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ABSTRACT. — Let G be the semi-direct product of R** and R? and y a
probability measure on G. Let u*" be the nth power of convolution of u.
Under quite general assumptions on jz, one proves that there exists p € |0, 1]
such that the sequence of Radon measures (”;—/ 1" )n>1 converges weakly
to a non-degenerate measure; furthermore, if ;5™ is the marginal of p*"
on R?, the sequence of Radon measures (ﬁ 15" )n>1 converges weakly to

Iz
a non—degenerate measure.

Key words: Random walk, local limit theorem.

RESUME. — Soit G le groupe produit semi-direct de R** et de R et 1 une
mesure de probabilité sur G. On note x*" la n*™ convolée de p. Sous des
hypothéses assez générales sur u, on établit I’existence d’un réel p €10, 1]
tel que la suite de mesures de Radon (""3/2

o
vers une mesure non nulle; de plus, si p3™ est la marginale de p*" sur RY,
la suite (‘/ﬁ

pn

#*")n>1 converge vaguement

w3 )n>1 converge vaguement vers une mesure non nulle.
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224 E. LE PAGE AND M. PEIGNE
I. INTRODUCTION

Fix a norm ||.|| on R¢,d > 1, and consider the connected group G of

transformations
qg: Rd _ Rd
T g.r=ar+b
where (a,b) € R*T x R%.

Let a (resp. b) be the projection from G on R** (resp. on R?).
Consequently, any transformation ¢ € G is denoted by (a(g),b(g)) (or
g = (a,b) when there is no ambiguity); for example, e = (1,0) is the
unit element of G.

The group G is also the semi-direct product of R*t and R? with the
composition law

Vg = (a,b), V¢ = (d,V)e€Qq, g9 = (ad’,ab’ +b).

Recall that G' is a non unimodular solvable group with exponential growth
and let mp be the right Haar measure on G : mp(da db) = d“aJ Note
that if d = 1, the group G is the affine group of the real line.

Let 1 be a probability measure on G, p*" its n*" power of convolution,
fi the image of y by the map g = (a,b) — § = (1, 2) and i the image of
by the map g — g1, If \ is a positive measure on R?, 1 x A denotes the
positive measure on R? defined by 1% M) = [, qe ©(9-2) p(dg) N(dz)
for any Borel function ¢ from R? into R*. Finally, ¢, is the Dirac measure
at the point z.

In the present paper, we prove under suitable hypotheses that y satisfies
a local limit theorem: there exists a sequence (a,),>o of positive real
numbers, depending only on the group when y is centered, such that the
sequence (v, 1*"),>o converges weakly to a non-degenerate measure.
This problem has already been tackled by Ph. Bougerol in [5] where he
established local limit theorems on some solvable groups with exponential
growth, typically the groups N A which occur in the Iwasawa decomposition
of a semi-simple group. The affine group of the real line is the simplest
example of such a group. In this particular case, Ph. Bougerol proved
that, for a class R of centered probability measures p satisfying some
invariance properties, the sequence (n®/ 21 ™),>0 converges weakly to a
non-degenerate measure on . His method is roughly the following one :
if p satisfies some invariance properties, it can be lifted on the associated
semi-simple group in a measure m,, (not necessarily bounded) which is bi-
invariant under the action of a maximal and compact subgroup. In a second
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A LOCAL LIMIT THEOREM 225

step, using the theory of Guelfand pairs, he showed that the measure m,,
satisfies an analogue of the local limit theorem established in [4]. The
aim of the present paper is to obtain such a local limit theorem when the
measure ;1 does not belong to the class R.

This work is also related with the work by N.T. Varopoulos, L. Saloff-
Coste and T. Coulhon [19] where there are precise estimates for the heat
kernel on a Lie group which is not necessarily unimodular. More recently,
N. T. Varopoulos [17] has considered locally compact and nonunimodular
groups and has obtained an upperbound for the asymptotic behaviour of the
convolution powers p*™ of a probability measure p which has a continuous
density ¢, with respect to the left Haar measure and satisfying some
condition at infinity; in [18], he gives a condition on the Lie algebra of
an amenable Lie group which characterizes the decay rate at infinity of
the heat kernel.

Now, let us introduce some hypotheses on p

HypoTHESIS Al. — There exists o« > 0 such that

/G (exp (a|Log a(g)]) + [[b(9)|*) 1(dg) < +oo

HypothEsis A2. — [, Log a(g) n(dg) = 0.

HypoTHESIS A3. — The probability measure i has a density ¢,, with respect
to the Haar measure mp on G and there exist 3 and q in ]1,+oo[ such

that fol ¢/ Jo dh(a,b)db 4% < +oo.

HypotHesis A3 (bis). — The image Log p1 of p by the application
g = (a,b) — Log a is aperiodic on R, the support of 1 is included in
Rt x (R*)? and there exists v > 0 such that [, ||b]|="u(da db) < +oo.

Fix a probability space (2, F,P) and let g, = (an,b,),n = 1,2,---
be G-valued independent and identically distributed random variables
with distribution 4 defined on (2, F,P). Denote by F, the o-algebra
generated by the variables gi,g2,:--,g,. For any n > 1, set G} =
g1+ 9gn = (A}, Bl'); a direct computation gives A} = ajas---a, and
Bil = ZZ:] ajag - - (Lkﬁlbk..

THEOREM A. — Suppose that the probability measure 1 satisfies Hypotheses
Al, A2 and either A3 or A3 (bis).

Then, the sequence of finite measures (n3/ 2 W) >0 converges weakly to
a non-degenerate Radon measure vy on G.

Vol. 33, n® 2-1997.



226 E. LE PAGE AND M. PEIGNE

In other words, for any continuous functions @ and 1 with compact
support on R** and R? respectively, the sequence

(7L3/2|E {90(0«1 ... an)'(/) (Zn: ap--- ak—lbk>})
1 n>1

converges as m goes to +0oo, furthermore, one can choose ¢ and v such
that the limit of this sequence is not zero.

The following theorem deals with the behaviour as n goes to +00 of
the variables B7J.

THEOREM B. — Suppose that the probability measure i satisfies Hypotheses
Al, A2 and either A3 or A3 (bis). Forany n > 1 denote by u3" the image
of w*™ by the map g = (a,b) — b € R

Then, the sequence of finite measures (\/nps"),>o converges weakly to
a non-degenerate Radon measure on R%.

In other words, for any continuous function 1) with compact support on

:(i tll? 5,27”2’1:.?
<\/ﬁ [,¢)( )])7
k=1 1>

converges as n goes to +0oo; furthermore, one can choose 1 such that the
limit of this sequence is not zero.

Observe that the limit measure in Theorem A should satisfy pu * v =
v*pu = v. Using L. Elie’s results [7], we prove under additionnal
assumptions that this equation has an unique solution (up to a multiplicative
constant) in the space of Radon measure on G and we obtain an explicit
form of this solution. Using a ratio-limit theorem due to Y. Guivarc’h [11],
the measure vy of theorem A may be identified, up to a multiplicative
constant. More precisely, we have the

THEOREM C. — Suppose that Hypotheses Al, A2 and A3 hold and assume
the additionnal conditions

C1. the density ¢, of p is continuous with compact support
C2. ¢pule) >0

Then, the measure vy of theorem A may be decomposed as follows

d
uoz((slm)*(;“ml)
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A LOCAL LIMIT THEOREM 227

where X (respectively A1) is, up to a multiplicative constant, the unique
Radon measure on R? which satisfies the convolution equation px X\ = \
(resp. & * A\ = A1)

Furthermore, for any positive and continuous function o, ¢ # 0, with
compact support in G, we have vo(p) > 0 and

*n Yo (10)
i)~ P s s o

When 4 is not centered (that is when [, Log a(g) p(dg) # 0) we bring
back the study to the centered case using the Laplace transform of Log pi;.

THEOREM D. — Let 11 be a probability measure on G satisfying Conditions

A’l. there exists o > 0 such that for any t € R: the integral
Jo(exp(t|Log(a(g)]) + [1b(9)[|*)u(dg) is finite.

A'2. [.Log a(g)u(dg) # 0, u{g € G : a(g) < 1} > 0 and
w{g € G :a(g) > 1} > 0.

Then, there exists a unique to € R and p(u) €10, 1] such that

/ a(g)" u(dg) = mf/ u(dg) = p().

Moreover, suppose that y satisfies either Hypothesis A3 (bis) or the
following assumption

A’'3. p has the density ¢, with respect to the Haar measure mp
on G and there exist q €|1,4o00[ and B €]1 — to,+oo[ such that

I/ f b (a, b)dbds < +oo.

Then, the sequence of finite measures (p(ﬂ) W) n>1 weakly converges to
a non-degenerate Radon measure on G. Moreover, if u3" is the image of

w*™ by the map g = (a,b) — b € RY, then the sequence of finite measures
NG
(p(u)”
Let us briefly explain what the Laplace transform of Logu; means and

connections between Hypotheses Al, A2, A3 and A’l, A’2, A’3. Under
Condition A’l, the function L : t — [, a(g)';u(dg) is well defined on R;
since it is strictly convex and lim;_, 1., L(t) = 400 (this last fact follows
by Hypothesis A’2) there exists a unique £, € R such that

W3™)n>1 weakly converges to a non-degenerate Radon measure on R,

/a(g)t‘w(dg) Zgglg/ a(g)'u(dg) = p(p).
G JG

Equalities L'(to) = 0, L(0) = 1 and L'(0) = [, Log(a(g))u(dg) # 0
imply p(u) €]0,1[. Let us thus cons1der the probability measure

Vol. 33, n® 2-1997.



228 E. LE PAGE AND M. PEIGNE

e, (dg) = ﬁa(g)tm(dg); one checks that if y satisfies Hypotheses A'l,
A’2 and either A’3 or A3 (bis) then f,, satisfies Hypotheses Al, A2 and
either A3 or A3 (bis) so that one may apply Theorem A.

There are some close connections between Theorems A and B and the
asymptotic behaviour of the probability of non-extinction for branching
processes in a random environment. For example, let (X,,Y,),>1 be
a sequence of R?-valued independent and identically distributed random
variables and set So =0 and S, = X; +--- + X,,,n > 1. Following [1]
and [14], the probability of non-extinction for branching processes in a

—asS,,
random environment is closely related to the quantities E [_‘91—_:”]
e Y4

with 0 < a < 1. As a consequence of Theorems A and B, oné:zobtains the

COROLLARY. — Suppose that
(i) Vn > 1 E[X?] < 400 and E[X,)] = 0
(ii) there exists C' > 0 such that Vn > 1, P[Y,, > C] = 1.

Then, the sequence (\/ﬁ[E [%D converges to a non zero
Z e" kY1 1/ n>1
—aS
. e aon
n32E — =y
Zk:o € k+1

k=0
) n>1
converges to a non zero limit.

The first assertion of this corollary is due to Kozlov [14] and is an
easy consequence of Theorem B. The second assertion has been recently
proved by Y. Guivarc’h and Q. Liu [12]; it is also a direct consequence
of theorem A, the only thing to check being that one may replace
the continuous function with compact support ¢ ® 1 by the function
(z,y) — e‘"” defined on R** x [C, +o0].

Let us now give briefly the ideas of the proofs of Theorems A and B. Set
A ={g € G:a(g) > 1} and consider the transition kernel P4 associated
with the pair (u1,.A) and defined by Pa(g,B) = [, 1acns(gh) u(dh) for
any Borel set B C G and any g € G.

In the same way, set A’ = {g € G : a(g) > 1} and let P4 be the
operator associated with the pair (1, .4"). Following Grincevicius’s paper,
we are led to what we call the Grincevicius-Spitzer identity [10]:

/L*"(<p®1/))=§/(; Phi(esd) [ Py S0 )y (M)

limit.

Moreover, for any 0 < a < 1, the sequence
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A LOCAL LIMIT THEOREM 229

for any continuous functions ¢ and v with compact support in R** and R?
respectively. This formula allows to bring back the study of the asymptotic
behaviour of the sequence (1*™),>1 to the study of powers of operators
P4 and Py. It is the first main idea of this paper.

The second main idea relies on the Grenander’s conjecture, proved by
Grincevicius in [10] in a weaker form: if d = 1 and [, Log a(g)u(dg) = 0,
the asymptotic distribution of |Log BY'| is the same as the asymptotic
distribution of M, = max (0, Log Aj, Log A?---,Log A}). One may
thus expect that the asymptotic behaviour of (G7).>o is quite similar
to the behaviour of (A7}, exp(M,))n>0; we will justify this in section IIL

Section II is devoted to the study of the behaviour as n goes to +oco of
the sequence (Log A}, M,,),>0 and in section III we prove Theorems A,
B and C.

II. A PRELIMINARY RESULT

Throughout this section, X;, X5 - -- are independent real valued random
variables with distribution p defined on a probability space (2, F,P). Let
(Sn)n>0 be the associated random walk on R starting from 0 (that is Sp = 0
and S, = X; + .-+ X,, for n > 1); the distribution of S,, is the nth
power of convolution p*” of the measure p. Set M,, = max(0, S, --,S,)
and denote by F,, the o-algebra generated by X, X5, -+, X,,,n > 1. The
study of the asymptotic behaviour of the variable M, is very interesting
since many problems in applied probability theory may be reformulated as
questions concerning this random variable. Following Spitzer’s approach
[16], we introduce the two following stopping times 7y and 7”7 with
respect to the filtration (F,)n>1:

T, =inf{n>1:5, >0} and T =inf{n>1:8, <0}.

Let pr, (resp. pr-) be the distribution of the random variable St
(resp. St/ ).

In the first part of the present section we give some estimates of the
asymptotic behaviour of the sequences (E[[T} > n]; ¢(S,)])n>1 and
(E[[T” > n]; ¢(Sn)])n>1 where ¢ is a bounded Borel function on R, in
the second part we use these estimates to study the asymptotic behaviour
of (Mn, Mn — Sn)nZl-

Vol. 33, n°® 2-1997.



230 E. LE PAGE AND M. PEIGNE

IL.a. A local limit theorem
for a killed random walk on a half line

We state here a result due to Iglehard [13] concerning the asymptotic
behaviour of the sequences (E[[T} > n]; ¢(S,)])n>1 and (E[[T”. > n];
©(Sn)])n>1 Where ¢ is a continuous function with compact support on R.

Introducing the operator P 4. defined by

Ve €R  Potoo0(2) = 1j-co,0(7) /1]—00,0](33‘1' y)e(z + y)p(dy),
R

weobtain Vn > 1 E[[Ty > n];¢(Sn)] = P ;o0(0). This section is thus
devoted to the asymptotic behaviour as n goes to +oo of the nth power
of the operator Pg ;o[-

Let us first recall the

DEFINITION L 1. — Let p be a probability measure on R and G, the closed
group generated by the support of p. The measure p is aperiodic if there
is no closed and proper subgroup H of G, and no number « such that
pla+ H) =

For example, the measure p such that p(1) = p(3) = 1/2 is not aperiodic
because G, = Z but p(1 + 2Z) = 1. Before stating the main result of this
section, we recall the following classical.

THEOREM 1.2 [6]. — Suppose that

(i) the common distribution p of the variables X,,,n > 1, is aperiodic;
(ii) 0? = E[X}] < 4+c0 and E[X,] = 0.

Then lim,, o /nP[Ty > n] = ‘ﬁ with o = Yo PlSa<0=1/2

400 P[S, >0]— 1/2)
n=1 n

In the same way, lim,,_, 1 o, /nP[T" > n] = ﬁexp(

Proof. — For the reader’s convenience, we sketch a proof, following
[16]; we just explain how to obtain the behaviour of (P[T > n]),>1,
the one of (P[T” > n]),>: being obtained with obvious modifications.
For s € [0, 1] set ¢(s) = /2% o s"P[T} > n]. By P5(c) in Spitzer’s book,
page 181 ([16]), we have

too n

Vs e [0,1]  o(s) = exp (Z %P[S” < O]>.

n=1

Since the series 37> L(P[S, < 0] — 1) converges absolutely, it follows

that "
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A LOCAL LIMIT THEOREM 231

with o =31 —PI—S"SS]—_I/Q and lim,_,; €(s) = 0. Since the sequence
(P[T} > n]),>1 decreases, Theorem II.2 follows from a Tauberian theorem
for powers series [8]. O

THEOREM 11.3. — Suppose that

(i) the distribution p of the variables X, ,n > 1, is aperiodic

(i) 0% = E[X?] < 400 and E[X;] =0

Then, for any continuous function @ with compact support on R*, we have

lim »*%E T, >n —5Sn)]
n—+oc l Js el \/27r IR+

where X denotes the restriction of the Lebesgue measure on Rt and —U_T/_

UT' * )\+(d'L)

the image by the map & — —x of the o-finite measure Up: = 2::6 (pr )"
In the same way, for any continuous function @ with compact support
on R, we have

lim 3 2E[[T" > n]; (S,

n—-+oo \/271' ae

where Ur, denotes the o-finite measure ano(PTJr)*".

z) Up, * Ay (dx)

Proof. — For the reader’s convenience, we sketch here Iglehard’s
proof [13]. We just explain how to obtain the asymptotic behaviour of
the sequence (n%/2 E[[Ty > n]; o(=Sn)])n>1-

For a > 0,5 € [0,1] set ¢u(s) = S/°0s"E[[Ty > n]; e*Sr]. By
relations P5(a) and P5(c) in Spitzer’s book, ([16], page 181) (see also [8],
chap. XVIII), we have

+o0o
Va >0, Vsel0,1], ba(s ZE[S’ - exp(aSyr )|"
n=0
and therefore

Z E[[T; > n]; e*5" Z Elexp(aSt: )]"

n=0 n=0

0 00 .
:/ e UTL(d:L-):/ e~ Ty (da)

J —00 0
Note that —oo < E[S7 | < 0 so that the above series converges ([8], [16]).
Consequently

+oo - +oc e __
Va >0 / e Up * Ay(dx) = / Ur (dz)
. . o T

JO
+oo 6(15,,
Efron]

n=0

Vol. 33, n® 2-1997.



232 E. LE PAGE AND M. PEIGNE

Thus, to prove Theorem I1.3, it suffices to show that

Ya > 0, lim »%2E[[T, > n e“" IE[T >n
3 ety [[+ ] O'\/%Z + ]

n=0

ol

Note that E[[T > n]; ¢*°"] is the nth Taylor coefficient of the function
¢, and recall the Spitzer’s identity ([16], P5(c), p. 181)

+o0 n

Vs € [O, 1[7 ¢a(8) = 6‘4(5) with A(S) = Z %[E [[Sn < O]; (%“S”:l )

n=1
Let us now state the two following key lemmas whose proofs are given
in [13].

Lemma 114, — Let 32 d,s™ = exp(352 bs™) for |s| < 1. If the
sequence (n3/? bn)n>1 is bounded, the same holds for (n’ 3/2 dn)n>1-

LemMmA IL5. — Let (¢,)n>0 and (dy, ), >0 be two sequences of positive real
numbers such that
(1) lim,HjLOO Vne, =c¢>0
(i1) Zn 0dn =d < +00
(ili) the sequence (nd,),>o is bounded.
If a, = Z:;é Cp—rdy then lim,, ., . /na, = cd.
Differentiating Spitzer’s identity with respect to s leads to

+o0 =
D ns" T E(ITs > wl ™) = 305 TSy < 0f ] guls)
nel n=1

where |s | < 1. Set a,, = n E[[T} > n]; e*5], Cn = E[[S. < 0]; ¢***] and

:O% = ¢4(s); we thus have a, = Ek o dkCr—i. By the classwal
local 11m1t theorem on R, the sequence (y/nc,)n>0 converges to —\/—, by
Lemma 114 it follows that (n3/2d,)p>1 is bounded. We may thus apply
Lemma IL5 with ¢ = m and d = 3" E[[T > n];e*"]. The proof
of Theorem IL.3 is now complete. [

In [15], we give another proof of this theorem quite different from
Iglehard’s one and based on the following idea : under suitable hypotheses
on p the function z — Zn 2o P " (p)z™ may be analytically extended on
a certain neighbourhood of the unit complex disc except the pole 1. So
the approximation of this function around its singularity may be translated

into an approximation of its Taylor coefficients. Unfortunately, this “new”
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proof requires stronger hypotheses than Theorem IL.3 and so it is not as
general as Iglehard’s one.

ILb. A local limit theorem
for the process (M, M, — S,)n>0 on RT x R*

Let us first state the following well known theorem concerning the
behaviour as n goes to +oo of the sequence (E[¢(M,,)]),>1 where ¢ is
a continuous function with compact support on R*; in [3] the reader will
find a more general statement than the following one.

THEOREM 11.6 [3]. — Suppose that

(i) the distribution p of the variables X, ,n > 1, is aperiodic

(i) 02 = E[X?] < 400 and E[X;] = 0.

Then, for any continuous function @ with compact support on R, we have

+>
llm VnE[p(M,)] / o(z)Ur, (dz)

’Il—’ [ee) \/_

with o = Z+OO P[S, <0]— 1/2

n=1 n
Proof. — For the reader’s convenience, we present here a simple proof
of this theorem. It suffices to show that

e +oc
Ya >0 11111 E[e~Mn] = e~ “Ur, (dz).
¥ oo [ ] f 0 + )

The starting point is the following identity due to Spitzer [16] :

Ya >0, VYn>1 e~ M) = Z{E " > k] e P[Ty > n— k).

By Theorem I1.2, we have lim,, ., /nP[Ty > n] = ‘”—ﬁ and by Theo-

rem IL.3 the sequence (n3/2E[[T”. > n]; e=%%]),>0 is bounded; further-
more

+oo
Z[E[ [T > n];e "] = /0 e~ Uy, (dx).

Theorem I1.4 thus follows from Lemma II.5. O

We now turn to the behaviour of the sequence (E[p(M,,, S,)])n>1. In
[17], N.T. Varopoulos gave an upperbound of the asymptotic behaviour of
the sequence (n*/’P[M,, < a,S, > —b])n>1,a,b € RT; we obtain here

Vol. 33, n°® 2-1997.



234 E. LE PAGE AND M. PEIGNE
the exact asymptotic behaviour of this sequence and as far as we know
this result is new.

THeorReM II.7. — Suppose that

(i) the distribution p of the variables X,,,n > 1, is aperiodic

(i) 0% = E[X?] < 400 and E[X;] = 0.

Then, for any continuous function p with compact support on Rt x R,
we have

lim n*?E[p(M,, M, — S,)]

n-— 400

1 +oo +o00 -
= ’7 /\ U d.’ U ’ d
am/() / (@, y)Ay * Ur, (dz) Ur (dy)

,y) Ur, (dx) Ay x Upr (d
t—= [ [ et Un (i) 2T

where M\, is the restriction of the Lebesgue measure on RT,
Ur, = Z+°O (pr,)™ and Ur_ is the image by the map x +— —x of
the potential Ur_ = Z:ZO(pT_)*”.

Proof. — 1t suffices to show that for any a,b > 0 one has

lim n32E[e M e b(Mn=50)]
n—-+4oo

+oo p+oo e—ax .
:/ / e“by Ur, (dx) Up: (dy)
oo 400 —by
<[] Ur, (dz) T, (dy)

In his book, F. Spitzer introduces the variable T;, denoting the first time at
which (S,,),>0 reaches its maximum M,, during the first n steps. Recall that
T, is not a stopping time with respect to the filtration (F,,),>1; nevertheless,
it plays a crucial role in order to obtain the following identity [16]

Vn > 1,

‘E[c—a;\[,, efb(J\I,I—S ) ZE[[T/ >k aSk] [[T+>n—k]; 6b5”“‘].

Set a, = E[[T”. > n]; ¢ *%] and B, = E[[T} > n]: e*']. By Theo-
rem I1.3 we have

lim n3/2a,,

n—+s0 (I\/27r R+
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and

lim n*?8, =

n—+oo oV2r Jr+

UT’ (dy)

Furthermore

400 400 +oo +oo _
E = / e”*Urp, (dz) and Z B = / e—byUT’_ (dy).
n=0 0 n=0 0

Theorem I1.5 is thus a consequence of the following lemma

LemMA IL8. — Let (atn )n>0 and (B )n>0 be two sequences of positive real
numbers such that lim,_, . 7%/%a, = a and lim,_ o n**B, = 3 > 0.
Then

(i) there exists a constant C > 0 such that, for any n € N* and
0<i<n-—j<n, we have

1 1 1
n3/? - < — .
k;1k3/z n— k)2 = (\/;+\/5>

(ii) one has limn_.+oo n32 3 Bk =aB+BA  where
A= Zk or and B = Z o Br-

Proof. — (i) Without loss of generality, one can suppose i + 1 < [n/2] <
n — j, where [n/2] is the integer part of n/2; we have

3/2
" Z k:3/2(n k)3/2

k=i+1
[n/2] 1 n—j 1
_.3/2 3/2 - -
=n Z 372 (n 3/2+”' Z K372 (1 — )372
k=i+1 k=[n/2]+1
1 =1
3/2 L 3/2 L
LD WS
k=i+1 k=j

Inequality (i) follows immediately.
(i) Set v, = > p_o @kPBn—k and fix 1 <4 < n — j < n; one has

n—j

|n3 —aB - pBA| < ng/ZZQkﬁ,, P ﬂZak +n>/? Z arBn—k
k=0 k=i+1
+ |n3/? Z ek — aZﬂk
k=n—j+1 k=0
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with

i 400 400
n?/? Z Bk — ﬂz oy Z 3/2/871—k - ﬁl(xk + 3 Z g
k=0 k=0

=0 k=it1
n -1 +oc

n3/? E OBk — E Bl < n‘S/Q(y,,_k —a|fk + « E Ok
k=n—j+1 k=0 k=0 k=j

and

n&/kaL_:Hakﬁ k<C’<\/_ \}_)

Fix € > 0 arbitrary small and choose ¢ and j large enough that
62:3“ oy < e/&aZ:fj Br < €/3 and C(\ifl + %) < €/3. Letting
n — +0oo, one obtains limsup,,_ . [n*?y, —aB — fA| <e. O

III. PROOFS OF THEOREMS A AND B

IIL.a. Spitzer-Grincevicius factorisation

Let us first recall some notations. Let g, = (@n,bn),n = 1,2,--- be
independent and identically distributed random variables with distribution /.
Denote by F,, the o-algebra generated by the variables g;. g».---.g,.n > L.
For any n > 1, set G} = g1-+-gn = (A}, BY); we have A} = a;---q,
and B} = ZZ=1 ay -+ ag—1b,. More generally. set A" =a, - -«,, and
B =30 anrap_1by if 1 <m <mand A = 1. B = 0 otherwise.
We also introduce the variables S,,, M,, and T, defined by S, = Log .1} and
So = 0, M,, = max(Sy, S1,+--,S,) and T,, = inf{0 <k < n/S =1V, }.

In the same way, let i be the image of y by the mapping

1 b9 S oo— (a b)Y o o= |-
g — ((z(q)’(l(g)) if g, = (an.by), n = 1.2, arc independent and
identically distributed random variables with distribution ;o on /L set
Gm - gu : (]m A - (1,, : (l,,, Bm = I,,L” ~/,, sl /ﬂr‘ for | S I'\S
m and G)' = Am =1and B" = 0 otherwise: set abo 5, = Log 1y,
Sy = 0 and Mn = HldX(SO Sy.---.S,). Denote by F, the m-algebra

generated by glag2¢ "7.(]1””' 2 1.

Fix two positive functions ¢ and . with compact support. defined
respectively on R** and R?. For technical reasons. we suppose that ¢ is
continuously differentiable on R?. We are interested in the behaviour of the
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sequence (E[¢(A,)1(By)])n>1 as n goes to +00; following [10], we have

El(AD)(B)] = S EIIT, = s AT (B7)
k=0
—ZIE[[A" >1)Nn[As > 1N n[Ak > 1]

n [A’;zii <147 <1]

N [AL <15 o(A7)$(BY)
The last expectation can be simplified as it is clear that the terms
Ay, AL AR are independent of the terms AFT, Ap¥S ... AP, |: from
the equality B":Ak(Z] IA* +2- k+1Ai+ib) and by a duality
argument, one obtains

E[p(A})y(BY)]
=ZE[[A} <1n[A <1]n---n[dk < 1]
k=0
N SN < 1] n (AR, <1);
Ay 1 j—17
) GG 5 aw)))

j=k+1

Set A ={g € G : a(g) > 1} and consider the transition kernel Py
associated with (u, .A) and defined by P4(g, B) = Jolacnn(gh) wu(dh) for
any Borel set B C G and any g € G.

Let us give the probabilistic interpretation of P,. Let T4 =
inf{n > 1: G} € A} be the first entrance time in .4 of the random walk
(G7)n>o0; it is a stopping time with respect to (F)n>1 and we have

Vn>1 Pj(e,B) =P[[T4 >n]N[G} € B

In the same way, set A’ = {g € G/a(g) > 1}, let P4 be the operator
associated with (/z,.A") and denote by T4 the first entrance time in A’ of
the random walk (G n>1s Ty is a stopping time with respect to (.7-",,,),121
and we have

Vn>1 Ph(e,B)=P[[Ty > n] N[GT € B]).

From the previous expression of E[p(A})y(B})], we obtain the Spitzer-
Grincevicius factorisation:

Elp(A7)y(B7)] Zlk n(:9)
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where

Lin(o, ) = /

JGEXG

)t

IIL.b. Proof of Theorem A

The starting point of the proof is the Spitzer-Grincevicius factorisation.
First, thanks to the following lemma, we are going to control the sum
n—j

k—it1 Lkn(p, 1) for fixed large enough integers ¢ and j.

LemMA IIL1. — There exists Ao > 0 such that for any A €10, \o], any
g € G and any |l > 0, we have

[ (S0 (AU sty < i

where C' is a positive constant which depends on X\, and ).

By Theorem I3, the sequence (k*/2 [ a(g)*P% (e, dg)), .., is bounded
since B

| o) Ph(e.dg) = El[T > kl:exp(25).

Hence, using Lemma IIL.1, we obtain for any 0 < k£ < n

Using Lemma I1.8 (i), one can thus choose two integers ¢ and j such that

lim su 32577 I, is as small as wanted.
n——+oc k=i+1"k,

Next, we look at the behaviour of the integral

[oelita ) (i e

as | goes to +oc.

LemMa II1.2. — For any g € G, the sequence

(o oG ) (st ™ ) rcem),

converges to a finite limit as | goes to +00.

In particular (713/ 2Io.m(¢,%))n>1 converges in R. On the other hand, for
any i > 1 and any compact set K C R** x R, the dominated convergence
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theorem ensures the existence of a finite limit as n goes to +oo for
(n*2 3 ey Tkn(9, 9, K) )nz0 where

Lin(0,9, K) :/Glzf(g)(./c;w(ZEZ;)I/,(b(g)a?-g;)(h))P}{-k(e,dh))
x Pk, (e,dg)).

One just have to check that the indicator function 1 does not disturb too

much the behaviour of the above integrals. Fix 0 < § < 1; according to
Lemma III.1, we have

kz; '/{.!JEG:H,(g)Sé} (/p 4 ( zgg ) ¥ (b(g)az-g;)(h) > P e, dh))

x P%, (e, dg)

1

1
(n — k)3/2

i

< C(A 9, 1)

k=1

E[[T4 > k] N [S), < Logs]; exp(ASy)]

< C()\,go,?/))ﬁ)\/? Z (n_le[[TA/ > k; exp(%é},)]

k=1

1
2/2
s 68 E (n — k)P2k32"

i

On the other hand, by the definition of P4

13

N VAL )l G g EECE)

x P%, (e, dg) = 0.
Now, fix B > 0; according to Lemma III.1

(2

2 o U)o (25572 i)

X p.fl’(ev d(])

SO0 Y ol > KN (1Bl 2 B exp(3S0)

C\ 0, 9) 1 . -
B2 ; (= ez Pl > kJ; exp(ASy)|| By|[M?]

C, < 1
< BA/2 Z (n — k)3/2k3/2

k=1
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where the last inequality is guaranteed by the following
LemMma 1I1.3. — There exists ey > 0 such that for any 0 < € < ¢

sup  I¥PE([Ta > 1); exp(2¢S) || B[] < +oc.
I>1

Note that the same upperbounds hold when the sum 22:1 is replaced
n—1
by Zk::nf]#»l'
Finally, using the Spitzer-Grincevicius factorisation, we have proved that,

for any e > 0, there exist ¢,5 € N and a compact set K C G such that
for any » > i+ j one has

(AL (B)] 19 3 Ty (i, K)

k=0

n

—n*? Z Ik,n(@, 1, K)| <e

k=n—j+1
On the other hand,

n

(71’3/2211\‘,7:,(({9«, 1/% K) + ”3/2 Z ]k,n(QDv 1/)-, K))
n>0

k=0 k=n—j+1

converges. Hence the sequence of measures (n°/ 211*™),,>1 weakly converges
to a Radon measure 1; the fact that vq is not degenerated follows from the

Lemma I1L4. — There exist an integer ng and a compact set Kq C G
such that

inf n*?P[G" € Ky] > 0.

n>ng

The proof of Theorem A is now complete; it just remains to establish
Lemmas III.1, II1.2, 1I1.3 and III.4.

Proof of Lemma 111.1. — First, suppose that Hypotheses Al, A2 and A3
hold.
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Fixp>1suchthat%+%=1.Foranyg€Gandl2l,wehave

ool ) (Mg e

l

= El[ad2 <1]n--njadl < 1); of 432
2 2

J10,1)xRd a(yg

< (9 )+Za(2;zA’ 'b; +b)]¢u(a’b)dc;db

0% 19l / ,/ #1(a, b)db

XE[[aA2<1]r'] ‘N[adl < 1]; <p< é)]_

alg)? wnp/ i [ #habra
xEnemel 1= (2 lma

0% 19l / ,/ b

-1
xE[exp( 2eM;_ 1)<p( fzg) )]— forany €> 0.

Since the support of ¢ is compact in |0, +oo[, there exists K = K (e, ) > 0
such that Va >0 |p(a)| < Ka®; so

Ny
a(g)¥~ ||¢np/ (| [ #hianpa

E‘Xp( Ml 1—51 1 G‘Xp( EMl 1

Assume 11) —€>0and 1+ € < g; by Theorem II.7 one obtains

[ () < i
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Now, replace Hypothesis A3 by Hypothesis A3 (bis)

For any g € G and | > 1, we have
oo (My) Phcean
:/ [E[[(I,Aggl]ﬁ'~ﬂ[aAl2§1];
10,1]xRe

l
l b(g) + Y aAy b +b
® < oy > Y o p(da db).
a(g) a(g)

Since ¢ and v have compact support, for any € > 0 there exists
K = K(e,¢,1) > 0 such that

Va >0 |p(a)] < K o and Vb € (R*)% 4h(b)| < H_b%

Thus

(G o (™ e

<Kalo) [ Eflasi<yn-nlads <))

10,1] xR

(45)°

l
Ib(g) + D ady™'b; + b]|*

=2

a‘p(da db).

Hypothesis A3 (bis) implies [|b(g) + 3t aAb ™ b; +b]| > ||b]] P —a.s
so that

Lo ) (M) Patesan

€ 1
< K2 € a Moy < Z|. p€Si- t
< Klalg) /]0,1]><Rd ||bH2€EHe N a],e ]u(da @)

S K2a(g)E|E[e_E(AIIVI_S’7l) 6—61\[141]

X / —1—u(da db).
JR*H x(

retya 0|l

The proof is now complete. [
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Proof of Lemma 111.2. — Without loss of generality, one may suppose
g = e. For any n € N*, set

Va(p, ) = n**E[[Ta > n]; @(A7)Y(B})].
Fix 7,5 € N such that 1 < ¢ < n — 7 < n and consider
vn(0,1,1,5) = n®PE[[Ta > nl; o(A)Y(B} + AT/ By_;,4)].

To obtain the claim, it suffices to prove that

a) limsup; ;o limsup, o [vn(p, %) — vul(p,,4,5)] =0

b) for any fixed 7,5 € N, the sequence (v, (y,,1%,j)),>1 converges to
a finite limit.

Proof of convergence a. — We use the equality B = Bi + A’iB?Jr_lj +
AT By_ ;11 since the support of ¢ is compact and 7 is continuously
differentiable, we have for some 0 < € < 1

|Vn(</?ﬂ/)) - Vn($0,¢,i,j)|
<Gy n?/? [E[[TA > n]; <P(A71L)(A11)E||B?+_1J”€]

n—j
< Gy Ny E([Ta > nl; o(AT) (AT lbel|]
k=i+1

Since the support of ¢ is compact in ]0, +oo[, there exists K = K (¢, ) > 0
such that Va > 0 |¢(a)| < Kaf; thus, for any i + 1 < k < n — j, we have

E([T4 > nl; o(A7)(AT ) lbell]
1

< KE|[Ta> b= 110 [max(4F - AT € oo |
Al (253

" (A’f*)?Eazubknf(Azm]

< KE[[Ta >k —1]; (AFH) 20|ty ||
X HlaX(A:iiv ) Z+1)_3€/2(AZ+1)€]
< KE[[T4 > k — 1]; (A2 E[a, /% ||bi]|]

X E[e—f(Mn»k—Snvk)e—SMn-k]_

Consequently, by Theorem II.3, Theorem II.7 and Lemma II.8 (i), there
exists Cy > 0 such that

11
Vp 3 — Up Pl 77:7/- _02 - e
(0, ) — vl i )] < (ﬂ+ﬂ)
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Let i and j go to +o00; we obtain convergence a).

Proof of convergence b. — Fix two integers i and j; we have

Vn(@vlp’ivj):/ En(@v¢vgvh17h2v"'vhj)

Git1

x Py(e,dg)u(dhy)p(dhs) - - - u(dhy;)

with
En((pa"/ngvhla ho, - 7hj)

= | sttt ) <

"I < min 1 1 . ! :
: [A < (a(g)’ a@ali)’ " alglath) - a<hj>>]’
X (@) AT a(hs) - alh;)(b(g) + alg) AT b(hy - ~h]»>]

Using Theorem II-7, one may see that, for any g,hq, -+, h; € G, the
sequence (n*/2E, (¢,1, g, hi, ha, - ,hj))n>1 converges to a finite limit.
To obtain the convergence b), we have to use Lebesgue dominated
convergence theorem and therefore, we have to obtain an appropriate
upperbound for n*/2E,, (¢, 4, g, k1, ha,-- -, h;). Note that

. - 1 . - 1
max(At], -, ANT) < ——] C |:IIIaX(1,A;'+17~-~,A?_J) < ——]
[ i 77 a(g) i = a(g)
because a(g) < 1 and

[A?;j : I“i“<a<1g>’ a<g>}z<h1> v a(g)a(hli- ~a(hy) )]

; 1
C |ALT < —]
[ 7 a(g)
Since |p(a)| < Ka® for any a > 0, one thus obtains

n?’/ZEn((p,d;,g, hy,ha, - hj)

< Ollyl|n?E [a<g>f<A:?;f>fa<h1>€ e a(hy)
1

a(g)® max(1, A, -, A7)

1
. (A?;{)fﬂa(g)f/?]
< Clpllooalg)*/2a(hy)" - - a(hy)* 032
X EJ(AL7)? max(1, ATL o, AZf) 2]
< Cralg) /2 afhy)* - alhy)
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the last inequality being guaranteed by Theorem II.7. Then, by Hypothesis
A2, for e small enough, one may use Lebesgue dominated convergence

theorem and convergence b) follows. [J

Proof of Lemma 111.3. — By a duality argument, it suffices to prove that,
for some € > 0

supn® %E[[T4 > nls (A7) 1B} < +oo.
Using the identity B} = S_7_, A¥"1b,, we obtain
k=141

E[T4 > nl; (A7)* BT < > E[[Ta > nl; (A5 ™) > ai [1bell (A1)
k=1
By the definition of 714, we have
E([Ta > n]; (A7) ag bl (AR 1) ]

<E

[A}gl]ﬁ[Alf_lﬁl]n[a"S?]

1 1
N AT < —] ne-- [A" < 7]
|: k+1 —= Alf_l(lk k+1 = Allc_lak )
<A’f-1>3€azfnbk|r<A::+l>2€]
< [awr |/ o K0 W)
JG J{h€G:a(g)a(h)<1}
X Pj{_l(e, dg)

with

Kk:,n(.gah') = E|:|:Allzi} S ai
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1 n—k 1 . n—k\2e
SIEHmax(l,Al.m.Al ”SW]* (AR ]

since a(g)a(h) <1

1
— (1/(9)56/201(]1)55/2
x E [exp(—;M,,_;\)exp(—‘Ze(Afn_k - S,,,~,,,))}
1 C

= (I/(((])L')E/Z(I/(}L):)F/? (,n, _ k)3/2

Hence
E[[T4 > n]: (A7)* [|BY(|]

~ O A
SZQW—MWELW me PE=1(e. dg)

One concludes using Hypothesis A2 and the fact that the sequence
: n—1 .
(71,3/2 lu":l F/')(TI*W)”ZI i1$ bounded. O

Proof of Lemma 111.4. — By Theorem 11.3, there exist ny € N, Cy > 0
and [o. 5] C R*' such that
Vo >ng n*PE[[T4 > n]Nja < AP < Al > Cy.
On the other hand

n*PE[Ty > n] N[ < AY < BN [||BY] = B]
n3/2

5ElTa > n o < A7 < ) |1B71)

<

By Lemma IIL3, we have sup,-,n*?E[[T4 > n]N[a < A7 < f];
| B1']|] < +0o0; so, one can choose B > 0 such that

Vn>mng n*PE[[Ta > n]N[a < AT < B0 [|B} < B > é“.

The lemma readily follows from the inequality

n*?Efla < A} < B0 [||By| < B
> n*PE[[Ta > n] N o < Ay < g0 [|BY]| < B). O
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IIl.c. Proof of Theorem B

We just indicate how to modify the proof in the previous section to obtain
Theorem B. For any continuous function v with compact support on R¢
we have by the Spitzer-Grincevicius factorisation

E[(BY)] =Y Jen(¥)
k=0

with Ji () = [, I’—"Z?’TI’)(") P4 (e, dg) P~ *(e,dh). First, we control
the sum Zk=7¢+1 Ji.n () for fixed large enough integers i and j.

Lemma IIL5. — There exists A > 0 such that for any A €0, o), any
g € G and any | > 0, one has

/(' Id}(%)ﬂdf dh) \% )

By Theorem I1.3, the sequence (k*/? [ a(g)* P4, (e,dg))k>o is bounded
since

/ a(g)* Pk (e.dg) = E[[Ta > k] 1exp(ASy)].
Ja
For any 0 < & < m, we thus have
‘ b(g) + b(h) k &
—_— 1g) Py~ " (e, dF T
/Cxc (/’< a(g) Pl(e.dg) (e,dh) < k3/2\/m — k

Note that there exists C' > 0 such that for any n, 4, j in N*,
1 <i<mn—-j < n, one has

3wt <5t )

k=i+41

therefore one may choose i and j such that limsup, , vn Y r—! Jin
is as small as wanted.

Next, we look at the behaviour of the integral [, 1) WL)PA((’ dh)
as | goes to +oc.

LemmA IIL.6. — For any g € G, the sequence

(Lo (™ i)

converges to a finite limit as | goes to +o0.
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In particular (\/7—1,]0’,”(1/1)),,21 converges in R. Furthermore, for any
i, € N and any compact set K C R** x R, the dominated convergence
theorem ensures the existence of a finite limit as n goes to +oo for the

sequence (\/—ZL 1 i (, K))n>o where
Jew (P, K) = /G 11\'(9)(/(; q/;(lf@%g)b(’i))mk(e,dh)>ﬁj,(e,dg).

The only thing we have now to check is that the indicator function 15 does
not disturb too much the behaviour of the above integrals. Fix 0 < § < 1;
according to Lemma IIL.5, we have

Z/ (/ d)<w>}’j*k(e,dh)> PJ’Z,(e,d_q)
=17 {9€G:a(g)<é} JG (l(g)

1 - . -
CAP) Y —=——=FE[[Ta > k] N [Sk < Logd]; exp(AS;)]
I\Z:l \/7‘1, -k+1 A " ;

) -
< C(A) (‘)’\PZ [[TA/ > kl: eXP(—Sk)]
—Vvn—k+1 2

. 1
< 6?2 Z —_—
Vo~ k+ 1532

1
< O 5M? .
>~ 1 /_F — 7 _l_" 1 ; k&/?

Note that by definition of P4 one has

i

: M@)pﬂk . dl )Pk‘ e.dg) =0
;i/{gm(gwb}( /u( 0 ) ) Py e dg) = 0

On the other hand, fix B > 0; according to Lemma II1.5, we have

i

‘ ‘ y ———-——b(g) +b(h)> k(e dh )]3" e, d
;./{QEG:||I)(y)||>B}(./(¥1/< a(g) T (e, dh) A (€. dg)

LN [T > NN [[Bal] 2 Bl: exp(031)

CA, 1/) 3 & R (IA/2
< Ta > kl; exp(ASy) || By
= BA/Z ;m El[T4 li exp(ASy) || Byl ]
Gy

SBA/‘) /—hw_ Zp/z’

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



A LOCAL LIMIT THEOREM 249

where the last inequality is guaranteed by Lemma IIIL.3.
Note the same upperbounds hold when the sum E x—, is replaced by

n—1

k=n—j+1°

Finally, using Spitzer-Grincevicius factorisation, we have proved that,
for any € > 0, there exist ¢,7 € N and a compact set K C G such that

for any n > ¢ + j we have

|VRE[$(BY)] - WZJM (v, K) Z Ten(, K[| < e.

k=n—j+1

Since (v 35—y Jem(t, K) + VY ki1 Jrn(t, K))nso converges,
the sequence (\/nE[1)(B7)])n>0 has a finite limit which is not always zero.
It just remains to establish Lemmas IIL.S and IIL.6; they may be easily
obtained using Theorems II.2 and IL.3 and by obvious modifications in the
proofs of Lemmas III.1 and IIL2 respectively. [

III.d. Proof of Theorem C :
identification of the limit measure v

We are not always able to explicit the form of the limit measure vy;
nevertheless, if one assumes further hypotheses on p, it is possible to
identify 14, up to a multiplicative constant. In this section, we suppose that
w satisfies Hypotheses A1, A2, A3 and also the two following conditions

(C1) the density ¢,, of i1 is continuous with compact support.
(C2) ¢u(e) > 0.

Remark. — Note that under these conditions, the semi-group generated
by the support S, of y is dense in G. Moreover, there exists v > 0 such
that % u > ~yp.

To establish Theorem C we first prove that the random walk of distribution
u on G satisfies a ratio-limit theorem and secondly we show that the
equation p * v = v %y = v has a unique solution vy Z 0 (up to a
multiplicative constant) in the class of Radon measures on G. Let CK*(G)
be the space of positive continuous functions with compact support on G
we have

Lemma IIL7. — Under the hypotheses of Theorem C, we have
Vo € CKT(G), Vg e G lim (6, * ()™ = 1.

: ; grn” "t () :

In particular lim,, , W =1 for any g € G and any function

¢ € CK*(G), ¢ # 0. Since there exists v > 0 such that p % > vy we
may thus apply the following proposition due to Y. Guivarc’h [11]:
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ProrositioN 1IL8. —  Suppose that the semi-group generated by the
support of i is dense in G and that, for any ¢ € CK*(G), the sequence
q

w(n41) g, .
'pu—#)"zl converges to a constant co which does not depend on .

Then, if the equation v x u = % v = cov has a unique solution vy % 0, up
to a multiplicative constant, in the class of Radon measures on G, we have

lim a ((/7) = ’/O((p)

nodoo i (¢) - wo(1h)

for any ¢ and v € CK™*(G) such that vy()p) > 0.

We have here ¢y = 1; to prove Theorem C, it suffices to establish the
following lemma :

LemMa IIL9. — Under hypotheses of Theorem C, the equation v * j1 =
W * v = v has one and only one (up to a multiplicative constant) solution
vo # 0 in the class of Radon measures on G. Moreover, this solution may
be decomposed as follows

vo = (61 @A) % (%@/\1)

where \ (respectively A1) is, up to a multiplicative constant, the unique
Radon measure on R? which satisfies the convolution equation 1 X = \
(resp. i x Ay = Ap).

By Theorem A one can choose 9, € CKT'(G) such that
(n®2 ™ (4h0) )0 converges to 1; for any ¢ € CK™*(G) we thus have

lim n3/2,*" = VO(('O).
) vo(vho)

n—-+o0
This achieves the proof of Theorem C; it remains to establish the
Lemmas III.7 and III1.9.

Proof of Lemma 111.7. — Fix a function ¢ € CK*(G) and for any n > 1
consider the set

K,.(¢) = {gh™'/g € Support () and h € Support (1*")}.

The sets K,(¢), n > 1, are compact, K,(p) C K, i1(¢) and
U:Z K,.(¢) = G. Then, there exists no such that the compact set
Ky introduced in Lemma III.4 is included in the interior of K, ().
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Consequently, the continuous function g — [ o(gh)u*"(dh) is strictly
positive on K and there exists a constant C > 0 such that

Vgea / P(gh)i™ (dh) > C 15, (g).
JG

Thus, for any n > 1, one has 6, * u* "+ (p) > Cp*(Ko) > Sk
with C; > 0 by Lemma IIl4. For any ¢ € G we thus have
lim inf,, ;o0 (84 * p*™(¢))*/™ > 1. On the other hand &, * 11*"(¢) < [|¢]loo

for any n > 1 which implies limsup,,_, | (6, * p*"(p))V/" < 1. O

Proof of Lemma 1I1.9. — Let H,, be the set of positive measures v on
G such that v x 4 = v. Recall that H,, is a weakly closed cone with a
compact basis and that it is a lattice. By [7] (and more recently by [2]
without condition of density) there exists (up to a multiplicative constant)
a unique positive measure A\; on R? such that 7z * A; = A;; furthermore, A
is a Radon measure on R? and the extremal rays of H,, are the positives
measures which are proportional, either to the right Haar measure mp, or
to the measures &y .y * (‘fl—“ ® A1), z € R By Choquet’s representation
theorem, there exist C,, € R™ and a positive measure m,, on R? such that

d
v=0=C, mp +/ 8(1,z) * (_a ® )\1> m,(dz)
Rd a

and C, and m, are unique because H,, is a lattice.
Fix v in H,; a direct computation leads to

da
puxv =0C, / Log a(g) u(dg) mp + / 0(1,2) * (7(1 ® /\1> wxmy,(dz).
JG JRd

Then, if one suppose that pu * v = v, the uniqueness of the Choquet’s
representation gives

C, / Log a(g) u(dg) = C, and wEm, =m,.
Ja

Since fG a1 7i(dg1) > 1, one obtains C,, = 0. On the other hand, by [7], the
equation 4 * m = m has a unique solution (up to a multiplicative constant)
A in the set of positive measures on R? which leads to the equality m, = .

Finally the solution 14 of the equation v % p = p * v = v is unique (up
to a multiplicative constant) in the set of positive measure on R<, it is a
Radon measure and it can be decompose as follows

V0:(61®)\)*(%®/\1> |
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