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ABSTRACT. — We give the asymptotics as n — oo of the probability for
the empirical mean of a sequence of i.i.d. random vectors to be in an open
domain whose closure doesn’t contain the true value of the mean. Our result
generalizes those of Bahadur and Rao and holds under suitable assumptions
on the boundary of the domain (which needs not however to be convex)
and on the laws of the random vectors (a bounded density is needed).

RESUME. — On donne le comportement asymptotique pour n — oo de la
probabilité que la moyenne empirique d’une suite de variables aléatoires
multi-dimensionnelles prenne ses valeurs dans un ouvert ne contenant pas la
moyenne dans sa fermeture. Ce résultat généralise celui de Bahadur et Rao
et est valable sous certaines hypotheses sur la frontiere de I’ouvert (lequel
ne doit pas nécessairement étre convexe) et sur les lois communes des v.a.
(on doit supposer un peu moins que I’existence d’une densité bornée).

1. INTRODUCTION

Cramér’s theorem on large deviations for the empirical mean states
that if {X,}, is a sequence of ii.d. d-dimensional r.v. and we note
* Partially supported by research funds of the MURST “Processi Stocastici”
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372 C. ANDRIANI AND P. BALDI

X, = X(X1+ ...+ X,), then

n—o0

— 1 _
lim —logP{X, € D} < inf I(x)
n xeD

1 _
lim 1—LlogP{Xn € D} > inf I(z)

n—ee €D

for every Borel set D C R, where the functional [ is the Fenchel-Legendre
transform of the logarithm of the Laplace transform of the law p of X;.
Of course (1.1) gives the asymptotics of log P{X,, € D} if the Borel set
D is such that infrefa I(z) = inf,cp I(x).

By “sharp asymptotics” we mean the asymptotics of P{X, € D}
(as opposed to the asymptotics of its logarithm). The first result in this
direction was obtained by Bahadur and Rao [2] for the dimension d = 1.
If D =[q,+[, ¢ > E(X;) and q lies in the admissible domain of I (see
§2 for the explanation of this), then they prove that

P(X, € D} ~ YW _ it
V2mn I'(q)

The aim of this paper is to give the asymptotics of P{X,, € D} for r.v.’s
taking values in R?. This is a much more complicated situation mainly
because the boundary of a Borel set D in R? can be more complicated. For
this reason we have chosen to deal with the simplest situation: we assume
that the Laplace transform of p is finite in a neighborhood of the origin,
and that p has a bounded density (an assumption which can be however
weakened, see Remark 3.2). Moreover we suppose that there exists a unique
point z* € JA at which the inf, cp I(x) is attained and that z* is a regular
constrained point of minimum for I on JD (again see §2 for a precise
definition) moreover belonging to the admissible domain.

It is fair to acknowledge that we follow here the path of Borovkov and
Rogozin [7]. Actually the content of §3 comes from [7] and is here only
in order to make the paper self-contained. Borovkov and Rogozin ([7],
Theorem 2) give also an asymptotic estimate for P{X,, € D} reducing
it to the asymptotics of certain integrals whose behaviour is however not
explicitely studied. In §4 we give an explicit asymptotics (Theorem 4.4) in
terms of the Cramér transform I, its derivatives and the shape of 0D at z*.
Moreover we are able to give a clear geometric meaning of the constant
appearing in the asymptotics. By the way we also correct a mistake in the
Theorem 2 of Borovkov and Rogozin, as it is easy to detect if one considers
the case of N(0, I)-distributed r.v.’s, a situation in which the computations
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SHARP ESTIMATES OF DEVIATIONS OF THE SAMPLE MEAN IN MANY DIMENSIONS 373

can be made directly (see [3], [5] or [12] or even the following §4, for
instance).

In §2 we recall some properties of the functional I (which is sometimes
referred to as the Cramér transform of ) and other preliminary statements.
§3 contains an asymptotic result for the density of X,, from which in §4
we derive the asymptotics.

Some results of sharp asymptotics exist already in the litterature; we
wish to recall those of R.Azencott [1], in a infinite dimensional setting,
concerning the case of small random perturbations of dynamical systems
and, more recently, of M. Iltis [10], in a context similar to the one of this
paper, but where the geometric meaning of the asymptotics is not apparent.

It is also useful to point out that we don’t need assumptions of the
existence of dominating points, in the sense of Ney [11].

2. CRAMER TRANSFORM

Let u be a probability measure on R?. We shall denote by v its (complex)
Laplace transform

v(z) = / el du(z) = E(e<z"\">) z e C?
Rd
so that its Fourier transform is
a(t) = v(it) t € R

It is well-known that for d = 1 the set of all z € C? such that the integral
in the definition of v converges, is a strip, that is of the form J x iR,
where J is an interval. In general, d > 1, v is defined on a set of the form
J x iR%, where J is a convex subset of R%. We shall refer to this set as the
strip of convergence. We shall write D,, = {\ € R?, v(\) < 400} and also
A(X) =logu(N), A € Re. By I we denote the Cramér transform of s

I(z) = sup ((A,z) = A(N))

A€Rd

As a supremum of linear-affine functions, I is clearly convex and lower
semi-continuous. Moreover, since A — (\,z) — A(X) is concave, one can
try to compute the supremum by looking for the critical point, e.g. by
solving in A the equation

(2.1) z =N\

Vol. 33, n° 3-1997.



374 C. ANDRIANI AND P. BALDI

If this equation has a solution A := A(z), then clearly
(22) I(z) = (Mx), z) — A(AMx))

(otherwise the supremum is attained at infinity). If equation (2.1) has a

solution A € Dy = D, we shall say that x lies in the admissible domain
of I. In other words the admissible domain €2 is the image of the interior
of Dj by A’. If the support of 4 is not contained in a proper hyperplane
of RY, then the covariance matrix of y is positive definite and thus A”(0)
is invertible. Indeed this argument implies that A”()) is always invertible
for A in the domain of v, since A”(A) coincides (see next paragraph) with
the covariance matrix of another probability still having its support not
contained in a proper hyperspace. This implies that A is strictly convex

on D,, so that the solution of (2.1) is unique for z in the admissible
comain. Moreover the implicit function theorem gives immediately that the
admissible domain is an open set and that © — A(z) is C* on €.

This also implies that the Cramér transform [ is C°° when restricted
to the admissible domain. By computing the derivatives in (2.2) one has
the relations

I'(z) = Mz)
I"(z) = N'(M\(z))™!

For more on questions of convex analysis the reader can refer to the books
of Rockafellar [13] and Ellis [8].

(2.3)

3. THE ASYMPTOTICS FOR THE DENSITY

Assume that z belongs to the admissible domain. Lat us denote p(dy+x)
the probability measure on R¢ defined either by A — (A + z) or

/ £() ul(dy + ) = / f(y - ) uldy)

An important role is going to be played by the following measure
eldy+a)
Vaa(dy) = Wlﬁ(dy + )
A straightforward computation gives that its Laplace transform is
e” (% p(z + A)

(3.1) Z — o)
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SHARP ESTIMATES OF DEVIATIONS OF THE SAMPLE MEAN IN MANY DIMENSIONS 375

so that v, .. is a probability measure. If = belongs to the admissible domain,
then let us set p, = Vx(z).; (3.1) gives then for the Fourier transform

fie Of pip
fip(t) = e (D =AX@) (N (2) 4 it) = el (@) e~ A@F2) (N () + it)

Computing the derivatives one gets easily that y, is centered and that its
covariance matrix coincides with the Hessian of A computed at A = A(x).

As we already remarked if the support of p is not contained in a proper
hyperplane of R, then the covariance matrix of s is (strictly) positive
definite. Thus A”(0) is positive definite. But if the support of y is not
contained in a proper hyperplane, the same is true for pu., so that also
A”(X(x)) is necessarily positive definite. By (2.3) I” is strictly positive
definite in the admissible domain.

THEOREM 3.1. — Let {X,,}, be a sequence of R%-valued r.v.’s; assume
that their common law (1 has a bounded density with respect to the Lebesgue
measure and that its Laplace transform v is finite in a neighborhood of the
origin. Then X,, has a density g, for which

N\ /2 1/2
(3.2) gu(T) ~ (l) (det I”(:n)) e (=)

27
holds as n — oo for every x belonging to the admissible domain ).
Moreover the above expansion holds uniformly for x in any compact subset
of R which is contained in .

Proof. — Let us denote by f,, the density of X; + ...+ X,,. Then

(3.3) gn(z) = n?f,(nx)

Let A € R? be a point in the interior of D,: then the Fourier transform
of z — e £ () is t — v(\ + it)". Let us prove that it is integrable
for large n. Indeed it suffices to show that z — e f)(z) is in L? for
some p > 1, since this will imply that ¢ — v(\ + 4t) is in L? for some
q > 2, by the Hausdorff-Young inequality and that ¢ — v(\ + #t)™ is in
L' for large n. But

e fi(@)P = [P fi(2)P] < @ fy ()] fo ]2
and the left hand term is integrable as soon as p is small enough so that pA

still lies in D,. Thus for large n the Fourier inversion theorem gives

1
(2m)*

e f () = /e“’t>m V"™ (\ + it)dt

Vol. 33, n°® 3-1997.



376 C. ANDRIANI AND P. BALDI

which means

falz) = /e‘“‘“”> o™ (N + it)dt

and by (3.3)

)= () | ()

Since this relationship holds for every A and x lies in the admissible domain,
then it holds also for A = A(z), so that

gu(z) = (%)d / (e—<'“—k<m>»w> v(Mx) + z‘t))”dt
= (%)de_”l(r) / (el(m) e (=A(2),2) v(A(z) + it))ndt
- (%)de—"“m) / i, (t)"dt

The last integral can be split

/ i (8)"dt = / e (8" dt + / i (£)"dt
U JUC

U being a neighborhood of the origin. Since p, is absolutely continuous,
then |fi,(t)] < 1 and by the Riemann-Lebesgue lemma lim;_, o |1, (t)| = 0.
Thus, for every neighborhood U of the origin there exists a constant £ < 1
such that

(3.4) sup |, ()] < k
teUc<

so that

I ;u(t)"dtls [ i< [ i
JU¢C JUC e}

U

where ¢ is such that i, € L9. Thus the contribution of the integral over U¢
goes to 0 exponentially fast. As for the other term, by a change of variable

i ()" dt = = / u(—) dt
A ac

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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Since the probability measure fi, is centered and has covariance matrix
A'(M(z)) = I"(z)~! := T, by the Central Limit Theorem

" n—oo ]-
(3.5) ﬂw(ﬁ> = exp <_§<Fmt7t))
In order to apply Lebesgue theorem we remark that, if U is small enough
then

(3.6) (D] < 1= (T = D)t 1)

for ¢ > 0, which can be chosen small enough so that I, = I', — el is
still positive definite. Thus

1
i )] <1 = — (et
(5 )1 < 1= 55000

and since 1 —y < e7¥

Lebesgue theorem now gives

/ ﬂx<L\/’_> dt =T / exp <—1<Fwt,t)> dt = (2m)%? det T /2
JnU " Rd 2

Since the contribution of the integral over U® goes to 0 exponentially
fast, we have finally

9\ 4/2 o\ /2
/ll:,:(t)"dt ~ (—F> detF;1/2 = (—W> det I"(:v)l/2

n n

We finish by indicating the arguments which lead to the uniformity of the
asymptotics (3.2). First it is easy to prove that the Laplace transform v
is uniformly continuous in any strip of the form K + iR?, where K is
any compact such that K CC J (recall that J + iR? is the domain of v).
This implies that a constant £ < 1 can be chosen so that (3.4) holds in
a neighborhood of z. The analiticity properties of v moreover imply that
the remainder in the development to the second order of ji, at the origin
can be controlled with continuity, so that the convergence in (3.5) and the
majorization in (3.6) are uniform in a small neighborhood of z.

REMARK 3.2. — A closer look to the proof of Theorem 3.1 shows that the
assumption of existence of a bounded density for 1. can be weakened. Indeed
any assumption ensuring that, for some n, *™ has a density to which the
inversion Fourier theorem can be applied is sufficient; for instance that j1*"
has a bounded density for some n.

Vol. 33, n® 3-1997.



378 C. ANDRIANI AND P. BALDI
4. THE ASYMPTOTICS

In this section we state our main result, giving the asymptotics for
P{X, € D}. We begin by stating the assumptions.

HYPOTHESIS (A). — 1 has a bounded density with respect to the Lebesgue
measure and its Laplace transform is finite in a neighborhood of the origin.

DEFINITION 4.1. — Let U : R* — R be a smooth Sunction and let x* € 0D
be a local constrained minimum of V on 0D; x* is said to be non degenerate
or regular if for some local system of coordinates G:R4* > U — 9D the
Hessian of V o G is positive definite at G=1(z*).

Let M be a hypersurface of R?, let z be a point on M and M, the
tangent space to M at z. Let n(x) be a C* unit normal field to M around
z.If X = 21 1 Qi 50— d is a vector in M, consider the transformation

(4.1) X — Xn

where Xn is the vector whose j-th component is Zl L @i 3’;1 (2). Then

Xn is still a vector in M, so that (4.1) defines a transformation of M, into
itself which is called the Weingarten map (see Hicks [1965], p.21 e.g.).
This map is closely related with the curvature of M at z (ibidem p.24).

The following examples show how to compute the Weingarten map in
two typical situations. In doing this one must take care because the choice
of the C> normal unit field is not unique, so that the Weingarten map is
defined up to a constant —1. In the following examples the C'> normal unit
field is chosen so that at z it points in the direction of the positive d-axis.

EXAMPLE 4.2. — Let us assume that M is locally the graph of a function
g- That is 2y € M is such that in a neighborhood of z, M consists
of the points (r1,...,%4-1,9(%1,...,24-1)), g : R — R being a
smooth function such that ¢’(xz¢) = 0. Then in the system of coordinates
& — (z1,...,74-1) the Weingarten map of M at z is given by —g”(z)
(see, e.g., Baldi [3], §5).

ExampLE 4.3. — Let us assume that M = {z;F(z) = 0} where
F : R* — R is a smooth function such that F'(z,) # 0 and even
that F’(xo) points along the d-th coordinate. By the implicit functions
theorem there exists a smooth function g : R*! — R such that
F(z1,...,24-1,9(x1,...,24-1)) = 0 and ¢'(z9) = 0. Computing the
Hessian of g in terms of the derivatives of F' one gets

82g . F‘?Fij+FdFjFid+FdFiFjd—FiFded . Fij

_8.’1,‘1181']' N F(? Fd
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for i,j = 1,...,d — 1. In particular the Weingarten map of a sphere of
radius R equals the identity matrix divided by R. Also, for d = 2, the
Weingarten map reduces to multiplication by the inverse of the radius of
the osculating circle (multiplication by 0 if the latter equals co).

HypotHesis (B). — The infimum of I over D is attained at a unique point
x* € 0D, which moreover is a regular constrained minimum and belongs
to the admissible domain.

THEOREM 4.4. — Under Hypotheses (A) and (B) the following expansion
holds

det(Ly Y (Ly — Ly)) /2 onl(a")
\/%‘ <I”(m*)‘1l’(aj*),I’(x*)>1/2
where L, and Ly are the Weingarten maps at x* of the hypersurfaces
{y; I(y) = I(z*)} and OD respectively.
Before the proof of Theorem 4.4 it is worth to point out that in the
asymptotics the term before the exponential is always of order n~1/2,
regardless of the dimension d. Also the asymptotics of Theorem 4.4 depend

on the law p only through the value of its Cramér transform I and of its
first two derivatives at z*.

P{X, €D}~

It is not difficult to realize that if z* is a regular point, then L; — Lo is
positive definite (and viceversa!) thus ensuring that det(L; ' (L, —Ls)) > 0.

The quantities appearing in Theorem 4.4 have an intuitive meaning
which is easy to understand; det(L;*(L; — Ly))~%/? is a measure of the
contact between 0D and the level set {y;I(y) = I(z*)} at their point of
tangency z*. The more these two hypersurfaces are “close” the more the
symmetric matrix L; — Lo will be small thus giving a large asymptotics.
Conversely the quantity (I”(z*)~1I'(x*), I'(z*))*/? measures how fast the
action functional [ increases as one moves from z* to the interior of D. It
should be recalled that the gradient I’(z*) is orthogonal to dD and points
to the interior of D.

The quantity det(L7'(L, — L,)) appeared already in a completely
different problem of sharp asymptotics (Baldi [3]). It should also be noticed
that it doesn’t depend on the choice of the normal field.

Also remark that the assumption of existence of a bounded density for
w4 is needed only in order to apply Theorem 3.1. Thus Hypothesis (A) can
be weakened according to Remark (3.2).

Proof of Theorem 4.4. — For every neighborhood V' of z* we can split
(4.2) P{X,eD}=P{X,eDnV}+P{X,eDnVC°}

Vol. 33, n® 3-1997.



380 C. ANDRIANI AND P. BALDI

Since [ is I.s.c. and I(z) — 400 as |z| — 400 (consequence of Hypothesis
(A)) there exists n > 0 such that

43 inf T *
(4.3) ot I(y) > I(z") +1

and by Cramér’s theorem

— 1 _
(4.4) lim —logP{X, e Dn VOl < —I(z*) + 7

n—0o00
As for the estimation of the other term in (4.2) one has

P{X,eDnV}
n \4/2
= gn(z) dx ~ ( — det I (z* 1/2/ e~ 4o
[t~ (52)" e

DNV
Let us denote by G a local system of coordinates of &D around z* and
assume for simplicity that G(0) = z*. Let us denote by A the Hessian
of [ oG at 0 (it is a positive definite matrix because of Hypothesis (B)).
Then classical expansion formulas (see e.g. Bleistein and Handelsman [6],
(8.3.63) p. 140) state that

(4 5) / e—nI(:c) dx (Zw)(d_l)/Z 'det(DG(O)*DG(O))Il/2 e—nl(z*)
7 Jprv n(@+D72 " det A2 (z))|

This already proves that the quantity P{X,, € DNV} in (4.2) is negligible
because of (4.4). In a first step we shall assume that I”(z*) is the identity
matrix. We only need to prove that

|det(DG(0)* DG(0)[¥2  det(Li(Ly — L))~/

(4.6) |det A|Y/2|grad I(z*)] ~ 2mn (I"(a*) =101 (), I’ (z*))1/2

By a orthogonal change of coordinates we can assume that locally, around
z*, dD is the graph of a smooth function g defined on an open set
U C R4, We can assume moreover that 0 € U, that z* = (0,...,0,]z*|)
and that at z* the normal to 9D is parallel to the positive d-axis (it suffices
to choose an isometry which changes z* to (0,...,0, |z*|) and the tangent
space to 0D at x* to the hyperplane x4, = |z*|). This means in particular
that the first derivatives of g at 0 vanish. We can thus consider the local
system of coordinates GG defined by

G(z1,.. o wa) = (21, .., Ta—1,9(21, ..., 24_1))
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Since all the first derivatives of g vanish at O one has

1 0 ... 0
DG()= o - 1 0
0 - 0 1
0 - 0
so that
(4.7 DG(0)*DG(0) = I

where I;_; denotes the (d—1) x (d—1) identity matrix. The vanishing of the
first derivatives of g at 0 also implies, by a straightforward computation,
that for i,7 = 1,...,d — 1

9Io0G 91 a1 8%
9205, O = G, O+ 55, C 0555,

Since we assume that I”(z*) is the identity matrix

A= i+ 5(@(0)g"(0)
Td

But in this situation we know that L, = —g¢”(0) (Example 4.2) whereas
Ly = =14 1(£5(G(0)) ™" (Example 4.3). Thus

(4.8) LiY (L1 —Ly)=A
Since of course
(4.9) (I"(z*)~ ' (@), I (z")? = |I'(z")]

(4.7), (4.8) and (4.9) give (4.5) under the assumption that I”(z*) is the
identity matrix. Let us now remove this assumption. We know that the
Hessian I"(z*) is positive definite. Let C' be the (symmetric) square root
of I"(z*), and let us define the r.v.’s Z; = CX;. One has thus

P{X, € D} =P{Z, € D}

where D = CD. It is immediate to check that, denoting with A and T
the log-Laplace and the Cramér transforms respectively of the r.v.’s Z,,
one has the relations

AN = A(CN)
I(z) = I(C™'2)

Vol. 33, n® 3-1997.



382 C. ANDRIANI AND P. BALDI

Moreover the infimum of I over D is attained at z* = C2* and
I(z*) = I(C712) = I(2*)
[I'(z*)| = |C7HT (2™ = (1" (") "M ' (&%), I'(a¥)) /2
i//(z*) — C—l]//(c—lz*)cv-—l — 0—1[”(1‘*)0—1 =7

Since I”(z*) is the identity matrix, we can apply Step 2 and obtain the
asymptotics

det( (L1 Eg))—l/z

P{X, € D} =P{Z, € D} ~ e~ (=)
{ I { b V2mn |I'(24))
det(z’l—l(‘il - ‘Z’Z))—l/z —nl(z™)

= \/_2% <I/’(.’U*)-1I/(.T*)qI/<-'17*)>1/2 >

where Ly and L2 are the Weingarten maps of the hypersurfaces D and
{y,I(y) = I(x*)} respectively. Thus we only have to prove that the
quantity det(Ll’l(Ll — L)) is invariant by linear transformations. This is
proved in the next statement which concludes the proof of Theorem 4.4.

PROPOSITION 4.5. — Let My, My be smooth hypersurfaces of R? which
are tangent at xo. Let C be an inversible linear transformation of R?
and let Ml,Mz be the images through C' of My and My respectively. If
Ll,L27L1, L, are the Weingarten maps of My and M, at .’10 and of M,
and M, at yo = Cuy respectively, then the quantities det(Ly*(Ly — Lo))
and det(L7Y (L, — L)) are equal.

Proof. — We shall give as granted that the statement is true if C is
orthogonal. Otherwise let F' : RY — R be a smooth function such that
M = {z;F(z) = 0} and F'(x¢) # 0. By an orthogonal transformation
we can always assume that F'(z,) points along the d-th coordinate. Then
we know from Example 4.3 that L, is given by Hp, the principal minor
of order d — 1 of the Hessian of F, divided by the modulus of F'(xg).
If n(z) is a vector which is normal to M; at z, then C*~'n is normal
to M at y = Cz. Let O be an orthogonal matrix such that OC* ™ 'n(x)
points along the d-th coordinate: since OC*™! = (()C)"'1 and for the
orthogonal transformations the statement is true we can assume that c*n
still points along the d-th coordinate. Since M = {y; F o C~}(y) = 0} and
the gradient of F' o C~! points along the d-th coordinate, we need only to
compute the principal minor of order d — 1 of the Hessian of F o C'~!

y, that we shall denote by Hj. Now it is known that

Hess F o C~Y(y) = C* " Hess F(2)C 1
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However, by the assumptions we made, C* ' has the form

0
R*
0
% %
so that
H; =R'HrR
|F' (o)

b= F ooy )]

Since the same computation holds for L,, we have finally

R*LR

LiY(Ly — Ly) = R7! <L;1(L1 - L2)>R

so that the determinants of L7'(L; — Ly) and LT (L; — L) are equal.

Remark. — It is possible to prove (4.6) directly, without splitting the proof
into two parts according to the assumption that I (z*) is the identity matrix
or not as we did. The way we have chosen points out a useful invariance
property of the form det(L; (L, — Ls)).

EXAMPLE 4.6. — Let us assume that the distribution of X; is the product
of two double exponentials, that is it has density

f(z) = i oleal=lz2]

Then straightforward, if not amusing, computations give the Laplace
transform

1 1
Ry vE gy v
A(N) = —log(1 - A2) — log(1 — A3)
The system
z=AN(X)

has solution
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(the admisible domain coincides with R?) so that

1+ —-144/1+23-1
2 T 2 ;
+log | = (\/1+21=1) ) +log| — (y/1+25—-1)
Ty T3

/ Z*
N

Figure 1. — The aspect of a typical level set of the action functional for the double exponential.
At z* = (0,1) one has L; = 1.20, whereas at z*, the point on the same level set which lies
on the diagonal, L; = 0.83 (the osculating circle having obviously a larger radius).

If D is the ball of radius 1 centered at (0,2), then using Lagrange
multipliers one finds easily that the minimum of I on 0D is attained at
z* = (0,1), as the symmetries of the situation suggest. We already know
that the Weingarten map of 0D at z* is 1, whereas for the level set

{z;I(z) = I(z*)} at a* is

9%I(x™)
(").'t? 1

T Bl A1 _
et V2-1 V2ol

=

So that det(L;*(Ly — Lo))~%/? = (2/2 — 1)71/2. Another straightforward

::]“FLta[IC" gl es

2
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so that, since I'(z*) = A\(z*) = (0,v2 - 1),

_ 2
<I”(.'L'*)_II/(CL'*),I/($*)> — (\/§ 1)

%
-4
Finally the asymptotics is
- 2 -2 .
P{Xn c D} ~ \/_ e—nI(z )
V2 \/2(2v2 - 1) (V2 - 1)
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