u>A(K),m|

v {z,z+e; }E(A(K))”
1

<C _

< Cu(yg) 1—n
We also see that
1 s 1
= Z I<(O'It,m_1)(c;c,x+el,c)(Ww,x+eiu)2>A(K),m| <Cs I—n

z;{w,xtei €(A(K))*

By collecting above arguments, we have

Vim.c(9) < Vima1,c(9) +

We can show in the same manner that

1 Cqg)
[A(K))| '

Vimt1,¢(9) < Vimc(9) +

This completes the proof. [
Lemma 4.2. — For g € G, lim0 Il gll,= [l)in} Il gl,=0.
p— —

Proof. — From the arguments in Theorem 3.1, we have

{Z(‘i}Z(g) : (ZZ(nel - TIO) + T0,e; Z Txf))P}Z

Vo(g)= sup —i— ze2?
P - d .
leR?, feFo R 2
%Z(C (Oveian)(li(nei _T]O) - WO,eI(Z Tz‘f)) >p
i=1 reZd

By Schwarz inequality and the condition (a) (see Section 1), the right-
d

hand side is bounded above by Cj Z(‘i’l(g)Q) » with some constant Cp.
~ 1=1 ~ ~

Since W;(g)’s are local functions and (V;(g)%)o = (¥;(g)?); = 0, the

proof is completed. [

Under these preparations, we complete the proof of Lemma 2.2.

Proof of Lemma 2.2. — By Lemma 3.7, it suffices to show that

inf sup || Z(p; F) ||= 0. (4.3)
Fe}—g Pe[071]
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From Lemma 3.4, for ¢ > 0 and py € [§,1 — ], there exists a function
F,, = {F, YL, € F¢ such that

Nb—l

(ei7 Z(PO: =l Zaw(po (77)+L*Fpo,i loo<e (4.4)

for 1 < ¢ < d. Then for p € [0,1],

(eis Z(p; F, %—nZa”(p ~ Wi (n)+ L Ey i ||,
<|||Zau — W)+ L Fy |,
| Zaw ~ W)+ L Fpi |
+||Zaw (00)®;(n) = Wi (n) + L Epy i [
j=1

+ 1l Z aij(p) — aij(po))®;(n) llp, -

From Lemma 4.1 and the continuity of a(p), there exists a neighborhood
N,, of pg such that above expression is bounded by 3¢ for all p € N, . The
family {N,,, po € [6,1—06]} constitutes an open covering of [§,1—§]. So we
have a finite subcovering family {N; }1<i<n, such that U, N; D [6,1 — 4]
To include 0 and 1, by using Lemma 4.2 and the continuity of a(p), we
observe that

ll Z aij(p)® - Win) ll,<e (4.5)

for every p € [0,8] U [1 — 4, 1] by choosing § > 0 suitably. Therefore by
interpolation, for large n, we can find F, = {F,;}{_, € F{ A(n) Such that
F,(n) is continuously differentiable with respect to p € [0, 1] for each 1 and

[ Zau —Wim) + L F, ||,< e (4.6)

for p € [0,1] and 1 < 7 < d.
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In order to remove the dependence on p, we define F' by F(n) =
{F.(n)}e; = {Fy,...i(n)}X, with sufficiently large m. In fact we have

I Z ai;(p)®;(n) — Wi(n) + L*Fi ||,

d
<Y aii(p)@i(n) = Wi(n) + L Fpi llp + | L (Fy = Fpi) Il -

=1
By Lemma 3.5 and (3.13),

I L5(F = Fpi) llo < Cs || L°(Fi = Fp) ll,

d
= O3 Y0 e moe (Y 7B = Fp))

z€Z4

Now the estimate required for F' follows from computing the symmetric
term and it is essentially the same as the arguments in Lemma 2.1 in [2]. O
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