ANNALES DE L’I. H. P., SECTION B

NATHALIE CASTELLE

FRANCOISE LAURENT-BONVALOT

Strong approximations of bivariate uniform
empirical processes

Annales de I'l. H. P, section B, tome 34, n°4 (1998), p. 425-480
<http://www.numdam.org/item?id=AIHPB_1998 34 4 425 0>

© Gauthier-Villars, 1998, tous droits réservés.

L’acces aux archives de la revue « Annales de 1'l. H. P, section B »
(http://www.elsevier.com/locate/anihpb) implique I’accord avec les condi-
tions générales d’utilisation (http://www.numdam.org/conditions). Toute uti-
lisation commerciale ou impression systématique est constitutive d’une
infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPB_1998__34_4_425_0
http://www.elsevier.com/locate/anihpb
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré,

Vol. 34, n° 4, 1998, p. 425-480. Probabilités et Statistiques

Strong approximations of bivariate
uniform empirical processes

by

Nathalie CASTELLE and Francoise LAURENT-BONVALOT

URA 743 “Modélisation aléatoire et statistique”
Bat.425, Université de Paris-Sud
91405 Orsay Cedex, France

ABSTRACT. — In 1975, Komlés, Major and Tusnddy constructed a strong
approximation of the uniform empirical process {a,(t),n > 1,t € [0,1]}
by a Gaussian Kiefer process. We show that the global error bound provided
by Komlés, Major and Tusnddy may be improved by considering only local
approximation. Moreover we provide explicit constants. We also prove
a local refinement for Tusnddy’s Gaussian strong approximation of the
bidimensional uniform empirical process. The main technical tool we use is
a non asymptotic normal approximation of the hypergeometric distribution.
© Elsevier, Paris

RESUME. — En 1975, Komlés, Major et Tusnddy ont réalisé
I’approximation forte du processus empirique uniforme {a,(t),n > 1,t €
[0,1]} par un processus gaussien de Kiefer. Nous montrons que la borne
d’erreur globale donnée par Komlds, Major et Tusnady peut étre améliorée
si I'on ne considére que 1’approximation locale. De plus nous donnons
des constantes explicites. Nous établissons également une amélioration
locale de I’approximation forte gaussienne du processus empirique uniforme
bidimensionnel die a Tusnady. Le principal outil technique utilisé est
I’approximation normale non asymptotique de la loi hypergéométrique.
© Elsevier, Paris
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426 N. CASTELLE AND F. LAURENT-BONVALOT
1. INTRODUCTION

Let (X;);>1 be a sequence of ii.d. random variables defined on
(9, A, P) with uniform distribution on [0,1]. In this paper we say that
Q is rich enough” if there exists a variable on (2,4, P), with uniform
distribution on [0, 1] independent of the sequence (X;);>;. Let us denote
by Fn the empirical distribution function associated with the n-sample
Fu(t) = (2n, Iy, <t)/n and by o, the centered and normalized empirical
process o, (t) = /n(F,(t) —t) associated to £,. In 1975 Komlés, Major

and Tusnady (KMT) proved the following deep and striking approximation
theorem:

THEOREM 1.1. — Suppose () rich enough. For any integer m there exists
a Brownian bridge B such that, for some absolute positive constants
C, A, )\ the following inequality holds:

P(sup Vnla,(t) — B™(t)] > z + Clogn) < Aexp(—=Xz), (1.1)
t€(0,1]

for all positive x.

This means that «, may be uniformly approximated by a Gaussian
process with rate m~1'/2logn, substantially improving the previous
approximation rate n~'/*(logn)/? (loglogn)/# provided by Brillinger
(1969). 1t turns out that the n~'/2logn-rate is optimal (Komlés, Major
and Tusnddy (1975), see also Csorgé and Revesz (1981), page 140). By
following KMT’s ideas and by refining the Poissonization argument, Mason
and Van Zwet (1987) prove a local refinement of Theorem 1.1. More
precisely, they show that the log n factor in Inequality (1.1) may be replaced
by log(na) when the deviation between ., and the approximating Brownian
bridge B(™) is uniformly controled on [0, a] instead of [0, 1]. Applications
of this local approximation theorem can be found in Mason and Van Zwet
(1987) and Mason (1988). Following the scheme suggested in Tusnady’s
dissertation (as described by Csorgé and Revesz (1981)), Bretagnolle and
Massart (1989) provided explicit constants C = 12, A = 2, A = 1/6
in Inequality (1.1). Although Theorem 1.1 or its refinements have many
applications (see Csorg6é and Revesz (1981), Csorgé and Horvath (1993)),
Kiefer (1969) pointed out that in order to study almost sure properties of the
bivariate process {a,(t),t € [0,1],n > 1} one needs information on the
joint distribution of the approximating sequence { B™ (t),t € [0,1],n > 1}.
As a matter of fact, KMT proved (Komlés, Major and Tusnady (1975),
Theorem 4) that this can be obtained with the cost of a possible loss of
a logn factor in the rate. In this case B (t) = K(n,t)//n where K
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APPROXIMATIONS 427

is a bivariate Gaussian process: the so called Kiefer process. This means
that there exists a sequence {B;(t),t € [0,1],5 > 1} of i.i.d. Brownian
bridges such that K (n,t) = 3°7_; B;(t). The corresponding error bound
may be written as follows:

P( sup sup |vmam(t) — K(m,t)| > (z + C"log(n)) log(n))

1<m<n 0<t<L1

< AN exp(=N'1z) (1.2)

The aim of this paper is on the one hand to provide explicit constants
in Inequality (1.2), on the other hand, to prove a local refinement of this
inequality which has the same flavour as Mason and Van Zwet’s above
mentioned Theorem. The construction of the approximating Kiefer process
involved in our results is the same as in Komlés, Major and Tusnady (1975).
This means that the key step of the proof is to control the difference between
the projection of the bivariate empirical process on the Haar basis and the
corresponding Gaussian quantile approximation. This control is obtained via
Lemma 2.5 below, which provides a non asymptotic normal approximation
of the hypergeometric distribution. Apart from this crucial Lemma, we
also use the theorems of Mason and Van Zwet (1987) and of Bretagnolle
and Massart (1989). Following Tusnddy (1977), we also study the problem
of Gaussian strong approximation of the bidimensional uniform empirical
process for some fixed sample size. As pointed out by Tusnady, this process
is closely related to the bivariate process {a,(t), t € [0,1], n > 1} and
one expects analogous strong approximation theorems. More precisely
let G’n denote the empirical distribution function associated to a n
sample with uniform distribution on the unit cube [0,1] % [0,1] and let
Bn(s,t) = \/n(Gn(s,t) — st) be the associated empirical bridge. Tusnady’s
theorem may be stated as follows: for all integer » there exists a continuous
Gaussian process D™ on [0,1] x [0,1] with E(D™(s,t)) = 0 and
E(D™(s,£)D™ (s ') = (s A ')(t At') — ss'tt, such that:

log
sup  |Ba(s,t) — D™ (s,t)| = O(
(s,£)€[0,1]2 1Bu{,2) = f

Our technique allows us to prove a local refinement of this error bound:

in probability.

log®(nab)
sup Bn(s,t) — D™ (s, )| = O(——=—~
<s,t>e[0,b1x[o,a1! ( v
Organization of the paper. Theorems 2.2 and 2.3 are respectively proved
in Sections 3 and 4. The crucial Lemma 2.5 is proved in the appendix.

Another important lemma, Lemma 3.3, is proved in Section 3.4.

) in probability.
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428 N. CASTELLE AND F. LAURENT-BONVALOT
2. RESULTS

Throughout the paper we denote by In the Neperian logarithm and by
log the function z — In(z V e). We recall the definition of a Brownian
bridge B(™):

DEFINITION 2.1. — A Brownian bridge B™ is a continuous Gaussian pro-
cess defined on [0,1] such that E(B™(t)) = 0 and E(B™ (t)B™(s)) =
SNt — st

The following Theorem combines Theorem 1 of Bretagnolle and Massart
(1989) and Theorem 1 of Mason and Van Zwet (1987).

THEOREM 2.1. — Suppose ) rich enough. For any integer n there exists a
Brownian bridge B™) such that for all positive x, the following inequalities
hold:

(i) For all a € [0,1]

P( sup \/ﬁ[an(t) — B(")(t)| > (x 4+ Cilog(na)) < Ajexp(—A1x)
t€[0,a)

where C1, A1, i are absolute positive constants,

(ii)

P( sup vnla,(t) — B™(t)] > (z + 12log(n)) < 2exp(—z/6).
te(0,1]

Note that (i) is slightly different from Theorem 1 of Mason and Van
Zwet (1987) since we do not impose that a > 1/n. Propositions 3.7 and
3.8 and our definition of log allows us to take a > 0. Before stating our
main results, it is useful to recall the definition of a Kiefer process.

DEFINITION. — A Kiefer process K is a continuous Gaussian process
defined on IRY x [0, 1] such that E(K (s,t)) = 0 and E(K (s,t)K(s',t')) =
(sANS)EANE —tt).

Remark. — If K is a Kiefer process, then K(n,t),n € N*, ¢ € [0, 1] has
the same distribution as >_,_, Bx(t),n € N*,t € [0,1] where (By)i>1 is
a sequence of independent Brownian bridges.

Theorem 2.2 below provides a local refinement of Inequality (1.2) as
well as an evaluation of it’s constants.

THEOREM 2.2. — Suppose 2 rich enough. There exists a Kiefer process K
such that for all positive x, the following inequalities hold:
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(i) For all a € [0,1]

P( sup sup |Vmam(t) — K(m,t)| > (z + Cylog(na)) log(na))

1<m<n 0<t<La

< Ay exp(—Aa2x) (2.3)

where Ca, A2, Ao are absolute positive constants,
(ii)
P( sup sup |vmam(t) — K(m, )| > (& + 60 log(n)) log(n))
1<m<n 0<t<1
< 0.67 exp(—x/30). (2.4)

The corresponding local refinement of Tusnddy’s theorem for the
bidimensional uniform empirical process may be stated as follows:

THEOREM 2.3. — Suppose ) rich enough. For all integer m there
exists a continuous Gaussian process D™ defined on [0,1] x [0,1] with
E(D™(s,t)) = 0 and E(D™ (s5,t)D™(s',#')) = (s A s')(t At') — ss'tt’
such that for all positive x and for all a,b € [0, 1], the following inequality
holds:

P( sup  7n|Bu(s,t) — D™ (s,t)] > (z + Cslog(nab)) log(nab))

0<s<b,0<t<a
< Asexp(—A3z) (2.5)

where C3, Az, A3 are absolute positive constants.

To prove our results, we follow more or less the approach of Bretagnolle
and Massart (1989). So it is useful to recall the proof of Theorem 2.1
(ii). Let (z;),7 € N be a sequence of independent variables, uniformly
distributed on [0, 1]. The proof relies heavily on the following property:
let I’ be the left half of some given interval I, the conditional distribution
of the number of z;’s belonging to I’ given that the mumber of z;’s
belonging to I is equal to n, is the distribution B(n,1/2). Then the key
step of the proof is the following normal approximation of the symmetric
binomial distribution, stated in Tusnddy’s dissertation and proved by
Bretagnolle and Massart (1989). In this lemma, and throughout this paper,
the generalized inverse of a cumulative distribution function F' is defined
by F~1(t) = inf{z; F(z) > t}.

LEMMA 2.4. — Let Y be a standard normal random variable, let ® be
the cumulative distribution function of Y and let V,, be the cumulative

Vol. 34, n° 4-1998.



430 N. CASTELLE AND F. LAURENT-BONVALOT

distribution function of the binomial distribution B(n,1/2). Then the
following inequalities hold:

LU o ®(Y) - (n/2) < 1+ (Vit/2) | Y |
2. | U0 ®(Y) — (n/2) — (Va/2)Y |< 1+ Y?/8.

For the bivariate empirical process {a,(t),n > 1,t € [0,1]}, or for
the bidimensional empirical process {G.(s,t),s € [0,1],¢ € [0,1]}, the
corresponding property can be described as follows. Let (z;),4 € N, be a
sequence of independent variables uniformly distributed on [0, 1] x [0, 1].
Let R be a rectangle of [0,1] x [0,1]. Let us denote by X,ni,nq,n the
number of z;’s belonging respectively to the north west quarter of R, to the
north half of R, to the west half of R and to R. Then given n,ny,ns, X
has hypergeometric distribution H(n,n1,n2). Lemma 2.5 below provides
a normal approximation result for the hypergeometric distribution. This
lemma will play the same role in the proof of Theorems 2.2 and 2.3, as
Lemma 2.4 plays in the proof of Theorem 2.2 (ii). Due to the skewness
of the hypergeometric distribution the statement of Lemma 2.5 involves a
corrective term which does not appear in Lemma 2.4. We will show that
this term can not be avoided (Section E in Appendix).

LeMMA 2.5. — Let Y be a standard normal random variable, let ® be
the cumulative distribution function of Y and let @y n, n, be the cumulative
distribution function of the hypergeometric distribution H(n,nq,ny). We set
p=mni/n, p =ns/n, ¢q=1—p, ¢ =1—p'. We denote by m := npp’ the
mean of H(n,ny,n2) and we denote by o := npp'qq’ the approximation
of the variance of H(n,ny,nz). We define 6 = p—qand §' = p’ — q'. Then
for all m > 0 such that |66'| < 1 — n the following inequalities hold:

L@t odY)-m|<a+to|Y |+b]|68|Y?

n,np,np

2. | @y 0 P(Y) —m — oY |< c+dY?
where a, b, ¢ and d are positive constants which depend only on 1. Moreover
b > 1/6 as soon as |66'| > p > 0. Indeed, if b < 1/6, there exists some

values of Y such that Inequality 1. is violated.

To evaluate the constants in Theorem 2.2, one needs an evaluation
of constants a, b, ¢, d of Lemma 2.5 for |66’| < 1/8. We obtain the
following result:

A special case of Lemma 2.5. - [f|6¢'| < 1/8 and npp'qq’ > 4.5, we get:
L[ @7 0 ®(Y) = m <840 |V | +(7/5) | 68| V2
2. | @7t L o®(Y)—m—oY |< 3404172,

n,np,np
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3. PROOF OF THEOREM 2.2

The proof of this theorem requires two steps: a construction of processes
and a control of the error approximation between the processes. In Section
3.1 we consider a sequence of independent Wiener processes (W;);>1
defined on [0, 1]. (We recall that the Wiener process W; is a continuous
Gaussian process such that E(W;(t)) = 0 and E(W;(t)Wi(s)) = sAt.) For
all integer N > 0, given {W;(t); 2" < i < 2N+l ¢ € [0, 1]}, we construct
a vector UN € R?" @ R?" with the same distribution as:

AN = ((Lx,eqe-1)2-m p2-v; 1 < ke < 2NV); 28N <4 <2V,

In Section 3.2 we establish inequalities (2.3) and (2.4) of Theorem 2.2 for
the sequence (F,(.), K (m, .))m>1 where K is the Kiefer process defined
below. By Skorohod’s Theorem (1976) there exists a sequence (Wi)iZL
W; : (2,4, P) — C([0,1]), with the same distribution as (W;);> and

such that (AN, (W;)av ci<con+1); N > 0) has the same distribution as
(U, (W;)an <icov+1); N > 0). Thus we define K on IN* x [0, 1] by:

K(m ) = 3" Bi(t)

where B;(t) = W;(t) — tW;(1) is the Brownian bridge associated to W;.
3.1. Construction of UV

Distribution of AY. - We recall that a vector Z of R* has multinomial
distribution Mg(n,p1,...,pk), n € N, p; € [0,1], Zlepi =1if

n!
— _ n ng
P(Z = (ny,...,nk)) = _——m!...nk!pll Dy

for all (ny,...,nx) € N with Zle n; = n. Clearly, the distribution of
the vector AV is characterized by the two points below:
1) Each line X; = (Ix,e)k-1)2-~ k2-~); 1 < k < 2V) has multinomial
distribution Mon (1,27N ... 27N),
2) The vectors Xon 1, ..., Xon+1 are mutually independent.

In order to construct U™ satisfying 1) and 2) above, first we find the
conditional distribution of AV given a filtration . Next we construct a
vector UV such that the conditional distributions of AN and U™ are equal.

Vol. 34, n° 4-1998.



432 N. CASTELLE AND F. LAURENT-BONVALOT

Definition of the filtration F. — For m;,m; € NN [0,2V] we
define the ]R2N vector C}ml,mz] as the vector with m; + 1-th to mq-
th coordinates equal to 1 and the rest of the coordinates equal to 0.
We denote by < | > the usual scalar product and by a ® b the
vector (aiby,aibs,...,a1ben,a2by, ... asvbon). We define the vectors
(ej,k);OSjSN; OSkS2N_j—1bYZ

€.k = Qlk2s,(k+1)29]

The R2" ® R?" vector e;;®e;; may be interpreted as the indicator of the
rectangle ]2, (141)2"]x]k27, (k+1)27] and the quantity < AV |e; ;®e;x >
is'equal to 23:;132“21. 11 Ix,elh2i-~ (k+1)2s-~]- In the sequel, we denote
A;’,Ik =< AN|e;; ® ejp >

We define the o-fields F;—1;, 1 =0,...,N, 7=0,...N by:
.7:1\7,]' = O'{Aj\:v];o N k= 0,...,2N.—j - 1}
Fij=o{Att 1=0,... 2V p—o 2N 1,

At 1=0,...,2" k=0,...,2Y7 -1}  fori< N -1

These o-fields form a decreasing filtration with respect to the order <
defined by:

li1 < io
(11,71) < (42,72) © ¢ or
’th = ig and jl < jg.
Conditional characterization of the distribution of AN. — We recall
that a variable X has binomial distribution B(n,p), n € N*, p € [0,1] if

P(sz)Z(Z)p’“(l—p)""“, 0<k<n.

We recall that a variable X has hypergeometric distribution H(n,n1,n2),
n € N, ny,n, € NN[0,n] if

P(X=k) = @((zj—nﬁ), max(0,n1+ne—n) < k < min(ng, na).

n
n2

The following proposition gives a conditional characterization of AN .
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ProposiTioN 3.1. — 1) For j = , N the variables A;V(; ok » k=

0,...,2N=9 — 1, are conditionally to .7-' N,; independent and
N,
( 22k/]:N»J) 5( 21 2k/Aj,k0) = (A;\Jk()’ 1/2)-

For j = N we have AN0 = 2N,

2) For 1 = 1,...,N and] = 1’.”’]\[ the variables A§:11’,22lk ’ | =
0,...,2¥" -1, k = 0,...,2Y79 — 1 are conditionally to F;_y;
independent and

i—1,21 —1,21 il il i—1,21
[’(A 12k/‘7:l 1]) ‘C( —1,2k AJk:7A] 12k’A]k )
. zl 1,1 1—1,21
- H(Aj,k:? Aj—1,2k7 Aj,k )

For i = 0,...,N — 1 and j = N we have Aév’l,o = 2
0,... 2N=i _ 1,

=

IReln;lar{c. - tl}el relations AT_L% + A{,{Mk 1 = Aﬁ and Ag;cl’Ql +
AP = 4 7k give the distribution of AN,
Instead of Proposition 3.1 we prove the following more general statement

which can be used for the both bidimensional constructions (Theorems 2.2
and 2.3).

PROPOSITION 3.2. — Let n be an even integer. Let B := {1,2,...,|B|},
|B| even and let By, By be such that B = By U By, |B:| = |Bs| = |B|/2.
Let A be a set of indices. Suppose that A = I; U ... U, U...U Ip
where |Iy| = |A|/|B| for all b € B. Let (ﬁ’,ﬁ”) e R x R bea
iﬁultinomial vector (R" R") ~ M2|A|(n 1/(2]Al),...,1/(2|A])). We set
R := R + R" Let T' and T" be independent vectors with the same
multinomial distribution M, 4)(n/2,1/|A|,...,1/|A]). We setT :=T'+T".
(Clearly R and T are multinomial vector M|A|(n 1/|A],. 1/|A|2.) We
set D'y B = {Xacs, Ruib € Bi}, Dgl {(Seer, RUb € B1} CBI _
{Yuer, Toib € Bi}, O = {Soer, Tsb € By} and D, DY Cr  Ch.

in the same way. We have:

P(DBl—uBlvDBz_ﬁlea #%1:’&%17 4%2:_‘” _4) ( 77)
< [T Psmenro(me) 11 Premesemn(we)

c€B1 ceB;
(3.6)

Vol. 34, n°® 4-1998.



434 N. CASTELLE AND F. LAURENT-BONVALOT

and
P(C_ZB,—“B,CB = B2,O :ﬂlél?CBz_uBz’T:’D‘)
P =0y .
mL=n/2
— c€By X P, m m:; P. Y 'Ll,:,
Pg(n,1/2(n/2) H B(me,1/2) (M) H H(meue,ml) (Ue)

c€B; ceB;

3.7
where ul,, u., m., m. are respectively the c-th coordinates of the vectors
iy, Up, +1Up,, U, +Up,, Up, +Up, +iUp, +Up, and with the notation
Py (k) := P(X = k) when X has distribution V.

Proof of Proposition 3.2. — Let us denote respectively by v,, v
a-th coordinate of ¥, ¥, ¥". Proof of (3.6):

PR =7,R'=")=PR=9) [ Psw.rn®,) (8
a€A

Thus the variables R/, a € A, are conditionally to R independent and
Yacr, Bo ~ B oca Ba, 1/2). We obtain:

v the

a,?

P(Dy, = iiy,, Dlg, = ill,, “;;1 = iy, , D}, = i}, R =17)
=P(R=9)x [[ Psrsz () [] Potme-uejz(ml—ul)
c€EB; ceEBy
=P(R=9) % [[ Psemersy(ml) [ Precmewemy) (ul).
c€EB,y c€B;

Proof of (3.7):

P(T = U)][Z v =n/2

o P, v, ()
Pg(n,1/2(n/2) [Eq B(va,1/2)(Va)

P = &, T = ") =

Here we use a factorization to obtain:

=1 _ —w —/t =
P(CB]—’U’Bl’CB2—uBz’C —= C ——UBQ’sz

=3

P(T = 17)][2 T
c€By X P Y !
Ps(n,1/2)(n/2) I > (e 1/2)(%%))

c€B; vlia€l(e)

’U/ :’U,l

agl(c) ¢ ¢

’

<ITC 3 Poyn(l)
c€EB,y vl ia€l(c)

v g’"l’ u’
a€l(e) © €
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(Since |B;| = |Bz|, we can write u/,, m/, for ¢ € Bs.)
We use:

Z Ps(v,,1/2)(vs) = Pru,,1/2)(us,)

vpia€l(e)

! _ul
Zael(c) YaThe
and conclude as previously. O

Remark. — The construction used in the proof of Theorem 2.3 is justified
by (3.6). The construction used in the proof of Theorem 2.2 is justified by
(3.7) but this justification is not immediate. Therefore we detail the proof
of Proposition 3.1 below.

Proof of Proposition 3.1. — Part 1) is the result used for the unidimensional
construction (Theorem 2.1). Let us notice that this result follows from (3.8)
by taking

D N,0 1 —3
R = (A]"] 5k =0,...,2779 1)
'] N,0 1 N—j

R" = (A} 5 sk =0,...,2Y77 —1).

To prove Part 2) we set

T = (A5 "k =0,...,28 = 1)

Cpu= (A hsk=0,...,2V7 1)

Gl = (AN b= 0,002V 1)
for I = 0,...,287" — 1. We get Fiy; = U(ﬁ,éjlsl,l + (7332,1# =
0,...,2N=% —1). Since the 2V ~* o-fields: U(Tl,afl”)’ l=0,..., 2_‘N”i -1,

are mutually independent and since the variables 7;,Cp ;,Cp,, are
o(T/,T])-mesurable we have:

L(Cp, 51=0,...28 7 —1/F;_y )
N—i_ — . N
=®, 15(0231,1/0(11!,0231,1 +C5,1))
and we can apply (3.7). O
Construction of UY. — Given the sequence {Won ;(t) ; 1 < i <

2Nt € [0,1]} we have to construct a vector UY € R2" @ R?" such that
L(UN) = L(AN). As previously we denote Uy =< UNl|e;; ® ej 1 >.

Vol. 34, n° 4-1998.



436 N. CASTELLE AND F. LAURENT-BONVALOT

We construct ((U;,lc, k=0,...,2Y79 —1);1=0,...,2N~% — 1) following
the order defined previously. Thus, the pair (i, j) takes successive values:

(N,N) < (N,N—-1)<...<(N,0)
< (N-1,N)<x(N-1,N-1)<...<(N-1,0)
< ..
< (0,N)<(0,N—-1)=<...<(0,0)

(3.9)

Let ®,7,,®, ,, n, be the cumulative distribution functions of the
distributions A/(0, 1), B(n?p), H(n,ni,n2). Let ZJN_’?,% and Z;:i’;ic, 1=
1,...,N, 1 =0,....,2N % -1, j=1,...,N, k=0,...,289 — 1 be
some independent random variables with uniform distribution on [0,1].
From Proposition 3.1 we obtain that the vector UV defined by:

(( 77N.0 _ 9N
UN,O_2
J

NO -1 N,0
U'—1,2k = lIJUN’;O(Zj—l,Qk)
7

N,0 __ 17N,0 N,0
Uj—1,2k+1 = Uj,k - Uj—1,2k

L0< k <2V 1
for j = N,...,1 (i.e. for the first line of the array (3.9)) and by:

i-1,20 _ x—1 i—1,21
U 1k = (I’Uu Ut U%—1»21(Zj—1,2k)
Ik J—1,2k>7 5,k

i—1,2141 _ gri,l i—1,21
Uj—1,2k - Uj—1,2k - Uj71,2k
i—1,21 _ rri—1,21 i—1,21
Uj—1,2k+1 - Uj,k - Uj—-1,2k

i—1,214+1 _ 77i,l i—1,21
Uj—1,2k+1 - Uj—1,2k+1 - Uj—1,2k+1

(0<k<2VN-1_-1 o0<i<2oN-i_1

when (i — 1, j — 1) describes the other lines of the array (3.9), has the same
distribution as A". Then it is enough to construct the sequence (Z,’cll) We

denote by WV the R*" @ R?" vector defined by:

WN = ((Wi+2N (k)2~N) - Wi+2N((k — 1)2_N),
E=1,....2M)i=1,...,2M).
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Let & b g R :
;& be the R® ® IR* vectors defined by:

éj,k:ej—l,Qk—E;—k for I<j<N;0<k<2VN7_1,

Then B = {&;, ; 1 < j <N ; 0<k<2V7 -1} Uepg is an
orthogonal basis of R?" and B® B is an orthogonal basis of R @ R?".
Thus the variables < W|eno ® €5 >, < WN|&g; @ €6 >, 1 < i <
N, 0<I<2N""-1,1<j<N, 0<k<2V¥9 -1 are independent
Gaussian variables with expectation 0, Var(< W |eyo ® €5 >) = 27/4
and Var(< WV |é;; ® &, >) = 21t7=N /16. Hence we take:

I _ -
ZJI‘V—’?,% = @((Z) V2 < WN|6N,0 ® €,k >)

forj=N,...,1,k=0,...,2V77-1

i—1,21 20+i—N ~1/2 Ni~ N
4 Yok = (I’((T) < WV ®éjr >)
for (¢ —1,7—1)=(N,N)<...<(0,0),
1=0,...,2% % -1, k=0,...,2Y77 -1,

Let us remark that for j = N, N —1,..., 0 successively, the construction
of (U;Y,;O; k =0,...,2Y79 — 1) is the same as the construction made
by Komlés, Major and Tusnddy (1975-Theorem 3), Mason and Van Zwet .
(1987) and Bretagnolle and Massart (1989). The behaviour of the deviation
| <UN —WPN|g;; ® é;, > | is explained by Lemma 3.3. The first part
gives a control of | < UN — WN|é;; ® ;1 > | on an event which avoids
large deviations and allows to control the probability of such an event.
The second part gives an exponential bound of the error probability. This
lemma is proved in Section 3.4.

Lemma 3.3. — Given WY, let UN be constructed as in Section 3.1 and let
5;2 be the standard normal variable defined by < WN|é;; ® &;, >:

é-i',l _ (2i+j—N
3.k 16

1. Let € be a real number of |0, 1] and let @31,6(6) be the event:

)71/2 < WNléi)l ®éj7k > .

Ol (e) = (JUIV2 = 2im =N | < i 14Ny
n {|U;;1’2l+1 _ 2i—1+j—N| < 621—1+j—N}
U} o = 2797 | < ety

N {lU;£1,2k+1 - 2i+j_1kN‘ < €2i+j_1_N}-
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We have
P((0%,(€))¢) < 8exp(—2"1N"1h(e))

where h(t) = (14 t)In(1 + t) — t. Moreover,
(a) For e <0.35and i + j — N > 8 on the event @ ' (€) we have

| <UN —WNg @& > |
< 340.6039(£77)? + 1.628 x 27CH M| < UNg; @ €4 > |
+ 0.874210 x 27+~ < UNle; ; ® &5, > |
+0.032332 x 27GH M| <« UNe; ; @ e, > —27H V|2,
(b) For each pair (i,l) there exists a sequence of independent standard

normal variables (5*”) j=1,...,N, k=0,...,2879 — 1, such
that we have

~ 1+€ 49— *1,
| <UN|ei ®ép > | <1+ \/:1—‘2““ N2 |gx ] on 7% ().

For each pair (j,k) there exists a sequence of independent standard
normal variables (5**; ),i = 1,. I =0,...,2Y7" — 1 such
that, for i+ j — N > 2In(6/(1 — e))/ln(2) we have

~ 1+E i+7— *k 7
| <UNeiu @ eju > | <3+ = 209 N21E 5 on O] (e).

2. There exists universal positive constants D, pi such that for all positive
real t we have:

P(|<UN —WN|g 1 ®éx > | >t) < Dexp(—ut).

Remark. — the joint distribution of these three sequences &, £*, £** is
unavailable. Nevertheless it is obvious that they are not independent.

3.2. Proof of Inequalities (2.3) and (2.4)

We recall that log(z) = In(z Ve) and K(m,t) = Y .-, Bi(t),
Bi(t) = W;(t) — tWi(1), where (AN, (W;)an cicon+1), N > 0) has the
same distribution as ((UY, (W;)an <;<ov+1), N > 0). Let us denote by
P, (a) the following probability:

Po(a) =P( sup sup |vVma,(t)— ZB(t)| > (z4+Cy log(na)) log(na)).

1<m<n 0<t<a
=1
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To obtain Inequality (2.3) of Theorem 2.2 we have to prove the existence
of positive constants As, Ao such that

sup Ppn(a) < Agexp(—A2z)
a€l0,1]

and to obtain Inequality (2.4) of Theorem 2.2 we have to prove that
P.(1) < 0.67exp(—z/30).

This follows from Propositions 3.4, 3.5 and 3.6. Inequality of Proposition
3.4 is due to Kolmogorov (Brownian part) and to Dvoretzky, Kiefer and
Wolfowitz (1956). The constants for the empirical bridge are due to Massart
(1990). Propositions 3.5 and 3.6 are proved in Section 3.3. Proposition 3.6
is the key to Theorem 2.2, but with this proposition we can only control

2N 41<m<2N+1 0<t<a

sup sup |v/mam(t) — Z Bi(t)]

when 2V is large enough. When we can not apply Proposition 3.6, we
systematically use the following bound:

P(supsup [v/mam(t) = 3 _ Bi(t) > @) < P(supsup [vman(t)| > Az)

+P(Sip81ip | Z Bi(t)] > (1-M)z)

(3.10)
with 0 < A < 1, and we control sup,, sup, |Z,(t)| directly, where
Zm € {\/mam, Y iv; B;}. This is the subject of Propositions 3.4 and 3.5.

ProrosiTION 3.4. — Let Z,, be one of the processes \/ma,,, or Zzl B;.

P( sup sup |Zn(t)| > x) < 2nexp(—22°/n).
1<m<n 0<Lt<L1

PROPOSITION 3.5. — For all a € [0,1] we have

. - exD( — x2(1 —a)
P(ISS:LI;HOS;% [Vmam(t)] > @) < 2exp(1) exp(—5— R =75
and P( sup_sup |3 B0 2 ) < 2exp(D) exp(~Z =),

1<m<n 0<tLa =1

Vol. 34, n° 4-1998.



440 N. CASTELLE AND F. LAURENT-BONVALOT

Remark 1. — Propositions 3.4 and 3.5 hold for any sequence of
independent Brownian bridges (B;)i>1 (not only for B;(t) = Wi(t) —
tWi(1)).

ProrosiTION 3.6. — Suppose §) rich enough. For the sequence of
independent Brownian bridges (B;)i>1, defined by B;(t) = Wi(t) — tW;(1)
we have:

(i) There exists absolute positive constants Cy, Ao, Ao such that:

P(  sup sup |(vmoum (t) — V2N agn (t)) — (Z By(t) — ZBi(t))|

2N 4+1<m<2N+1 0<t<a

> (z + Coplog(2Va)) log(2;’a)) < Ay e;p(—on)

for all positive x, for all integers N and for all a € [0,1] satisfying
z + Colog(2Va) < (2Na)/12.

(ii) For all positive x and for all integers N satisfying x + 42log(2V) <
(2N)/12 the following inequality holds:

P( sup sup
2N $1<m<2N+1 0<t<1

(Vo) = VE¥ (1)) — (3 Bu(t) ~ Y Bilt)
> (z + 421og(2™)) log(2™)) S_ 0.0017 exp_(—x/21).

Control of P, (a). — We choose Cy = Do + (D1/1n2), where Dy = 42
and Dy = 12 for a = 1, and Dy = Cy V 42 and D, = C; V 12 in the
general case (Cy is the constant of Proposition 3.6 (i), C is the constant of
Theorem 2.1 (i)). Throughout this proof, we systematically take A\ = 1/2
when we use Inequality (3.10). Propositions 3.4 and 3.5 give a control of
the right side of Inequality (3.10).

If © + Dolog(na) > na/12, then z + Czlog(na) > na/12. When
a € [0,1[, Proposition 3.4 (for a > 1/2) and Proposition 3.5 (for
a < 1/2) give the result. When ¢ = 1 and n > 3, Proposition 3.4
gives P, (1) < 0.5exp(—2z/24). When a = 1 and n < 2 we remark that
SUP1 <y <n SUPo<t<1 |VMam(t)| < 2. Thus Proposition 3.4 gives the result.

If z + Dglog(na) < na/12, we remark that na > 4206 (because
Dy > 42), and in this case we have logna = Inna. Let Ny be the
integer such that 2o < n < 2Not+1 (IV; > 12). Let Ag be the integer such
that 240=No=1 « g < 240=No (12 < Ay < Np). We set jo = No — Ag + 3
(3 £ jo < Np). Notice that in the case @ = 1 we have Ay = Ny and j, = 3.
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For all integers m > 27° we define 7(m) as the greatest integer of the grid
{251 > jo} with w(m) < m. Then we have

Pn(a) < P (a) + Py, (a) + P, (a)

where

1<m<2d0 0<t<a

P(a) =P( sup sup |Vmoam(t) - E B;(t)]
> (z + Cylog(na))log(na))
Px,(a) =P(  sup sup |vVmam(t) — /m(m) o m (t)

290 <m<2No+1 0<t<a

m

- (Z)+1 B;(t)| > (mz + Do log(na)) log(na))
P2, (a) = Os<1t1<pa Nil V21 g () — V2l (2)
:Z:l B;(t)] + [V290 i ()
- ZZ By Y22 + (D1/In2) log(na)) log(na))

where 0 < 71,72 < 1 Y1+ 72 =1 and ZN" L= 0.

Control of P (a). — We write z + Cs log(na) =y + Cy log(2%°a), with
y = x + Cylog(n277). We have y + Cylog(2°a) > (2%°a)/12, because
2/0q < 8. We apply Proposition 3.4 if a > 1/2, and Proposition 3.5 if
a < 1/2. We obtain:

sup P%(a) < Aexp(—Azx)
a€l0,1]

where A and A are positive constants and
Pio(1) < 107% exp(—2.97).
Control of P} (a). — Let us define Q;(a) b

m

Qia) =P( sup  sup |Vmon(t) — V2an(t) — Y Bi(t)l

1 I+1
2t <m<2i+1 0<t<a i=2l4+1

> (712 + Do log(na)) log(na)).
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We have

No
Pho(a) <> Qula).

I=j0

For all I, we write vi2z + Dglog(na) = y; + Dglog(2'a), with y; =
12 4 Do In(n27). If y; + Co log(2'a) > (2'a)/12, we use Proposition 3.4
for a > 1/2, Proposition 3.5 for a < 1/2 (see Remark 1), as well as the
following stationarity property:

L(VMam — V2ag) ; 28 <m < 2% = L((vVmam) ; 1 <m < 2Y)

L(( zm: By); 2 <m§2’+1)=£((i31-); 1<m<2).

=241
We obtain:

sup Qi(a) < A exp(—XNy)
a€0,1]

where A’ and )\ are positive constants and
Qi(1) < 4.7 x 107% exp(—0.18y,). .
If y; + Do log(2'a) < (2'a)/12, we use Proposition 3.6. Finally we obtain:

) No A”Q)‘”DO
Sl[lopl] PNO ((l) < Z A eXp(—A”yl) < 2>\_HD.0.__.._1. eXp(_A/I’Y]_x)
acld, l=jo N
with A” = max(A’, Ag), N/ = min(\, Ag) (where Ay, )¢ are the constants
of Proposition 3.6 (i)) and

4
A 71z
P (1) < 0.0017 x 2 exp(—5-).

Control of P} (a). — Let us define T;(a), for I > jo, and T}, _1(a) by:

Tl(a) = P( sup IV 2l+1a2t+1(t) - \/?&21 (t)

0<t<a
ol+1
- Z Bi(t)| > (In2)y2z + D, log(na)>
1=2141
230

Tj,—1(a) = P( sup |V200ag (t) = > Bi(t)] > (In2)yz + Dy 1n(na)) .

0<t<a i—1
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We have

No—1

Pi,(@) < > Tia).

l=jo—1

Forl € {jo, ..., No—1} we write (In 2)y2z + D1 log(na) = y;+ D; In(2'a)
with y; = (In 2)y22+ D; log(n2~!). We recall that the construction realized
at the first step (¢ = N) is the same as the construction used by Komlés,
Major and Tusnddy (1975), Mason and Van Zwet (1987) and Bretagnolle
and Massart (1989). Thus Theorem 2.1 gives:

sup Ti(a) < Aqexp(—Aiy)
a€0,1]

and Tj(1) < 2exp(—%).

The control of T},—; is the same as the control of Q;,(a). We obtain:
sup Ty,-1(a) < A” exp(~\"z)
a€[0,1]
and Tj,1(1) < 107 exp(—175(In 2)y27)

where A"’ and A" are positive constants. Finally:

Ay

sup PJ2\JO (a) < (2—)‘31“_—1 + A" exp(— min(A;72(In 2), A"")z)

a€0,1]
and
A172(In2)z
____6_)
We choose 7; and 7y, such that v, /21 = ~v(In2)/6, which completes the
proof of Theorem 2.2.

P2 (1) < (% +10799) exp

3.3. Proof of Propositions 3.5 and 3.6

3.3.1. Proof of Proposition 3.5
Let us define U,,(t) by U,.(t) = vV/man(t)/(1 —t). We have

P( sup sup |vVman(t)| > z) < inf(P, + P))
1<m<n 0<t<a r>0
with
P, =P( sup sup exp(rUm(t)) > exp(rz))
1<m<n 0<t<a

P, =P( sup sup exp(—rUn(t)) > exp(rz)).
1<m<n 0<t<La
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Let us set V,, = supgcic, exp(rUn(t)). Thus (V,,,m > 1) is a
submartingale and the Doob Inequality gives:

U,(t
P, < exp(=r)E(V,) < exp(—ra) int B( sup (exp(" 1)),

Since (U,(t),0 < t < a) is a martingale, (exp((r/p)U,(t)))? is a
submartingale for p > 1. Using the second Doob Inequality (1953) (see
Shorack and Wellner (1986), page 871) we get:

p
p—1

P, <exp(—rz) Il)r;fl( )P E(exp(rU,(a))).

Similarly we get:

p
-1

Pl < —rx)i P -

» < exp( m)}ggfl(p )JPE(exp(—rUn(a))).

Using inf,~1(p/(p — 1))’ = exp(1) and the Bernstein Inequality (see
Shorack and Wellner (1986), page 440, Inequality (4)) we obtain the first
inequality of Proposition 3.5.

Using that (3.~ Bi(t)/(1 —t), t € [0,a]) is a martingale the same
technique gives the second inequality of Proposition 3.5.

3.3.2. Proof of Proposition 3.6

We prove parts (i) and (ii) together. Therefore we set Cy = 42 for
a =1 and Cp > 42 otherwise. Since z + 421log(2Va) < (2Va)/12, we
have N > 13. Let A be the integer such that 24-N-1 <« 4 < 24-N
(13 < A < N). Now it is enough to prove Proposition 3.6 for a = 24~V.
The constants would only be modified by a multiplicative factor, except
in the case a = 1.

We define 14, by:
Mg, =P( sup sup  |A(m,t)| > T4)
2N L1<m<2N+1 0<$<2A-N

m

A(m, 1) = (Vmam(t) = V2Nasx () = (Y Bi(t) - Z Bi(t))

=1

Tax = (z+ Co log(QA)) log(QA).

To obtain part (i) we have to prove the existence of positive constants
Ao, Ao such that:

sup 14, < Agexp(—Aox)
13<A<N
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and to obtain part (ii) we have to prove that
Iy, <0.0017 exp(—z/21).
In I) we bound 114, by a sum of probabilities:
Iy, < P(90)+Hh,x+nf’4,w+ ][ASN—IT,i,m‘FT,i’z—i‘Tg’x‘l‘Tj’w‘F]IASN—lT,i@'

In IT) we control the terms of the right side defined in I).

I) Upper bound of II, .. — We choose a grid adapted to a (more
precisely to A) and z. Let Lo := Lo(A, ) be the integer such that:

Lo+ A=N=1 < 0.8636(x + Cylog(24)) < 2Lo+A-N,

Remark 2. - N — A+ 9 < Ly < N -3.

For each m € {2V 4+ 1,...,2M*1} we define 7;(m) as the integer such
that
(m1(m) — 1)2%0 < m < 7r(m)2%e.

For each t € [0,247N] we define m,(t) as the integer such that
(ma(t) — 1)2EeHA=NI=N 4 < gy (4)2( Lo+ A=N)=N

We set £ = [2N—Lo 4 1;2N+1-Lo] | = [1;2N~Lo], u; = L2L° and
s = K2otA-N)=N_We have

HAJ S H}‘l,a: + H?ﬁl,x

with:
I, , = P( sup sup  |A(m,t) — A(ry(m), m2(t))] > aTew)

2N 41<m<2N+1 0<t<24-N

1% , = P(sup sup |A(ug, sx)| > (1 — @)Taz).
LeL KeK

Study of IT?, .. - We set A(ur, sk ) :=< UN =WN[(o,u, ~271®(Co,sx] —
skenp) >. By definition of (B;)i>1 we get:

H2A,:I: = P(Sup sup |A(UL’SK)| .>_ (1 - a)TA,z)'
LeL KeK

The expansion of the vector (jo,., —2~] on the orthogonal basis of R?" Bis:

N
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with f(4,L) := (4, f*(3, L)) where f*(i, L) is the integer defined by
16,02 +1 < (ug —2V) < (f*(3,L) + 1)2°
and where

1 < Qoug—2MI€56,L) >
¢ = 52 .

It is clear that 0 < éL < 1. More precisely:

T

N
> @ <2(N - Lo+0.5)/3.
i=Lo+1
Proof. — Let d(a,b) := |b — a|. We have ¢F = 2'~%d(L2"°,2' N).
Moreover d(L2%,2¢ N} + d(L2%, 2071 (2 N + 1)) = 27

Therefore 0, ., 27 (d(L2%°, 20 N) + d(L2%, 27712 N + 1)) =
N — L.

Using d(L2%0,2°-1(2 N + 1)) > d(L2%0,2"~! N), we obtain :

N
N-Lo>( Y @7 +279)d(L2",2' N)) - 27Vd(L2™, 2V N)

1=Lo+1
N
3 . 1
25 2 &5 .
1=Lo+1
By Remark 2 we get
N
. 2A
DY a<T (3.11)
i=Lo+1

It follows that

N
|A(ug,se)l <1 Y & <UN =WVésr) @ (Qosx) — SKN,0) >l
1=Lo+1

+H < UY = W¥eno ® (Go,ox] — SKEN0) > |-

The same expansion for (]0,5 «] leads to:

N N
|A(ur,sx)| <1 Y Yoo @ <UN - WNEsn) @ &g(ix0 >
i=Lo+1j=LotA—~N+1

+ < UN =W eno ® (Go,sx] — SKEN0) >|
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with (4, K) := (4,9*(j, K)) where g*(j, K) is the integer defined by
9, K)2 + 1 < sk < (¢"(4, K) + 1)2]
and where

x _ <Go,sxl€ex) >
Cc. = - .
J 2i—2

Now we denote by Ag ((;f{)) the current term:

A f@E,L - -
Ag((j,K)) =< UYN = WVes,1) ® &g k) > -

Since sx < 24, we have 0 < ¢ < inf(1,24791). This remark and
Inequality (3.11) yield:
I, <TG, + Tacy1Th, + T,

where

N A
~L~K X t, L
I3 , = P(sup sup | E E cichAf((l.’K))l
: te pe ! _ G,
i=Lo+1j=Lo+A—N+1

> (1-a)f(1 - A=), )

N
- —j+1| R fG.L
T}m = (2N"1)} (N — Ly) sup sup sup P( Z 24 ]+1|A£((j’K))|
Lo+1<i<N LeC Kek 7,

3(1-a)B
4A
T5,.=P(sup | <UY = WHeno ® (Gosx] — SKEN0) > |
Kek
>2(1-a)1-0)Ta)

Therefore we have:

Z TA,:c)

HA,.’E < HJI‘L.Z‘ + HgA,z + I[ASN_IT}LW + Ti’z

Study of IT%, .. — The behaviour of Ag ((;IL{)) on @; 8"%(0.35) is given

by Lemma 3.3. For 2¢+1—N > 0.8636(z + Cylog(24)), we can control
(@g((;.’?)(ﬁ.%))c. Thus for each ¢ > Lo + 1 we define the integer M (%) by:
2FMH-N=1 < 0.8636(z + Cp log(24)) < 2i+MHO-N,
Remark 3. — M(i) = Lo+ A — 1.
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Moreover we define the event © by:

9gN+1-Lg gN+1-Lg

- N NN N elpon

=2N-Lo41 K=1 i=Lo+1j=M()+1

We have
%, < P(O°) + 104, + 115,
where
~ i, L
= P(sup sup Z Z e |AGR)]
LeL KEK , ‘T i M1
I _
> (1= a)fy(l - =57 )74 N ©)
M(3)
H sup su éke KAf(Z L
= P(sup sup | Z > oK)

1= L0+1] Lo+A—N+1

> (1= @)B(1 - 7)(1 - X))

In the expression of 114 ‘4. We can replace Zl Lo41 DY Zl L 41 because

J < M(N) is equivalent to j < Ly + A — N + 1. We bound HA,x using
(3.10). Finally we have

My, < POC)+ I, + 0%, + Lacy—1Th, + T:,+T3,+Ta,
with:
M(3)
T3,. = P(sup sup | Z Yo HE < W e ® gy > | 2

LeLKeK 1 1 j=LotA-N+1

(1= )B(1 - 7)6(1 = P22, )
M (3)

~L~K - ~
T3, = P(sup sup | Z Y HFE <UNEn @G > | 2
LeLKeR L 41 j=LotA-N+1

(1= (1= 7)1 = 5)(1 - HAE=L )y )

Study of II .. — We set

N A
Yy AR (.12

i=Lo+1j=M(3)+1
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We can apply lemma 3.3 (1.(a)), because by definition of M (3): j > M(3)
yields ¢ + j — N > 10. On the event © we have

A f(G,L i, L
|ATG)] < 34 0.6039(¢/ 02 (3.13)

+27 0N (1.6280( A7 (7)) +0.874210(BI( )2 +0.032332(C7 1) 12)

3,K) 3,K)
with
AJGR) =< UNlesiin) © eqiny >
BJGdy =< UNlestiry ® g ) >
Ol =< UNlesqn) ® egip) > —2H7N,

We prove below that

A
f(i,L) i+j—u) pf(,L) j— A ~f(,L)
Cogaal < D2 2B I+ 27 el
u=j+1

Proof. — We set

PHIE g7, )25 (g7 (4, K) + 1)27] Clg* (u, K)2%
(20" (u, K) + 1)2°7]

d, = R . ; . ;
=27 i g* (4, K) 295 (97 (5, K) + 1)27] C](2¢7 (u, K) + 1)207L;
(9% (u, K) +1)24].
It follows that: ey x) = Zﬁf:”l dubgury + 27 Neyo =
Y1 byt ry + 27 Ve y(a k). O

In the case A = N, we have Cg&’]}‘).) = 0. In order to obtain a good

evaluation of the constants, we treat the case A = /N and the case A < N—1
separately. Using (z + y)? < 2(z% +y?) and Zsz(i)H 27=4 < 2 we get:

A A

~(i+j—N) (1 f (L) \2 S oG

E : 9~ (i+j )(Cg(ij)) < (2 - Ma-p) 9= (i+j—N)
J=M(i)+1 J=M(i)+1

A
e iL —(i+A- L
x (Y 2t IB;((u,I&?)DQ +4x Lagyoy x 2704 N)(Cg((AJg))Q'
u=j+1

By the Cauchy-Schwarz Inequality and by permuting the variables u and

Vol. 34, n° 4-1998.
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j we obtain:

A
4
2~ (H=M(CIEIN? < (2 — Tpen) ———

' Z ( K)) ( AN)(\/E—l)Z
j=M(i)+1

3 (4,L)

Z o—(iti— N)(B;‘; )2
J=M(@i)+1
+4 x ][AgN—l X 27 (i+A- N)(Cg(jalﬁ)) . (314)

Thus with (3.12), (3.13), (3.14) we get:

TR < M 1o + Lacn—17F1g

where
N A
(L) 2
Z Z (3+ 0'6039(551(1 K))
i=Lo+1j=M(5)+1
+ (1.6280][A:N + 2‘382]IA<N 1)
—(i+j—N)(xK ( 2 f(i,L) ~ F(E,L) 2
x 27+ )(CJ' (Ag(j’K)) L By(J K)) ))
N
LK ~ i i,L
T, = 4x0032332 ) ghom (AN )2,
i=Lo+1
We have

Mae < P(OC)HIL, o410 o+ Lagn 1 Th o +T3 4TS AT A Tacn1T5,

where

3Macn_
I , = P(sup sup T0F 1o > (1 - a)fy(1 — =251y, )
LeL Ke 4

T3 , = P(sup sup 7'2L’ >(1- a)ﬁlfrA,m).
’ LeL KeK 4

II) Control of the bound. — We choose o = 0.14026, (1 — a)(1 — ) =
0.04509, (1 —a)(1—A)(1—7)6 = 0.03272, (1—a)(1—B)(1—7)(1—6) =
0.4374, and thus (1 — a)(1 — B)y = 0.34453.
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Control of P(©°). — We remark that

9N+1-Lg A oN+1-Lg

NN N e

L=2N-Lo41j=M(i)+1 K=1

N =i_q 9A=(M(i)+1)_4
il
= N O n(0-39):
=0 k=0

Thus, by Lemma 3.3 and Remarks 2 and 3, we have for Cy > 42:
N
PO°) < > 2V x dexp(—2*F 0V R(0.35))
i=Lo+1
< 278 exp(—x/21).

Control of II, ,. We write:

A(m,t) — A(my(m), ma(t)) =A(m, t) — A(mi(m),t) + A(mi(m), t)
— A(mi(m), ma(t)).

Using:

L(Vmam, —Vm'al; m' <m <m") = L(Vmay; 1 <m <m” —m')
m

£ Bis L<m<m” —m') =LY Bi; 1<m<m’ —m)

i=m/+1 i=1
and the fact that, for each m,
L{(V/ma,(to + 8) — Vmam(te); s €]0,b])
LY Bi(to+s) - Z Bi(to); s €]0,8])
=1 =1
do not depend on o, and using moreover the bound (3.10), we obtain:

mY, <78, +Ti,+Ts,+Ta,
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where

)
Tg’w = Card(L)P( sup sup |ZBi(t)| >(1- a)iTA,m)

1<m<2Lo 0<t<24-N

1)
TZ,I = Card(L)P( sup sup  |vVma, ()] > (1 —a)=Taz)

1<m<2Lo 0<t<24-N 2
Ti@ = Card(£)Card(K) sup  P( sup

1<L<2N-Lo  0<t<2(A+Lo-N)=N
ur
1> Bi()] > (1 - a)(1=6)(1 —€)Ta.)
i=1

T3, = Card(£)Card(K) sup  P( sup

1<L<L2N Lo 0<t<2(A+Lo—N)—N
[Vaupo.,, (t)] > (1 —a)(1 —0)eTas).

By Remark 2 we have:
Card(£), Card(K) < 2477, (3.15)

Proposition 3.5 provides the control of T§ , and T} . in the case A < N—1:
for Cy large enough, there exists positive constants D, A; such that:

TS, + T4 . < Diexp(—Az).
To control Tlf\;f,z and T, . we apply Proposition 3.4 and obtain:
Tho+ Th, <2x2 2 exp(—z/21).

The control of T8 and Tg follows from the maximal inequalities proved
by Shorack and Wellner (1986) and Csdki (1974) (see also Lemmas 2 and
3 of Bretagnolle and Massart (1989)):

ProposiTION 3.7. — For all real b €]0, 1] we have:

P(n sup |Fu(t) — t| > 2) < 2exp(—nb(1 — b)h(-—))
te[0,b] nb

where h(t) = (1 +t)In(1 +¢t) —

ProposITION 3.8. — Let B be a Brownian bridge. For all real b €]0,1/2]
we have:

2

(s, VRIBOI 2 @) < 2exp(— 55 7—).
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Remark 4. — The function h satisfies h(t) > 3¢2/(6+2t) (this is Bernstein
Inequality, see also Shorack and Wellner (1986), page 441.)

We apply Propositions 3.7 and 3.8 with b = 2(Lo+A-N)=N By Remark 2
we have b < 1/8. We obtain

TS .+ T . <2x2 exp(—z/21).

Control of HZJ. — For simplification’s sake, we detail only the case
A = N. In the case A < N — 1 the method is the same but the constants
are modified. We denote with a star the constants which are different in
this case.

By Lemma 3.3 (1.b.) (recall that j > M (%) yields 2 + j — N > 10) and
using the relation (z + y)? < (111/10)z2 + (111/101)y? we get:

TP¥Ie < > ) (341807708 27+ +0.6039
i=Lo+1 j=M(i)+1

X Z Z €60

i=Lo+1 j=M(i)+1

« ** i, L ~ *«f(¢,L
+0*.6039 x Z Z (@€ TR + e €G-
i=Lo+1 j=M(i)+1

Using Inequality (3.11), Remark 3 and ZfV:LOH Z?:M(i)ﬂ 2~ (HI-N) <
(N — L)/(0.8636(z + Cplog(24))) we get that:

3(N = Lo)(N — Lo + 1)
2

TE e < +0*.553(N — Lo) + 0.6039

X Z Z (€6

1=Lo+1 j= M(z)—l—l

N
2(N — Lo + 1)0*.6039 wx F(i,L) \2
W= Lot WVOB( s > €
A+Lo-N+LSiSA .y 7= )
A
«f(i,L
+  sup o €G-
Lo+1<isN ;_, <
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We have to control sup; . supgcx 7, lo. Notice that:
{9G,K); K e K; A+ Ly—N+1<j< A}
={( k) A+Lo-N+1<j<A0< k<2477 —1}
{fG,L);L e L;Lo+1<i<N}
={(i,1); Lo+ 1<i < N;0< 1 <2V  —1} (3.16).

Thus using Remarks 2 and 3 and (3.15), (3.16) we get:
5, < (247°)2P(Zy > ) + 2477

A N
(Y 2y Y N P(Zzm) GAD
j=A+Lo—N+1 j=Lo+1

where Z; and Z, are variables with chi-2 distribution with respectively
(A —9)(A—8)/2 and A — 9 degrees of freedom and where

1 <(1 _ a),@’ye(l _ §£§‘SJV__1)TA,m

“1= 0.6039 )
~ (-9 #))
%2~ 07,6039 x32(A =3) ((1 - )y 5 )1~ 3][AiN_1)TA,z
—(a-9)(° '3553 i‘;—8)).

We choose (1 — «)fye = 0.068 and we control the right side of (3.17) with
Cramer-Chernov result for a variable Z(d) with chi-2 distribution with d
degrees of freedom: '
dIn(5)

2 )-

2
P(Z(d) 2 ) < exp(~— +
After some calculations we obtain:
I}y, <3x 107 exp(—z/21).

Control of T} ,. — Using 372 4 ,,(j — A)2479+! = 4 and Remark 2
we get:

Tl < A - 9 (2A)2
N oron w1 (9AN o0 su sup su
47 =0.8636 x Cplog(24) 29 L 1oicn rew pok
N
A f(,L .
> PAISD) > 2 - 4))
j=A+1
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where z = (3/16)(1 — a)B(In2)(z + Colog(24). Thus Lemma 3.3 (2)
gives the result for Cy large enough.

Control of T3 .. — The first part of the construction is the same as
the construction of Komlds, Major and Tusnddy (1975-Theorem 3), Mason
and Van Zwet (1987) or Bretagnolle and Massart (1989). Thus we apply
Theorem 2.1. Let u be defined by p = (1 — a)(1 — 3) x 13In2. For
Cy > C1/p we obtain:

Tfm < Ajexp(—A12)
where Cp, Aq, \; are the constants of Theorem 2.1 (i). For Cy > 42 we
obtain by Theorem 2.1 (ii):
TR . < 1072 exp(—z/21).
Control of T?3 . — Let us recall that < W|€y(;,)®&,(; xy > are independent
Gaussian variables with expectation 0 and variance 2¢+7~" /16. The term
M (3)

Z > FE <Wlesa © &g i) >

i=Lo+1j=Lo+A—N+1

is a Gaussian variable with expectation 0 and variance:

M) 9i+i—N
§ : E : (~L~K 2
i 16
i=Lo+1j=Lo+A—N+1

This variance is bounded by 0.8636(A — 10)(z + Cj log(2A)) /4 (Remark
2). Using (3.15) it follows that:

A<N 1)2 (A1n2)2

3 < 2A-17
T3, <2477 exp(~(0.03272)%(1 — 25 T

X oo+ Colog(24)
< {2‘17exp(—$/84) if A< N -1 and Cy > 168
= 1 27 exp(—z/21) if A= N and Cy = 42.

Control of T3 .. — Let r be equal to (1 — )B(1 — )(1 - 6)(1 —
(Licn—1/2)) x (3/2)(In2)(z + Colog(24)). We set Jo = Lo+ A — N.
Using (3.11), (3.15) and (3.16) we have:

N

T;ll S 2A‘9( Z 2N_i) sup  sup sup
' i=Lo+1 KeK Lo+1<i<N 0<I<2N—i-1
M(i)
> & < Unlea® ey > | 2 7).
j=Jo+1
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Let us denote by B, resp. C, the intervals Jg*(M (i), K)2M@); K27°] and
JK2%; (g*(M (1), K) + 1)2M®]. We have (p + (c = gy k) (€ is
defined in Section 3.1). We prove below that:

M(3)
1B 1B _ B[+
JZH ¢ €g(j,K) =CB — N ENO T W(CB +¢c N en,)-
i=Jo

Proof. — The expansion of (5 on B is:

W s 5 1B| i, 18]
(B = E Cj €q(j, k) T Z 9i-1% €9(GK) + 9N EN0
j=Jo+1 J=M(@3)+1
where
L if]Jg"(M(3), K)2M®), (g* (M (i), K) + 1)2M )]
K Clg*(4, K)27; (29* (4, K) + 1)271] ,
! -1 if Jg*(M(i), K)2M ), (9 (M (i), K) + 1)2M®]

Cl(29%(4, K) + 1)277 % (9*(4, K) + 1)27].

We conclude by expanding eg(as(),x) on B:

N oM (i) 2M()
Co(M(i),K) = Z €5 9i—1 51 G+ eN,O-I:I
j=M(i)+1

We set I; = V(B,C) and I = A(B,C). (We denote by V (resp. A) the
interval with the largest (resp. smallest) length.) We have:
M(5)

| D & < Unéii®égim) > |
j=Jo+1

<05 x| < Unléii ® (¢, — [I1]leno) > |
+| < Unléii ® ((r, — |L2leno) > |.

Using the definition of é;;, we have:

Tir.<2x (2% %%sup  sup
’ KEK Lo+1<i<N

(P<|B<2’ LD 2 o pgsee, 2 >)

where B(n, p) is the centered binomial B(n, p)—np. We apply the following
result due to Bennett (1962) and Wellner (1978):
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ProposITION 3.9. — Let Z be a binomial with mean m. Then, for any
positive x and any sign €, we have:

P(c(Z = m) 2 o) < exp(~mh(--))

where the function h is the same as in Proposition 3.7.

Since the function ¢~1h(t) is increasing in ¢ it follows that, according
to remark 4:

2r
T4 . <8x (24792 su exp(—————
as S 8X( ) L0+1§I;§N ol (9m/r) +2

)

with m = 20-N-12M () Remark 3 implies that 9m /r < 6 x (2 — T4_n) X
0.8636/((1 — «)B(1 — v)(1 — 6§)(In2)). Thus we get:

T 2~ exp(—2/84) if A< N — 1 and Cy > 168
Az =1 2 ¥ exp(—xz/21) if A= N and C, = 42.

Control of T3 , . — Let us remark that Cg{(l L)) B(2¢,247N) — 2i+A-N,
Thus by Remark 2 Inequality (3.11) and Proposition 3.9 we get:

2(A - 9) (24)2

5

<

Tie = 58636 x Cy 1og(2A) 29 L iieen
eXp(—?"*A"Nh((2 —)")

where z = (1 — a)By x (3/2)(In2)(z + Colog(24))/(16 x 0.032332).

Using h(t) > (3/8)inf(t,t?) (Remark 4) and 2¢+4=N > 2 x 0.8636(z +
Colog(2*)) we obtain the result for Cy large enough.

3.4. Proof of Lemma 3.3

Proposition 3.9 directly provides the control of (@Z (€))C.
Proof of part (1.a.). — By Proposition 3.1, given (UJY’,lﬁUJ 1.2k U;kl 2,
the law of U;f}g; is the law H(U’ ,lc, Uit U;kl Y. The conditional

=12k
expectation is:
i)l i—1,21
Uy onUjk

il
Uj,k

il
Mk =

and the approximation of Lemma 2.5 of the conditional variance is:
il i—1,20 pri—1,20+1
i,l\2 il U] voe Uitionn o Ui ™ Uji
(03)" = Uj,k

ik ] il il il
Uj,k Uj’k Uj,k Uj,k'
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We set
i—1,21 i—1,21+1
61’,! _ U Uj,k
gk T 4,1
gk
2,21 2,0
5l — j—1,2k U —1,2k+1
ik Ut
gk

It is easy to verify that for ¢ < 0.35:

sup [82,67%] < (0.35)% < 1/8.
CHAO)
Moreover for € < 0.35 and ¢ + 5 — N > 8 we get:
i,

U’
1nf (6)? = inf —Z8(1— (& DDA = (653D > 45, (3.18)
ol (o) o () 16

k

Thus we can apply the hypergeometric lemma (special case of Lemma 2.5).
On the event G)”k(e) € < 0.35, we have:

U150k = miys — o7 inl < 3+ 0.41(60,)2%
By definition of U ',lc and of f 'y We have:

1 .
Nz, = _ 1—1,21 1—1,21 2,21+ 1—1,214+1
<UT€ 1 ®éx>= ‘(U‘—12k U;Zvok1 — Uy 12k+U -1

J ,2k—+1
N ~ 2N,
<WNE ®&x > =& ( )2,
We set:
A=< UNléi’l Qejr >
B =< UNIC,‘,Z ® é]')k >
_ g7l i+j—N
C = U;,k — 2¥TITA
We have:

N Nis o s i—1,21 AB
<UT —Whé 1 @ éjp >= U ;;k mk ],k€]k+Uzl+E

where E is the following error term:

E = §;:L(2(i+1_1\’—4)/2 _ 0;‘_:2).
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Since U]’,lc > (1 —€)277N we get:

N Ny ~ 24 2-GH-M -, 2
I < UuY-w lei,l®ej,k > | S 3+041( ) _(—)(A +B ) |E|
Control of £ — Using relation (3.18) we get:
4 o . 22 j—N
Bl < 2 27 6H- 21 (o) - S|
2 (i+j—N)/2
S——————K k|l 2€(JAl + |B) +1CY)

with 7 = 1 + (1 + €)(1 — €)3/2. Using the inequality |zy| < 0.5((Az)? +
(y/A)?) we obtain finally:

a—2+b*2+c—2 il2 2—(Z+]—N)
B < S ey

We choose a? = 163.5,b% = 19.9874,c?> = 3.0163 and the proof of part
(I.a.) is complete.

2
(Fa4% + 0 B? + 5.07),

Proof of part (1.b.). — Conditionally to U{U}:Ik; J >34 0< k<
2N=7_1}, the variables U}', ,.5 k= 0,...,2V~7—1 are independent with
distribution B(U;:}C, 1/2). Tusnady’s Lemma (Lemma 2.4) and Skorohod’s
Theorem (1976) provide the existence of a sequence of independent standard
normal variables (5*” ), 5=1,...,N, k=0,...,2Y79 — 1 such that:

Ub
| <UNlesi®én > | <1+ Jklf*l”

Since U;,lc < (1 + €)2¢t9~N the first inequality of part (I.b.) holds.
Conditionally to J{Ufkl, I>i;0<1<2N-T 1}, the variables U;;l’ﬂ

are independent with distribution H(2, ;,1,21 1). The hypergometric

lemma, and more precisely the special case /. of Lemma 2.5, and
Skorohod’s Theorem (1976) provide the existence of a sequence of
independent standard normal variables (¢ **”) j=1,...,N, k =
0,...,2Y¥79 — 1 such that for 2:+7-N (1 — ¢)?2 /8 > 4.5 we get
| <UN|Ei @ejn > | <3+ (/i€ 0%
where s;lk is the approximation of Lemma 2.5 of the conditional variance:
; il o 1,1
20 Up 2 -Ujy
Sik = 4 2 i :
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Indeed if j = N then < UN|é;; ® ;) >= 0 and if j < N — 1 and
219N (1 — €)2/8 > 4.5 then s7}, > Ul (1 — €)/8 > 4.5.

As U]l,lC < (1 + €)2#9~N the second inequality of part (/.5.) holds.

Proof of part (2). - Let P;; := P(] < UN —WNg @& > | > t).
Suppose ¢ > to (otherwise take (D, u) = (exp(to),1)). If ¢ < 2+7—N we
use part (/.). We obtain:

Pij < P((07,(0.35))°) + P(|¢] > aV/t)
+6P(|Z — 2i+j—N~1| > ﬂQ(iH-N)/?\/E)

where o and 3 are positive constants, £ ~ N(0,1) and where Z is a
binomial with mean 2+7~N—1 Using Cramer-Chernov’s result for normal
and binomial distribution (Proposition 3.9) and Remark 4 we obtain the
result. If ¢+ > 2779~V we use the bound (3.10) and relations (3.19). It
follows that:

P <P(|€] > a't27(H=N=9/2) L 4p(|Z — 2H7-N=2| > g'y)

where o and 3’ are positive constants, & ~ N(0,1) and where Z is a
binomial with mean 2¢+7=N=2_ We conclude as previously.

4. PROOF OF THEOREM 2.3

The proof of this theorem is analogous to the proof of Theorem 2.2.
Thus we only give the general scheme.

4.1. Identification of D(™)

We suppose 2V + 1 < n < 2N*! The Gaussian process used in the
construction is now a bidimensional Wiener process {W(s,t);0 < s <
1,0 < ¢t < 1}. (Recall that W is a continuous Gaussian process such that
E(W(s,t)) =0and E(W(s,t)W(s',t")) = (sAs’)(tAt")). For all functions
f(s,t), we set f(Ja,b]x]e,d])) = f(a,c) — fla,d) — f(b,c)+ f(b,d). We
define the R>" © R2" vector W by:

n I I+1 kE k+1
Wi = (VW (55 S Ixlgms v 1 1< b <2¥)5 1< <2%),
Using W("), we can construct a vector U ](V" ) € ]RZN ® ]R2N with the same
distribution as A%L) where AE\T,L) is defined by:

I I+1 kE k+1

AN = (Gl 5 Xgw e Di 1<k < 2% 1<1<2Y)
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i.e. with the multinomial distribution Mon yon (n, 27N x 27N ... 27N x
27N). We set U]’fc = < U](\;l)|ei,l ® e, >. The variables used for

the construction are < W](V")|éi,l ® eno >, < WI(\,")|eN,0 ® €Ejr >, <
W](V")léi,l ® €;, > which are Gaussian variables with mean 0 and
respective variance A2¢72,127-2 and A\2t9-N-4 where A = n2~ V.
As B ® B is an orthogonal basis of R? @ RZ?, all these variables
(1<4,j<N,0<I<2N="_1 0<k<2V7 —1) are independent.
The construction of the vector U 1(\,”) is not fully the same as the construction
of the vector UN in Section 3.1 (Aﬁ(,‘) and AN do not have the same
distribution). However, the description of the first step ¢ = N (first line of
the array (3.9)) remains the same:

¢ 1rN,O _
UN’O =n

Uﬁ?,zk = \I/;}M 0 (X272 V2 < WP len o ® &k >)
.k

N,0 _ 1N N,0
Uj—1,2k+1“ Jk _Uj—l,Zk

(1<j<N 0<k<2V7 -1
but fori —1 € {N —1,N —2,...,0} the description of the steps j = N

(first column of the array (3.9)) becomes:

Uno™' = Tl o (A7) < WMe @ eno >)

il
N,0
i—1,2041 _ 77i,l i—1,21
UN,O = UN,O - UN,o
0<l<2N-i_1

and remains the same for j — 1 € {N — 1,N — 2,...,0} (array (3.9)
without the first line and the first column):

~

i—1,21 —1 itj—N—4\—1/2 (n)5. s
UiTiok = Opit o i 0 DOAZHTNTHTH2 <WRVIE, @ €k >)
Uil a0Us

i~1,20  _ pri—1,20 pri—1,21

U, " ok = Uj U;Z1%k
i—1,2041 _ il i—1,21

Ui ok =Ujl 0 > —U;Z0

i—1,214+1 __ gri,l i—1,2141
Uj—1,2k+1 - Uj—1,2k+1 - Uj—1,2k+1

(0<I<2VN—"—-1 0<k<2VN7 1.
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The vector UJ(\;’) = ((U(()),’zld 0<k<2VN-1); 0 <1 <2V 1) has the same
distribution as the vector AE(,‘) (see Proposition 3.2). The construction of
U;,’c for j # N remains the same as in Section 3.1. Thus, Inequalities (1.a.)
and (2.) of Lemma 3.3 (about the behaviour of < UJ(\;’) - WI(\,")|éi,l ®€jk >)
still hold. The first inequality of part (/.b.) remains the same and the second
inequality of part (1.b.) becomes of the same type as the first inequality.
Indeed, conditionally to o{U. JI 41>, 0 <1 <2N-T _ 1}, the variables
Uﬁl’m are independent with distribution B(U;:,lc, 1/2).

By Skohorod’s Theorem (1976) there exists a bidimensional Wiener
process {W(s,t), 0 < s <1, 0 < ¢t < 1} such that (A{Y, W)
has the same distribution as (U{", W). We set D™ (s,t) = W™ (s, t) —
stW ™) (1,1).

4.2. Proof of Inequality (2.5)
To obtain Inequality (2.5) of Theorem 2.3 we have to prove the existence

of positive constants Az, A3 such that

sup  Pn(a,b) < Asexp(—Azz)
(a,b)€[0,1]2

where P, (a,b) is the following probability:

Pn(a,b) =P( sup sup |n(Gn(s,t) — st) — v/nD™ (s, 1)|

0<s<b 0<t<a
> (z + C3log(nab)) log(nab)).

If z + Cslog(nab) > (nab)/12, then the bound (3.10) and Propositions
4.1, 4.2 below give Inequality (2.5) for C'5 large enough.
PROPOSITION 4.1. — a) For all a,b € [0,1] such that 0 < ab < 1/2 we have:

P( sup  |n(Gn(s,t) — st)| > ) < 2eexp(—nab(l — ab)h(—))
(s,t)€[0,b]x[0,a] nab

where the function h is defined in Proposition 3.7.
b) There exists an universal positive constant C such that:

P( sup  |Va(Gu(s,t) — st)| > ) < Cz?exp(—212).
(s,1)€[0,1]x[0,1]

PropOSITION 4.2. — Let D(s,t) = W(s,t) — stW(1,1) where W is a
bidimensional Wiener process.
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a) For all a,b € [0,1] such that 0 < ab < 1/2 we have:

z2(1 — ab
P( s ID(s,0)] > 2) < 2eexp(- ey,
(s,t)€[0,b] x[0,a] 2ab

b) There exists an universal positive constant C such that:

P( sup  |D(s,t)] 2 z) < Ca®exp(—227)
(s,t)€[0,1]x[0,1]

The proof of the part a) of these propositions is the same as the proof of
Proposition 3.5. The part b) of Proposition 4.1 is due to Talagrand (1994)
and the part b) of Proposition 4.2 is due to Adler and Brown (1986).

If 4+ Cslog(nab) < (nab)/12, we impose C3 > 42 and we have
nab > 4206. There exists A,B € N, 12 < A,B < N such that
24-N-1 « ¢ < 24-N and 2B-N-1 <« p < 2B-N. Remark that
A+ B — N > 12. So it is enough to prove the existence of positive
constants D, p such that

sup 14 p. < Dexp(—px)
12<A,B<N

where

IIs B

=P sup [n(Gn(s,t) — st) — /nD™ (s,8)| > Tape)
(s,t)€[0,2B-N]x[0,24-N]

TA Bz = %(ar + Cs3log(24TB~N)) log(24+B-N).
We set:
A(s,t) = n(Gn(s,t) — st) — /nD™ (s,1).
Let Ly := L1(A, B,z) and Ly := Ly(A, B, x) be the integers such that:

2L HA=N < (.8636(z + Cs log(24TE~N)) < olrtA-N+L

2L2+B=N < ) 8636(z + Cs log(24TB~N)) < 2k2+B-N+1,
Remark 5. - N —A+8<L;<B-3and N-B+8<L;<A-3
We set £ = [1,2B-51] and K = [1,247L2]. Let us denote by m;(s) the

left projection of s on {L2L1~N: L € L} and 7 (t) the left projection of
t on {K2k2~N; K € K}. We write:

A(s,t) =A(s,t) — A(mi(s),t) + A(mi(s),t)
— A(mi(s), m2(t)) + A(mi(s), m2(t))-
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Using the stationarity of the increments of the unidimensional processes
n(Gp(.,t) — .t), n(Gn(s,.) — 5.), v/nD(.,t), /nD(s,.) and part a) of
Propositions 4.1 and 4.2 (see also Section 3.3.2 II: Control of II}, ), we
obtain for C'5 large enough:

4. < Diexp(—piz) + HE;,B,w
where

I, . = P(sup sup |A(L25 N, Kol -N)| > TAD)
” LeL KEK 9

By definition of D™ we get:

I 5, = P(sup sup |A(L20~N, fola=N)| > TAhBe)
LeL Kek 2

where
A(L2M N, K28 N) = < UL = WP |Go oty ® Go,xaa) >
_ L2L1-NK2L2—N < U](\?) _ W](\[n)IeN,O ® en.o > .

The term A(L2L1~N K2E2=N) may be written:

<U1(\?) - Wz(vn)|C]0,L2L1] ® (Go,xcata) = K27 Nen o) >
+ K2 < U~ W (Go pamy — L29 Neno) ® e > -

The expansion of (jg z32.) and Co,x2¢2] ON B gives:

<2
2 - =
Uype<Qaba+Tip, +Tap,

where

N N
Qapz=P( sup | Z Z Z‘f&f

Lec,Kek = T

(n) n)|~ ~ TA,B,x
< U = Wile s ® egim) > | > %)

Tf&,B,m = P(i}él}i' < UJ(\?) - WJ(vn)|€N,0 ® (C]O,Ksz] - K2L2_N€N,0) > |

T

Z A,B,x % 2N—B)
6

~2

Type= P(i‘élz| < Uz(\?) - Wz(vn)|(C]0,L2L1] - L2L17N6N,0) ® len,o > |

> ————TA’(jB’m x 2N =4y,
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~ ~2
The terms T3 p , and T A,B,c are analogous to the term Tj)z in the proof

of Proposition 3.6. By construction, the processes n(Gn(1,t) — t) and
n(Gn(s,1) — s) are such that Theorem 2.1 holds. Using the inequality
<2

2N =B log(24+B~N) > (log(n24-))/2 and the analogous for TA,B@ we
obtain:

Hix,B,x < Doexp(—pez) + Qa,B,x-
Moreover

1,J c
QA,B@ < R;’B?j + ][BSN—IRE{’B:Q

1,.5° c ,C
+ "ASNﬂRfa,B,x) + Tacn—1 ][BSNflRE{’B,:; )

where I = {L1+1,...,B}, J = {Ly +1,..., A}, where

1,7 "
RQ,B?I = P( sup |Z Z erek

LeL.Kek o7 iey

(n) n))~ . TA,B,x
<UN) =W sy ® Sy > | > —221-—)

and Wh(elzrs) the others terms are defined in the same way. We treat the
term R '’ in the same way as the term H‘Z,x in the proof of Proposition

g 1,J€ .
3.6. The terms RE‘\,B,J:) and Rgéx) are analogous to the term T}m in

£ s a€,¢ . . .
the proof of Proposition 3.6. The term R A B 18 very similar: using
Zi:B+1(i — B)2B-itl — 4 (and the same for j) we obtain:

R(IC,JC) < 9B=L,+A—L. al o
A,Bx — 2 2 sup § §
Lec,Kek , “Bh iZam

(") _ ()5 5 (= A) = Blraps
P(‘ < UN WN lef(i,L) ®69(17K) > | Z 24 x 16 )

We conclude using Lemma 3.3 (2.) for C3 large enough.
Appendix : proof of Lemma 2.5

A. PRELIMINARIES

We recall the definition and some properties of hypergeometric
distributions. Let £ be a set with cardinality n and let A and B be
two independent subsets of £, with respectively the uniform distribution
on the subsets with cardinality n; and ny. The hypergeometric variable
X ~ H(n,ni,n2) is the number of elements of £ which belongs to

Vol. 34, n° 4-1998.



466 N. CASTELLE AND F. LAURENT-BONVALOT

A N B. We define the variables U, V,W as the number of elements of
AN BC, A°n B, A°n BS:

U w n — Ny
X 1% o
ny n—n1’ n ‘

ny! (n —ny)ng! (n —na)!

P(X =)= (A1)

nlz! u! v! w!

The conditions 0 < z < nyAng, 0 <u<n A(n—ny), 0<v<

(n=mn1)Ang, 0<w< (n—mn1)A(n—ny) give for z:
OV(n1+n2—n)§x§n1/\n2.

We recall the notations of Lemma 2.5: p = n;/n, p’ = na/n, p+q =
1, p+q¢ =1, 6 =p—gq, and¥§ = p' — ¢’. We suppose |66'| <
1 — 7, where n > 0. We have E(X) = npp/, V(X) = (n/(n — 1))0?
where 02 = npp’qq’. The hypergeometric variable of Lemma 2.5 is defined,
using a standard normal variable Y, by
X = (pn,];lp,np’ o d(Y)

where ®,, ,pnp and @ are the cumulative distribution functions of the
hypergeometric distribution H(n,np,np’) and of the standard normal
distribution. We study the centered variable X° = X — npp’ which takes
its values on [(—npp’) V (—nqq');np’q Anpg’l N N — npp’. We have to
prove the two inequalities below

|X° < a+o|Y|+b]68|Y? (A.2)
X - oY| < c+dY? (A.3)

and need to obtain explicit constants when |66’| < 1/8. First we remark that
np'q Anpg',npp’ Anqq’ < 40%/(1 — |68’|). Then, if 0% < 02, Inequalities
(A.2) and (A.3) hold with a = 403 /n, b =0, ¢ = (402/7) + 0.5, and d =
0.5. Then, to prove Lemma 2.5, it is enough to establish (A.2) and (A.3)
for 02 > o and obtain explicit constants a,b,c,d when o7 = 4.5 and

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



APPROXIMATIONS 467

|66’ < 1/8. Properties of X (see (A.1)) involve X° + U® = 0. Since
U=, o °®-Y), we have to prove only that

X% <a+oY +b|68|Y? (A.4)

oY —c—dY?* < X° < oY +c+dY? (A.5)

for X° > 0. It is clear that the second part of (A.5) follows from (A.4)
with (¢,d) = (a,b). We do not prove (A.4) directly. First, we choose a
constant « such that:

! XO .
max(cY +a,0Y + a+ &(—)2) if 66’ >0 (A.6)
o

%0 {0Y+a if 66’ <0
<
2

with @ = 1.835 when |68’ < 1/8 and 02 = 4.5. Below, we prove that
(A.4) can be deduced from (A.6).

Proof. — When oY +a < oY + a+ (68'/2)(X°/0)? and 68" > 0 we
obtain: 58 X0
oY +a > X°1 - —=) from (A.6) .
2 o2
In the case 0 < 88’ < 1/8 the relation X° < 402/(1 — 668') gives
oY + a > 5X°/7 and (A.6) becomes:

X°<a+ 55’(%)2 + oY + (%)266’1/2.

Notice that a = 3, o = 1.835 and 0(2) = 4.5 give the good constants.

In the case §6' > 1/8 we apply the same method when X° < o?/2
(we impose o2 large enough). For X° > ¢?/2 we remark that ¥ is an
increasing function of X°. Then (A.6) gives Y > Ao where ) is a constant.
Using X0 < 40%/(1 — 68'), we have (X°/0)? < 4X2Y2 /n?. O
We still have to prove that

v o o Y +a 55 X0 if 66’ <0

—Cc— <X° <L X

e - ~ |max(cY +a,0Y + o+ 7(——)2) if 66’ >0
o

for X° > 0. We refer to the quantile transformation method (Cs6rgé and
Revesz (1981), pages 133-134). With this method we obtain the inequalities
we need from the probability inequalities. Then it is enough to show the
following lemma:

Vol. 34, n°® 4-1998.



468 N. CASTELLE AND F. LAURENT-BONVALOT

Lemma A.1. — We suppose |66’ < 1 — n for some positive 1. Let & be
in{é =k—npp';k € N;0 < ¢ < min(np'q,npq’)}. There exists a value
03(n) > 0 and some positive constants a, o, c,d which depend only on n
such that for 0®> > o2(n) we have:

P(oY —c—dY?2>¢-1) <P(X°>¢) (A7)
P(X°>¢)
P(cY > & —a) ) if 66’ <0
{maX(P( Y>¢-a),PloY >€é—a— il ( ) )) if 6’ > 0. (4.8)

Moreover, one can take a = ¢ = 3,d = 0.41, a« = 1.835 when |66'| < 1/8
and 0% > 4.5.

Remark. — Inequality (A.3) is sufficient to prove Theorems 2.2 and 2.3.
The proof of Inequality (A.2) may be simplier in the case §§’ = 0. But
the proof of Inequality (A.3) (more precisely the “the right side” of (A.5))
needs “the right side” (A.4) of Inequality (A.2). Thus Lemma 2.5 cannot
be deduced from Lemma 2.4.

B. SOME TECHNICAL LEMMAS AND THEIR COROLLARIES

LEmMA B.1. — (Bounds for mnP(X® = £).) Let f(¢) = In(v/27m0) +
InP(X%=¢). For0< ¢ <Xo? 0<\<1ando® >0, we have:

F(&) = —€2/20% — £58'[20 + €386 [60* + p(€)
with
p(§) =2 —1/6(1 = N)o® + €255/4(1+ N)?0* — £455/12(1 — A)30®
p(€) < €285,/4(1 — N0t — £455/12(1 + A)30®

where Sy, = (p* + ¢*)(p™* + ¢'*), § = p—qand §' = p’ — ¢'. Moreover we
have 1/4 < Sy < (1+ (68)%)/2 and 1/16 < Sy < (1 + 3(66')?) /4.

Proof. — Set oy = p'q, oy = pp/, a3 = pg, as = q¢ and, for
ke N,

k!
" kje) vk
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and 02 > 0 yield that

< do?, X < 1,
= 4. Then, we use Stirling’s formula,

Our conditions 0 < ¢
L= 1,...,

na; + (—1)%¢ € N* for i
and we obtain:

P(X°=¢) =CS(¢n,p,p) x \/2170 exp(—a(§) = B(£))

where

=1

CS(€7 n,p pl) = ’Y’np’)'nq')'np")’nq’/(’}'n H'Yna +(-1) 5)

4

> (na; + (-1)'€) In(1 + (=1)°¢/(nes) )

a(€) =
B(E) = 1/2Zm<1 + (=1)¢/(new) ).

Using the fact that v is decreasing in k, that 1 < ry, < 1+ (2/12k) and
using inequalities: np < n, npp’ + & < np’, ngg’ + & < ng', np'q — £ <
ng, and npqg’ — & < np, we get:
4
114 < CS(&m,p,p') < 1.
+ et Ce
1)i¢ > na;—Ao? >

=1

Using inequalities In(1+z) < z for all z > 0, na;
2 we get:

na;(1 — A) and Zil/nai =1/o
p') <0.

5 <InCS(&n,p,p
61~ )
We now expand a(£) and ((€) using Taylor’s formula of the fourth order
and of the second order respectively
¢ 1

a<f)—§43 N o "
T Zn0; 6(na)? | 12(na)’ (14 COF)

(-1 £ 1
X
/8(6) Z 277/(11 na )2 (1 + ( 13_3:05 )2
with 0 < 6 < 1. We obtain the result by using the following formulas
(—1)" 68

; :O'Q’Z(TLO[)Q—
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and that, for 0 < 6 < 1, 0 < £ < \o?,

1~,\§1+(—_i9§51+/\.
no;
Lemma B.2. — (Upper bound of r(€) = P(X° = £+ 1)/P(X° = ¢).)
For all £ > 0 we have:

exp(—¢/o?) if —1<66'<0
r(é) < {exp(—f(l — 68")/20?)
exp(—&/a? + £266'[20%).

Proof. —

(np'q = &)(npg’ - &) N
(npp + €T D(ngg 16+ 1) =~ B

where A =1In(1 - {/np'q) +1n(1 — &/npq’) — In(1+ &/npp’) — In(1 +
§/nqq’). Using inequalities In(1 — z) < —z — 2%/2 and —In(1 4+ z) <
—z 4 2?/2 for all z > 0 we obtain the first and the third inequalities of
Lemma B.2. Moreover A < In(1 — (§/np'q)) + In(1 — ({/npq’)). Since
p'q+pg’ = (1 —66")/2, we obtain the second inequality of Lemma B.2.
Corollaries of Lemmas B.1 and B.2.
o Corollary 1: For all 02 > 4 and 0 < ¢ < 1, we have:

r(§) =

1
In(v27roP(X° = < —.
n(v2roP(X° = §) < —
e Corollary 2: For all £ > 1, we have:

exp(-w(€—1)/o?) o .
—exp(-w(E -~ Djo?)t X =&~

1 if —1 <66 <0
(1-68)/2 if0<s86 <1 .

e Corollary 3: Let ¢(y) = exp(—y?/2). For all ¢ > 0 and for all
strictly positive real A, we define A(&) by:

’ 2
A(f) — A + és— (%) 1155/>0.

P(X°z€)sl

with w = {

Then, we have:

P(X°=¢+1) _ (30 +1)¢((€+1— AE)/o)
P(X0=¢) = p( 202 ) H(E-A(E)/o)
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Proof. — For Corollary 1 we use Lemma B.1 with A = 1/4:

2 0 2 ! 66,53 862
20°In(V2roP(X° =€) < f(&) ==& - 66"+ — + —.
302 ' 902
Since f”(€) < 0 for 02 > 4 and 0 < ¢ < 1, the function g defined by
9(&) = f(&) + 66’¢ is concave. Moreover g(0) = ¢’(0) = 0, thus g(§) < 0.
Using the first and second inequalities of Lemma B.2, we obtain Corollary 2.
Using the first inequality of Lemma B.2, in the case where 66’ < 0, and

the third inequality of Lemma B.2, in the case where §&’ > 0, we obtain
Corollary 3.

Lemma B.3. — (Lower bound for r(§) = P(X° = £+ 1)/P(X° =¢).) If
|66'| <1—n=6and &+ 1 < Ao? with A < 1, then we have:

In(r(e)) = -2~ L2

(=In(1 = X) = A).

Proof. -

r(e) = —Pa=Ompg =6 o (w'a—(E+1)(npg’ = (E+1))
(npp+&+1)(ngg +6+1) = (np'p+E&+1)(ngg’ +€+1)

Weset & =&+ 1, u=¢/(np'q), v=2_¢/(npg), w=¢/(npp), s =
¢'/(nqq’) and we get: In(r(§) > In(1—u)(1—v) — In(1+w)(1+s). Using
In(1 + u) < u and using the fact that for all u satisfying 0 < v < @ < 1,
we have In(1 —u) > —u — au? with @ = (— In(1 — @) — @)/4* we obtain:
In(r(€)) > —(¢'/o?) — a(u? + v?) with @ = (=In(1 — X) — A\)/A? and
u? +v? = (£2/0*)((p'q)* + (pq')?). Since |66'| < 1 —n = 0, we have
('9)? + (pg')? < (1 + 0)%/4 and we get the result.

C. PROOF OF INEQUALITY (A.8) OF LEMMA A.1

We define A(&) by:

2 if 6’ <0
AE) = { 1.835 4+ (68'€?)/(20%) if0< 88 <1/8
2.9+ (66'€%)/(20?) if 66’ > 1/8.
Let £ be a value to be defined later, and let £ = A{k—npp’; k—npp’ >
(02/2)—1}. Then (02/2)—1 < €@ < (6?/2). Since 0 > 4.5, the function

& — A(€) is increasing on [0; £ + 1]. Remark that £ — A(€) is increasing
for all ¢ if 66" < 1/8 (we recall that £ < 402/(1 — |68'))).
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Scheme of the proof
1) For 0 < ¢ < ¢ we prove that

P(oY €[¢-3,6M —1] if68' <1/8
PE<X? <)< {P(UY cle-46m -2 ifsy>1ys (OO
2) For £M < ¢ < €® we prove that
P(X0=£) <P(oY €[~ AE)E+1-AE+1)]),  (C.10)
and verify that
W — if 56’
€W 41— A@ED 4 1) > {g(l) ~ ; ;f 55" i 1;2 (C.11)

Let ¢(y) = exp(—y*/2). Using P(Y € [a,b])) > (b~ a)(v270) " 4(y)
we see-that (C.10) is fulfilled as soon as D(&) > 0, with:

D(§) :=g(§) +In(1 - A+ 1) + A(E))

where
9(&) :==Ing((+1- A€ +1))/o) - f(§)
and f defined in Lemma B.1.

3) For ¢ > ¢® we prove that D(¢) > 0 when 66’ < 1/8. When
66’ > 1/8 we prove that

P(X° > ¢) <P(oY > £ - A(®9)) (C.12).

The function & — A() is concave and larger than 3o at £ for o2 > 50.
Let £® = v{k — npp';k — npp’ — A(k — npp’)) > 30}. Since we have
P(X° > ) < P(X° > ¢®) < P(oY > € — A((®)) < P(oY >
&€ — A(€)) for £ > ¢® it is enough to prove (C.12) for £€? < ¢ < ¢®).
The Gaussian inequality:

y' -1 4y
PY >y) > =

implies, with £ — A(€) > 3o, that

802  $((£—A(E)/0)
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Corollary 2, with w = (1 — 6¢)/2, yields:
P(X° > ¢) < (exp(w(é —1)/0?) = 1)T'P(X° = ¢ —1).

Moreover, the function @ defined by Q(t) = 8(exp(wt) — 1)/(9t) is
increasing. Thus Inequality (C.12) is verified as soon as D’(&) :
£e

o6 -1+ @) 2 0 fore® < £ <O,
End of the proof
1) Case 0 < & < €M) First, we define ¢1):

£ = Nk —npp's k —npp’ > 1} if 66’ < 1/8
Ak —npp'sk —npp’ > 2}if 66" > 1/8.

Inequality (C.9) follows from:
P(E< X" <€W) < P(oY €[0,6M —€+2)). (C.13)
From Corollary 1, we get:

(€W — €+ 1) exp(1/20?)
V2ro '

Since 02 > 02, (C.13) is verified as soon as:

PE<X%<e®)<

¢M—g+2
(5(1) —E+1) exp(l/Qg(Q)) < / exp(—t2/2ag) dt.
0

If 66’ < 1/8, then €M) — ¢ +1 € {1,2} and this inequality is true for
0% = 4.5. If 68’ > 1/8, then €M — £ + 1 € {1,2,3} and this inequality
is true for of = 11.

2) Case £€M) < ¢ < ¢, Inequalities (C.11) are satisfied with 0§ = 4.5
if 66’ €]0,1/8], and 02 = 80 if 66’ > 1/8. To prove that D(§) > 0, we use
the upper bound of P(X? = £), given by Lemma B.1.

If 66 < 0 we get:

¢2 ¢ 1 e sE S

D<£)=g(£)2_ﬁ+§—§;5+ 202 202 o4
56" € 1+ (86702 [ €\ 1
R = R V=) B 7=

This function is concave in £/02, positive at 2/0? and at 1/2 as soon
as 02 > 4/(3 + 68'(2 — 68")) (in particular, one can take o > 4.5 for
|68 < 1/8).
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If 66’ > 0 we get:
9(&) 2 E(A(E+1) = 1)/0® — (A(E+ 1) — 1)?/(20°) + 68'¢/(20?)
— 66'6%/(60) — S,€% /0.

Moreover, with o2 > 4.5 (if 66’ < 1/8), or with o2 > 80 (if 6§’ > 1/8),
we have £ — A(€) > 0 for €0 < ¢ < €@, Thus:
EAE+1D) - 1)/0% — (A(E+1)—1)?/(20%) > E(A(E+1) —1)/(207).

It follows:
66’ &
602 ;_5) (C.14)

with o = 0.835 if §§' < 1/8, and with o = 1.9 if 66’ > 1/8. Recall that
D(¢) = g(&) + In(1 — A(E+ 1) + A(&)). We have:

96 2 5y (a+ 55+

In(1 — A(E+1) + A(€)) > In(1 — ¥88'¢/20%))

with v = 5/2 if 66’ < 1/8 and with v = 7/3 if 66’ > 1/8. Let h denote
the function h(z) = 1+ 2z~ ' In(1 — yz). We get:

‘55'52 - i +68'h(5 5 ‘5'5 >)).

DE) > oyl

The function A is decreasing. If 66’ < 1/8, then (65’5)/(202) <1/32 and
we obtain D(&) > 0. If 66’ > 1/8, we have to distinguish two cases. For
£%/(60?) > 1.126, we get:

D(&) > (£/(20%))(1.9 — 0.5+ 1.126 + h(0.25)) > 0
For £2/(60%) < 1.126, then £/0? < 0.214 as soon as o2 > 150. Hence:
D(&) > (£/(202))(1.9 — 0.214 + h(0.107)) > 0.

3) Case ¢ > £, From Corollary 3, we have:

o) > 228 +In(p(e — A+ 1))/o) ~ £~ 1)

with A = 1 if 66’ < 0, A = 0.835if 0 < 68 < 1/8, and A = 1.9
if 66 > 1/8. We have for all ¢ > ¢® if §§ < 1/8, and for
£@ < £ < B f 68 > 1/8: 0 < £ — A€+ 1) < € — A(€). Thus
9(&) =2 (2A —1)/(20?) + g(€ — 1).
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In the case 66’ < 1/8 we obtain:

2A -1

D(€) > In(1 = AE +1) + A©) + T (€ ~ ) +9(6?).

Since In(1 — A€ + 1) + A(€)) + (2A — 1)(€ — €P))/(20?) is increasing
in ¢ (because o? > 4.5) we get D(€) > D(¢£?) > 0.
In the case 66’ > 1/8 we obtain:

(2)
D'(6) 2 (@S5 ) + 9(6?).

We have supposed o2 > 150. Thus 0.49 < £(2)/o? < 0.5. Using the lower
bound of g(¢®) given by (C.14) we obtain:

8 x ((exp(wt)) - 1) 2

/ > / g
D'(§) > In( % x 0.49 )+ 68'(0.245 + 102)+0.343,

The right side is an increasing function of 6§ if o2 > 102/(1 — 66") and
is positive at 6§’ = 1/8 if o > 379.

D. PROOF OF INEQUALITY (A.7) OF LEMMA A.1

Let § = 1 — 7. On the set X° > (02/(4d)) — ¢’ , where ¢ = ¢ — 1, it
is clear that Inequality (A.7) holds because

2
—c'—dY2+aY§Z—d—c’§X°.

We suppose now 0 < X° < (02/(4d)) — c. Since P(cY —dY? — ¢ >

£—1) < P(oY > (6%/2d)(1 — /1 — z)), where z := (4d(§ + ))/0?, it
suffices to prove that for all ¢ € [0, (0?/(4d)) — ¢] :

P(X°>¢) >P(oY > ;—;(1 —V1-1)) (D.15).

If z is large, we will prove Inequality (D.15), and if z is small we will
prove the following inequality step by step:

P(X°=¢) > P(oY € [%2(1 —Vi—2); —;—;(1 ~-vV1-4)]), (D.16)

where z and 7’ are defined by: z = 4d(£ + ¢/)/0? and 2’ = 4d(£ + ¢)/o?.
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Relation between P(X° > ¢) and P(X° = £). — With the notation of
Lemma B.3: r(¢) = P(X° = £+ 1)/P(X° = £), we have:

P(X°>6=PX"=)1+> [[rE+5)

@ =0
Since ¢ + ¢ < 0%/(4d), we can apply Lemma B.3 when A = 1/(4d) < 1:

In(P(X° > £)) > In(P(X° = §)) + ln(ll;_of;)

with

1 146)?
a:exp(—@ ( 1 ) 4d+l(1— d))
Inequality (D.15) is replaced by:
In(P(X° =¢)) + ln( ) > P(sY > —(1 -vV1-1z)). (D.17)

Uppers bounds for the Gaussian probabilities. — Using P(Y > y) <
(yv2r) "t exp(—y?/2) we have:

1n<P<0Y > 20 - VT=0) € ~In(ov3m) ~In (‘1 S )

8d2 (1 . my (D.18)

Moreover,

P(oY € [”—2(1 VT3 ‘2’—;(1 _Viza)
5 (1-vI=a’) ) P z’
\/-2—7r/24(1 S exp(—y /2)dy:4d\/ﬂ )
where h(u) = (1—-u)~""/? exp(—(0?/(8d?))(1 - /T — u)?). The study of

shows that [ h(u) du < (z —z')h(z) as soon as 62 > 16d2, ¢ > (d+1)?
and z < z(, where:

T = (1/2) + (4d(d — 1)/0?) + (1/2)\/1 — (16d2)/(c?).

With these conditions we have:
2 2
In(P(sY € [%(1 ~VIZ2); g—du —VI—2))
1 2
< ~In(oV2m) - S In(1 - 2) - %(1 —-Vi-a2)?

(D.19)
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The conditions on the constants are:

ol > 16d°
{ c> (d+1)2 ©)
4d > 1.

End of the proof. Let us denote by g the function which appears in both
Inequalities (D.19) and (D.18):

2
g(z) =In(ov2r) + %(1 —V1-1z)2
Using (D.17) and (D.18), we see that Inequality (D.15) is satisfied as soon
as:

In(P(X° =¢)) + g(z) > —111(11__(1: )‘In(l— 2;_96)'

Using (D.19), we see that Inequality (D.16) is satisfied as soon as z < zp
and: 1
In(P(X° = ) + g(z) > —5 (1 - ).

Thus we need a lower bound for In(P(X°? = &)) + g(z). We have
(1—+v1I=2) > (2%/4) + (2°/8) + (5z*/64) with z = 4d(§ + ') /o
Using Lemma B.1, we get:

In(P(X° = &)) +g(x) > D ai’

=0

with:
1, ., 1 de®  5d*c*

=52 3oy T T e

1 3dc?  10d%c?
(11:—-2—(26/——9)—}"—0_‘4—4'

20 ob
1., 1 15d2¢
GQ—F(?)Cd'F 16(1+/\)2)+ 0-6

1 6, 10d*
as = F(d - 5) + 06
1 (5d2 (1+ 36%) )
o6\ 27 48(1— A3
Since A < 1/4d, a4 is positive when d = 0.51 (if § = 1) or d = 0.41 (f
§ = 1/8). Then, with 02 > 4.5, ¢ = 4 in the general case § = 1 or ¢ = 3 in

ayg =
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the case § = 1/8, the three conditions of (C) are satisfied. We now detail
the case § = 1/8, 02 = 4.5, ¢ = 3, and d = 0.41 (the general case 6 = 1
is analogous). We replace the constants by their value, but keep A = 1/4d
in the coefficient ag. We will later give a lower bound for this coefficient.
We get a < 0.4895, zp > 0.602 and:

In(P(X° = ) +9(@) 2 3 b’

with:

1 1 3.28 6.724
bo= —=(2 -
0 02( 6(1—)\))+ ot + o6
_ 1.9375 4.92 13.448
b, = = + s + g
2484 10.086
ch ot ob
0389 3.362
by = o —5

Case z < 0.602. In this case (In(1—2))/2 > —(z/2)—(2?/4)—0.317z5.
We replace x by 4d(§ + ¢’)/o? and obtain:

3
In(P(X° = €)) + g(z) + -;—ln(l —z) > ZQ‘&"

1=0
where cy,c3 > 0 and:
1 1 0.5904 4.47
= —(0.36 — -

c 02( 6(1 —/\))+ o of

1.1175 2.2304 3.34
a = st T T 6

o o o

The right side is not really polynomial: co is a function of A where A is
such that £/0? < A (Lemma B.1). If § < 0.302, then A < 0.3, and all
the coefficients ¢;, 4 = 0,1,2,3 are positive. If 0.30% < £ < 0.6102
(since &/0® < 1/(4d)), then A < 0.61 and we get co + c16 >
(04(1.1175¢ — 0.0674) + 4.87)/0®. Using & > 0.302 > 1.35, we obtain
the positivity.

Case = > 0.602. In this case we have:

1—act! 1-+v1-—z
1
o Iy

Now A < 0.61 (since £/0? < 1/(4d)). If 02 < 10.5, we obtain by > 0.1852.
If 02 > 10.5, we use £/0? = x/(4d) —c'/o? > 0.17, and obtain b, & > 0.32.

In(P(X°® = £))+g(x)+1n( ) > bo+b1£—0.1852.
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E. BOUND OF |X O| CAN NOT BE IMPROVED

We show that the term |§6'|Y? of Inequality (A.2) cannot be avoided.
Using properties of H(n,np,np’), it is sufficient to prove this result for
X% > 0 and 68’ > p > 0. In Section C we have obtained the existence
of constants o and b such that:

P(X° > ¢) SP(UYzf—a—béé’i—z)

Let us suppose & of order 0%/31Ino, more precisely 0*/3lno — 1 <
¢ < o**lno (we recall that £ = k — npp’;k € N). Using the lower
bound of P(X° = ¢) (Lemma B.1) and inequality P(Y > y) <
(yv27) "' exp(—y?/2), we obtain:

£2 {:3661 y2
997~ ggi TImo+ (o) > 5 +Iny,
2
where y = E_o_ b65'£—3 and lim €(o) = 0.
o o (o T—00
Using the definition of &, we get:
2/3(1n )2 1 2/3(lno)?

g—%m‘l—i—(%’(b—g)(ln 0)3+e'(a)+lno > (—j——(;ﬂ—}-ln%—l-ln(lna),

where lim, ., €/(o) = 0. This leads to b > 1/6 as soon as §8’ > p > 0.

Nous adressons nos plus vifs remerciements au Professeur J. Bretagnolle
sans qui ce travail n’aurait pu aboutir.
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