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ABSTRACT. — We study the a.s. exponential stability of the optimal filter
w.r.t. its initial conditions. A bound is provided on the exponential rate
(equivalently, on the memory length of the filter) for a general setting
both in discrete and in continuous time, in terms of Birkhoff’s contraction
coefficient. Criteria for exponential stability and explicit bounds on the
rate are given in the specific cases of a diffusion process on a compact
manifold, and discrete time Markov chains on both continuous and discrete-
countable state spaces. A similar question regarding the optimal smoother
is investigated and a stability criterion is provided.
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RESUME. — Nous étudions la stabilité du filtre optimal par rapport a
ses conditions initiales. Le taux de décroissance exponentielle est calculé
dans un cadre général, pour temps discret et temps continu, en terme du
coefficient de contraction de Birkhoff. Des criteres de stabilité exponentielle
et des bornes explicites sur le taux sont calculés pour les cas particuliers
d’une diffusion sur une variété compacte, ainsi que pour des chaines de
Markov sur un espace discret ou continu.
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698 R. ATAR AND O. ZEITOUNI

1. INTRODUCTION

To a Markov process z; on a state space .S, we attach an observation
o-field F; generated by an observation corrupted by Gaussian white noise
(precise definitions are postponed to Section 2). The optimal filtering
problem consists then of computing the conditional law of x; given F.
This work is concerned with the asymptotic dependence of the optimal
filter on its initial conditions, and the relation between this dependence and
the corrupting noise intensity.

It is known since the work of Kunita [12] that under mild conditions, the
conditional law, viewed as a random process taking values in the space of
probability measures, is stationary when appropriately initialized. Stettner
[18] shows that whenever the state process is a Feller Markov process
converging in law to its unique invariant measure, so is its conditional
law. Actually, cf. [19], the joint law of the state and its filtering process
is Markovian even if the filter is wrongly initialized. It thus seems natural
to investigate the rate of convergence and to study the sensitivity of the
optimal filter to its initialization with the wrong initial measure. This issue is
also highly relevant for numerical and practical computation of the optimal
filter or its approximations, for almost never does one have access to the
true initial distribution.

Several approaches exist to analyze this sensitivity. In a recent article
[14], Ocone and Pardoux have studied L* type of convergence, and showed
that actually, the nonlinear filter initialized at the wrong initial condition
converges (in an L? sense) to the nonlinear filter initialized at the correct
initial condition. In particular cases (most notably, the Kalman filter), this
convergence is exponential. In general, however, no rates of convergence
are given by this approach.

Another approach, first suggested in [7], is to use Lyapunov exponent
techniques. Building on Bougerol [4], it is shown in [7] that under suitable
algebraic conditions, the dependence on initial conditions of the optimal
filter of finite state Markov processes observed in white noise decays
exponentially. This approach was recently extended in [1], and the question
is essentially resolved in the case where the state process is Markovian with
finite state space. In particular, the decay rate is shown to be related to the
Lyapunov exponents of the Zakai equation, and, with good observation, to
increase as the perturbing noise becomes weaker.

Below we provide bounds on the convergence rate of the filter to its
ergodic behaviour in a more general setting. The technique is based on
considering the unnormalized filtering process as a positive flow in the
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EXPONENTIAL STABILITY FOR NONLINEAR FILTERING 699

space of measures, acting on the initial measure, and then bounding the
amount of contraction generated by the flow, at a discrete skeleton of
time instances. To this purpose, we have found the Hilbert metric and
the related Birkhoff contraction coefficient, most appropriate. The idea to
use this approach originated from a result of Peres [16, Prop. 5], where a
related question is treated, concerning the contraction of finite dimensional
random operators. Next, we treat specific filtering models, for which we
prove exponential convergence rate, and, when possible, provide explicit
bounds on the rate. The question of sensitivity of the optimal smoother to
its initial conditions is then addressed and a stability criterion is provided
for a diffusion processes setting.

The rest of the paper is organized as follows. In Section 2, we define
the setting of the optimal filtering problem we deal with, quote a general
result of Birkhoff concerning positive operators, and use it to formulate a
bound on the decay rate referred to above. This bound is used to deduce
more specific results in the special cases, treated in the succeeding sections
3 and 4. In Section 3, the discrete time filtering problem is treated. First, a
general uniform bound on the decay rate is obtained, depending only on the
law of the state process itself. Then, in the case of a bounded domain one-
dimensional state process, observed via a one-to-one observation function, it
is proved that the decay rate converges to oo as the perturbing noise intensity
becomes smaller. In Section 4, bounds are derived for the filtering of a
diffusion on a compact manifold, observed in white noise. In Section 5, a
discrete time, countable state space process is treated, with an approach that
is independent of the general results of Section 2. We provide a bound on
the decay rate in the weak observation noise limit, which, in special cases,
including the filtering of a nearest-neighbour process, is shown to provide
the exact asymptotic behaviour. Finally, the smoothing stability question
is treated in Section 6, a relation between the filtering and the smoothing
questions is observed, and a bound on the decay rate is obtained.

2. GENERAL SETTING AND A BASIC ESTIMATE

Let T denote either R, or Z (cases which we refer to as continuous or
discrete time, respectively), and consider a homogeneous Markov process
{z;}ser on the probability space (Q,Bs,{Bs(t)}ter, P:) defined as
follows. Let the state space S be a Polish space and let S be the o-
field of Borel subsets of S. In continuous time we set €2, to be the set of
all mappings from R, to S which are RCLL and equip it with Skorohod’s
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700 R. ATAR AND O. ZEITOUNI

metric relative to the metric defined on S. Let B, be the Borel o-field
on €, w.r.t. this metric. For ¢ > 0 and w € Q,, let 2;(w) denote the
value of w at time ¢. For ¢ > 0, let z|jo 4 be the restriction of z to [0,%].
Let B.(t) = o{z|jo,y} be the smallest sub o-field of B, for which all
[, are measurable. We assume that the semigroup Gy, t > 0 associated
with the transition probabilities P;(x,-) is a Feller semigroup i.e., if f is
any continuous function on S then so is G, f, and lim;,o G:f(z) = f(z)
uniformly on S. The infinitesimal generator of G, is denoted by L. In
discrete time we set 2, = [[22, i, Bo(t) = Vi, S and B, = Vo, S;
where (S;,S;) are all identical copies of (5,S), and denote the transition’
kernel by G(-,-). A Markovian family of measures P o € S is defined
on (Q.,B;) in continuous time by

Pa(:a)(wtl S El,...,xtﬂ € E’I‘L)

=(/' oy (ydzy) - Gay vy, (s, dan)
Eyx---xE,

where 0 < t; < -+ < t, and Ey,...,FE, € S. In discrete time P is
induced by G(-,-) on (£, B;) in a similar manner. With any probability
measure g on (S,S) there will be associated a Markovian measure P
defined as

P1= [ Pq(da).
S

Further, let {v;}+cr be a process on (Q,,B,,{B,(t)}ier, P,) defined as
follows. In continuous time, €2, is the set of continuous mappings from R,
to R, B, is the Borel o-field w.r.t. the sup-norm, and B, (t) = o{v|j 4},
where 1|04 is defined similarly to the above. Let P, be the d-dimensional
standard Wiener measure on (2,,B,). In discrete time {v;}icz, is a
standard normal random walk in Z? starting at the origin. Now let
Q=0Q,%xQ, B=DB,xB, and P? = P! x P,. We fix a specific
measure po on (S,S) that will be called the “exact” initial distribution of
{z+}+er, and denote P, = PPo, P = PP°, Expectation w.r.t. P? (P, Pa)y
will be denoted by E¢ (E,E(®), respectively). Let g : S — R? be a
measurable function, and let the observation process on R¢ be defined by

t
yt:/ g(zs)ds + vy teRy,
0

t
ye=Y glz:)+wn tely
1
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EXPONENTIAL STABILITY FOR NONLINEAR FILTERING 701

where by convention E? = 0. We shall denote the observation filtration
of sub o-fields by

F = U{yIIO,t]} teT.
We shall sometimes also use the notation
fs,t = U{yl[s,t]}v 0<s<teT.

The filtering of z; based on F; is defined as the conditional distribution of
x; conditioned on F; i.e., for all measurable bounded f,

pi(f) = Ef(z)| 7] teT. (1

We denote the “exact” filtering process by p:(f) = p?°(f).

In the continuous time case, under further assumptions of compactness
of S and continuity of g, it follows from Kunita [12], Theorem 1.1 that
{p:},t > 0 satisfies the Kushner equation namely,

elf) = polf) + / p(LF)ds
" / (p(£9) = po(F)ps(9); dys — po(g)ds), f € D(L).

Zakai’s approach of the reference measure provides another expression
for p;, in terms of a bilinear SPDE [20]. Motivated by this approach, we
define the reference measure Py on (€2, B(t), B) as follows: POO‘)(A NB) =
nga)(A)P’ (B) for all A € B, and B € B, where B’ is the smallest sub
o-field of B for which all y;,0 < t < co are measurable. P’ is a standard
Wiener measure in the continuous case, and a standard normal random
walk in the discrete case. This defines the joint law of z and ¥, and since
v is determined by z and y, also the joint law of z and v. Define similarly
P¢ and Py, and denote by E*,E! and E, expectations under P\, Pg
and Py, respectively.

Define now on (2, B(t), B, PJ) the process

At = exp (/Ot(g(ws), dys) — %/Ot Ilg(ws)llzd8> teRy, (2

Ay = exp <Z(9(:m), Ay;) — % Z HQ(%)”Q) 3)

1
t€Z+\{O}7 A0:17
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702 R. ATAR AND O. ZEITOUNI

where Ay; = y; —y;_1. Assume that E’f(;t llg(zs)||?ds < oo for any t € R.
Then A; of (2) is a martingale. It follows from Girsanov’s theorem [13],
chapter 6.3, [10], chapter 3.5, in the continuous case, and from Bayes’
rule in the discrete case, that for every ¢t € T \ {0}, the restriction P%*
of P? to B(t) is absolutely continuous w.r.t. the restriction Pg" of P
to B(t), and that

dpt

= A,
dpyt "

It follows that for any measurable bounded function f, P-a.s.,

Eg(f($t)At|-7:t) )

PH() = =i )

The unnormalized conditional measure p{(f), t € T, defined by

pi(f) = Eg(f(xt)/\tlft)» (5)

therefore has the property that pf(f) = pi(f)/pi(1). Since S is assumed
to be a Polish space, 2 with Skorohod’s metric is itself a Polish space.
The map zf — z; is measurable, and thus there exists a regular conditional
probability distribution [15], pp. 146-7

Péa)(' |Fe, 20 = B),
satisfying for B € B(t) and A € S

P{BN{z, € A} F) = / P$(B|Fy, 2 = B)PS (2, € dB).
A

We thus obtain from (5) by conditioning first on {F;, .}, the following
representation for the unnormalized conditional distribution

J(f) = / / £(8)Ge(at, dB) (e, B: 98 )q(dv), (6)
where we define
L(a, B;48) = ES (M| Foy 2 = B). (7)

We shall also use the following notation for any finite measures p, A and
a measurable function f on (S5,S) :

D (s )(f) = / / I(or, B;4) F(B)u(da) A (dB).
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EXPONENTIAL STABILITY FOR NONLINEAR FILTERING 703

In order to be able to compare different filtering processes (namely, p{(f),
for different values of g), we use (4) and (5) to define p{(-) and p(-),
respectively, as stochastic processes on the common probability space
(2, B, P), as follows. We first regard, for each ¢, equation (4) as the
definition of a mapping y|jo, — pi. Then, the law of p{ on (Q2, B, P) is
induced from that of y; on the same probability space by this mapping.
The definition of pf is similar.

Our goal is to study the behaviour under P of the asymptotic rate
. 1 '
v(2,¢') = limsup > log drv (p}, p ). (8)

We shall establish exponential stability of the filtering process by providing
conditions for v(g, ¢') to be negatively bounded, uniformly in ¢ and ¢'. Note
that whenever either the Kushner or the Zakai equations apply, this provides
exponential stability of these equations w.r.t. their initial conditions (see
[8] for a study of the related topic of Lyapunov exponents for a general
bilinear SPDE).

We now deviate to some classical definitions and results regarding
Hilbert’s metric and contraction of positive operators, which we adapt
to our setting. Thus we focus on positive operators on finite measures. Let
V be the vector space of finite signed measures on (S, S). Define on it the
partial order relation < by A < p for X, p € V iff A(A) < p(A) for every
A € S.Let C C V be the resulting positive cone. Then A € C iff ) is a finite
non-zero measure on (S,S). Moreover, V is an integrally closed, directed
vector space (see [3], pp. 289, 290 for definitions). Two elements A, u € C
are called comparable if a) < p < B for suitable positive scalars «, (3.
The Hilbert metric, also called the projective distance, on C is defined as

SupAeS n(A)>0 )‘(A)/P’(A)
infaes pa)>0A(A)/u(A)

h(X, 1) = log if A, u € C are comparable

(9)
and h(A, u) = oo otherwise. The function h defined above is a pseudo-
metric on C (see e.g., [3], chapter 16 or, in a discrete setup [17]) and hence
is a metric on the space of all probability measures on (S,S) that are
comparable to any fixed measure \g € C.

Let now K be a linear positive operator on V i.e., which maps C into
itself. Then K is a contraction under the Hilbert metric and as has been
shown by Birkhoff [2] and Hopf [9] (see also [3] chapter 16, [17])

h(KX, Kp) H(K)

7(K) = su ———~ = tanh —~= 10
( ) 0<h(/\,;IJ.))<oo h’()‘vﬂ) 4 ( )

Vol. 33, n® 6-1997.



704 R. ATAR AND O. ZEITOUNI

where H(K) is the h-diameter of the transform KC of C under K i.e.,

H(K) = /\sugc h(K X, Kp).
sH

The function 7 defined in (10) is called Birkhoff’s contraction coefficient.
We shall denote by P the subset of C of probability measures on (S,S).

Note that if for a specific A € C, the operator K has the kernel
representation

Ku(f) = / / K(a, 8) £ (B)u(da)A(dB), (11)

where K (a,(3) is non-negative, then

H(K) = log ess supggzg?ﬁ{(zx; ﬂﬂ;

(12)

with the convention g =1 and % = oo. The supremum above is strict over

a,a’ € S, and is essential over 8,3 € S w.rt. A

Back to the filtering problem, let now ¢ € V be any signed measure, and
fort € T let Jo: : V — V denote the (F;-measurable) mapping q — pf
defined by equation (6). Hence, for ¢ € P, p{ = Jy.q. Next, for s,t € T
with s < t define J;; = Jy 1—s 00, where 6§, is the shift operator on 2. Thus
Js,+ 18 a positive linear operator on V. Moreover, the smoothing property
for the conditional expectation implies that for ¢ € P and 0 < s < ¢

pg = s,tJO,sq- (13)

We assume that there exists a unique invariant measure, ps, of the
Markovian family P (associated with the state process), and let the
stationary measure be.denoted by P, = PP+ (and E; = EP). We assume
the following ergodicity assumptions of the state process.

AssumpTION Al. — P is ergodic.

ASSUMPTION A2. — The measures P, and P, are mutually absolutely
continuous on the tail o-field.

Our basic estimate will be the following

THEOREM 1. — Let the assumptions of section 2 hold for either T = 7
orT =R*. Let § € T\ {0}. Then the following hold.

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



EXPONENTIAL STABILITY FOR NONLINEAR FILTERING 705

(a) For any comparable q,q' € P, P-a.s.,

1
¥(¢q,q") < EES log 7(Jo,s)- (14)

(b) If for every a € S, Gs(a,-) is absolutely continuous w.r.t. a specific
measure \ € C, then for any comparable q,q' € P, P-a.s.,

X(. a0
v(g,4") < %Es log tanh H(Gy) + I-i(lé( »yo)). (15)

(¢) Ifforevery a € S, Gs(«, -) is comparable to a specific measure X € C,
and Is(a, 3;y8) can be bounded above and below by positive bounds that
do not depend on o and (3, then (14) and (15) hold P-a.s. for any q,q’' € P.

To prove Theorem 1, we need the

LemMMA 1. — Let A\, i € P. Then
2
dry (A, 1) = 2sup [A(A)—p(A)] < 2A ("M —1) < ——h(A, p). (16)
Aes log 3

Proof of Lemma 1. — In case that A and p are not comparable (16)
holds trivially. Otherwise set A = {A € S : A(A) > u(A) > 0} and
A = {A € §: p(A) > A(A) > 0}. Note that A cannot be empty.
Moreover, since if A’ is empty it follows that A = p with which (16) again
holds trivially, we shall assume the contrary. Thus we have

A(A)
L@

which implies

A(4) u(B) h(\p) /
< < o Ae A Be A
= WA)NB) = ©

0 < AMA) — u(A) < p(A) ("W —1) AeA
0< u(B) = A(B) < A(B)("9 —1) Be A
dry (A, ) = sup MA) = p(4) = A4 + u(4°) < e — 1

and (16) follows. [

Proof of Theorem 1. — For either t € Z, or t € Ry let n = [%] Use
Lemma 1, the insensitivity of ~ to multiplication by a positive scalar, the

Vol. 33, n°® 6-1997.



706 R. ATAR AND O. ZEITOUNI

property (13), the definition (10) of 7 and the fact that 7(-) < 1 to get

bmmmﬂ—l%M&ﬁ)

1 1
7 logdrv (pf,pf ) — = 7 log

lo 3 =t
< tlogh(pn6, n&)
]. h q q’ q q/
= —log q(pms’p;tf) ,Hh(Ps,P/g)h( "
t h(p(n—l)a’ p(n—l)é) h(q,q")
n—1
1
S T Zlog T(Jus (z+1)6) n log h(q,q'). (17)

Since IOg T(Jigy(z‘_,_l)g) depends Ol’lly on (ml[ié,(i+1)5]a V‘[ié,(i+1)6] - Vi(s), the
result (14) follows from Assumption Al and Birkhoff’s ergodic theorem,
for P, = P;. Since (14) is a tail event, Assumption A2 implies part (a)
of the theorem.

Next, under the absolute continuity assumption, let Gs(a,df) =
Gs(cr, H)M(dB) and define Jos(,B) = Gs(a, B)Is(a, B;y3). Then by
(6) we get

Jos(a)(f) = ps(f //J05 o, B) f(B)q(da)\(dB).
Thus Jy s has the kernel representation (11), and (12) can be used. We have
Jos(e', ')
H(J log ess su Josle, B)Jos(e,
(Jos) = log pJo s(a,B)Jos(o, B)
/ /
< logess sup— Go(a, ﬂ)G‘S( )
Gs(a, B)Gs(o, B)
Is(o, B y0) Is (o', B'5 y5)
( ’/817y0)-[6( 7/87y(6))
= H(Gs) + H(I3 (-3 y3))-
Now (15) is deduced from (14) using (10). As for part (c), note that
d(J A
WD ) = [ G e i),
dA g
Therefore, since by assumption both G and I; are bounded, the R.N.
derivative above is bounded above and below (by bounds that do not
depend on f), and p} and Ps must be comparable. Thus the argument
_expressed in (17) holds where h(q,q’) is replaced by h(p, pi ) d

1
+ log ess sup T,

Remark. — Note that ergodicity of the process g(z;) would suffice instead
of that of x;. In that case P, is to be understood as the measure P? with
the appropriate ¢ to make g(z;) a stationary process.
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3. THE DISCRETE TIME CASE

In this section we are concerned with the case where the state process
is a discrete time Markov chain. The filtering of a continuous time
process observed in discrete time is a special case of this setting, if
we understand the transition kernel G(-,-) as that of the propagator of
the continuous process, at time equal one observation-period. We keep all
the assumptions and definitions of section 2 in the case T' = Z,. We
denote by G the unconditional discrete time propagator at time 1 i.e.,
Gu(A) = [¢G(z, A)u(dr) for any A € S. Note that in this case Iy
defined in (7) is given by

s pind) = exp (08 200 - @) as)

The latter is independent of o and hence if g is bounded, H(I;(-;33)) = 0.
Moreover, if the unconditional kernel satisfies the condition

cipo(r) £ G(z,-) < capo(r) z €S (19)

for positive constants c;, ¢y and a py € C, then by definition (9), h(GX, Gu)
is uniformly bounded for A,z € P. Hence by the right hand side of
(10), 7(G) < 1. In the latter case, note also that for every ¢,q¢' € P
(not necessarily comparable) pi and p‘{/ are comparable. Therefore as a
corollary of Theorem 1 we get

COROLLARY 1. — Assume that the state process {xn }nez+ is ergodic, the
transition kernel G(-,-) satisfies (19) and that g is bounded. Then for any
q,9 € P, P-as.,

v(g,q") <log7(G) < 0.

Next we treat a specific example in which the state space is the unit
interval and the observation function is real-valued and one-to-one. We
assume that the observation process is given by

Yn = Za‘lg(xi) + v,.
i=1

The positive scalar o is used to parameterize the observation- (or
equivalently, the noise- ) intensity. Below we use the notion ~,(-,-) for
v(+,-) defined in (8), to denote the dependence on o. In what follows

Vol. 33, n° 6-1997.



708 R. ATAR AND O. ZEITOUNI

we assume that the measures G(z,-) and p, have densities w.r.t. the
Lebesgue measure on S. Thus we let G(z,-) and p,, denote these densities
rather than the measures, and for a measurable f on S, x € S we
write Gf(y) = [ f(2)G(z,y)dy. The specific assumptions and result
are summarized below.

THEOREM 2. — Let S = [0,1] and assume that G(-,-) € C*(S?). Let
q,q¢' € P and assume g € C*(S). Assume moreover, that both G(-,")
and the derivative § are positively bounded from below (on S and S,
respectively). Then

/
lim sup '70((],;1) < -1 a.s. (20)
log =

o—0

Remark. — A direct computation shows that both in the Gaussian case
the behaviour is in Q(o~1). In view of these facts, it seems that the above
result is not the optimal possible (see also the remark after this proof).

Proof.

20(8) = exp (a8 = 506(9)) (21)
and let the linear operator 7;, be defined by
T f(8) = Au(D)GF(H). (22)

Then it follows from (6) and (18) that p,(8) = Tnpn-1(03). Since by
assumption on G(-, -), z; must be ergodic, Theorem 1 can be used. We take
6 = 2 in (14) and apply equality (10). Our goal is to show that

lim sup B, logr(Jo.2) 7(Joz2)

< -—1. 23
o—0 210g% . ( )

Let f be measurable and bounded, and write the explicit expression for
T2T1f as

T f(w) =Ag(w)/SG(’U,w)AI(v)/SG(u,v)f(u)dudv.

Let ¢(T>T) = exp(—H(Jo2)). Then, noting that the factor A, cancels
out, it follows that

. Js B1(v)G(u, v)G(v, w)dv
V(BT = u,u’,w,fu’és Js A1 (v)G(w, v)G (v, w)dv
Js A1(v)G (!, v)G (v, w")dv
Js A1(v)G(u, v)G (v, w")dv

(24)
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EXPONENTIAL STABILITY FOR NONLINEAR FILTERING 709

We show below that the integrands in (24) are controlled by the behaviour
of A;, which tends to concentrate on one point as ¢ — 0, causing the cross-
ratio to converge to 1. Substituting ¥ = g(v), using the differentiability and
monotonicity of g and the definition of A, (21), the first integral in the
numerator of (24) reads

[ e (L - o )Gt )6 0w
a(s) 9(97(9)) o 20° ’ ’
= h(u, o, w)dv,
9(S)
where by assumptions on g we have g(S) = {g(s)|s € S} = [g(0), g(1)].
Dividing h(u, %, w) by v2ro exp(y;/2), which does not depend on u,w,
it follows that
fg(s) h(u, v, w)dd fg(s) h(u', 0, w")do

Y(TyTy) =  inf —— —— (25
2T1) uyu! w,w' €S fg(s) h(u', 9, w)do fg(S) h(u, 0, w")dd

where
. ﬁ(u,ﬁ,w)
h(u, =t
) = s expl2/2)
_ 1 1 (0 = oy1)® -1/~ —1(~
= m'—z;r—; €xp (—T)G(u,g (9))G(g | (9),w).

For € > 0 define now A = {y1loys € [9(0) + €, g(1) — €]}, and recall that
oy1 = g(xs) + ovy. Then

Py(y1 € A) < Py(g(zs) € [9(0) + 2¢,9(1) — 2¢] N |ov1| > €)
+ Ps(g(zs) & [9(0) + 2¢,9(1) — 2¢]) < 6(6_62/202 +o),

for some constant ¢ independent of € and o, provided that ¢ is sufficiently
small. Since 7 is always < 1 it follows that

Es IOg T(JO’Q) S Es[log T(JO,Z)lyl (S A]Ps(yl € A)
< E,log (Jo2)ly1 € AJ(1 — c(e™< /%" +¢)). (26)

We thus assume y; € A from now on. For M > 0 let us divide the

integration region in (25) according to |o — oy;| > oM and its complement.
Note that

0< / h(u, 5, w)do < Zexp(~M?/2)  (27)
g(S)N{:|—oy1|>o M} g
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for some constant ¢; > 0, and that if we keep Mo < € then
g(S)N{v: |0 —oy| L oM} = {0 : |0 — oys1| < o M}. Thus it follows
from (25) and (27) that :

f|iz—ay1|saM h(u, v, w)dd

h(w', 9, w)dv + 2 exp(—M?/2)

Lo icont R, 5, 0)d0
h(u, o, w')dv + < exp(-M?/2)

T2T1 Z m
’l’b( ) wuw,w' €S f|f1—a’y1|<0M

X

(28)
Js-ouni<on

Expand now the function

1
o(u, 9, w) = ——G(u,g7(9))G(g7 (D), w
)= sy O )G @),
with respect to ¥ around oy; (note that y; € A) to get
(P(u, ,67 ’U}) = SO('UG TY1, w) + QDZ(U" gY1, ,w)({j - 0'1,/1)
1 - 1 .
+ 59022(% oy, w)(0 — oy1)? + 690222(%5,11/)(0 — o)’
Here |(—oy1| < |0—oy;|; the derivatives with respect to the second variable
indeed exist and are continuous due to the differentiability assumptions on
G(-,-) and g(-). The integrals in (28) may thus be estimated by

- . 1
/ h(u, o, w)do = @(u, oyr, w)+ =02 paa(u, oY1, w) +res (29)
[o—oyi|<oM

2
where
1 2
|res| < / max |page|(c M)3di + coe™™
[5—ov1|<oM V270
< c3(a®M* + e_Mz) (30)

for some cp,c3 > 0, independent of ¢,0 and M, provided that M is
sufficiently large. Setting M = o~/8 so that 03 M* = ¢2®, and combining
(28), (29) and (30), it follows that for y; € A

Y(TTy) > inf  AY : (31)

u,u’ ,w,w' €S

where
1
(p(u, oy, w) + §<p22(u, oy, w)o? — cyo*d)
1
g x(p(u', oy1,w') + 58022(7/,%17“/)02 - 0402'5)

1
(p(u,oy1,w) + 59022(1/, oy, w)o’ + 6402'5)_

1
X (p(u, oy1,w') + 59022(%, Uylaw,)02 + 0402'5)
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EXPONENTIAL STABILITY FOR NONLINEAR FILTERING 711

Noting that o(u, ¥, w)p(u’,9,w’)/[p(v, 0, w)e(u,v,w")] = 1, and
moreover that ¢ and ¢,y are bounded while ¢ is bounded away from
zero (all bounds .are uniform), it follows from (31) that for y; € A,

Y(ToTy) > 1 — c50? (32)

for some c;5 > 0 provided that o is sufficiently small. Thus by (10) it
holds that for y; € A,

Y(ToTh)

(02)_1+\/—TZ—1T_

’I,Z)(Tle) < 050'

and 1 J, I
og 7( 0,2)< 1+ og ¢

B 2log§'

2log %
By (26), (33) and Fatou’s lemma, one gets

s 1
lim sup ———E OgT({O’Z)
oc—0 210g_
El A 2
< limsup [OgT(JO 2)|y1 € ]( (e—e /202 + 6))
oc—0 2lo g_
1 2 2
B
= —1+ce,

and taking ¢ — 0 one obtains (23). The result now follows from Theorem
1. O

Remark. — One checks that the coefficient corresponding to o2 that results
from expanding the cross ratio in (31) with respect to o is not identically
zero, and especially does assume negative values for some u, v, w,w’ € S
so the term o? in (32) cannot be replaced by a higher power of o, and
therefore it seems that the above bound is the asymptotically best bound
one can get by the technique used.

4. THE CASE OF A DIFFUSION ON A COMPACT MANIFOLD

In this section we treat the filtering of a diffusion process z;, on a
compact Riemannian manifold M of dimension m. All assumptions and
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definitions of section 2 are kept with 7' = R, . Embedding the manifold in
R<, some large enough d, one may write the Itd equation

dzy = b(zy)dt 4+ 6(z)dWe, x9 =z, (34)
with a one dimensional observation process:
dy; = o7 g(xs)dt + dvy, yo = 0. (35)

Here W and v are independent standard Brownian motions on R? and
R, respectively, b = {b()}1<;<q, & = {&(ij)}ISiéd and g are Lipschitz-
continuous on M. The function g is also twice 1csojﬁtdinuously differentiable,
and we denote by g; and g;; its partial derivatives of first and second order,
respectively, in the directions of the coordinate vectors in R¢. Furthermore,
we assume that the coefficients b and & lead to a strictly elliptic generator
on M, with heat kernel G;(z,y). By comparing to standard bounds on heat
kernels of strictly elliptic operators on R? (e.g., [6], chapter 3), the ellipticity

assumption implies that there exist positive constants cg, ¢; and ¢y, such that
coe” V't < Gy(x,y) < cpt™™* x,y € M. (36)

As in section 3, o is used to parameterize the intensity of observation, and
we use the notion 7, (-, -) instead of 7(:,-) to denote the dependence on o.

THEOREM 3. — Let the state and observation processes be as in (34)
and (35), and assume that the ellipticity condition holds. Then there exist
a non-random function c(a) > 0 and constants ¢ > 0,c"” > 0 s.t. for any
q,q' € P, the following hold P-a.s.

@ Y(q,q¢') £ —¢(o), o >0,
(b) limsup,_,. -(¢,¢") < —¢,
(C) hmsupa‘—vo ’YU’(Q7qI)ec”/a ——<— -1

Remarks. — 1) (c) above provides an upper bound on 7, which converge
to 0 as 0 — 0. This bound is certainly not believed to be tight (compare
with Theorems 2 and 4 in the discrete time setting). The significance of
this bound is in those cases for which ~, indeed seems to converges to 0
as 0 — 0 (see [7] for such an example).
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2) Under additional assumptions, with £* denoting the forward operator
of z; on M, the Zakai equation for the filtering of z, given F; is written

duy = L*udt + U—lgutdyta (37)

where ug equals the density of g. Though below we do not make use
of the representation (37), Theorem 3 yields exponential stability for its
normalized solution. :

Proof. — Throughout the proof ¢ denotes a deterministic constant whose
value may change from line to line. The proof is based on (15). By
ellipticity, z; is ergodic, and in view of (12), H(Gs) < oo. Next, we fix
§ > 0, and let A be the Riemannian measure on M. Note that in view of (15)
and part (c) of Theorem 1, to prove (a), it suffices to bound H(I}(-;y3))
by a finite, possibly random, bound. We do so by bounding Is(cx, B;y)
defined in (7) by bounds that do not depend on « and [, and using the
representation (12). To this end, note that (see (2), (7) and (35)),

Is(o, Biy5) = E(a)[ (/06 &Z&—)diys - % /06 g(:;) ds)

:/Baf6:| (]!7,6€M. (38)

We begin with the upper bound. Integrating by parts in (38), we have that

s s
Is(a, B; yg) = E(ga) |:exp <A5 +/ (Mg,dxs> +/ Nyds)|xs
0 0

where

=ﬁaF5}7

As = o g(zs5)ys,
M, = {MP}icica, M = —0""yg:(x),
1 »
. Ns = —5(0' g (.'1,'5 + o~ ys Zg” xs)a( k) )U(Jk)(l's)).
1]7

Note that b®), 50 g g; and g;; are all bounded, hence

&
Is(e, B9 < exp (|As| + Ns) B (exp / (M, dz,)|zs = B, Fs
0

(39)

where y,, = SUPp<t<s lyt >
N5 = 06(0_2 + U—lyvn)~
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Denote

t
F, = exp/ (M;,dz,).
0

We bound the conditional expectation E(ga)(F§|$§ = [, Fs) in (39). First,
by Fatou’s lemma and continuity of F; with respect to ¢,

By (Fslos = 6, F5) < lim B¢ (Fy las = 5, F5),  (40)

where 6, is a sequence increasing to §. By the Markov property and the
boundedness from below of Gs(-,-),

E\(Fy, |5 = B,Fs) = ESFs, Gs_s, (s, , B)|Fs] | Gs(c, B)
= b, (@, B,95)/Gs(a, B) (41)

- where we have defined b, as the conditional expectation in (41). Note
that since Fj, | is measurable w.r.t. o{z{", 43}, it follows by the same
argument that

bn-1(c, B, 98) = B [Fs,_, Gs-s, (x5, B)|Fs)

In view of (39) and (40), in order to show the existence of a uniform upper
bound on J(a, ), it suffices to bound b,, uniformly in «, 3 and n. Now,

|bn(Ol, B7 yg) - bn"l(av /87 yg)l
= (Eé") [(Fs, — Fs, ,)Gs—s, (wan,ﬁﬂfé]} < Q1Q2 (42)

where we have used Hoélder’s inequality and denoted

y1/(m+1)

Qi = B [1Fs, = Fs, ™+ 7],

1 m/(m+1)
Qs = (/G+/m(£ﬁGa (a, s)d§>
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To bound Q; we first use the inequality |e® — 1| < |z|(e” +e77) and the
Cauchy-Schwartz inequality. Denoting m/ = 2m + 1 one has

o 1/(m+1)
Qr = B

bn_1 bn
X I: (exp/ (Mmdxs)) (exp/ (Ms,d:l}s) - 1>
0 bn—1
(o) 1/(m+1) bn b
< Ej (M, dz) ) | exp (M, dzy)
o1 0

On m-),—l
+exp— / (M, da:s)] .7:5]
0
@[] [
S EO (Msadxs) -7:6
bn—1

, 5n bn
. E((]a)l/ [2m' [eXp m/ / (Msa dxs) + €Xp —m, / (MS’ d‘Ts):l ]:5]
0 0

Next, using Minkowski’s inequality, and the Burkholder-Davis-Gundy
inequality [10], p. 166 for the martingales | "M aw? | one obtains

5 ’
/ (M, de,)
)

m
n—1

m-+1

7

m'

1/m’
B

Fs

ml
1/m'
S E(()oz) /

f%mamm
8

n—1

Fs

ayl/m’ "
+ B

6'"/
/ (M., 5(@)dW.)| |7
)

n—1

< o Y (6 — 6n_1)1/2.

While
a)l/m' ot [0 x
B e Jo" o) £
_ E(()aﬂ/m’ B [ b ds)+m' ) 6"(Ms,&(xs)dWs)| 7ol
d
C -1 )¢ cA;
< et o T BG e | 74)
i=1
where

6" .. .
Aj= / Z 0 ysgi(ws)5 ) (2 )dW D).
0 i
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By time change for the stochastic integral, one has that, conditioned on Fg,
d .. .
Aj= B,,, where B;, conditioned on Fj, is a standard BM and

bn
7y = / (3 07 yagu(22)59) (2,))2ds < cbo2y2, = "
0

and hence
E{) [e4| F5] < E[ec™Posiza Be| Fy] < 2¢7
One therefore concludes that
Q1 < 0o Y (8 = )1/ e VP teT D, (43)
On the other hand, using (36) one obtains
Qa2 < o8 — 8,) /A5 /2m 4D, (44)

Now, if we chose 6, = 6(1 — 2™™) and combine (42), (43) and (44), it
follows that

b (ct, B,43) = a1 (e, B, 95)]

S CO,—1ymé‘(1—7’n)/22—77,/2(m+1)eco"lymé—i-ca—2 2

Ymb

Since by = Gs(a,3) it follows that

-2,.2

by < c67™% 4+ cU—lym(s(l—m)/2eca—1ym6+ca- vho

which is bounded uniformly in n, o, 8. Thus from (39) and (41) and using
(36), we obtain the upper bound
Is(a, B;y8) < ce/deco ymtedo™
X (5—m/2 +0_—1ym6(1-—m)/26ca‘1ym6+ca~2yf,16)' (45)
The lower bound follows easily from the upper bound, since by Cauchy-
Schwartz FeX > 1/FEe~X. Hence
Ig(a,ﬁ; yg) > Ce—c/6e—cﬂ_1ym——céa_2
X (6—m/2 + 0—lymé‘(l—m)/Zeca’_lym6+ca_2y72n5)—~1' (46)
Actually, the above suffices for parts (@) and (b) in view of (12) and (15),

since the bounds (45) and (46) are both positive and finite for fixed o as
well as in the limit 0 — oo.
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As for part (c), we shall need the concrete dependence on o and
6 of the bound on ~, derived from (15) using (45) and (46). Since
Ym < cdo™! + maxX,<s Vs for c large enough, it follows that P("‘)(ym <
c6o~ + 4V/8) > 1/2. Denote a® = c§o~! 4 4+/6. Thus, combining (15),
(45), (46) and the inequality tanh(3logz) < 1— 271, z > 0 we get

1 _ _
’70(% q/) < %log[l _ cé‘m/Qe—c/ée—ca ta® —cé02
% (6—m/2 +O,-—laéeco"'laiﬁ(l_m)/zé-f-co'_z(a§)26)—2]
o .
Substituting 6 = o, we conclude that there exist positive constants ¢ and
g P
og s.t. for every o < oy,

'70(%(1/) S "e_c/a- O

5. THE COUNTABLE STATE SPACE CASE

In [1] bounds are derived for y in the finite state space case both in discrete
and in continuous time. The technique there is based on the connection
between y and the gap between the two top Lyapunov exponents of the
Zakai equation, and Oseledec’s multiplicative ergodic theorem is intensively
used. Theorem 2 above may be directly applied to provide an extension
of Theorem 2 in [1] to the case of countable state space discrete time.
However, as we show below, in the low observation noise limit, a sharper
result is possible by a direct computation that relies neither on the estimates
of sections 2 and 3, nor on Oseledec’s theorem (and provides an extension
of Theorem 3 of [1]).

We let S = Z and T = Z*, and denote the transition matrix by
G = (G(%,7)). Information on its state is given through the observation
process

UYn :0’~1Zg(l’i>+Vi, n _>_ 1. (47)
1

The unnormalized conditional law is then given (as in (21), (22)) by the
vectors

P =DnG*pl 1, pi=14q (48)

where G* is the transpose of G and D, is a diagonal matrix with
An(i) = Dy(i,1) = exp(o~1g(i) Ay, — 072g%(i)/2). The following result
shows that in the limit ¢ — 0, the behaviour of v, is at least in 2(c~2).
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THEOREM 4. —  Assume that the state process {Tp}nez, satisfies
the following conditions. (a) {Ty}nez, is ergodic. (b) Eg*(z,) < oo.
(c) Eslog G(zo, 1) > —o0. (d) |G|y = sup; >, G(4,j) < oo. Let q and
q be any two probability distributions on S. Then P-a.s.,

lim sup 027, (g, ¢') < ——E lnf (9(370) -9(7)* (49)

o—0
In particular, if there exists a state ig such that Ps(z9 = i9) > 0 and
inf;2;, |g(%0) — g(J)| # O then the limsup in (49) is a.s. negative.

In order to prove the theorem, we introduce some notations. For a,b € ¢;,
let the exterior product be defined by a A b = ab* — ba* (compare with
the usual definition [5], p. 61). Note that W = a A b is an antisymmetric
matrix. We define for it the pth norm by

Wi, = Q_ WG, 5,
b (50)
p€[l,00), IIIWIIIoo = sup (W& ).

Let A?{, denote the space {a A bla,b € £,} and note that [la A bf],, < oo if
aNbe /\2£ For p € [1,00] and a linear operator A on A%/, we denote
by [|All, its operator norm w.r.t. the pth norm defined by (50). We do not
distinguish between the measure ¢ € P and the vector ¢ € ¢; for which
llglls = 1. Moreover, we define the set of positive probability measures on
(S,8) by P° = {q € Plq(¢) > 0,7 € Z}.

We first prove the following

LemMmA 2. — Let p,n € {1 be non-negative and non-zero, and denote
p = p/llell, ¢ = n/linllv. Then
lle Al lle A nll
e < e =l < (51)
lolllinll ol lImllx
Proof. — On one hand, it is easy to see that for any o > 1 and a,b € /5,
if ||all2 = ||bll]2 = 1 then |ja — b]|2 < |la — ab]|2. Thus, assuming w.lLo.g.
that ||p||2 < ||g||2, and denoting the angle between p and q by p ¢ we get
p_ a2 g

lp = allx 2llp = all = lIpll2

bl lpll2 [lall2 |2

9l & 1__
sin | =
2])(]

>[lpll2 = [lpll2
Ilpll 2
o llo A nll
2llpll2 [sinpal = [lpll2 m
o A oo
= el lInllx
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The last equality is well known (see e.g., [5], p. 61). On the other hand,

2 (225 p(@)n(g) - p(j)n(i)‘
lp—qll =
lloll ]Il
< Zi 2 lelm(i) — pGnG) o
N llolllinll
_ loAnl,
lolllinll
Proof of Theorem 4. — Given ¢ and ¢’ we denote p,, = pl and n, = p;ll'.
In order to use the lemma, we first provide lower bounds on ||p,||; and
l[7n]l1, and an upper bound on ||p, A n,||,. First,

pud) = D polio)Glinyin) -+ Glin-y, D)As(m1) - An(zn),

105-sin—1

”Pn”l > pn(azn) > pO(xO)G(l"Ole) : "G(iﬂn—l,ﬂ?n)ﬂl(h) s An(ﬂin)
Using the ergodic theorem, we get that P-a.s.
liminf - 10g a1 2 B log Glao, 2) + Bug*(an) 207 (52)
Secondly, using (48), we obtain the following recursion
P N = Putly, = Mupr, = DpG* (pr—y A —1)GD,,.
Write the above elementwise as

(Pn An)ij = An(l)(z Gk, 1) (pn—1 A1)k G(L ) AL(H),  (53)

k,l

and get the relation

"lpn A "7n|||1 < Sl;P An(l)An(.]) |||é"|1|“pn~1 A 77n—1"|1
ij

where G is the operator on A2¢; defined by u Av — G*(uAv)G. By (53),

IG1, <sup)” G(k,i)G( ) = |GII3.

bi BT

We thus obtain, using again the ergodic theorem, that P-a.s.

. 1 . .
limsup —log lon A1, < E, logsip A1(i)A1(4) + 2log [|G]1. (54)
n—o00 1%£]
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Next, since E,(Ay1)? = (1 + Esg%(z0)/0?)/2,

B, logsup A41(2)A1(7)
= —%ES inf((Ags — 9(0)/0)” + (Ays — 9(3)/0 ]+ (L + Eag?(z0)/0”)
< ~3 Bl Au: — (/o) + (Byn — ()0 lllom] < €}
x P(lovi| < €) + (1 + E.g%(z0)/0?)
< ~ 5oz Belint (9(o2) + o = 9)Pllowa] < ¢
x P(lov1| <€) + (1 + Esg®(0)/0?)
< s Bu(lnf lo(e1) = 9G)] = v O)

x (1—e/2") + (1 + E,g%(z0)/0?), (55)

for any constant ¢ > 0 and sufficiently small o. Now the right hand side of
(51) together with (52), (54) and the above imply the theorem. [

We next show that in a specific class of problems, (49) is also a lower
bound in a sense to be explained below. We concentrate on the class U
of processes for which the transition matrix G has all its 2 X 2 minors
non-negative. An important subclass of I is that of the nearest neighbour
processes i.e., those that possess a transition matrix G = exp(sA) where
s > 0 and A is an intensity matrix for which |i — j| > 1 implies
A(i,7) = 0. Indeed, the latter condition on G implies that it is totally
positive as an operator on ¢;, which by definition implies that the process
it generates belongs to U. For the above results and further discussion see
[11], pp. 38-45]. Let us denote for ¢,j,k,l € Z

Gl = G(k,1)G(l,j) — G(1,9)G(k, j)-

For i < j,k < I the latter are the 2 X 2 minors of G. We further assume
that the infimum in (49) is always achieved namely, there exists a function
m : Z — Z such that

inflg(4) — 9(2) = 19(d) - g((i))| and 7 (3) # 4, i€Z. (56)

For a probability measure m on P, we shall require the following.
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AssuMPTION A3. — For every proper linear subspace @ of ¢,
m(QN7P)=0.
EXAMPLE 1. — Let a;,i € Z be i.i.d. real-valued non-negative bounded

random variables, with a common law that is absolutely continuous w.r.t.
the Lebesgue measure, and let c;,i € Z be positive constants s.t. > ; Ci < 00,
Let z; = c;a;/ Y ;Ciaj,1 € Z and define m to be the measure on P induced
by the random vector {z;};cz. Then m satisfies Assumption A3.

Proof. — Define p to be the measure on /., induced by {a;};cz. Let
() be a proper subspace of ¢;. Then there exists a non-zero w € /o
st. if ¢ € Q then ) w;q; = 0. Let k£ be such that w, # 0. Then

m({z € P| >, wiz; = 0}) = p({a € loo|wrar = — Z#k w;c;a;}) which
vanishes, since ay is p-independent of a;,¢ # k, and its law is absolutely
continuous w.r.t. the Lebesgue measure. [

We have the following result.

THEOREM 5. — Let {x,}ncz, belong to U and let it satisfy (a)-(d) of
theorem 4. Assume moreover that there exists a w : I — Z satisfying (56),
such that E, log]Gi‘l”:Ei‘M > —oo. Let q and q' be random, distributed
according to two given probability measures m and m/, respectively, on P

satisfying Assumption A3. Then m x m’ x P-a.s.,

lim 1nfa lim 1nf = log drv (p,pd) > ——E (9(mo) — g(m(w0)))?. (57)

n—oo -

In particular, m x m' x P-a.s., (49) holds with equality.

Proof. — We shall use the left hand side of (51) and develop bounds
analogous to (52) and (54) but in opposite direction. The first bound
follows easily from (48) namely,

lim sup — log||pn||1 <log||G||: + Es logsupA (7)

n—oo

<log||Gllx + 5(1 + Bug*(w0)/0%).  (58)

The lower bound on ||p,, A n,||, is more complicated. Assume first that
q and ¢’ are such that all the entries above the diagonal of the matrix
g/ q' are positive. By (53), positivity of the 2 x 2 minors and the positivity
assumption on the initial condition, it follows that for i < j and k < [

(Pn A Tln)i,j > An(i)An(j)ij(Pn—l A nn—l)k,l- (59)
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722 R. ATAR AND O. ZEITOUNI

Note however, that for 7 > j we have (p, A nn)ij = —(Pn A 7n)j,i, and
moreover, Gf]l = _Gi',f = —ny’f . It thus follows from (59) that for any
i,7,k,l we have

|(pn A nn)i,J" 2 An(Z)An(]”Gf,ﬂ l(pn—l A nn-l)k,l" (60)

Substituting i = z,,j = 7(z,),k = Tn,—1 and | = w(z,_1), passing to
the limit, we get that P-a.s.,

1 (T
lim inf - 10g [|on A Mnlly, > Eslog Ar(z1)Ar(n(z1)) + Eslog |G (z0))

z1,m(z1)
= L. 50 @0) + ole0)g(r(an) — 39%(n(an)

+ B, log |G =) (61)

z1,m(z1)

Observe that in the derivation of the bounds (54), (55) and (61), only
bounds on the operators D,, and G are involved, not on ¢ or ¢'. Hence the
null sets of P on which these bounds fail to hold are independent of ¢ and
q'. We thus summarize (54), (55) and (61) as follows. There exists a set
Qo € B of full P-measure, such that for all ¢ and ¢’ with ¢ A ¢’ positive
above the diagonal, and w € (,

1
liminf o2 lim inf = log [|pn A 7all.,
o—0 n—oo M,

. . 1
= limsup o lim sup — log ||pn A 7l

o—0 n—oo T

= E[g%(z0) + 29(z0)g(m(x0)) — g*(m(x0))]/2
= C. (62)

Hence, for q,q" as assumed, (57) holds by the Lh.s. of (51), (58) and (62).
We extend the above result to general ¢ and ¢’ in a few steps.

LEMMA 3. — For any q € P° there exists a gy € P° s.t. all entries above
the diagonal of q A qo are positive.

LEMMA 4. — There exists a set Q, € B of full P-measure s.t. the following
holds. If ¢ € P° and Q' (w, q) is the subset of P of all q' for which (62) does
not hold, then for every w € Qq, Q'(w,q) is the intersection of a proper
linear subspace of ¢, and P. .

In view of Lemma 4 and Assumption A3, for every w € €; and
q € P°, (57) fails to hold only when ¢’ belongs to a null set of m'
(possibly depending on ¢ and w). Since from Assumption A3, m(P\P°) =
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m(U,{g € P:q(n) =0}) <X, m({g € P:q(n) =0}) =0, the proof
is complete. [J

Proof of Lemma 3. — Define the sequence a(n),n € Z as follows. Let
a(0) =1;forn > 1 and k < —1 let

a(n) =" a(n — Dg(n)/q(n — 1), (63)
a(k) = e % a(k + 1)q(k)/q(k + 1).

Then for any n € Z, a(n) < cq(n)/q(0) so that a(n) is summable. Let
now qo(n) = a(n)/ >, a(i). Then for j = i + 1 we have from (63) that
q(7)qo(5) > q(4)qo(7). By induction, the latter holds for any ¢ < j, and
the Lemma follows. [ :

Proof of Lemma 4. — Denote the matrix p, A n, for which py = ¢
and 9 = ¢’ by W,(q,q). Since (54) and (55) hold, there exists a full
P-measure set €, € B, such that for all w € Q and ¢,¢’ € P,

hmsupa hmsup log [[Wn(g,9)l.

o—0

where C is as in (62). Fix ¢ € P°. If Q' (w,q) is empty, the lemma
holds trivially. Otherwise, let p1,p2 € Q'(w,q). Then (62) does not hold
for W,.(q,p:), @ = 1,2 (ie., when p, = p% and 7, = pFf'). Hence, for
all w € QF,

. . 1 .
lim sup o lim sup - log [Wh(g,pi)llo < C, i=1,2.

o—0 n—oo

Let A € R be such that ¢ = ¢/(A\) = Ap1 + (1 — A\)p2 € P. Then
Wol(q,q") = AW, (g, p1)+ (1 =AW, (g, p2), and it follows that for w € €,

lim sup % lim sup — log Wn(g, 4l < C

o—0 n— o0

Thus for every ¢ € P° and w € ), Q'(w,q) is the intersection of a
linear subspace of ¢; and P. Let now gg be as in Lemma 3. Thus by (62),
whenever w € g, one has that ¢y € Q'(w, q). This implies that whenever
w € ) = Qg N Y, the subspace must be proper. [

EXAMPLE 2. — If G is the transition matrix of a finite state Markov chain
such that all its entries and 2 X 2 minors are positive, then all assumptions
of Theorems 4, 5 hold.

Vol. 33, n° 6-1997.



724 R. ATAR AND O. ZEITOUNI
6. STABILITY OF THE OPTIMAL SMOOTHER

The above analysis has implications to the problem of sensitivity of the
optimal smoother to its initial conditions. We focus on the following model,
studied in [21].

d.’l?t = b(.’Et)dt + 5'(.'17t)th, o=, ;€ Rn,

dy: = g(x)dt + dvy, yo =0, y, €R™.

Here, W, and 1, are independent standard Brownian motions, b =
{6} 1cicn, 6 = {5} 15i<n and g = {9 }1<i<m are globally Lipschitz-
continuous, b and g alré]_gontinuously differentiable and & is twice
continuously differentiable and its second derivatives are all bounded. The
initial condition z is distributed according to pg, independently of W, and v.

For 0 < r < s < t, let pf,, and pj, denote the joint filtering-
smoothing conditional law and the smoothing conditional law, respectively,
defined by p!, ,(®) = E9(®(w,,,)|F,s] and pl(9) = E%[¢(z.)|Fo).
and the corresponding unnormalized conditional laws by pf_ .(®) =
E§[®(x5, 2 ) AT Ay| Frg] and p? (¢) = Ef[p(xs)Ae| Foe). Let now py(-) be
the density of the unconditional law of z; under P. Under the assumptions
stated above, it is shown in [21] that the density of the joint filtering-
smoothing law, where the variable z; € R™ corresponds to z; and 2, € R™
to x,, satisfies

5. N N
Poo.t(21,22) = po,0,s(22, 20)Ps,s,t(21, 22) [ Po(20)Ps (22)-

Letting jo,s,t(_zo,zz) = pif{’(zz) one can show that for 0 < s < ¢,
7(Jo,s) = 7(Jo,s,t), and it follows that

THEOREM 6. — Under the assumptions of this section and those of
Theorem 1, for any comparable q and ¢', and any 6 > 0, P-a.s.,

1 S
limsup ~log dyv (p? ;, p?,) < < Eslog7(Jos).
88— 00 S ’ ’

t>s
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