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ABSTRACT. — We study the L .-integrated risk with 7 > 2 of an adaptive
density estimator by wavelets method for absolutely regular observations.
By a duality argument, the study of the risk is linked to the control of
the supremum of the empirical process over a suitable class of functions.
The main argument is a generalization to absolutely regular variables of a
result of Talagrand stated for i.i.d. variables. Assuming that the sequence
of the S-mixing coefficients (;)i>o is arithmetically decreasing, we prove
that our estimator is adaptive in a class of Besov spaces with unknown
smoothness. © Elsevier, Paris

Key words and phrases: Adaptive estimation, absolutely regular variables, Besov spaces,
density estimation, strictly stationary sequences, wavelet orthonormal basis.

RESUME. — Dans un cadre des variables absolument régulieres, on étudie
le risque L,-intégré, # > 2, d’un estimateur par méthode d’ondelettes
adaptatif. A 1’aide d’un argument de dualité, I’étude du risque est liée
au contrble du supremum du processus empirique sur une classe adéquate
de fonctions. L’argument principal est une généralisation a des variables
absolument régulieres d’un résultat de Talagrand enoncé pour des variables
iid. En supposant que la suite des coefficients de [-mélange (3;);>0
est arithmétiquement décroissante, on démontre que notre estimateur est
adaptatif dans une classe d’espace de Besov de régularité inconnue.
© Elsevier, Paris
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180 K. TRIBOULEY AND G. VIENNET

1. INTRODUCTION

Let (X1,...,X,) be n observations drawn from some strictly stationary
process (X;)icz- The aim of this paper is to study adaptive estimation
of the stationary density f of the process under some adequate mixing
assumptions. Assuming some prior knowledge on f (such as its degree
of smoothness for instance) it is possible to prove the optimality of many
estimators. But, from a practical point of view, this is not satisfactory: one
would rather prefer to get optimal estimation without any extra knowledge
on the density. Recently different procedures have been proposed in the
i.i.d. case which all tend to reduce the prior information needed to estimate
the unknown density. Roughly, we say that such procedures are adaptive,
the precise sense being defined in each specific situation. Let us present the
definition of adaptivity that we use in the sequel. We first recall the minimax
risk associated to the loss function L., 7 > 1 for a set of functions F,:

Ry, () = inf sup E[|f — fI[, (1)
f feFa

where the infimum is taken over all estimators f . We say that an estimator

f* is adaptive in a class of functions {F,;a € A} if and only if there
exists a positive constant C(«) such that:

Va € AVf € Fa, E|If" = flI7 < C(a) Ru(a). (2)

We aim at giving an account of the different constructions of adaptive
estimators and of their performances in the independent framework. One
of the most popular method is the cross-validation method. It consists in
minimizing an empirical criterion which tends to estimate the unknown
quadratic loss. The first example of adaptation to unknown smoothness in
the sense of Definition (2) appears in a crucial paper of Efromovich and
Pinsker [11]. They deal with the white noise model in the context of the
Fourier basis and their procedure is based on thresholding. Efromovich [10]
has adapted their method to density estimation. They obtain adaptation over
a class F, of Sobolev ellipsoids relatively to Ly loss. The introduction
of wavelet bases provides more accurate approximation than the Fourier
basis for functions with spacially inhomogeneous smoothness. They allow
adaptation over more complicated functions classes. Wavelet thresholding
methods have been extensively developed these last years and we refer
to Donoho et al. [7] for numerous references. Let us describe the method
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L, ADAPTATIVE DENSITY ESTIMATION IN A 8 MIXING FRAMEWORK 181

of local thresholding. Let f be the unknown density to be estimated. One
assumes that f belongs to a ball of the Besov space B; ;, , and is compactly
supported. More precisely, one assumes that

f € ]:s,p,q(MlaM2>B)
= {f density, supp (f) € [~B; B, [|fllsps < M1, [| flloo < M2},

where || - ||sp,q denotes the Besov norm. The density is expanded on
some wavelet basis into a sum of a low frequency term and a detail
term, and one considers the projection estimator. The local thresholding
method consists in keeping only the empirical details greater than a fixed
level and the computation of the estimator requires the knowledge of
the radius M;. Let N be the number of vanishing moments of the
wavelet. Donoho et al. show that the local thresholding estimator is
adaptive (up to a power of log(n) for the small regularities) over the class
{Fspog(M1,M5,B),1/p < s < N+1,p>1,q>1,B > 0} relatively to
any L .-loss function, @ > 1. A global thresholding procedure is studied
by Kerkyacharian et al. [14]: they compute a statistic close to the [,-
norm of the empirical details at a fixed resolution level; they keep all the
empirical details of the resolution level, if this quantity is greater than a
fixed amount. The global procedure of Kerkyacharian et al. is adaptive
over the class of functions {F, (M1, M>,B),1/p < s < N+1,p >,
qg>1,B>0,M; >0, M, > 0} relatively to the loss function L,, 7w > 2.
This latter procedure has been inspired by the work of Efromovich [10].
For the particular case = = 2, it is similar to the cross validation procedure
with the advantage to provide an explicit estimator.

The problem of adaptive estimation in weakly dependent framework is
quite new. In the case of the estimation of the regression function (in
linear AR models), some results have been obtained by Dahlaus et al. [5],
Hoffmann [12].

In this paper, we propose to extend the thresholding methods to
the dependent framework. In fact, without any a priori independence
assumption on the data, it is interesting to get some robustness results
with respect to dependence. We focus on the situation where the data are
absolutely regular. It covers a large class of examples and allows us to
use coupling technics in the proofs. Examples of such processes may be
found in Doukhan [8]. Even if the local thresholding method can easily
be generalized in the weaker case of ¢—mixing, it is not adapted to the
absolutely regular context. Nevertheless, the global thresholding method is
well fitted for this dependent framework. Introducing a small modification
of the threshold, we show that the global thresholding method preserves its
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182 K. TRIBOULEY AND G. VIENNET

adaptive properties in the minimax L ,-sense, 7 > 2. Our results may be
extend to other bases such as splines; we focus on the wavelet estimator
which provides clearest proofs.

Let us present our results. Let (X;);cz be a strictly stationary absolutely
regular process, also called (-mixing with a sequence of [-mixing
coefficients (f;);>0. We assume that the rate of decay of the sequence
(B1)i1>0 is arithmetic. More precisely, we assume that there exists § > 7 —2
and a positive constant B such that

VI> 1,8 < Bgi=0H9,

and we denote by B, the bound for the series

S (I+1)""*6 < By < 0. (3)

1>0

Such an assumption of arithmetic decay of the coefficients is often made
in papers on density estimation in a dependent framework. Let us remark
that for = = 2, the condition By < oo is known to be a minimal condition
for results like the central limit theorem (see Doukhan et al. [9]).

In this paper we consider a compactly supported wavelet basis with
scaling function ¢ and wavelet function ¢ and we denote by N the number
of vanishing moments of the wavelet. We use an estimator f similar to the
global threshold estimator introduced by Kerkyacharian er al. [14] which
computation depends on || f||c and on B, if © > 2, but only on By if 7 = 2.

We show that if 2 < 7, as soon as

2
9>7r—2+7—r2—, (4)

our global threshold estimator is adaptive in the class:
{Fspa(M1,M>,B),1/p<s<N+1,p>mn,q>1,B>0,M >0}

For m = 2, as soon as 6 > 2, the estimator is adaptive in the class:
{Fopa(M1, M2, B),1/p < s <N+l,p>2,g>1,B>0,M >0,M >0}
The idea of the proof of adaptation is completely different as the one

used in the independent case. It is based on an interesting result stated

in Theorem 2.2 which relies on an important Theorem of Talagrand [22].
In the same spirit as in Birgé and Massart [4], it provides a control of
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the supremum of the empirical process over a suitable class of functions.
This method has the advantage of providing simpler proofs and estimates
than those of Kerkyacharian et al. [14] at the price of introducing the
unknown constants B, and ||f||e if m > 2. Nevertheless, we propose a
practical procedure using an over-estimate of the unknown quantity || f||co-
We prove that the error due to this practical procedure is, in probability,
of the same order than the error due to the adaptive procedure. Under the
same mixing conditions as before, this estimator is shown to be adaptive
in probability in the class

{Fspa(M1, M2, B), (s,p,q, B, M1, My) € A},
with
A={(1/pv1)/(2(1+8))<s<N+1,p>mr,q>1,B>0,M; >0, My >0},
that is

Ve >0, dA;(e) > 0, JA2(e) > 0,

Vo € ANf € Fa, ¥n > Ay(e), YA > As(e)

P(If* = fllx = ARn(@)) Z &. (5)

Let us remark that the a priori knowledge about the process needed to
make the estimation is quite reasonable. Indeed, as noticed before, the
assumption of arithmetic decay of the mixing coefficients is usual and
suggest that B, is not too large. It is also important to notice that in
contrast to previous authors, no assumption is required on the joint law
of (Xo,X1). In fact as mentioned, our result could be understood in the
following way: when we think that the process is nearly independent but
when independency is debatable, a safe strategy to avoid too large errors
is to increase the threshold.

The paper is organized as follows. In the section 2, we briefly recall some
results about Besov spaces, wavelets and absolutely regular processes. We
state our main tool Theorem 2.2. We introduce in section 3 the two
estimators of interest and study their adaptive properties. All the proofs
are given in section 4.

Vol. 34, n® 2-1998.



184 K. TRIBOULEY AND G. VIENNET
2. WAVELETS AND ABSOLUTELY REGULAR PROCESSES

We first review the very basic features of the multiresolution analysis of
Meyer [17] and give useful elements of wavelets analysis. We recall then
the definition of absolutely regular mixing coefficients and a result used
on several occasions along this work. This result provides a sharp control
of the variance of the empirical process and a Rosenthal type moment
inequality for bounded absolutely regular variables. It is proved in Viennet
[23]. Finally, we state in Theorem 2.2 a control on the probability tails for
the supremum of the empirical process on a suitable class of functions. This
result is based on a recent result of Talagrand [21] avaible for independent
and identically distributed variables and is shown in the last section of
this paper.

2.1. Wavelets and Besov spaces

One can construct a real function ¢ (the scaling function) such that

1. the sequence {@or = ¢(. — k)|k € Z} is an orthonormal family of
L2(R). Let us call V; the subspace spanned by this sequence.

2. if V; denotes the subspace spanned by the sequence {p;; =

21/2p(29. — k)|k € Z}, then {V;};¢z is an increasing sequence of nested
spaces such that

NjezV; = {0}, and if /g@ =1, UjezV, = Ls.

It is possible to require in addition that ¢ is of class C™ and compactly
supported (Daubechies wavelets [6]). We define the space W, by the
following: V;41 = V; & W;. Then, there also exists a function 1) (the
wavelet) such that

1. ¢ is of class C™ compactly supported,

2. {tor = (. — k)|k € Z} is an orthonormal basis of Wy,

3. {4hjr = 29/29p(27. — k)|k € Z,j € Z} is an orthonormal basis of L.
For jo € Z, the following decomposition is also true

VieLaR),  f= ajrpion+ D > Cinthin (6)

kez Jj2jo k€Z

where

ajk:‘/ f@ep(@)dz and (= / F@ybu(z)de.  (7)
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L, ADAPTATIVE DENSITY ESTIMATION IN A § MIXING FRAMEWORK 185

According to a result of Meyer [17], we link the L,-norm of the details
at the level j or the L,-norm of the low frequency part to the /,.-norm of
the wavelets coefficients.

LemMma 2.1. — Let g be either ¢ or ), with the conditions above, let
1 . 1/r
N(z) = Ty(z) = Xpez l9(z — k)|, and ||T||, = (fo |T(z)| dz:) . Let

f(z) = Zkel /\k2j/29(21x — k), then for any r, 1 <1 < o0, and 11 such
that 1/r + 1/ry = 1,

1

2D\ < || f|] < |27
1 17. r —_ r = T ™
[ A a4

where | - | is the l.-norm.

Besov spaces are characterized in terms of wavelet coefficients (see
Meyer [17]); we do not use this characterization but just the following
property (8). Let N be a positive integer. We consider in the sequel a
wavelet basis such that the scaling function ¢ and the wavelet function
satisfy the following properties P(N):

(i) for any m = 0,..., N

(/M@Wﬁ<+m

(i1)
Y lo(z = k)| € Lo(R)
k
(iii) for any m = 0,..., N

/w@wa:o

As a typical example, the Daubechies wavelets DB2N satisfy P(N)
(Daubechies [6]). Then, for any f € Bspq 0 < s <N +1,1<p < o0,
1 <¢g< o0

D (IR )T < oo, (8)
iz0

We can notice moreover that, as soon as f is compactly supported, only a
finite number of coefficients g, (or ;i) is nonzero. In fact, this number
is less than 29 A B~! where 2B and 2A are the respective lengths of the
supports of f and .

Vol. 34, n° 2-1998.



186 K. TRIBOULEY AND G. VIENNET

2.2. Absolutely regular sequences

Let (Q, A,P) be a probability space. For any two o-algebra ¢ and V
of A, the absolutely regular mixing (or 3 mixing) coefficient 3(U, V) is
defined by

U, V) =

N

ap (z S PWIP(Y;) — P 0 vm),

iel jeJ

where the supremum is taken over all the finite partitions (Ui)ier and
(V;)jes of Q, respectively U and V measurable (Kolmogorov and Rozanov
[15]).

Let (X;);ez be a strictly stationary process of R-valued random
elements of a Polish space X. If we denote Fy = o(X;,7 < 0) and
Fy = a(X;,j > 1), the B-mixing coefficient 3; is defined by f; = B(Fo, F1)
for any integer /. The process (X;)iez is called absolutely regular (or 3
mixing) if the sequence (f3;);>0 of its f-mixing coefficients tend to zero
when [ tends to infinity.

Let us introduce some notation. Let P be the distribution of Xy on X.
For any measurable function A which is P-integrable, J + hdP is denoted
by Ep(h). We denote by v, the centered empirical process v, = P, - P
where P, = 1 >°" 6, is the empirical measure. Finally, for r > 2, let

n

L(r, 3, P) be the set of functions b : X — R, such that

b= (I+1) % with 0 < b < 1and Ep(bi) < fi.
1>0
Let us recall that B, is the bound of the series Y ,~q(l +1)" 7?4

The following lemma which gives an evaluation of the L,.(P)-norm of
the function b is very useful in the sequel. For more details about Lemma
(2.2) and Theorem (2.1) we refer to Viennet [23].

LeMMA 2.2. — Let 1 < r < oo. As soon as B,41 < oo, for any function
bin L(2,8,P),
Ep(b") < rBpy1 < o0.

Finally, Theorem 2.1 provides a sharp control of the variance of a sum
of absolutely regular variables and states a Rosenthal type inequality for
absolutely regular variables.

TueoreM 2.1. — Let (X;)icz be a strictly stationary absolutely regular
process with sequence of [3-mixing coefficients (Bi)ixo-

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



L, ADAPTATIVE DENSITY ESTIMATION IN A 3 MIXING FRAMEWORK 187

o If the B-mixing coefficients satisfy the summability condition By < oo,
there exists a function b in L(2,3, P), such that for any positive integer n
and any measurable function h € Lo(P),

n? Var (v,(h)) < 2n Ep(bh?). (9)

o Let v > 2. If the B-mixing coefficients satisfy the summability condition
B, < oo, there exist two functions b and b in L(2,0, P) and L(r,3,P)
respectively, such that for any measurable bounded function h

n" E(lva(R)|") < Cu(r)n" 2B} (bh?)
+ Co(r)n||h||"S2Ep(b'h?) (10)

where Cy(r) and Cs(r) are positive constants depending only on 7.

The following theorem is our first main result. We explain in some
remarks how to use it for our statistical purpose.

THEOREM 2.2. — Let K be a set of indices of cardinality D. Let {¢i. } ek
be a real basis such that: for any m’' > 1, there exists a constant C,, > 0
depending on m' such that for any (ay)rex € RP:

13" axdillme < Cons D271 g . (11)
keK

For any r > 2, we denote by F, the class of functions defined by

W 1 1

Fr:{zak(bk;Z,akl Sl}, Sto=L (12)

kEK keK

Let 5 < m < oo and (Xi)i>o be a strictly stationary absolutely regular
process such that its sequence of (-mixing coefficients satisfies

We assume that the stationary distribution Py of (X;)i>0 admits a density f
with respect to the Lebesgue measure and that f is uniformly bounded. Then,
there exists a positive constant K| depending on r, B, and C., and there
exists a function b in L, (Pf) with ||b(Xo)||lm < mBy41 < oo such that, as
soon as D < n, for any integer q, ¢ < n, for any Ay > 0 and for any Ay > 0

D*
P{ sup |v,(h)| > A +KT%+)\)
(}legl/( [EPIES

Kin ND—w A1 20 —
L 17Tl \ B0 ™ /D 4 /20, N VPP
gD7 T2

Vol. 34. n® 2-1998.



188 K. TRIBOULEY AND G. VIENNET

where

1/r
K, = (RrCfo ((21' + CLDIANL2 Byasn + Cz(T)CgoBr)) |

with R, is the Rosenthal constant, Co, is defined in (11) and Ci(r) and
Cy(r) are the same as in Theorem 2.1.
According to Ledoux and Talagrand [16], the Rosenthal constant is

smaller than 4". The following remarks will be detailed in the proof of
Theorem 2.2.

Remark 1. — We will apply this theorem in our wavelet framework for
the following class of functions

N 1 1
.7:1« = {h = Zakz/)jk;z |ak|’ S 1}, ; + — = 1, (14)
k k

,rl

In that case, condition (11) is satisfied for any m’ > 1 (see Lemma 2.1)
with Cm’ = ”Zk |¢0k| ”m,’-

Remark 2. — Let us comment the theorem in the classical case r = 2.
The constant K, = K, is then more tractable, namely K, = COOB;/ 2,
When (X;);ez is a uniformly mixing process (also called ®-mixing) such
that its sequence of mixing coefficients (®;);>¢ satisfies the summability
condition Zz>0 @ll/ 2 < oo, the function b may be taken as a constant,
namely b =%, <I>ll/ 2 Then, the conclusion of Theorem 2.2 is again valid

for m = oo and with ||b(X0)l|eoc = [|flleo Zzzo @11/2-

Remark 3. — When (X;)icz is an independent process one can take
K, = (R.CZ)V"|| f| i

3. ESTIMATION

In the first part of this section, we present our estimation procedure. We
give in Theorem 3.1 the main statistical result of the paper concerning the
adaptation (in the sense defined in the introduction) of our estimator. We
explain in the second part how to compute our estimator in practice.

3.1. Estimation and result

Let # > 2. We consider in the sequel (X;);>o a strictly stationary
absolutely regular process with S-mixing coefficients satisfying: B, < oo

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



L, ADAPTATIVE DENSITY ESTIMATION IN A 3 MIXING FRAMEWORK 189

where B is defined in (3). These assumptions are quite natural in view
of applying Theorem 2.1 and Lemma 2.2. We assume moreover that the
mixing coefficients are arithmetically decreasing, more precisely:

39 >7—2,V>0, 5 =011+,

Let P; be the marginal distribution of the process, absolutely continuous
with respect to the Lebesgue measure. We denote by f its unknown
density to estimate. Because of the expansions (6) and (7), we consider
the weighted estimator:

F=>djorpior+ D05 Y Cithin (15)
k

J=jo k

where & and 6 are the empirical coefficients:

X 1 . 1 ¢

ol = Z;%ok(Xi) Gk = Z_;%k(Xi)- (16)
and where 7); is a thresholding statistic:

nj = ]I{Zk ICikl™>s7}

for a threshold s; to be determined below.

This estimator is nearly the same as the one introduced by Kerkyacharian
et al. [14] in an independent and identically distributed framework. Under
some Besov regular assumption on f, the first sum in (15) is an estimation
of the low-frequency part of f and we choose the level jo(n) = 0 in order
to make the term of linear variance E|| Y, (Gjor — ok )@jok||~ negligible
in the global error. In the same spirit, the level ji(n) = O(logy(n)) can
also be chosen such that the bias term E[| 3" .5, > Crtjill= will never
contribute in the global error.

We use the same idea as in the i.i.d. case to determine the threshold
statistic: we keep all the details of the level j if, at this level, the /,-norm
(34 1Gik|™)Y ™ of the coefficients is greater than the threshold s;. We have
now to estimate the quantity Y., |¢jx|™- In the ii.d. case, the study of
the properties of the density estimator is based on the computation of the
moments of the estimator of Y, |jx|™: it is then necessary to estimate
>k [Gik|™ with its associated U-statistic because of the crossing terms. This
method allows to choose sT = C -2 with C = 1. Since it is unreasonable

Vol. 34, n® 2-1998.



190 K. TRIBOULEY AND G. VIENNET

to compute the moments of the U-statistic in a mixing setting, we use an
other approach. The advantage is that we can use the natural estimator
>k |g:jk|”; the price to pay for this simplicity of implementation is that the
constant C' is now depending on the quantities ||f||o and Bi.

The main idea is contained in the following remark: the study of
>k Iéjyk — (;x|™ is linked to the study of the supremum of the empirical
process on a suitable function class. Indeed, if 7 is the class of functions
defined by (14) (with r = 7), we have |<Aj7k» — Gkl = [vn(),1)|. Tt follows
by duality arguments that

STla—CGelm= _sup D ava(@hin)l” = sup [va(h)[" (17)
k

‘“"Zk lax|™ <1 g heFr

where 7~ 14#’~1 = 1. This linearization is crucial in our mixing framework;
indeed it allows to take advantage of Theorem 2.2. Let us now state our
statistical result.

THEOREM 3.1. — Let ™ > 2. We assume that f belongs to the class
Fopa(My, My, B) = {fdensity,f € Bsp.qgs
supp (f) C [_BaB]a ”st,p,q < My, Hf“oo < MQ}

where 1/p < s < N+ 1and q > 1. Let

J1
f= ; &jokwjok + Z H{Ek |éjkl”>s;} Zgjlﬂpjk

J=jo k
with: ‘ ‘
20 =1, n <2 <2n,
'Sj = (ZKn)ﬂ- nﬂ_/Qv
where

K, = (R,rcio B, (IIfII?.ZZ‘l(Z” + () + CQ(W)))W

with R, is the Rosenthal constant, C, is defined in (11) and C1(w) and
Co(7) are the same as in Theorem 2.1.

Then for s €]1/p, N + 1[,q € [1,4+00],p > 7 and for mixing coefficients
arithmetically decreasing such that

2

T
0>m—2+ —
T +2,

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



L, ADAPTATIVE DENSITY ESTIMATION IN A 3 MIXING FRAMEWORK 191

there exists a positive constant C which is an increasing function of M,
and M, such that:

Elf - fll; <Cn 5.

Let us recall (see Donoho et al. [7] for the density, Nemirovskii [18] for
the regression), that the optimal theoretical rate of the minimax risk R, («)

defined in (1) for the set of functions F,,(M;, B) is —% for the loss

function L,, 7 > 2. We immediately deduce the following corollary:

_ CorOLLARY 3.1. — Under the same assumptions as in Theorem 3.2,
[ is adaptive in the class {Fspq(Myi, M3, B),1/p < s < N+ 1,p > m,
q>1,B >0,M > 0}

3.2. Practical estimation

When 7 > 2, f depends on the quantity M>. We propose hereafter a new
estimator f the computation of which does not need prior knowledge of
M. Let jo and 7; be defined as previously. We assume now that f belongs
to a Besov space B, .. Let S be a positive constant (0 < S < 00).
We consider

M2 = Céo2j1/2 Supldjlyk| + 25.
k

We introduce the estimator f and specify its adaptivity property in the
following theorem.

THEOREM 3.2. — Let w > 2. We assume that f belongs to the class

Fepa(Mi, My, B) = { fdensity, f € Bisp.q,

supp () C (=B, Bl I fll, g < My, £l < Mo}

where 1/p < s < N+ 1 and q > 1. Let

J1
F=3 0 doion + D I (e msary D Gk
k J=Jo k
with:
200 =1, n<2<2n,

i i/
$; = (2 T) T
8] ( ) \/ﬁ

Vol. 34, n® 2-1998.



192 : K. TRIBOULEY AND G. VIENNET

where

K= (ReC2((27 + Co(m) M > + Ca(m)) B,r)l/ﬁ

with R, is the Rosenthal constant, Cy, is defined in (11) and Ci(m) and
Cy(m) are the same as in Theorem 2.1.

Then for s €]1/p V 2(11+0),N + 1[,p > 7w and for mixing coefficients
arithmetically decreasing such that

2
s

0>m—2+ —,
m +2

lim tim P(|If - flF > An"T%) =0,

n—+oo A—+oc
We immediately deduce the following corollary:
COROLLARY 3.2. — Under the same assumptions as in Theorem 3.2 f is

adaptive in probability in the class

1
{fspoo(MlaM2aB)’ 1/p \ 2(1—"'0)

p>m,B>0,M >0,M; > 0}.

<s<N+1,

Remark. — We recall that the computation of f only requires the
knowledge of B, the upper bound for 3,5 ,(l +1)™~2/;. The price to pay
for the reduction of the prior knowledge is the diminution of the adaptive
regularity bandwidth. In the independent setting (§ = o), our approach
shows that without any prior knowledge f is adaptive in 1/p < s < N + 1.

4. PROOFS

C denotes throughout a constant whose value may change from line to
line and may depend on B, 7, p, s, M1, Ms. The constant R, denotes the
Rosenthal constant of Lemma 4.3 and C;(7) and Cy(w) are the contants

introduced in Theorem 2.1. We first state some preliminary results used
to establish the theorems.

4.1. Preliminary results

We first need a bound for the [,.-norm of wavelet coefficients at a fixed
level j. The following lemma is a direct consequence of Theorem 2.1.
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PROPOSITION 4.1. — Let w > 2. Under the summability condition B, < oo,
there exists constants Cy and Cy depending on B and || || such that for
any j with 27 < n:

N - 27 . . 2J
Eld; —ajlr < Cl(W) and E|(. —¢|r < OQ(W)

where & and ( are the empirical wavelet coefficients.

In a second time, we derive from Theorem 2.2 a proposition which is its
direct application to the wavelet framework.

PrOPOSITION 4.2. — Let m > 2. Assuming that the sequence of (3 mixing
coefficients satisfies B, < oo, there exists a positive constant C' such that,
under the condition § > m, we have for any j

2 21/ 0 1_1y,.
P(l(j —leﬂ— 2 2me> S an 22 3(04+2) (=3 (])(1+9)_

where
Ky = (ReCLB (NI + i) + Co(m)))

As a particular case, if j is such that 270 = 1 < 2§ < 2J¢ = p 1%

2 2i/m ) 9i /2
P(KJ - Cj-lw > 2me> < Qe (_) .

n

Finally, we use repeatedly in the proofs the following lemma which is
simply due to a combination of the triangular inequality and of Lemma 2.1.

LEMMA 4.1. — Let m > 2 and n be an appropriately chosen constant.
J1

Z Zﬂjk?ﬁjk
K

Jo

20m5 370 27 E || 30, Binbrllz ifn <0

Ky

" {sz% 335 2N Sy Bully i >0

4.2. Proof of Theorem 2.2

The scheme of this proof is quite classical. We take advantage
of the absolute regularity using a corollary of Berbee’s coupling
lemma (Lemma 4.2). Thanks to this lemma, we approximate our original
process by a sequence of independent variables. We decompose the centered
empirical process into an error term and a centered empirical process
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194 K. TRIBOULEY AND G. VIENNET

associated to independent variables. The control of the first term is quite
direct, whereas the control of the second one requires a closer attention.
We use in the following four essential results, the sub-cited corollary
of Berbee’s lemma, the following version of a Talagrand result (Talagrand
[22], the Rosenthal inequality (Rosenthal [19]) and the moment inequality
for absolutely regular variables (2.1). As we shall see, for » = 2 the proof
is simpler, we use variance inequalities instead of Rosenthal inequalities.

Lemma 4.2. — Let (X;)i>0 be a sequence of random variables taking
their values in a Polish space X. Then, there exists a sequence (X} )i>o of
independent random variables such that for any positive integer i, X; has
the same distribution as X; and

P(X; # X7) < B(o(Xi), 0(Xj55 > 1)).

The result of Talagrand is not stated in this form but one can actually
write it as follows.

THEOREM 4.1. — Let X1,. .., X, be n independent identically distributed
random variables, and F a family of functions that are uniformly bounded
by some constant M. Let H and v be defined by

h(X , V =E|( sup R2(X;)
> (s>
Then, there exists universal constant Ky such that for any Ay > 0,

2
P(sup |vn(h)| > A1+ H) < exp (—Kln<)\— A —)\i)>

H > [E su
n (hE.I})—

heF |4 Ml

Moreover, according to Corollary 3.4 in Talagrand [21}], the following
bound holds

V <wv+8MH,
where v and H are defined by
v > sup Var(h(X)), H > (sup Z eh(X >
heF heF ’;

with €;1,...,¢, n independent Rademacher variables. We derive then the
following inequality: there exist a positive constant K; such that for any
A >0,

A2\ A2
P(supvn(h) > X\ + H) < —-K ZLA A 1~)>. 19
(heg (k) ! ) s exp ( 1n< v M, 8M,H (19)
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Let us now start the proof. For sake of simplicity, we assume in the
following that X; = 0 if 7 > n, and that Ep(h) = 0. It is also useful to
notice that the condition (11) for m’ = oo implies

1D #iallee < C% 27, (20)
k

(see Birgé and Massart [3] ). Let ¢ be a fixed integer, ¢ = [\/n]|, where
[-] denotes the integer part. According to Lemma 4.2, we build a sequence
of independent variables (X );>o such that Vi = (Xgiq1,..., Xqkt1))
and Y = (X341, - Xjpqn)) fulfill the conditions: for any k > 0, Yy
and Y}* have the same distributions, for any k& > 0, P(Y) # Y;*) < £,
the random variables (Y3} )x>0 are independent, and the (Y3} )k>0 are
independent. The centered empirical process v, (h) is then decomposed as

Vn(h) = v (h) + [vn(h) — v (h)],

where v,,*(h) is the empirical process associated with the random variables
(X,-*)izo. Since

1

P p h A+ K o A
sup |Vn > M+ K — 4+
<he g | ( )l 1 \/TL 2)
DY/r

< [F"(sup |vn(h) — v (h)| > Ag) + P(sup li(h)] > A+ Kr—>,
heF heF vn

we just have to control theses two quantities to prove Theorem 2.2. First,
since

. 2 n
|Vn(h’) - Vn(h)| < Ellhllw ; 11,\'{;64\'7*,
according to the assumption (11) with m = oo, we have
2
E(lvn(h) —va"(M]) < —liAlloonfy < 2CD'?B,.

By Markov inequality, we deduce

2C
V)\Q > O, P(Sup ll/n(h) - I/:L(h)l Z AQ) S )\—'Dl/2,8q. (2].)
heF 2

Let us now control P (supper [Vn*(h)] > A\ + K,,Q%). Let p(n) be the
greatest integer such that n = gp(n) + z for 0 < z < ¢. Then

p(n) q(2141) q(2142)

iy =" LSS xS R

n n
p( )l:O i=2gl+1 i=q(2l4+1)+1
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The control is made in two steps, considering odd terms and even

ones. They are both treated in the same way; we only detail the even

part. Since the variables (Z?f;;gi)l h(X;“)) clen are independent by

0<I<p(n

construction we are allowed to apply the inequality (19) to l/p(n) =
n) PO Z‘f(?;:li)l h(X?) with adequate choices of \;, My, H, H and

v Let F, be the famlly of functions defined in (12). We have to determine

the quantities M;, H ,H and v. Since

q(21+41)
> (X)) <COOD1/2q,
1=2ql+1
we put
M, = C.DY?q. (22)

Under the summability condition on the mixing coefficients Ba,, < o0,
Theorem 2.1 and Lemma 2.2 ensure that there exists a function b
belonging to L(2,8, Ps) N L,,(P) such that, using the Holder inequality

with i W = 1 and a convexity inequality (2m’ > r’), we have
q(21+1)
var| Y h(X[]) - / hdP
i=2lg+1 .
<44 [ b axtulo))dn
keK
1/m 1/m’
< 4q( / (bf)m) ( 10> e )
kEK
1 1/m 2
< 4905 [Ifll=s™ ( / b’"f) D<1—#><Z aim'>
keK
m’/r
keK

Thus we set

0= 49C3, || Fl15 [[b(X0) [l D (23)
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Let us now determine the quantity H. Applying Holder’s inequality with
14+ L =1 and Jensen’s inequality, we have

p(n) q(21+1)

E | sup Z Z Zakqﬁk(Xf)

heZr 1720 i=2ql+1 ke K

p(n) q(21+1)
((Zlakl")l/“ D0 Y anxy)

keK keK |1=0 i=2ql+1

r 1/1,
< E|sup
EF.

r

p(n) q(21+1) "

<SS S s

keK | 1=0 i=2ql+1

In order to bound this last term, we use Rosenthal’s inequality.

LEMMmA 4.3. — Let Yy, --,Y,, ben real independent identically distributed
variables, such that for any 0 < ¢ < n

Vil = K, E(Y;) =0, Var(Y;) = 0°.

Then, there exists a constant R, such that for any v > 2

10

1=1

We apply this lemma to the variables {Y; , = ngzl:li)l &1 (X)) Yo<i<pn)
which are independent and satisfy

) <R, (n||Y1||:: + nr/%r).

EYie) =0, [Vial < dalléullor  Var (Yir) < 4g / bid2,

Ykl < 01<r>q’"/2( / b’“/z.f”%i) + Co(r)qllprllZs 2 Ey (V' 7))

The variance is bounded by inequality (9) and the control of the L.-
norm is obtained combining inequality (10) and Holder inequality with

57"+ () =

(Ju) "= (Jrrma)(f4)™"

Vol. 34, n® 2-1998.



198 K. TRIBOULEY AND G. VIENNET

Thus,

p(n) q(214+1)

Bl 12 2 &ulxd)

k€K | 1=0 i=2ql+1

<> [C’1(7‘)Rrp(n)q1'/2 / S +C2(T)Rrp(n)qn¢kngEf(blﬁbi)]

keEK

r/2
+ Y R2°q"*p(n)’ 2( / bff/)i)

kEK

< Ci(r)Rep(n)q"* DCL || |22 / b2 f + Cy(r)RenDT CZD f vf
21' 1-/202 DR ||f|| r/2— l/br/Zf,

and since ¢ < n and D < n,

r

p(n) q(21+1)

DD ax

kEK | 1=0 i=2ql+1
< R,C? (angg?—l(zr +01(r))/1f/2f + Cz(r)/b’f>n’"/2D.

We deduce then
p(n) q(21+1)

L E¢| sup Z Z h(X; LDWKT,

p(n) heZ+ 1120 i=aig+1 p(n)

_ 4 iy
H;K”/p(n)D (24)

1/r

and we take

with
Ky = (B C% (1127 Bryarafi(2 + C1(r) + Co(r)B,))
If 7 = 2, then Ky = Coo BY?, indeed,

E | sup Z Z Zakm(X Z Z Z or(X]) )

p(n) q(2041) p(n) q(21+1) "
<E
heF, keK | 1=0 1=2ql+1

T 1=0 i=2ql+1 keK

Annales de IInstitut Henri Poincaré - Probabilités et Statistiques



L, ADAPTATIVE DENSITY ESTIMATION IN A 3 MIXING FRAMEWORK 199
and by inequality (9) and assumption (11)

p(n) q(21+1)

EIY [ > anlx)) gZp(n)q/bd)ifsc;nD/bf.

k€K | 1=0 i=2ql+1

Finally, we notice that

_[E (}lseu}r) > eh(X)) > <K, /p—(q@Dl/", (25)

and we take H = H. Now, applying inequality (19) with M;,v, H and
H defined in (22), (23), (24) and (25), and reminding the choice of p(n),
we obtain for any m > r/2 — 1

1 p(n) q(21+1)
P| sup MX)| > g\ + K, | —L_D*
her, |p(n IZ; ; ;H p(n)

2y2)—1/m 2
< exp (— Kip(n) (q ALD A 9 A A n )
L[ flloe \ qllb(Xo)llm gD/ " DV/2+1/m\[ g2
where K is a positive constant depending on r, B, and C... Similarly,
we find for the odd part

p(n)  g(2041)
1

sup Z 2 X)) > g\ + K, -

her, | P(n 1=0 i=q(21+1)+1 (n)

Kip(n) (g 3D-1/m A1 q\? n
< — — .
—e"p( L+ [l \ (o) " D2 D1z 2

Regrouping (21), (26), (27), the proof of Theorem 22 is complete.

Proof of Remark 2. — If (X;);cz is a uniformly mixing process such
that its sequence of mixing coefficients (®;);>o satisfies the summability
condition Zl>0 P, /7 < oo, according to Viennet [23] the function b may

be taken as a constant, namely b = >_,. l/ . Thus, we set

v=49C3>" %[ fllco

1>0

T=Cxy @/

>0

and
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The conclusion of Theorem 2.2 is then valid for m = oo and with
1/2
1B(Xo0)lloo = [1Flleo Cizo 4>

4.3. Proof of Proposition 4.2

We apply Theorem 2.2 to the basis {;i}r with
K, 29/7

71’/2<m§(71'—1)\/(1—+—e),)\1:)\2:_2_”1/2

and ¢ = [\/n2/(/7=1/2)(n;)=1] where 7 is a positive constant to choose.
Clearly under the summability condition on the mixing coefficients,
b(Xo) € L,,. Thus, there exists some positive constants C' and C’ such that

a 23
P (Z G = Gikl™ = (ZKw)ﬂW)
2

. i(2/m=1/m) 2j(1/w—1/2>\/_ 2j<1/w—1/2)\/_))
< ex — N n /\ _— n
= "( ( 16(X0) [ 7 g

+ ¢'2i0/2=1/7) | fryq=(146)
< exp (_0(2]‘(2/7\'71/m) /\nj)) + C'n*9/22j(1—%—%Jr%)(nj)l“’_

Since m > w/2, if we choose 7 big enough, the exponential term is
of smaller order than the mixing term and we obtain for some positive
constant Cly:

N i/ O 1_1y,.
P(lCJ - Cj.|7r > 2Kﬁm> < Cen™22 i+ 2)(])(1+0)-

In order to complete the proof, we have to bound this term by a quantity

. J /2
of order 215”(277) . We have to prove that:
VjO S ] S js, n(ﬂ'—9)2—j((0+2)(2/7r—1)+7r(2s+1)) — 0(1)
Under the assumption § > 7, the exponent of 27 is positive and we just have
to verify the inequality for j = j5. Since § > 7 — 2, we obtain the assertion.

4.4. Proof of Proposition 4.1

We only detail IE[|d]g - aj_I:], the other term is bounded exactly in
the same way. This lemma is a direct application of the first part of
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Theorem 2.1. There exists two functions b and b’ respectively in £(2, 3, Py)
and L(m, 3, Py), and a positive constant C' depending on 7 such that

Efla;. — a;l7] ‘”ZE( )

<Cn Ty (n”/QE}'/Z(btpj,k) +nllesrlls” Ey (b'(P?,k))'
k

> 0in(Xi) = Elpin)

Using (20) and Holder inequality, we deduce
Efley. - aj.li] < Cn _”/2||f||"/2_12jEf(b"/2) + Cn "I ()

£ B,.

— 1r/ 2
4.5. Proof of Theorem 3.1

Let us denote
Ci=|| Z Jobor 1| Z ol 147, Co =11 Worl Iy
k

C1CIMi N2 A
—_—— s +2s
s )T T

where % + % =1 and let j, be such that 29s = (

Classically, we decompose E|| f-f |IZ into three terms: a bias term, a
linear stochastic term and a non linear stochastic term:

E”f f”'rr <3t El Z(ajok ok )Piok |z + |l Z ZC;kTp]k“w

1<j k

+EI D> > (G Bis~ egmzery = Gind¥ielln }

Jo<j<i k
We have to prove that each term of the above bound is bounded by
C n~ T,
1. Bias term: it is the same term as for the independent variables case.
By a direct application of the caracterization (8) of Besov spaces, we have:

IS S Gl < (z | Zc]k¢gk||ﬂ)

J1<3 k J1<J

(z D> c,kw,knp)

71
< (M2 115) < On™*" < Cn~ T,
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2. Linear stochastic term: using Lemma 2.1 and Proposition 4.1 for
the &ji, we have:

N . io(L—1y) 4 &
END (Gox — aior)@jorlls < C 'E[Z"’(-’ |y, — aj0~|7f]

k
o[ 20 T o
<C 2]°<2w)< ) < Cn™ 1425,
— n7r/2 —

3. Non linear stochastic term: we decompose this term into four terms.

Bl D° DGk Uy iersary —Ce) il < 477 (Ea+Ea+Es+Es).

Jo<j<i k

where

|E1 —IEH Z Z C]k: Cjk 1/)Jk II{Z |<J,\|"’>>T}||

J0<j<js k

E. _lE” Z Z Cjk Cjk wﬂe ]I{Z ICiulm <J}||7ra

Jo<i<js k

E; =E|| Z Z CJ’» Cjkﬁ/’ﬂ»”{z [Ciu|m>27s "}Hm

J3s<3<g1

|E4 _'[E“ Z Z CJ’» C]k),l/)JklI{z \C NEPTLE 7r}||71-

Js<i<j1 k

Study of the term E,=E|| Z, DD (i — Cﬂe)%kn{z il <2ms ,r}||,r:
in the same way as for the bias term, we can derive the upper bound:

E, =E| Z Z@“/’J’»“{Z (Eslm<amsy

< ” Z Z C]k¢]k||7r ” Z Z Cjk¢3kll

< Q27957 < OpTTiE,

Study of the term E, = E|| >7° jo > — Cyk)%k]l{z i W>s"}|[7r
we bound this term as the 11near stochastic term. Using Temma 4.1 for
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some 1 > 0, Lemma 4.1 and Proposition 4.1 for the éjk-, we get:

[El < 2JS7]7T|E <Z 2- ]171r|| Z C]k C]k ¢jkl|7r)

J=J0
Js
<C 9isnm Z 2~ JTIWQJ(———)[E(KJ - | )

j:]0

2J 7T/7T
< ¢ 29 Z 9—inmoi(5—% ( /2>
nr

J=Jo

99s\ /2 o
SC( > < CnTHes,

n

Study of the term E> = E|| ] io Zk(@k—@k)%kﬂ{z AL <g}”7r3
using Lemma 4.1 for some 1 > 0 and Lemma 2.1, we get:

£ <2 S0 "I Gt lRE (s, o)

Jj=Jo
< 20 Z 27777 | ZC]k¢Jk||7r

Jj=Jo
X ‘E[”{Zk |c}k|"<s;}(”{zk cnlm<zmsry TS |<jkl”22"sf})]
< Ea + Eoa.

On the one hand:

Eu < Cor 3 200m| 5 el (152, <o)

Jj=Jo

Js /7
< CFem Z g—inmoi(3-% (Z ICk]™ ) ]I{Zk sl <2757}
J=jo
Js
< 027 Z 24j””2j(%‘%)2”(5;)”/”

j:jo

i /T
27
< O § ginmgi(5 -3 ( W/,Z)

Jj=Jo

9is \ */? o
< C’( ) < COn™ 1425,

n
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On the other hand, according to the triangular inequality

]I{Zk lc"jkl"<s;}”{2k Canlmz2msT) S H{Zk IEie—Cnlm 28T}

and using the caracterization (8) of the Besov spaces and applying then
Proposition 4.2, we get:

— o $° g > Gl

J=Jjo

E(’{Z |éﬂ.|"<s¢}’{2 |c]k|"22"s¢}>
<O2mﬂ22 W”ZQ“/’J'C” E( (3, 10— cmws”})

J=Jjo
< Cgi Z g-inmg-isp (Z (G = Ginl™ > 7 )
J=Jo
. [ y9iNT?
< 02]37771' —]1]7r2—]s7r J ST R
<o 3w e o (2)
J=J0
i\ /2 ir
< C’( ) < COn™14%s,
n
Study of the term Es = El ] je Zk(CJ’C

Cjk)%‘kn{z |C~_k|">2,sw}||§: using the caracterization (8) of the
K IRD = J
Besov spaces and the definition of js, we have, for all j in [j,, 71]:

L 2K, 2i/P
. —3s9j(1/p—1/2) Js(s+1/2)95/p
1¢.lp < MiC227752 < M C9y27 2P < —— CiCy /2
(28)

Let us now applying Lemma 2.1:
Cri2iG=D|¢ . < | Zﬁgk%k“w < ZCgk%k”p < GGG |,
which imply

Z |Gkl ™ < (C1CR)™ 273 ZIC NN (29)
Combining (28) and (29), we deduce then

. . ” . 23 .
fOI'JZ]s, ;lC]IJ S(2Kﬂ-) ;lﬂ_—ﬂ—_—gu
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According to the triangular inequality

]I{Zk |fjk|”22"5;}11{2k |Cinlm<sT < ]I{Zk 1k —Conlm>s7}

and using Lemma 4.1 for some 7 > 0, Lemma 2.1 and the Holder inequality
for L+ L =1, we get:

J1
Jjinm —inmoj(§-1) oo .
Es < O Y 2mimmy E(16 Gty C—tulrzor})
J=js
1N & —jinmoi(E—-1) - Tm/ 1/m s 1
<o 37 oI EVE(1G - Gl ) T P(1G - Gle 2 55)
J=Js
J1nT Z —jnmoji(E—1) 2‘7 — 8 (e40) (L 1 -\ (146) 1/m
< ©2im 22 inm9i(3 <n_ﬂ/3> (n 39-3(6+2) (% 3)(77]) )
J=Js
< 0211($(0+2)(%—%)+%)(njl)#(1+9)7,,~(%+%)

This quantity is bounded by Cn~ T35 as soon as 6 > 1“’_’55 + 7 — 2. Using

the fact that s < N + 1 and choosing and m > 1 as small as possible, we

have the result under the assumption § > %% + m — 2. The choice

m =1+ 2—(-1\71+—1) completes the proof of Theorem 3.1.

4.6. Proof of Theorem 3.2

We first state a lemma which is proved immediately after. It ensures that,
for an adequate choice of j;, the statistic M» is bounded in probability.
According to. Lemma 2.1, we define M, an upper bound for || || by

[ flloe < Coo D 27/ sup (el + CL 27/ sup |aj, & = Mo
k k

J=i1
where Coo = [| 224 [P0k| [loo and Cop = || 32, bor] [oo-
LEMMA 4.4. — Let n™F%1 < 29 < 2077571 where 1, > m. Then,
n1LIEOP<|M2 — M| > %Mz) =0

Vol. 34, n°® 2-1998.



206 K. TRIBOULEY AND G. VIENNET

We have the following decomposition

P(If = fllx 2 Ane/@o0)
< P(”f— fll= > An =/ @D AN, — M| > Mz/Q)

+ P(IIF = fll > An™/C=0, \N, — Mo < My /2)
< P(|M2 Y VA Mz/z)
+ P(”f — fll= > An ¢/ CstD My /2 < My < 3/2M2)
According to Lemma 4.4, the first term tends to 0. Let us notice that the
inequality M>/2 < M, < 3/2M, implies that there exists s*** of the same

order as s; such that s; < §; < s7**. Thus, Theorem 3.1 ensures that the
second term also tends to 0.

Proof of Lemma 4.4. — Let m > 2. Since j; is a large index of resolution,
for n big enough

Coo Y _ 2 sup (el < S <1,
P k
J=n

We first notice that by remark (17) and Markov inequality
- . 1.~
P<|M2 - M| > §M2>
. 1 .
< P(CZX)?“/Q sup Gy r — ajyl 2 50202”/2 sup laj, | + 1)

< C2h/?E (Sukplyn(%lk)l) (30)

To control this term we introduce the following lemma derived from
Lemma 4 of Doukhan et al. [9] combined with inequality (9).

LeMMA 4.5. — Let a and § be positive reals and G be a finite subclass of
Lo g(P) satisfying the following assumptions

@) for any g € G, E(9(Xo)) = 0;

(i) for any g € G, ||gllec < a and [bg?dP < §%.

Let L(G) = max(1,log|G|), where |G| denotes the cardinality of G. There
exists some universal positive constant C' such that, for any q € [1,n]

E(i‘é‘é lvn(g)l) < % («5@ + aqL\(/gﬁ) + aﬁqﬁ). (31)
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We apply this lemma to the class of function G = {¢;,x }r with
J1 — 9J1/2 — J1(757)
card(9) < 027, a=22, §=C(2MF0). (32)

Let us detail the computation of ¢. Since B, < oo, b € L,_; thus, by
Holder’s inequality with 1/(m — 1) + (7 — 2)/(m — 1) = 1 we have

1/2 . 1/2(m—1) Y Z(’;**jl)
(o) < (Jimrr)" ([ )

< C2w 12J1 ITeD 1>)||b”1/2 ||f”2<vr—1>

Finally, applying (31) with the choices (32), inequality (30) becomes

@211
vn

. . 1 -~ . 201 :
P(lMQ — M| > §M2) <C -0 4 C‘n_‘Q.h + 27 3.

Choosing ¢ = Cn¥0 !

(|M2 - M2| > MQ) < C(\é_—Qh -0 4 21p 2+0]11+9>’

and by the definition of j;

hm (%2Jl:’ﬁ:—ﬁ + 211 2+9J1+9) e O‘

n—oo
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