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ABSTRACT. — We prove an invariance principle for functionals
of Markov processes. As an application we prove an invariance
principle for tagged particles of Brownian particles with non-symmetric
interactions. © Elsevier, Paris
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RESUME. — Nous prouvons un principe d’invariance pour des
fonctionnelles additives de processus de Markov. En application, nous
démontrons un principe d’invariance pour une particule marquée dans
un systeéme de particules browniennes avec interactions non-symétriques.
© Elsevier, Paris

0. INTRODUCTION

An invariance principle for Markov processes is a theorem to claim
a diffusive scaling limit of a functional X = X, of Markov processes
(Y, {Pg}) converges to (a constant multiplication of) Brownian motion;

001 1 2 =
( ) E%EXt/e- O'Bt.
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218 H. OSADA

This has been studied by [8], [1] for the reversible case, and by [21], [29]
for the non reversible case under the strong sector condition.

Some of main assumptions in these works are the following; (1) X
is an additive functional of Y, and (2) the mean forward velocity of X
exists. Here the mean forward velocity ¢ of X means, roughly speaking,
the following quantity;

}ill(l]%lEg[Xt] =¢(f) or hm A Eg[/ “MXdt]) = o(6).

Here E; is the expectation with respect to Py. In continuous models, it is
often difficult to check these assumptions; even in the simple case such as
homogenization of reflecting diffusions in random domains we need a long
argument to prove (2) (see [21, Sect. 3]). One of our purpose is to improve
such a situation by assuming the condition—(A.4) and (A.5) defined later—
on associated Dirichlet forms; under this condition, (1) is unnecessary and
(2) is automatically satisfied. This condition is not restrictive. It is still a
very mild assumption satisfied by many models (see Sect. 1).

Our second purpose is to obtain an explicit expression of the limit matrix,
that is, the average of %00*. By product we give a universal inequality
of limit matrices, which says limit matrices are always greater than or
equal to that of the symmetrized process, or in other words, if we add a
skew symmetric part to a reversible Dirichlet form, then the limit matrix
always increases.

Our work is motivated by the following problem: Consider infinitely
many hard core Brownian balls (X");cn in RY and tag one particle, say
X' Then the problem is to prove (0.1) for X" For this the previous results
are not sufficient. Indeed, X has very singular drifts caused by collisions
to other infinitely many Brownian balls. So its mean forward velocity has an
extreme roughness. To prove the existence of such a singular mean forward
velocity in infinitely dimensional situation, we develop a new technique
in a general context.

Let © be a Hausdorff topological space and B(©) denote its Borel
o-algebra. We assume B(0) = o[C(0)], where C(O) is the set of all
continuous functions. Let p be a probability measure on B(©) and Dy
a dense subspace in L?(©, u). Let & : Dy x Dy —R be a bilinear form.
We assume:

(A1) (&y,Dy) is a quasi-regular Dirichlet form on L*(©, ).

(A2) 1€ Dy and &(1,1) = 0.

(A3)  (&v,Dy) satisfies the strong sector condition;

€y (91,92) < Ci&y (g, 1)/ %6y (g2, 92)"/%  forall g1, 92 € Dy.
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AN INVARIANCE PRINCIPLE FOR MARKOV PROCESSES 219

By (A.1) and Ma-Rockner’s result [12, Ch. IV Theorem 3.5] there exists
a special standard process Hy = (2, ®,8,,Y:, {Py}sco) associated with
(&y,Dy) on L?(O, ).

When © is a Polish or, more generally, metrizable Lusin space, then
Hy- becomes a Hunt process. By (A.2) and (A.3) Hy is conservative with
invariant probability measure . This statement is clear if © is a metrizable
Lusin space. Otherwise, we can prove this by using the transfer method
in [12], [3].

In previous works X has been an additive functional of Y. One of our
key idea is to extend Y to be a Markov process (f( ,Y) on RO in
such a way that X; = X, — X,. For this we assume (€y,Dy) has the
following structure.

(A4) There exists a positive closed form (&), Dy) on L?(0,u)
satisfying:

(0.2) & := &y — & with Dy is a positive closed form on L?(©, ),

d
03) 0.0 = [ 3 ayDighsgd
o .

3,3=1

Here v is a probability measure on (©,5(0)), D;:Dy — L*(0,u) (1 <
i < d) are linear operators satisfying D;1 = 0 and a;; : © — R are uniformly
elliptic, bounded measurable functions; there exist positive constants C5 and
Cs such that Cs|€]? < E;{]_:l a;;&:&;, and ]Zijzl a;;&in;| < Csl€||n| for
all £ = (&), = (n:) € R

Let 0 = (0;)1<i<a, Where 0; = % We regard D; and 0; as operators on
C*(R)®Dy by Dih = 3, fu®D;gy and ;b = 3,(9; f1)@gx, Where
ho= 32 [k®gx = 32, fr(@)gr(8) and C°°(R)®Dy is the algebraic
tensor product of C°(R?) and Dy-. Let £, and £Z, be bilinear forms
on C5°(RY)®@Dy given by

d

(04)  Exy(hn,hy) = / > aij(D;—8;)hi(D;—8;)hadudy
RIx© J=1

(0.5) €%y (ha,hy) = Z(/d finfadz) - E¢(gurs g2r)-
ki VR

Here hi = 3, fim®gim. Let Exy be the bilinear form on C°(R)@Dy
given by

g‘\'y = Ei—y + 52\1
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220 H. OSADA

We assume:

(A5) (Exy,CP(RY)®Dy) is closable on L?*(R?x©,dzx u)
and its closure (€xy,Dxy) is a quasi-regular Dirichlet form on
L*(R*%x ©,dz x p).

(A.6) (Eiy,Dxy) is strong local (see [3]).

By (AS5) there exists a special standard process Hyy =
(Q, 9,9, (X, Y:), {Pro}) associated  with (Exy,Dxy) on
L*(R4x©,dz x ). Here $, is the natural filtration. We prove in Lemma
2.3 that Hxy is conservative with invariant measure dzxu. We also prove

in Lemma 5.3 that X, is a continuous process by (A.6); we note here
(X¢,Y:) is not necessarily continuous.

We recall systems of Markovian measures {Pp} and {P,¢} in Hy and
Hxy are unique up to quasi everywhere. We will prove in Lemma 2.3 that
there exist versions of {Py} and {P.} satisfying the following

P o (X; — XO,Yt)“1 is independent of = € R?,
PpoY 1 =P, forall z € R%

So we will take these versions. We are interested in asymptotic behavior
of X. Let

(0.6) Py =Pyo (X —X5)™", where Xf = eX,/e.
By the reason above Pj is independent of .

THEOREM 1. — Assume that (A.1)—(A.6) hold. Then there exist a;;:0—R
such that

(0.7) lin(l)Pg =P, infdd in -measure.

Here Py is the distribution of d-dimensional continuous martingale X, such
that

< Xi,)?j >t: 26”(9)t, 550 = 0

In addition, when the matrix a = (ai;) and the bilinear form £% are
symmetric, the convergence in (0.7) is strengthened to be weakly in
C([0,00);R?) in p-measure.

Remark 0.1. — (1) If (Y,P,,) is ergodic under the time shift, then a;;(0)
are constant.
(2) By definition P; = P, 0 (X¢ — 61})71. So (0.7) implies

lin(l)lF"zg o (X9 = ﬁg in f.d.d. in p-measure for all z € R¢.
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AN INVARIANCE PRINCIPLE FOR MARKOV PROCESSES 221

We next proceed with the identification of the limit matrix. Let

(08) aij = /66”(0)(1#

We call a = (a;) the limit matrix. It is determined by €y, a;; and D;. We
write @ = a[€y]| when we emphasize the dependence on Ey. Let

D=L*O,p) X -+ x L*(®, 1) x (Dy [€})

d times

Here Dy /EZ is the quotient space of Dy with the equivalence relation ~
such that f ~ g if and only if E2(f —g,f —g) = 0. Let & :D x D—R
such that

d
Ey(f,8) = /@ Z aij figidv + EL(f, ).
ij=1

Here f = (fl,...,fd,f) € D, and f € Dy /EZ is the element whose
representative is f € Dy. We set g similarly. Let gf/ym be the inner
product on D given by )

&7 (5, 9) = {Ev(F.9) + & (g, 1)} /2.

TheE D is a Hilbert space with inner product gﬁym. Let 7500 be a subset
of D given by

500 = {g S 579 = (Dlg"“degag)vg € DY}

Let 250 denote the closure of ’!500 with respect to ggy M et e €D
(i =1,---,d) such that e’ = (6ij)1<j<d+1, Where §;; is the Kronecker
delta. We consider the equation on 1* € D, for each 1 < i < d given by:

(0.9) Ev(y',g) = Ey(e’,g) forall g € D,.

It is easy to see that (0.9) has a unique solution )¢ (see [21, Lemma 2.1] ).
We now state the expression of the limit matrix.

THEOREM 2. — Under the same assumptions in Theorem 1 the following
hold:
(0.10) ay; =67 e — ¢t el — )

Remark 0.2. — (1) If e € Dy, then %' = €. By (0.10) ay; > 0 if
and only if e' ¢ D.

Vol. 34, n® 2-1998.



222 H. OSADA

(2) Positivity of limit matrix « depends on individual structures of each
models. We will prove it in [20] for tagged particles of infinitely many hard
core Brownian balls (see Remark 1.3 below). We refer to [1], [13] for the
case of soft core, and [8], [26] in case of exclusion processes on Z¢. See
[17], [27] for reflecting barrier Brownian motions in random domains.

(3) « is called effective constants in homogenization problem, and
self-diffusion constants for tagged particles of infinitely many particle
systems.

(4) Suppose X is the additive functional of Hy and Dirichlet forms are
symmetric. If the mean forward velocity ¢ is in L?(©, ;1) and in the domain
of the generator of Hy, then « is given by the following (see [1], [26]);

sy = Eu[(Xi — X0)(X] — XJ)] — 2E, / " Xy (X)dd).

The second term is called the integral of velocity autocorrelation function.
This expression does not make sense when ¢ ¢ L2?(©,u). One of
advantages of (0.10) is that (0.10) holds even if the mean forward velocity
 is a distribution, which is the case of hard core Brownian motions.

As an application of Theorem 2, we obtain a universal inequality on
limit matrices: Let £YM(§, g) = {£(f, g) + £(g,f)}/2 and EYM1(§ g) =

{EY(f,9) + €(g,f)}/2. Then (£3YM gsyml 5y 450 satisfies the
assumptions (A.1)—(A.6).

THEOREM 3. — Under the same assumptions in Theorem 1 the following
hold:

(1) Let a[é’,sfym] and «[Ey’| be the limit matrices associated with 55_}’ m
and &y respectively. Then
(0.11) a[€7™] < al&y).

. . sym, . .. . .
Here the inequality means o[Ey| — a[é’Yy | is a positive definite matrix.

(2) We have a variational formula of the limit matrix for the symmetric
case;

d
(0.12) 3 &g auley ™ = inf{E7 (¢ — 8,6 — g)ig € Do)
i,j=1
Here ¢ = (&) € R%

Remark 0.3. — When ¢ is in L?(0O, ), inequality (0.11) was known
for specific models (see [29], [13]). Our contribution here is to prove
inequality (0.11) with a great generality.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



AN INVARIANCE PRINCIPLE FOR MARKOV PROCESSES 223

We now explain some idea of the proof. In previous works [8], [1], [21],
[29], X was assumed to be an additive functional of Hy and have a mean
forward velocity. It is difficult to prove the existence of the mean forward
velocity for general additive functionals even if Hy is symmetric. However,
if X is an additive functional of the form

(0.13) X, = A = f(v) - f(%)

for some f € Dy ( f is the quasi continuous modification of f, see [3],
[12]), then the existence of the mean forward velocity ¢ is trivial from the
well known relation (see, e.g., [12, Theorem I 2.13 (iii)]);

/\Iim /\(/\Ry,)\f - f, U)LQ(G‘),N) = —gy(f, ’U) for all v € Dy

and ¢ is identified, where Ry is the A-resolvent of Hy. (When the limit
lim,_,oeXy/.> is non-degenerate, this is something hardly expected because
Hy has invariant probability measure and f is in L?(©, p1)). Taking this into
account, we consider the new Markov process Hxy on the extended space
RxO. (For this we assumed (A.4) and (A.5)). Then X; — X, of Hxy is an
additive functional of the form A, like as (0.13), with coordinate function
x. We next introduce a weighted non-symmetric form and a weighted L?
space, associated with Hxy, in such a way that z is in its domain. Then,
as we see in Lemma 3.1, we obtain the existence of the mean forward
velocity of X.

At a first glance one may think our formulation is complicated; however,
it nicely fit concrete problems. In order to convince readers to this point,
we give applications in the next section. The proof of main theorems will
be started from Section 2.

The organization of this paper is as follows: In Sect. 1 we apply main
theorems to central limit theorems for tagged particles of interacting
Brownian motions with skew symmetric drifts. We also refer to the
homogenization of non-symmetric reflecting diffusion processes in R9.
In Sect. 2 we introduce a weighted form and prove Hxy is conservative.
In Sect. 3 we prove the existence of mean forward velocity. In Sect. 4 we
complete the proof of Theorems 1-3. In Sect. 5 we collect some results
from Dirichlet form theory. These results are used in preceding sections.

1. Applications
In this section we give applications.

Vol. 34, n® 2-1998.



224 H. OSADA

1. Tagged particles of interacting Brownian motions

We first give a rough sketch of the problem. Let ®:R¢—R U {+o0} be
a measurable function such that ®(z) = ®(—xz). We consider a diffusion
on (R?)N formally given by the following SDE;

; ; — 1 ; j ,
(1.1) dXi=dB; - > 5 VO(X{ = X{)dt (i €N),
=137
where N = {1,2,...} is the set of the natural numbers and B; (i € N) are

independent Brownian motion on R?. We tag one particle, X% say. The
problem is to prove lime_,geX'tL?62 = oB;.

When ® € C3(R?), SDE (1.1) was solved by Lang [9], [10]. (See also
[25], [4], [28]). We however use here the Dirichlet form construction due
to [18] because it does not need the smoothness of ® and gives associated
Dirichlet forms explicitly.

We now proceed to the precise formulation of the problem: Let O be
the set of all locally finite configurations in R?, where a locally finite
configuration means a Radon measure 6 of the form 6 = > 4, . Here
{x,} is a finite or infinite sequence in R? with no cluster points and §,
is the delta measure at a. By convention we regard zero measure as a
configuration. We equip © with the vague topology. © is a Polish space
with this topology. (cf. [23]. The ©-valued process associated with (1.1) is

(12) Xt = 25‘Y2'
=1

In order to construct dynamics (1.2) we introduce a bilinear form: Let
= {6 € ©;0(R?) = i} for i € {0} UNU {co}. Let R® = R%
for i € N, and R = {(2;)ien; (2:)ien have no cluster points in R¢}.
A map x':0° =R (5 € NU {oo}) is called a R®-coordinate of ¢ if
0 =% 6aie) for all § € O, where x*(0) = (x'(6),...,2*()). Let for
i e Nu {oo} and f,g € C°°(R())

(1.3) D'[f,gl(x) = ZV f(x)-Vg(x).

Here V; = (%)gkgd» x = (27) € R® and - means the inner product on
R<. Let D, be the set of all local, smooth functions on © (see [18, (1.2)]
for the precise definition). For f,g € D, we set D[f, g]:©® —R by

(1.4) D[f, g)(6) = {OD"[fﬁgi](X’iW)) for Heee@(;a.i € NU {00}

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



AN INVARIANCE PRINCIPLE FOR MARKOV PROCESSES 225

Here x'(f) is a R®-coordinate, and f is the permutation invariant function
on R® such that f(f) = fi(x'(6)) for all § € ©'. We set g* similarly. Note
that such f* and g° are unique for each : € NU{oo} and D is well defined.
For a probability measure p on (©,B(0)) we set

(15) e(f.g) = | DIf.ol(0)dn

Our dynamics are diffusion {P%} associated with (£, D) on L*(O, ).

Remark 1.1. - (1) If we take u to be the Poisson random measure whose
intensity measure is Lebesgue measure, then {P}} is given by ©-valued

Brownian motion By; that is, B, = 3777, 6p:. Here B' are independent
copies of Brownian motion.

(2) Typical examples of p are grand canonical Gibbs measures with
potential ®. See [18] for the definition; there they are called Gibbs measures.

(3) If we take p to be a grand canonical Gibbs measure with hard core
potential given in Example 1.1, then {P}} describe the motion of infinitely
many hard core Brownian balls.

Let Q. = {z € R%|z| < r} and Q® be the i times product of Q,. We
denote by o’ the density functions of u on @Q° (see [18] for the definition).
We also denote by {p‘}i—o,1,. the infinite volume correlation functions
of p if exist. (see [24]). Let 7,:© — © denote the translation given by
Tal = 3, 6znta for = 3 6, . We assume:

(M.1) (", D) is closable on L*(©, ).

(M.2) ot € L®°(Q!,dz) foralll <i,r <oo, p'< oo exists.
M3) por t=p  forall a € R

(M.4) Cap(N) = 0, where N = {6;0({z}) > 2 for some z € R%}.

By (M.1) we denote by (E*,D*) the closure of (£#,Ds,) on L2(O, p).
We note by (M.3) p'(z) = constant.

LemmA 1.1. — Assume (M.1)-(M.4). Then we have the following:

(1) (&*,D*) is a quasi-regular Dirichlet form on L*(©, 1) and there
exists a diffusion {P4} associated with (€*,D*) on L*(O, p).

2 PL(Xs €-) =Pl (raX; €) forall a € R

(3) PL(X; € N for some t) = 0 g.e. 6.

Vol. 34, n°® 2-1998.



226 H. OSADA

Proof. — Since p' is constant, we have 77 ipu(0}) = [, p'dz < oo
for all r < oo, where ©f = {f € ©;60(Q,) = i}. Hence (1) follows from
[18, Theorem 1]. (2) follows from (M.3). (3) follows from (M.4). O

Let 11, denote the conditional probability given by p, = u(-|0({z}) = 1).
By (M.3) we can choose the version p, in such a way that p, = pg o 7, L
for all z € R?. Here the subscript 0 of yo denotes the origin in R?. We set

0, = {0;0({z}) = 1,P4(X; € N for some t) = 0}.
We can write X € C([0,00) — ©) as X; = .72, 6x;, where X; € C(I; —
R?) and I; is an interval in [0, 0o) of the form [0, ) or (a, b). (Although we
can prove I; = [0, 0o) for all ¢ from (M.3), we consider here a general case).
Then I; are unique up to numbering. If Xg = 6 € ©,, then there exists an
i(z,0) such that X;™® = 7 and such Ri-valued path Xi@®) = X
is unique. For each § € ©, we call (X‘@9 PL) a tagged particle starting
from z. We want to prove the convergence of limeﬁooeX_i/(fz’o). So for

6 € ©, we set Py =P} o (eX,i/(fje))‘l.

THEOREM1.2. — Assume that 1 satisfies (M.1)-(M.4). Then for each
z € R we obtain

(1.6) lin(l)Pe”’€ = Py weakly in C([0,00) — R?) in p1,-measure,

where 169 is the distribution of d-dimensional continuous martingale )?t
such that
< X' X7 >y=24,;(r.0)t, Xo=0.
Here @;;:©¢—R.
We will reduce Theorem 1.2 to Theorems 1 and 2. As previous works [6],
[1] we consider the dynamics so called environments seen from the tagged

particle. For this we introduce new Dirichlet forms: Let D: Dy, — (Do )?
such that ,

Do) = 7 S Vifix9)  forde O (ieNU{oo})
0 for 6 € ©°,

Here V;, x'(#) and f*:R() — R are same as in (1.5). We note /2D is the
generator of a family of unitary operators {U, },crs On L?*(©, 1) given by
Uaf(ﬁ) = f(’l‘ag) Let 0 = ("j‘é"%)lﬁiéd and Mo = NO( i (30) We set

Ey(91,82) = / {Dg, - Dg> + Dlg1, g2 }dpo
e

Exy (1, h2) = / {(D—=0)by - (D) + Dby, ba]}dadp.

RIXO
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Here - is the inner product in R? as before, and for h; = Y., fim®gim
we set

D(bh1, b2 = Z f1refaD[g1k, g21]-
kol

Lemma 1.3. — (1) (&y, D) is closable on L*(©, ), and its closure
(Ey,Dy) is a quasi regular Dirichlet form on L*(©, ).

(2)  (Exy,C§5°®@Dw) is closable on L*(R¥xO, dxxyu), and its closure
(Exy,Dxy) is a quasi regular Dirichlet form on L?(Rx©, dxxuy).

() Let ({Peo}(z,0)erixo, (X1, Y2)) denote the diffusion associated with
(Exy, Dxy) on L2(R¥xO, dwxpg). Then P4 o (X:(x’e))*l =P.0 X, .

Remark 1.2. — A diffusion associated with & describes the motion of
environments seen from the tagged particle, and £xy corresponds to the
motion of the coupling of the tagged particle and environments seen from
the tagged particle. The former diffusion is represented by

Y; = Z 6‘\,37‘\,;@_0) under P
J#i(z,0)
Here XZ'(’“”Q) is the (position of) tagged particle. This representation makes

sense until ¢ < o := sup{t;Xti(w’a) € Rd}. Here, in other words, o is the

right end point of the random interval [0,0), where the tagged particle
X9 is defined. We see eventually o = oo a.s. by Lemma 2.3.

Proof. — For the sake of brevity we only sketch the proof; the details
will appear in [19]. The closability of £xy can be proved in precisely the
same fashion as [18, Theorems 1 and 4].

In order to prove the quasi regularity of £xy, we first construct the
associated diffusion {P,¢}. For § € ©, we consider a family of finite
measures {P,¢} given by

Poo(x) = PL((X'@D Y) € xN {0 < 0}).

Then it is clear that {P.4} is a diffusion with state space R*O.

Let T, denote the semigroup associated with (£xy,Dxy) on
L*(RO, dzxuo). Then it is not difficult to see

(1.7)  Tih(z,0) = En[h(X:,Y:);t < 0] for h € L2(RO, dxxpo).

Here E ¢ is the expectation with respect to P, and o = sup{¢; | X:| < oo}.
We can prove (1.7) by using an approximating sequence of finite dynamics.

Vol. 34, n® 2-1998.



228 H. OSADA

We thus see {P,p} is the diffusion associated with (Exy,Dxy) on
L2(RxO, duxpg).

Now by Ma-Rockner’s result [12, Ch. IV Theorem 5.1], the quasi
regularity follows form the existence of the associated diffusion {P.¢}.
We thus proved (2). (3) is clear from the construction of {P.q}.

Closability of (&y,Dy) on L2%(©,uo) follows from that of
(Exy,CP(RY@Dy). Let Py = P,y o Y~1. Then it is clear that {Py} is a
diffusion associated with (£y, Dy) on L?(0, o). Hence by Ma-Réckner’s
result we obtain the quasi-regularity of (£y,Dy) on L2(O, ), which
yields (1). O

Proof of Theorem. 1.2. — By Lemma 1.3 (1) and (2), we see (Ey, Dy)
on L2(O, up) and O satisfy the assumptions in Theorem 1. (1 in Theorem
1 corresponds to o here). By Lemma 1.3 (3)

liII(l)Pe“’6 = liII(l)ng o (EX./E2)_1 = liII(l)ng 0 (eX /2 — eXo) L.

Hence Theorem 1.2 follows from Theorem 1. [

We now give a class of measures p satisfying the assumptions in Theorem
1.2. As we stated before, this class consist of grand canonical Gibbs
measures ;& with pair potential ®:R?—R U {oc}. For the existence of
Gibbs measures and dynamics {Py} we assume & satisfies the following:

(®.1) & is super stable in the sense of Ruelle [24].-

(®.2) @ is regular in the sense of Ruelle [24]; there exists
a positive decreasing function ¢:Rt—R and a constant R; such
that [~ ¢(t)t"ldt < oo, ®(z) > —¢(|z|) forall z, and ®(z) <
o(le]) for la| > Ry.

(®.3) @ is upper semicontinuous.

By (#.3) ' = {z € R%; ®(x) = oo} is a closed set. We call T the core of
particles. Let G(®), denote the set of all grand canonical Gibbs measures
with activity z and potential & satisfying (M.1)-(M.4).

LemMA 1.4. — Assume that ® satisfies (2.1)—~(9.3) and d > 2. Then
translation invariant, grand canonical Gibbs measures obtained by Ruelle
[24] are elements of U,50G(®).. In particular, G(®), # O for all z > 0.

Proof. — By results in [24] assumptions (®.1) and ($.2) imply, for each
activity z > 0, the existence of grand canonical Gibbs measures satisfying
(M.2), (M.3) and having infinite volume correlation functions p’ such that

(1.8) pi(xt, ..., 2") < Ct (C, is a constant).
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Moreover (M.1) follows from [18, Theorem 4]. (M.4) follows from (1.8)
with ¢ =2 and d > 2. O

We proceed with the main theorem in this subsection:

THEOREM 1.5. — Assume that ® satisfies ($.1)-(®.3) and d > 2. Then
for each z > 0 for each G(®). # 0, and for each p € U,oG(P), we
obtain (1.6).

Proof. — Theorem 1.5 follows from Theorem 1.2 and Lemma 1.4
immediately.

Remark 1.3. — (1) In [20] we will prove the limit matrix is strictly positive
if d > 2 and @ satisfies the following:

(®.4) T is convex. (®.5) T' has positive Lebesgue measure.

We conjecture that ($.5) is unnecessary. On the other hand, ($.4) seems
essential; we conjecture that there exists a potential ® whose limit matrix
is degenerate when (®.4) is not satisfied.

(2) When d = 1 and ® € C3(R), then (M.4) is not satisfied in general.
So it may happen that G(®), = 0.

(3) When & € C3(R?) and #G.(®) = 1, Guo [6] proved the
convergence in f.d.d.. In [1] DeMasi et al proved the convergence weak
in C([0,00) — R%), not only the f.d.d. convergence, when & € C3(R?)
and Y, V®(z') € L?(O, po). They used the Kipnis-Varadhan argument.
Compared with these results, our results require no such restrictions on ¢
and, in addition, the convergence is weak in C([0,00) — R¢). We will
study non symmetric interacting Brownian motions in the next subsection,
which are also excluded in [6], [1].

We give three examples of ® which satisfy assumptions (®.1)—(®.3).
No example below are covered by [6], [1].

Example 1.1. — (hard core Brownian balls). Let ®},,.,q be a hard core
potential such that

Phard(z) = oo for |z] < R,  ®p,.q(x) = 0 for |z| > R.

Here R > 0 is a constant. Let up..q be a grand canonical Gibbs measure
with potential ®,.q and activity z > 0. Then the associated diffusion
{P4} for pnarq describe the motion of infinitely many hard core Brownian
balls with diameter R. In [20] we will prove, if d > 2, then the limit matrix
is strictly positive for all z > 0.

Example 1.2. — (Lennard-Jones 6-12 potentials) Let d = 3 and
@6 12(x) = 29{|z|** — |z| 75} (v > 0 is a constant).
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In this case the corresponding SDE is
dX} = dBi+ Z (Xi—XDH{12| X=X |7 —6|X;—X]|%}dt (i € N).
J=1,j#i

Example 1.3. — (Lennard-Jones type potentials). Let a > d. Set
b, (z) = 2|z|7% In this case the corresponding SDE is

dX;=dBj+ > a(X]-X])|X; - X{|7*7%dt (ieN).
G=1,j7i
1.2. Interacting Brownian motions with skew symmetric drifts

We consider non-symmetric Dirichlet forms obtained by adding
skew symmetric forms to Dirichlet forms in Sect. 2.1. Let
\I':(lI!mn),n,n:lw_’d:IR"—>IR'(‘12 be a measurable function satisfying
the following:

(0.1) U(z) = U(-z) forall z € R
(0.2) Von = Vo (skew symmetry).

For i € NU {oo} and f,g € C<(R®) we set
DY [f,gl(x) = Z Z V,g9(x) - (2’ - z*)V; f(x).
7=1 k=1,k#j

Here V;, x = (z7) € R® and - are same as in (1.3). We remark, if f and
g are permutation invariant, then D¥?[f, g] is also permutation invariant.
So for f and g € D, we define DY[f, g]:© —R by

v _ I DYif ¢'(x%(0)) for € ©, i € NU {oo}
D711, 8l®) {0 for § € ©°.

Here x%(6), f* and g' are same as in (1.4). Let
£¥(f,9) = /D‘”[f, gldp, &MY =¢gr 4 £V,
e

Note that £¥(f,f) = 0 by (¥.2). So we have £~ (f,f) = £4(F, f). We
assume

(¥.3) EMY(f,8) < CsEMY(f,f)V2Em Y (g,9)!/°
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Remark 1.4. — If T' has positive Lebesgue measure and sup{|¥|;z ¢
I'} < 00, and V¥ is finite range, then (V.3) is satisfied. We also remark, for
soft core interaction, (¥.3) should not be true; so it is still an open problem.

By (¥.3) and Lemma 1.3 it is clear that (€% D*) is a quasi-regular
Dirichlet form on L2(©, 11). So let {P4"} denote the associated diffusion.
Since N defined in (M.4) is also capacity zero for (€*¥, D L?(0,u)),
we define the tagged particle starting from z similarly as before and denote
it by X*=0 By Theorem 1 and 3 we obtain

THEOREM 1.6. — Assume ($.1)~(P9.3), p € G.(P) and (V.1)~(V.3). Then

for 6 € ©, we set P}V =P o (e XL/(rze)) L. Then for each z € R?

. e = U . .
IIII(I)P: ‘=p} in f.d.d. in p,-measure.
E—

Here PiY is the distribution of the d-dimensional continuous martingale
X such that

< X', X7 >y= 24" W(ne)t X, =0.

Moreover its limit matrix o[E*Y =/ a” 0)dpo satisfies the following

inequality;
al€"] < afEMY).

Example 1.4. — (Hard core vortexes) Let pinara and R be as in Example
1.1. Let d = 2 and

Gy () = { @0 oglal i R <[ol < Re,
1 0 otherwise.

Here 0 < R < Ry < Ry < oo are constants. Let Uys(z) = —Woy(x) =
Gr, r.(z) and Uyi(z) = Uye(z) = 0. If we assume R,R; > 0 and
R, < oo, then the assumptions in Theorem 1.6 are fulfilled. In case of
R = R; =0 and Ry = oo, we do not know whether (¥.3) is satisfied or
not. In this case the associated SDE becomes

i il oo e
o dXj=dBit - ¥ U#W‘“
dY; =dBi* + 3 s amdt (€N),

7

where Z! = (Xi,Y}) are R2-valued processes, and {(B}", B;"*)}ien are
independent copies of two dimensional Brownian motion. This describes
the motion of vortexes with the same vorticity in viscous planer fluid. This
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model has particular interests and, in case of finite number vortexes, has
been studied from various motivations (c.f. [2], [11], [15], [16], [5]). When
the number of vortexes is finite, (1.9) was solved in [2], [14], [15]. On the
other hand if the number of vortexes is infinite, (1.9) has not been solved
yet. This problem was proposed in [4].

Remark 1.5. — Let ® satisfy (®.1)~($.3) and ($.5) and let 4 € G,(P).
Let G be a bounded measurable function with compact support on R2.
Then by replacing ppaa and Gg, g, in Example 1.4 by p and G we
obtain W satisfying the assumptions in Theorem 1.6. This argument can be
generalized to any even dimensional R?.

1.3. Reflecting diffusions in random domains

In [21] we studied homogenization of reflecting diffusion in random
domains. By applying Theorems 1-3 to this problem, we obtain better
results than ones in [21, Sect. 3]. Indeed, assumptions (3.3) and (3.4) of
[21, Theorem 3.1] become unnecessary.

2. WEIGHTED DIRICHLET FORMS

In this section we introduce a weighted form (£7,D?) on a weighted
L?-space L*(p) such that (£#, D, L*(p)) is associated with Hyy and that
&P = &P + a(*,%)2(,) is a positive form for large a. Let

plx) = (1+ 2 0) 712/,
where C' > 0 is a constant such that [ p(z)*dz = 1, and
L*(p) = LA(R®O, p*dx x ).
We set
(2.1) EP(hy, hy) = Exy (hy, phy)  for hi, hy € C°(RH)@Dy.

We easily see

(2.2) E%y (ha, p*ha) = Exy (ph1, ph2)  (by (0.5)),
d
(23)  Cri= sup{> (I0i0l/p)?} < oo.
zeR 55
LemMa 2.1, — (1) Let & = &£° + A(-,-)12(p). Then there exists

Ao > 0 such that (E5,C5°(R?)®@Dy) are closable on L*(p) for all X > Xo.
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Moreover, its closure (E5,DP) on L*(p) for X\ > )¢ is a quasi regular
Dirichlet form.

@) ®l,(z)?®l € D (i = 1,...,d).
Proof. — We prepare a subsidiary form £* given by &£*(hi, hy) =
E(phy, phs). Tt is clear that (£*,C5°(RY)®Dy) is closable on L2(p),

and its closure (£*,D*) on L%(p) is a quasi regular Dirichlet form. A
straightforward calculation shows

(2.4) £°(hy,hy) = E*(hy, hy) — / Z aij ap (9p)h1hadzdy
RIXO ;

2,7=1
/ Z a;;((0; — D;)ph1)(0;p)hedxdy
Rd x@l] 1
/ Z a;jh1(9;p)(9; — Dj)(phse)dzdy.
R¢ ><@LJ 1

Let I; denote the i-th term in the right-hand side of (2.4). Then by (2.3)
(2.5) Ha| < Csllhallzz o) 1P2lz2(0)
3] < Co&*(ha, ha)* *||hall L2y
|I4] < Co€ (h2,h2)1/2||h1||L2(p)-
Here Cs = C3C; and Cy = C3(C7/Cy) /2. Taking hy = hy = h in (2.4)
we see
£9(h, 1) > £ (h ) — Csllhl3a(r) — 2Collbllza " (b, )2
1
> E*(h,h) — (Cs + 4C3)||hll72(,) — 2E7(hh)
3
= 36t (h, ) = (G +4C) Il
Hence £ are positive for all A > A\ = Cs + 4C2;
3
(2.6) ER(hh) > €7 (b, h).
Let & = £* + (-, ") 2(p) and set C1o = Cs + 2C. Then by (2.4) and (2.5)
(27)  |E7(h1, ho)| < |E%(ha, ha)| + Cro€i (hay ha)/?E] (ho, ho) '/,

The first statement in (1) follows from (2.6), (2.7) and the closability
of £*. By (2.6) and (2.7) we have D* = D’. So quasi regularity of
(€r,Dr, L2(p)) follows from that of (£*,D*, L*(p)).
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Note that & (2'®1,2'®1) < oo and &7 ((z%)*®1,(z')’®1) < oo.
Combining this with D* = Df yields (2). O

Let E,s be the expectation with respect to P, and I, denote the
A-resolvent of Hyy-;

Ryh(z,0) = Ew@{/ e_)‘th(Xt,Yt)dt .
0

Since Hyy is associated with (Exvy,Dxy) on L2(RIxO,drxp),
Ry, can be regarded as the resolvent of the Dirichlet space
(Exyv,Dxy, L*(R*x©,dxrxu)). Moreover, R, is associated with
(€r,Dr,L*(p)) in the sense that for A > 0

gf(R)\]Ll,}LQ) = (hl,hg)LZ(p) for all hl, hQ (S Cgo(Rd)®Dy
In the rest of this paper we fix X' > A and set
E=&5.
By Lemma 2.1 (£',D? L?(p)) is a Dirichlet space. So let R} be the

A-resolvent of (€f,,D? L?(p)). The relation between resolvents is given
by the following.

(2.8) R\hy = Ryyaxhy  for hy € C°(RH@Dy.

Accordingly, the same equality also holds for hy € L?(p).

Let T, and 7y denote  semigroups  associated  with
(Exy,Dxy, L*(RIxO,dxxp)) and (£,D?,L%(p)), respectively.
Then it is easy to see

Tih = X*T/h  for h € C°(RY)@Dy.

Hence T can be regarded as the strongly continuous semigroup on L2(p)
such that

T2l 2 ()= 12y < €*E

Here || - ||z2(p)—12(o) means the operator norm on L?(p). We remark, if
we regard T; as the semigroup on L?(p), then T} is not a contraction
semigroup in general.
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LEMMA 2.2. — Let hy € D* and hy € C°(RY)®Dy-. Then

(1) Bim (1 = ARx)ha, ha) g2 = €7 (hn, ha),
(2) AILIEOA((I — /\R,\)hl, hZ)Lz(Rdxe’dxX#) = 5‘\’37(}1,1, h,z).

Proof. — By (2.8) we have
/\ILI)IOIO)\((I - )\R,\)hl, hQ)L?(p)

= lim A((F = ARS_y)hu,ha) o)

= lim (M7 = (A= N)BAyha ha) gy = NA(RS _yha ha) ) |
= &' (hy, ha) = N (1, ha)r2(p)
= E7(hy, ha),

which implies (1). We obtain (2) by replacing hy by p~2hs in (1). O

Recall that Hy = (2,6,8,,Y;,{Psloco) and Hyy =
(2,9, 9:,(X;,Y;),{P.e}) are special standard processes associated
with (£y,Dy) on L?(©,p) and (Exy,Dxy) on LE(RIxO,dzxp),
respectively. We remark {P.¢} is unique up to q.e. (z,0).

LEmMA 2.3. — Assume (A.1)—(A.5). Then Hxv is conservative. Moreover
there exists a version of {P .} satisfying the following: For each 6 € ©

(2.9) P.o o (X, — Xo,Y,) "} is independent of = € R?.
(2.10) PooY =Py foralzc R4.
Proof. — Let
d
D[hl,hQ] = Z a”(Dlgaz)hl(DJ*({)])hg
ij=1

For a € R? let 7,h(x,0) = h(x + a,0). Since a;;(f) are independent of
T, we see

Ta(D[h1,T_ah2]) = D[1ahq, ha).

Since drzxu and drxy are invariant under transformations (z,0) —
(z + a,6), we have

(2.11) Exyva(h1, T—oha) = Exya(Tah1, ha),
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where Exyx = Exy + A(5, ) L2 (Rixo,daxu)- L€t R denote the A-resolvent

of (Exy,Dxy) on L*(R¢x©,dz x i) as before. Then by (2.11) we see
for all ¢ € R?

(2.12) 1 (Rah) = Ra(rah)  as. (z,0).
For f' € C}(R?) and ¢’ € Dy we have

Exya(1®Ry g, ['®g")
d

:/ f(@)dzéy x(Ry5g,9") —/ Z aij(DiRy,x9)0; f'g' dzvdv
Rd Rdxei,j:1
d .
= / f/(x)daéy A(Ry g, 9) = Y {/ aij(DiRY,Ag)g/dV}{/Rdajf'dm}
Re 5o Je
~ [ F@ditvaRragg)  (by udifds=0)
Rd

= [ o5 s,

where 5)/,)\ =& + /\(*, -)Lz(@#) and RY7,\ is the A-resolvent of ((c:y, Dy)
on L?*(©,u). Then we easily see

(2.13) Rx\(1®g) = 1® Ry xg = Ry\g-
Since Hy is conservative, we have Ry 1 = 1/A. So by (2.13) we see

R\ (1®1) = 1/A, which implies Hxy is conservative.
If f € Co(R?), then Ry(f®g)(z,0) is continuous in x for fixed 6. Indeed

HmE ool [ e (Xg(V) e
= lim[Ewg[/oo e MF(X, + a)g(Y;)dt] by (2.12)
a—0 0

=l [ Mg,

Combining (2.12) with the continuity in 2 of R\(f®g)(z,0) yields (2.9).
Combining (2.12) with the continuity of R, (1®g)(z,0) in = we obtain
(2.100. 0O
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3. MEAN FORWARD VELOCITY AND ENERGY

The purpose of this section is to prove the existence of the mean forward
velocity of Hyy . For this we will use a (non-symmetric) form (£°,D?) on
L*(p), introduced in Section 2, that is also associated with Hxy. Recall
that the existence of the mean forward velocity is clear if 2'®1 € Dyy.
Unfortunately z°®1 is not in Dxy; we have however by Lemma 2.1 that
2'®1 € DP, which is the reason we consider (£°,D*?) on L?(p).

Let ¢ :750—>|R be the linear functional given by
(3.1) ¢'(h) = =&y (e',h).
By (A.3), we see ' are bounded functional. If h = h/~€ 500, then

‘ d
3.2 ¢ - - ”D}d .
(3.2) ¢'(h) /@j;a ihdv

By abuse of notation we set ¢*(h) = — [ E‘;:l a;jDjhdv for h € Dy.

For a function « which has a quasi continuous modification %, we denote
by A"l the additive functional given by Afu] = @(X,,Y;) — @(Xo, Yo). For
an additive functional A = A; we set Ay = foooe*’\tAtdt.

Lemma 3.1. — (1) Let f € C°(R%) and g € Dy. Then

(33)  Jim 2 (Ewlaf ), fog) = / f02de - ' (9).
A—o0 L2(p) R4
(2) Let uw € Dy. Then 1@u € D? and
34 i 2 [1®u] = 2 ) . .
By Jim (Bl AN fog) | = | e Ev(u)
Proof. — By definition A2E,¢[AY ®Y] = —X\(I — AR))z®1. So by
Lemma 2.1 (2) we see
3.5 lim A2(E,q[Al®Y
(35) im A (E.o 45, feg)

= —Exy(2'®1, fr*®9)

= —Exy(2'®1, fp*®9).
Here we used €%y (z'®1, fp’®Rg) = [gua' fp*dz&S (1, g) = 0 for the third
line. Since a;;(6) and g(f) are independent of z, we see

d

(3.6) /Rd @dzduz ai;0;(fp*) - g =0.

j=1
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Hence

d d
Exy(a'®1, fp’®g) = / dadv <— > aiiDig- fp*+ Y ai05(fp°) - g)
Rix© j=1 j=1

d
—/ dmdl/Zaiijg - fp? ( by (3.6) )
RIxO =1

I

fotdz - '(9).
Rd
Combining this with (3.5) yields (1). The proof of (2) is similar. So we

omit it. [

Remark 3.1. — By (2.9) and Lemma 3.1 (2) we have

. 2 [¢z®1] ) — 7 11 Rd‘
Jim A (EIG[A}\ I g o ¢'(g) forallze

In this sense ¢ = (') is a mean forward velocity of X.

We next introduce energies of additive functionals of (X;,Y;) of Hxy.
For additive functionals A = A, and B = B,;, we set

e
ex(4,B) = lim /0 e ME, [A,Budt], (3.7)

e,(A, B) = /R ea(A, B)da.

Here E,, = [,duELe. Let e;(A) = e.(A, A) and e,(A) = e,(A, A).

LemMmA 3.2. — Let u; € C°(R?) and v; € Dy such that u;Qv; € DP
(7, = 1,2). Set asym = {aij + aji}/2. Then

i
ep(A[u1®vl],A[u2®”2]) —

d
/ Z aijm(ulDz’Ul — v18;u1)(uz Djva — v20;us)p* dxdy
RIxO;

ij=1

+ {/ U1 Uy dex}Sy(vl,vz).
Rix©
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Proof. — We only prove the case of u = u; = up and v = v; = vs.

(A[’“X’”]) = lim /Rd)@/ e MEo[(w(X)v(Y:) — u(Xo)v(Yo))?]dtp?dxdu

A—oo 2

A
= lim = AR\’ @v* — u?@v?)pPdedp
A—002 JRixe

+ lim )\/ (u®v — AR\ u®v)uvp’dzdp
Rix©

A—oo
1
= *5(‘:4Y)’(U2®U2,p2®1) + Exy (u®v, up2®v) ( by Lemma 2.2 (2))

The statement follows from this immediately. [J

4. PROOF OF THEOREM 1-3

In this section we prove Theorem 1-3. Let 9% (A > 0,i = 1,...,d)
denote the unique solution of equation (4.1) in Dg:

(4.1) AL, g )L2(@ u) F 5}'(%,9) = —¢'(g) for all g € Dy..

Here as before ¢*(g) = —f® =1 ij D;gdv. Let sz be the element of D
whose representatlve is 1. Let ' be the solution of (0.9) as before.

LemMA 4.1. — [21, Proposition 2.2] Let 93, 1/))‘ and )* be as above. Then

(4.2) lim &y (9 — ¢, 9 — %) = 0,
(4.3) Ag,m Ev (¥ — ¥k 04 — i) =0,
(44) )l\ll)l}) )‘(1/};\7 ,(/)3\)112(@,#) =0.

Let M be the collection of d-dimensional cadlag processes that are L?-
martingales on (2, §, 9, P,,) satistying My = 0 a.s. and have stationary
increments. Then M is a complete metric space with the metric induced
by || - ||, where

|M]| = Z 27" min{1, IEP;L“Mn|2]1/2}'
n=1

Lemma 4.2. — Let M> = (M™?) be the d-dimensional additive functional
given by

MM = Al THievl] A/A Pi(Y)ds
0
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Then M> € M.

Proof. — Let Ni = Al='®1] _ A [, ¥4 (Ys)ds. We will prove N satisfies
the assumptions (1)-(4) in Lemma 5.2. (1) and (2) in Lemma 5.2 follow
from z'®1 € L%(p) and the fact that 7T} is a strongly continuous semigroup
on L%(p). (3) in Lemma 5.2 is clear by definition. To prove (4) we observe
for f@g € C5*QRDy

; et [y (vdsd|,

API_EI;O (Eme[/o pe’? /0 P\ (Ys)ds t] f®g)L2(p)
= A1®9}, f®9) L2 (p)

= /R Foldz - {=Ev (93, 9) — ¢'(9)}

—EP(1095, f®g) — /R fotdz - o' (g).

I

Here we used (4.1) for the third line, and (3.6) for the last line. By Lemma
3.1 (1) we have

plim (= |:/OO p26_ptA£Ii®1]dt] ,f®9)r2(p) = — /Rd foldz - ' (g).

e 0

Let NV, = E,o[f," e #"N;dt]. Combining these two representations we see
Jim (PN, f®9)120) = —E7(1093, f@g)  for all f@g € C5"@Dy.

It is not difficult to see the above relation can be extended to the one for

all h € D?. Hence N satisfies Lemma 5.2 (4) with u = 5. O

Since that M = (M*)1<;<a € M has stationary increments under P
we have

pur

(4.5) Epu[Mthj] =t'Epu[Mfo] :2t‘ep(Mian)-

Here e, is the energy introduced by (3.7). Hence M is a complete
metric space with metric e,(M)/2, where e, (M) = ¢ e, (M?) for
M = (M%) € M.

LEMMA 4.3. — There exists an M = (M*) € M such that M* under P,
converges to M in M as A — 0. Moreover,

(4.6) ep(M', M7) = EY (e — ¢f e/ — ),
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Proof. — We first prove that M* is e,-Cauchy. By definition we easily see
, 1 t t
M= = Al [ @ds e [ s
0 0

Note that e,( [, ¥a(Ys)ds) = 0. Combining this with Lemma 3.2 we have

d
ep(M* = MY) = e, (AUS =00 =% " ey (g — 9k, 4} — ).

=1

Thus by (4.3) we see {M?} is e,-Cauchy, which yields the first claim.
The second claim follows from:

e,(M*, M7)

= ;‘iir%)ep(M)"i,M)"j)

- lin%)ep(A[”i‘@l“@W,A[”j®1+1®¢§]) by ep(/().%(Ys)dS) -0

= ;13})5 (ei - Ji,ej - {[f\) by Lemma 3.2
= EYM (i _ i el — ) by (4.2).

Here 9% is given by (2.1) and % € Dy is the element whose representative
is i, O
LemMa 4.4. — Assume that (A.1)—(A.6) hold. Then

lin(1)P9e =P, in fd.d. in p-measure.
Here Py is the one given by Theorem 1 with G;;(8) such that
d(0) = ~lime™? e M
aij( ) - -2~€1_I)I(l)€ IEPG[ 1/e2” 1/62]'

Proof. — The proof is now routine and same as [8]; for the sake of
completeness we give it here Note that P; is same as the distribution

of eA”5Y under Pg. Let Nf = eMj . — eMye, R = e{AlZre) -
t/f 1/162(Y )ds}. Then

(4.7) €Xyje — €Xo = €My + Ny + RY.
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Since M* (XA > 0) under P,, have stationary increments, so does M.
Hence by Helland theorem in [H] and the ergodic theorem we obtain for
a.s.f0 with respect to p
(4.8) €My under P,y converge to X, in f.d.d.
Here X't is a d-dimensional continuous martingale such that X'O =0

(X1, X9), =t %6‘21@9[ L .M{/Eg].
Since e,(N€) = ep(M€2 — M) — 0 as ¢ — 0, we obtain by (4.1) that

(4.9) lim E [IN;I?] =2t-e,(N)=0 forall .

We next prove lim._oE,,[|R{|?] = 0 for all ¢. By the definition of
R; we have

R R t/e‘
(@10 IR) < [edha (Vi) + et ()] 4 e [ oY)l

By (A.2) and (2.10) we have

[

IEP;L “6’4[)62(}/;/62)' ] - |E,0M [|€¢ez YO 262 ¢e27¢ L2(O,u)-

i=1

So by (4.4) we obtain lim._oE,, [|e¢62(Yt/E-_>)|2] = 0. Similarly we have

t/e? t/e?
Epﬂ{{e?’ / |¢E,<Y>|ds}]<eﬁi [/ AL

t/e2 d
= e4t/ Epu[lte(Yo)|?]ds = e2t22 Ly i) r2() — 0 as e — 0.
0 i=1

Combining these estimates with (4.10) yields lim._ E,,.[|R{|?] = 0.
By (4.8), (4.9) and lim. ,oE,,[|R{|*)] = O the one dimensional

distributions of €X;/.> converge to those of X, weakly in p-measure. The
proof for the convergence of the k-dimensional distributions is standard.

Hence we omit it. O

Proof of Theorem 1. — The first claim follows from Lemma 4.4. The
second claim follows from Lemma 5.5. O
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Proof of Theorem 2. — By the proof of Lemma 4.4 we have
}1_1}(1)6)(,5/52 = lglg)eMt/sz.

So we want to identify the limit lim._oeM;,.>. By the mean ergodic
theorem we have

/@ dyulimeE g [Mf Jer - M /EZ] =E,, [M{.M{].

Hence 2 [, a:;(0)dp = E,, [M} M{] Combining this with (4.5) and
(4.6) completes the proof. [

Proof of Theorem 3. — Let 9)¢[Ey] = Zf:l &bt [Ey ], where [Ey] is the
solution of (0.9). Then by Theorem 2 we see

d
(4.11) Z 51:51‘0%]'[51/] = g,)s/ym(f - ¢5[5Y]»€ - ?/15[53’])-
ij=1
Meanwhile ¢[€y] € D, is the solution of
(4.12) Ey (velév], 8) = Ev(¢,8)  forall g € Do.

Recall that D is a Hilbert space with inner product g.;s/ym and 50 is its
closed subspace. Let P:D— Dy be the orthogonal projection. In case of
& = &Y™ we obtain by (4.12) that

Yel€7 ] = P(€).

Statement (2) follows from this and (4.11) immediately. We next prove (1):

Z 5161041] Sym

= inf{gsrym(ﬁ — g, —g)ig € Do} (by (3))
*m@w#ﬂfwmn (by t¢[Ey] € Do)
= Z &igjonj[Ey] (by (4.11)).

We thus complete the proof. [
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5. APPENDIX

In this section we prepare some results from Dirichlet form theory. Most
of these are originally for regular Dirichlet forms on locally compact metric
spaces. It can be proved that they also hold for quasi-regular Dirichlet
forms on a Hausdorff topological space satisfying B(0) = o[C(©)] by
using the transfer method (see [3], [12]).

In the first half of this section we assume (A.1)—(A.5) and later we will
assume (A.6) in addition. Recall that Hxy is conservative and satisfies
(2.9) and (2.10) by Lemma 2.3. Taking (2.9) and (2.10) into account, we
consider the following space of d-dimensional martingales. Let M denote
the collection of d-dimensional additive functionals of Hxy satisfying
hypotheses (5.1)—-(5.3): For each ¢ > 0

(51) EpM?] < o
(5.2) EdM;] =0 p-ae. 6 forall z.
(5.3) M, is H;-measurable, where H; = o[(X; — Xo, Ys); s < t].
By (5.3) and (2.9) we see for each 6,
(5.4) P.o o M~ is independent of z.
LemMMA 5.1. — Let M € M. Then M € M.
Proof. — Let uy(6) = E.o[M,]. By (5.4) u; is independent of z. Let ¥,
denote the time shift operator. By definition we see
(5.5) [Epu[MSthlij] = Epu[MS|ﬁs} + IEpu[Mt(ﬁs')UjS]
=M, +Ex,y,[M;] P,,-ae.
= M, 4+ u,(Y;) Pyu-ae.
Since u;(#) = 0 p-ae. by (5.2) and P, oY, ' =P, 0 Yl = p by (2.10)

and (A.2), we have u(Yy) = 0 P,,-a.e.. Hence M is martingale under
P,.. We see under P,

—1 -1 -
Pouo(Myys — M) ' =Pxy,o M7 ' =P, 0 M.
So M has a stationary increments under P,,. O

LemMmA 5.2. — Let u € Dy. Let N = (N%),<;<q be a d-dimensional
additive functional satisfying (1)—(4) below. Then All®d N e M.

(1) E,. [/ e‘”th|2} < oo for some \ < oo.
0
(2) E.s[N:] is continuous in t in L*(p).
(3) N, is H;-measurable. (H, is given by (5.3))
(4) plEI;o(pQNp,h)Lz(p) = —&°(1®u,h) forall h € D*.
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Here we set N}, = Eqo[[;° e P N,dt] for p > \.

Remark 5.1. — (1) This result is a modification of [3, Theorem 5.2.4]
in symmetric case and [22, Theorem 5.2.5] in non-symmetric case. If
(€7, DP, L?(p)) is a Dirichlet space, then Lemma 5.2 follows from the above
mentioned results immediately; however, we easily see (£7,D*, L?(p)) is
not a Dirichlet space in general. Indeed, (€7, D?, L?(p)) does not satisfies
the weak sector condition in general, and the dual semigroup is not necessary
Markovian.

(2) Lemma 5.2 is an analogy of [21, Proposition 4.3]. In [21] we assumed
inequality (1) hold for all A > 0. Since we let p — oo in (4), it is enough
that inequality (1) holds for some . In [21] we missed assumption (2). We
need this assumption at the final step of the proof.

Proof. — Hypotheses (5.1) and (5.3) follow from (1) and (3), respectively.
For dxxpu-a.e.

(5.6) Ry(pN,) = R,(gN,) for all p,g > A.

This follows from the standard argument.

By definition (1Qu)(z,0) = u(f); we write 1®u when we emphasize
1®u is a function on R%xO, otherwise we simply write u. We next prove
for dxxu-a.e.

(5.7) pN, =pRyu—u forallp > A\
Let Ry denote the dual resolvent of R, on L?(p). Then
(PNps h)12(p) = lim (pNp, gFgh) 22p)
= lim (°Ng, Ryh)r2(y by (5.6)

= —&(18u, Rh) by (4)
= (pRyu — u, h)r2(p).

Hence for all p we have pA, = pR,u — u. Since for fixed (z,6) both sides
are continuous in p, we obtain (5.7). By (5.7) for each h € L?(p) we have

oo " 1
| e Eanl Y = Nl Byt = S (0B = = A By = O
0

for all p. Combining this with (2) we see ([Exg[AL"] — Ne|,h)r2py) = 0
for all + > 0 and h € L>?(p). Hence for all ¢ > 0 we obtain
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E.s [Ag“] — Ny] = 0 dxxp-a.e.. Combining this with (2.9) and (2.10) yields
for all z [Emg[AL“] — N¢] = 0 p-a.e., which means (5.2). [
In the rest of this section we assume (A.6).

LEMMA. — 5.3 Let f € C(R?). Then AU®1 is a continuous additive
Jfunctional.

Proof. — Let £, \Y denote the symmetrization of E£xy. Recall the
decomposition of Dirichlet forms (see [7, (2.8)], [3]):

sym (c) k
M = £ 1+ £Q) + £
Here & \cg,, £ %), Exy ) are local, Jjump, killing parts of Ei};m, respectively.
Let hy, = Xa f®1 where x, € C§°(R?) are such that y, = 1

fosr rr|]JU| < n+ 1. Then h, € Dxy and &%y (hn, h,) = 0. Hence
X (hnyha) = Exy (hny hn) = Exy (A, h,,). Combining this with (A.6)

we have
g(\Y<h”7 h ) + g(\l?’(hn7 h'n) - 0 fOI' all n.

This implies Al"*~] is continuous additive functionals for all n (see, e.g.,
[7, Theorem 4.9]). This completes the proof because ALf @l = Ay’“] for
t < o, =inf{t > 0;|X¢| > n}. O

Let A denote the set of (1-dimensional) continuous additive functionals
of Hxy and A, the subset of A consisting of continuous processes. We
refer to [7] for the definition. We set

M ={M € A; E,o[M}] < oo, E,o[My] =0qe. e,(M)< oo},
M, =MnA,,
N. ={N € A N is finite, e,(A) = 0, E,[|A:]] < o0 q.e.}.

Then M (resp. N.) is the set of martingale additive functionals of finite
energy (additive functionals of zero energy) of Hxy .

We now localize M, and N,. We remark here that (Exy,Dxy) is not a
local form; however, we can localize it in R%-direction because X = X, is
continuous process by Lemma 5.3. Let o, = inf{¢t > 0;|X;| > n} and set

M 1oe={M; there exist {M"},, € M. such that M;* =M, for t < On}.

We define N, o similarly.
LEMMA 5.4. — Let f € C™(RY). Then AU®Y is decomposed as follows:

(5.8) AU®Y = Mo ¢ NUe AUl e M4, NUEU € N o
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Moreover

.t d
(5.9 (MmUel pUel), =2 / > ai(Ya)di f(X)0;£(X,)ds
JO

ij=1

Proof. — Let h,, be as in the proof of Lemma 5.3. Then since h,, € Dxy,
(5.8) and (5.9) holds for h,, (see [7, Theorem 4.8]). So by taking n — oo
we complete the proof. [

LEMMA 5.5. — Assume the matrix a = (a;;) and the bilinear form &%
are symmetric. Then

{eA[“'im]t/Ez}Oo is tight in C([0,00) — [Rid) under P ,,,.

Proof. — By Lemma 5.4 we see
(Mhl@l],M[wI@l])t = 2/ aii<Y5)d8.
Jo

Hence we can apply the proof of [3, Theorem 5.7.1] to the present case. [
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