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ABSTRACT. — We give asymptotic upper and lower bounds of large
deviation type for the transition density of a jump type processes on R¢,
which is composed of stable-like processes on the line and vector fields
on RY. We use the theory of Malliavin calculus both for diffusion and for
jump type processes. In the case where there is no drift, the upper and
lower bounds coincide.

Key words: Jump process, large deviation, transition density.

RESUME. — Dans cet article, nous démontrons un théoréme de majoration
et minoration de la densité pour une classe de processus avec sauts sur
R?. Nous utilisons dans ce but un calcul de Malliavin pour processus avec
sauts, et la théorie des grandes deviations.

INTRODUCTION

Consider m + 1 vector fields Xo,X;,5 = 1,---,m, on R? whose
derivatives of all orders are bounded. Consider the SDE

dry(z) =Y X;(z.—(2))dzjs + Xo(ws(2))ds

i=1

(0.1)

zo(x) =2
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180 Y. ISHIKAWA

where z;, denote 1-dimensional compensated Lévy processes with the
common smooth Lévy measure ¢({)d{ and Az;, = z;, — z;,— for
j =1,---,m. The Markov process {z:(x)} corresponds to a semigroup
associated to the infinitesimal generator (integro-differential operator) of
jump type

02 Af@ =3 [ e+ X0

— f(#) = ((Xj(z), grad f(x))]
x 9(Q)d¢ + Xof (),

f € Cg(RY).
It is known (cf. Léandre [24]) that, under a non-degeneracy condition on
the Lie algebra Lie(X,- -, X,,), the semigroup admits a regular density

pi(x, dy) = pe(xz,y)dy , t > 0, with respect to the d-dimensional Lebesgue
measure dy.

We study the estimation concerning p;(x,y) of the above type, by using
the large deviation theory. That is, consider, for each € > 0, the semigroup
associated with the generator

0.3) A Z/ fla+ X (2)e)

R\{0}
— f(z) = e((X;(x), grad f(z))]

x Lg(C)dC + Xof (),
f € C(RY).

The law pi(x,dy,e) corresponding to this semigroup possesses the
density pi(z,y,¢€) : pi(x,dy,€) = pi(z,y,e)dy for each e > 0. We provide
in the framework of large deviation theory the asymptotic estimate of
p1(z,y,e) as € — 0. This type of problem was studied by Freidlin and
Ventcel [14] when the vector fields X,(z) are not degenerate (elliptic
setting) (see also [13], [29]). Here we shall carry out our study in a
hypoelliptic setting which is our feature. For this purpose we shall apply
the theory of Malliavin calculus of jump type (cf. [5], [7], [24], [30], see
also [20], [21] and [34]).

Intuitively, for small ¢ > 0 we can compare the jump process which
corresponds to A with a diffusion process corresponding to the infinitesimal
generator B¢ given by

(04)  Bf(z) = ZX? z) + Xof(z), f€CP(RY

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



ESTIMATE OF TRANSITION DENSITIES 181

(see Section 1 for detail). The large deviation theory for diffusion processes
has been extensively studied, and we can observe the diffusion trajectory
above converges as ¢ — 0 to a deterministic path exponentially quick (cf.
e.g., [2], [14]). One may expect then that the density p;(z,y,¢€) at y of the
law deriving from A° will disappear exponentially quick as ¢ — 0 with
some rate functions depending on z and y.

A crucial idea in our proof is the notion of skelton trajectories. A
skelton trajectory, denoted by y,(h), is a deterministic trajectory obtained
from vector fields driven by a short path A in the Sobolev space. Those
trajecories are supposed to approximate jump trajectories corresponding to
A®. Two quantities given by “Lagrangian” attached to a skelton trajectory
reaching y from x are expressed by functions d(z,y),dgr(z,y). These
functions play similar roles as control distances between x and y and
provide the rate of convergence above.

In Section 1 we state our result as Theorem. The lower and the upper
bounds will be proved in Sections 2 and 3, respectively. Sections 4 to 6
are devoted to the details of proof.

This study may be viewed as a continuation of Ishikawa [17], along the
line in the introduction of Léandre [22]. It may be regarded as an extension
to the jump case of various results on the large deviation theory in the
diffusion case ([8], [14], [23] and [26]), since its way of argument relies on
those in the diffusion case. The proof for the upper bound (Proposition 3.3)
also depends on Léandre’s method and results in [24].

1. NOTATION AND RESULTS

(1) Basic processes.

Given a € (1,2), let z;, be a symmetric jump type process on R
(truncated stable process (cf. [15])) corresponding to the generator

(11) { Lo(a) = [ ol + ) - pl) - ¢ n(Q)IcI e,
z€eER, ¢pe€ CSO(R)

with z;0 = 0, j = 1,---,m. Here n € C§°(R),0 < n(¢) < 1, n is
symmetric, supp 7 = {(;|¢] < ¢} and n(¢) = 1 in {¢;|¢| < ¢/2} for some
0 < ¢ < 400. We put g(¢)d¢ = n(¢)[¢|~1~~d¢, that is, g(¢)dC is the Lévy
measure of z;, having a compact support.

Vol. 33, n® 2-1997.



182 Y. ISHIKAWA

By 25, > 0, we denote the perturbed process of 25, corresponding
to the generator

(1.2) vam=1/wu+a»—am—dwum«mg

/[w z+C) — p(x) = C¥'(2) égG)dQ

peCrR), j7=1,---,m.

with 250 = 0,5 = 1,---,m. We put 25, = =25, j = 1,---,m
and 27 = (2%, " 25,,), 25 = (25,,--,25,,),e > 0. We assume
{2545 = 1,---,m} are mutually independent. The law of z¢ is denoted

by II.. We remark the process z5 _ has the generator L# of the form

(13) L ﬁwﬂ o(z) - (o ()]0 (e, o € C°(R),

where g.(¢)d¢ = —;g( =)d(, in view of the expression (1.2). The Lévy
measure g.(¢)d( of 2 Z5 ; is again a symmetric measure on R \ {0} having the
compact support, € > 0. Since LEp(z) — cy”(x) as e — 0 for ¢ € C°(R),
we observe Z5 s — cwj s in law, where w; , denotes 1-dimentional Wiener
process (Brownian motion), j = 1,---,m (cf. [12], Theorem 4.2.5, [19],
Theorem VII-5.4). We may assume ¢ = 1 without loss of generality.

We denoted by H(p;) the “symbol” of the process z;, : H(p;) =
log Elexp(p; - )} j = 1,++-,m, and we put H(p) = S, H(p;),
P = (1, -, Pm). Let L(q) be the Legendre transform (the Lagrangian) of
H(p): L(q) = sup,[(p,q) — H(p)]. L(q) is a smooth, convex, non-
negative function which satisfies for each R > 0 large there exists
mgr > 0, Mg > 0 such that L(q) < Mg, | grad L(q)| < Mg for all
la] < R, and

9’L

1.4
( ) 3(1i8(b'

(q) > mgl  forall |q| > R.

Indeed, we can calculate H(p;) directly to have H(p;) ~ c|p;|*, ¢ > 0,
for |p;| large. Hence H(p) = 3277, H(p;) ~ 3272, (clp;]|®), and

(1.5)

L(q) = sup [{p, a)— H(p)] ~ sup [Z Pid; = Cij|“)} =Y a7,

i=1

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



ESTIMATE OF TRANSITION DENSITIES 183

for |g;| large (cf. [1], Section 14). Since 1 < a < 2 we have 5> 2,
and we have (1.4).

(2) Function spaces.

We denote by D([) the space of paths on I = [0,1] to R? such
that all the components are right continuous and have left limits. For
x(-),y(-) € D(I), let us denote by d(x( - ),y( - )) the Skorohod metric,
and by p(z( - ),y( - )) the sup-norm metric (see [10], Section 13.5). We
remark that (D(I),d) is a Polish space.

Let WhP(I), p > 1, be the Sobolev space

W) = {ip € S0y lplhwns = (161, + lellin) < +oc).

Then (W'*(I),]| - |lw1») is a Banach space. On the set whe(J)
we also put the sup-norm Hsé?”oo = sup,er lp(t)], ¢ € Wl”’( ) In
what follows, we put p=—-2->2 and denoted by W!'a=T the
product space 1/[/1»%_1(]) X% Wl’a "(I) with the norm ||| 1. =

N
m

(E;’lzl “SOJH?Q‘l ) ’ for p = (3017"'7§0m)'
For h = (hy, -+, h,,) € WHa=T | let ys(h) be the deterministic path
in Rédefined by

o dy.(h ZX (ys(7))hy,ds + Xo(ya(h))ds

yo(h) =x.
Here X,,---, X,, are C™-vector fields on R? that are bounded including
their derivatives. (Here and in the sequel we identify vector fields with

the vector valued functions.) We put (see (1.17)) the restricted Hormander
condition on Xy,---, X,

(1.7) Lie(Xy, -+, X)) (z) = To(RY) for all z € R™

We denote by @, the C* map Whs=T — RY h s y1(h). The map
®, is said to be a submersion at hy € W17 if the Frechet derivative
D®,(ho)(-) at hg is onto from W' to RY.

Given z,y € R? we put quantities d(z,y),dr(x,y) as follows :

(1.8) d==1(z,y) = inf{/OlL(hs)ds; ®,(h) = y}

Vol. 33, n® 2-1997.



184 Y. ISHIKAWA

(1.9

o

1
dp ' (z,y) =1 f{/ L(hs)ds; ®,(h) =y, ®, is a submersion at h}.
0

~—

The function d(z,y) is finite for z,y € R4 (y # x) by (1.7) (cf. [8],
Theorem 1.14). Further, if Xq = 0 then d(x,y) and dg(z,y) coincide,
since (1.7) implies the submersion condition (cf. the remark in Section II
and the proof of Théoréme 1.2 of [23], and Section II of 24). In this case the
function (z,y) — d(z,y) is continuous (cf [8] Theorem 1. 14) It follows
from Theorem 5.2.1 of [14] that level set ®(r) = {h; fo sds < r}is
compact in (D(I),|| ||co). Further we have the followmg

Lemma 1.1 (Freidlin and Ventcel [14], (5.2.5) and (5.2.6)). — For any
a >0 n > 0, o > O there exists g > 0 such that for 0 < e < gy, h
satisfying fo (hy)ds < o, we have

L[
(1.10) Hs{ sup |25 — hs| < a} > exp l:—— (/ L(hy)ds + n)]
0<s<1 e\ Jo

and

(1.11) HE{ _ inf
ho:

J L(hg)ds<r 0<s<1
0'5’0

1
25— hg| > a} < exp [——(7' — 7})].
5

(3) Processes and semigroups.
Let z,(¢) be the process given by the following SDE

(112 dzy(e ZX 2o (€))dz5 , + Xo(xe—(e))dt
ZEQ( ) =T.
Here X, and Xy, -, X,, are as in (1.6), (1.7). We put ¢,(¢) : R —

R x +— x,(¢). The law of z;(e) (under II.) is denoted by P. It is known
that under (1.7) ¢(e) is continuous for all s almost surely. Further we have

ProposiTiON 1.2 (Léandre [24], Proposition 11). — Suppose that there exists
C > 0 such that forall j = 1,---,m

)

det (I + C(%Xi(ﬂ))

Then, for all s and x, (&,(c)) ™ (w) exists almost surely.

(1.13) inf
(¢/e)€suppy. z€R?

> C.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



ESTIMATE OF TRANSITION DENSITIES 185

We remark that (1.13) is satisfied if the Jacobian matrices (g—ZX j(x)) are
anti-symmetric, or, € > 0 is sufficiently small. Under (1.13), ¢s(¢) defines
a flow of C'*°-diffeomorphisms which is bounded in the sense that for all
p > 1 and all multi-indices (o)

5 H(@)
(5| (Gt

(1.14) and

IO !
E[(zlgs) e <5;<Pu(€))

for some constants Ci((a),s,p,e) and Ci((a),s,p,e), which depend
only on («a),s,p,e and the uniform norm of derivatives of all orders
of Xo, X1, -, Xm (cf Léandre [24], (1.9), (1.11)).

For ¢ > 0, let v = v, be a C*-function : R — [0,1] with compact
support such that it is equal to (?/¢ in a neighborhood of the origin.
Let t — K,(z,€) be the stochastic quadratic form associated to {z(e)}
defined by

(115) Ko e)) = 3 S r@5.0{ (o) Koo te, )

j=1 s<t

)] < Ca((@), 5,,¢)

)] < Cl((@),5,,¢)

We remark
d ! o s -t
(i) = (o) (£ G ioms) )
T =
(cf- [24] (1.13)). We have

ProposiTioN 1.3 (Léandre [24], Théoréme 13). — Suppose that the
assumption (1.13) holds. In order that the law of z,,(x) (to > 0) possesses
a C density, it is sufficient that for all p > 1,

(1.16) El|(K¢, (z,)(-)) 7] < +o0.

We put Fy(z) = (Xlw-me)(r)sz(ﬂf) = [Fo1, (X1, -, X)) () U
Fy_1(x), =2,3,---. Here [X,Y](x) denotes the Lie bracket of XandY
at x. We assume that there exists some integer N such that

1.17 i 2
(1.17) i, > (Ve
YeFN (.’E)

It follows from Théoreme III.1 of [24] that (1.17) implies (1.16). We remark
(1.17) is stronger than (1.7). We denote by p:(z,y,e) the density of the

Vol. 33, n® 2-1997.



186 Y. ISHIKAWA
law py(x,dy.€) of x,(e). The semigroup corresponding to (p:(2.,y.€))i>0
has the generator A® in (0.3). Our main result is the following

THEOREM. — Assume (1.17). As ¢ tends to 0,

a

(1.18) lim i(l}lf&l()g’])l (x,y.e) > —dp " (z.y)
(1.19) limsup e log py (x,y,€) < —d7=T (z,y).
e—0

If in particular Xo = 0, then we have

o

(1.20) lin‘(l)elogpl(:z;.y.a) =—dy ' (2.y).

The proof of (1.18), (1.19) will be given in Sections 2 and 3 respectively.
The last statement follows by the remark just above Lemma 1.1.

The next lemma (continuity lemma) plays an important role in proving
the upper bound (Lemma 3.5).

LemMA 1.4, — Let h € W51 and let y,(h) be the solution of (1.6). For
e > 0 let x,(¢) be the flow defined by (1.12). Fix K > 0 and R > 0. Then
there exist g > 0.1 > 0 and C > 0 such that for any € € (0.¢)

(1.21) P{sup|z] — hy| < r.supla.(e) — ys(h)] > R} < Cexp(—K/e).
s<t

s<t

Here r > 0 depends only on [[A]| (1 2. The proof of this lemma will
be given in Section 6.

2. LOWER BOUND

We denote by y.(h) the curve defined in Section 1, and by ®, the
mapping h — y;(h). In this section, we prove the following

PROPOSITION 2.1. — Assume that there exists h = (hy, -+, h,,) € WhaT
such that y,(h) = y and that @, is a submersion at h. Then

(2.1) lil“llﬂi(l)lf elogpi(x,y,e) > —d? (x,y).
Given 1 > 0. We have only to show

(2.1) elogpi(x,y,e) > —(1?(.’1),:1/) —-n

Annales de Ulnstitut Henri Poincaré - Probabilités et Statistiques



ESTIMATE OF TRANSITION DENSITIES 187

for small ¢ > 0. Given h € Wha=T satisfying the assumption, we denote
by Z:(e) the process defined by

di(e) = 3 X, (@ (€))(d25, + dhsa) + Xoliu(e))dt

By P we denote the law of 7.(e). Then we have a transformation of
measure P’ and P (Girsanov transformation for jump processes) as follows

(cf. [14], p. 149); Let a(s) = 4L(h,). Then

(2.2) dP = exp{—é (Z /0 1 cxj(s)dz;s>

j=1"

=y ds{o(s),h) - H(a(s) ) far.

Hence the law P is uniquely defined up to h. Further, we have

m

Elf(a1())] = E[f(i’l(e))exp{ - 1 (5.

J=1

= dsia(s). ) - H(a()) }].
for f € C°(RY).

Let (fn;n € N), f, € C5°(R?) be a series of non-negative functions such
that f,, — 6(0y. Let ¢ € C§°(R?) be a cut-off function such that 0 < 1) < 1,
¢ =0in {|z] > n} and ¢ = 1 in {|z| < 1}. By the Girsanov we have

Elf.(x1(e) = y1(h))] > exp [—é(/:L(hs)ds)}

X E[f"('i:l(E) —ys(h)y (i::l /(;1 (1,7‘(5)01235‘,5)

conf-HE [ o)

J=1"

Vol. 33, n°® 2-1997.



188 Y. ISHIKAWA

because L(q) = sup,[(p,q) — H(p)]. Since y1(h) = y, we have
pi(w,y,€) = lim E[f,(1(e) — y1(h))]
> exp| ~ (05 (o) + 20

xi%E{fn( 1(e) = y1(h)) <Z/ a;(s)dzs, >]

We put u,(e, h) =z + %(is(s) —ys(h)), e >0and z5, = #zis, e > 0.
Then u,(e, h) satisfies

(2.3) dus(e, h) = ZX] (us—(g,h),s,€)dz; , + Xo(us(e. h), s, e)ds
. ot

uo(e,h) =z
where
Xj(@,s,¢) = Xj(Vex" +y,(h)),
Xo(z',5,¢€) EZT (\/_:B +ys(h)) - Xj(ys'(h)))i"j,s
+ E{Xo(?/s(h) + Vex') — Xo(ys(h))}.

We write ¢4(e,h) : R — Rz — u,(e, h), which also defines a flow of
C°°- diffeomorphism. We have properties as (1.17) also for ¢,(e, h). That
is, for all p > 1 and all multi-indices («),

E[(Ztg (g(ji)%(ﬁ h)) )P] < Co(a), 8,p,€),

a(n) 9 1
| (sup| S (G onte)

for some constants Cs((),s,p,e) and C4((«),s,p,e), which do not

(2.4)

)] < Cy((@), 5,,¢)

in law

depend on x. Since éj %zj — wjs as € — 0 (¢f. (1.4)), we

have wug(e, h) inifvus(O,h) as ¢ — 0 where uy(0,h) is the Gaussian
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(non-degenerate) diffusion process given by

'du (0,h) = ZX (ys(h))ows ;
(2.5) { + Z:L: ( us(0.1))dh;
(al us(O,h,))ds
L u0(0,h) = z.

By the assumption (1.20) wu,(0,h) —z possesses a C°°—density
qs(x,0,h)(z) such that ¢;(x,0,h)(0) > 0, since it is Gaussian.
Then we observe

1
p1(z,y,€) Z<3Xp[——( di " (=, y)+271)] —d/2

% hmE[fn(ul(a h) - z) w(fZ/ (), )]

Let p(x,¢) be the measure associated to f — E[f(ui(e,h) —

x) p(Veyioy Jo i(s)dz5 )], t > 0. We can show the Malliavin quadratic

form K;(xz,e,h)(-) associated to us(e, h) satisfies

(2.6) sup E[|K;(z,e,h)(")IP] < C(p,F) forall p>1, t>0
heF
£€(0.1]

for any compact set ' C Wha=T (cf. [24] (1.16), [23] (1.17)), and
hence i (x.¢) posseses a C* density ¢;(z,e,h)(2) at z € R?. Since
W(\/_Zm / s)dzs ) — 1 as ¢ — 0, we have only to show

(2.7) q1(x,e,h)(0) — q1(x,0,h)(0) >0

to get the lower bound.
To this end we have to show

(2.8) E[f) (uy(e, h)] = B[ (ua(0, )]
as ¢ — 0, for all f € C5°(R?) and all multi-index «. Here we have

PROPOSITION 2.2. — Integration-by-parts formulae hold:

(2.9) E[f“)(ui(e. h))] = E[A) (e, h) f(us(e, h))]

Vol. 33, n- 2-1997.



190 Y. ISHIKAWA

(2.10) B[ (u1(0,h))] = BIA™ (0, 1) f(u1(0. R))].
and we have
A (e, h) — A0, )

in law as € — 0.

By this (2.7) follows. We prove this Proposition in Section 4. This
completes the proof of Proposition 2.1.

Remark 2.3. — Our procedure of passing ¢ — 0 in (2.3) may be regarded
as “concentrating on small jumps” in view of (1.2), (1.3). Instead, there is
another way to pass to the diffusion process from the jump process; namely
a — 2 (see Bismut [9], p. 63, Remark 3 and [7], p. 187, Remarque 2).

3. UPPER BOUND

The object of this section is to prove the following

ProrosiTION 3.1.

(3.1) limsupelogpi(z,y,e) < —da=7 (x,y).

e—0

Let p : R — [0,1] be a C*° function, and let u(p,¢) be the measure
associated to

(3.2) f = Elp(x1(e)) f(21(e))]-

As in Section 2, we can show the measure ;(p, €) possesses a C> density

which we denote by p,(z,y, ). Then py(x,y,e) = p,(x,y,¢) if p(y) = 1.
Let n > 0 and ¢ > 1. To obtain the point-wise upper bound, we may

assume supp p is compact by the argument above : F' = supp p. Here
we have

PrOPOSITION 3.2. — Let F' C R? be a closed set. For any n > 0 there
exists €9 > 0 such that for 0 < € < gg

(3.3) elog P{x1(e) € F} < — ilellfrdﬁ(:lr,y) + .
Y

The proof of this proposition will be given just below. By this proposition
we have immediately, for 0 < ¢ < &y,

(3.4)
u(p,f)(f)ﬁlifllooeXPG{— inf ﬁ(av.,y>+n}), f e OFRY).

Y€ supp p

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



ESTIMATE OF TRANSITION DENSITIES 191
However, to obtain the upper bound for the density p,(z,y, ), we have
to show further that

PROPOSITION 3.3. — For 0 < ¢ < €y, for all multi-index o and q > 1, there
exist C(c,q) and M(«,q) such that

1(p,€)(D° f) < Cla, @)™ ™MD fl
(3.5) X exp(i{— inf  d=7(z,y) + ”I})»

£q y€ supp p

f € C(RY).

Indeed, Proposition 3.3 easily leads

1 o
(3.6) ﬁ,,(x,y,s>sc<q>s—“<q)e><p(—{— inf dﬁ(x.,y>+n}),

£q yE€supp p

for all ¢ > 1, and we have the conclusion of Proposition 3.1.
First we give the proof of Proposition 3.2, and after that of Proposition 3.3.

Proof of Proposition 3.2. — We first show

LEMMA 3.4. — Given any closed set E in (D(I), p), for any n > 0 there
exists €9 > 0 such that

1
(3.7) elog P{z.(¢) € E} < — inf {/ L(i'zs)ds} +n, 0<e<e.
0

y-(h)EE

Then the conclusion of Proposition 3.2 follows if we put
(3.8) E = {ys(h) € D(I);y1(h) € F},

which is a closed in (D(I), p).

Proof of Lemma 3.4. — We may assume

1
inf {/ L(h,,,)ds} >0
y.(MeE | /o

(otherwise the assertion is trivial). Choose

1
0<r< inf {/ L(izs)(l,s}.
y-(MEE  Jo

Then E' is disjoint from
1
d(r) = {y.(h); / L(h,)ds < r}
Jo
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Since ®(r) is compact (cf. Section 1, [11], Proposition 3.1), there exists
¢ > 0 such that p(z.(g), ®(r)) > ¢ for z.(¢) € E. Since

o1
r< inf {/ L(hﬁ)ds}
y.(h)EE Jo

is arbitrary, we have the assertion by the next lemma.

LEMMA 3.5. — Given any ¢ > 0,7 > 0 and n > 0, there exists g > 0
such that for 0 < & < g,

(3.9) elog P{p(z.(e),®(r)) > ¢} < —r + 2n.

Proof Let M(r,c) = {y.(h); p(y.(h),y.(h")) > ¢ for all y.(h') such
that jo Nds < 7'} Then [p(y ( ), ®(r)) > ¢ <= y.(h) € M(r,c)].
Since <I> = {h; fo (hy)ds < r} is compact (in (D(I),]| - |leo))s there

exist hl, -~ hy € ®(r ) such that ®(r) ¢ [JV L B(hi,a) =U; B(h,a) =
{5 ||h - h//“oo < a}. Then y.(h;) € ®(r) and

(3.10) {=f EU}O{I( € M(r,c)}
C U{uzé — hilloe < @, p(z.(€),.(hi) > c}.

By Lemma 1.4 (continuity lemma) with ¢t = 1, K = r — n + 1, we have,
for some ¢; > 0, > 0 and ¢ > 0,

(3.11) P{zf €U x.(e) e M(r,c)} < NCexp<—§>

for 0 < € < ¢;.
On the other hand, it follows from (1.11) that, for some 5 > 0,

(3.12) elogP{zf ¢ U} < —r+ g for 0<e<ey.

Choose 0 < € < min(ey,e9). Then by (3.11), (3.12),

(3.13) P{x.(e) e M(r,c)} < P{zF ¢ U} + NC’exp(—é)

T K
< exp(—~g + %) + NCexp(—?>
r o 2n
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since K = r —n+ 1. Choose € > 0 small, and we have the assertion.

Proof of Proposition 3.3. — The proof is rather delicate and is carried out
in a similar way as in [24], but it is more tedious in our case. We shall
devide it into four steps.

(Step 0). — Let K;(-) = K;(z,¢)(-) denote the stochastic quadratic
form at ¢ = 1 associated to x,(e) ((1.14)). Let (fi,s € I) be a family
of functions : R — R with some index set I. For n > 0 small we write
fi(n) = 0i(1) if lim,_o f;(n) = O uniformly in 4, and f;(n) = 0;(n>) if
(fi(n)/n?) = 0;(1) for all p > 1. In case that f;(n) is a random variable
filw,n),w € Q, we say as above if there exists a subset ; of probability
1 such that sup,cq, ier fi(w,n) = 0i(1).

In view of the integration-by-parts formula ([5], Section 4), we have

(3.14)
p(p,)(D* f) = Elp(w1()) D f(a1(e))] = E[J (e, p) f(m1()))-

Hence

14(p, €)(D* £)] < (I flloo (B[S (e, p)P]) VP (P{1 () € supp p})'/e,

where
[7i (e, p)] < CIKT (x, ) P|Q (e, p)]
with
sup E[|lQ%(e, p)I'] < 400,  p>1
eE(O,l]

(c¢f. [7], (4.50), (4.91)). Hence it is sufficient to show, for all p > 1 and
e € S,

C'(a,q)

- -1 P —— 17
(3.15) E[IK{ (e)]] < M (a,q)

e €(0,1]

1 1
W 1 1 1.
here » + g 1

To get (3.15), fix p > 1, e € S?~1. Here we introduce a new parameter
v = 7(e) = Jz. Note that y(¢) — 0o as e — 0. We shall show

(3.16) P{K7'(e) > v"n7'} = P{K,(e) < YV} = 00 (%)

for some integer N.

1
YN0

aQOk,YNn -1 1 _ 0o
<T >T—] = 0k,(n™)

(Step 1). — Choose arbitrary integer k < Since

(3.18) P{ sup

k< —+
= 4Ny
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(cf. [24], (1.11)), in order to get (3.16) it is sufficient to show, for some
r > 0,

(319) P{K(k+1)'y-’v77(é) - Kk’y-”n(é) < (7_17\777)74/fka,’”71} = ()e,k,s(l)

where ¢ = |(_a¢g;‘v”)_l|‘1c.
To get (3.19) it is enough to show
(k1)
(320) P{ |:/ (181((7—N,])—r1 ,00)
JkyNn

" </ dvs(e, "”‘”Y‘N'f/)(’u)ﬂ
Jul>(=Nn)r

< (71\.'”)73 /fkw'ery} = ()t’.k.s(l)

for some 71 > 0,75 > 0,71 > 7o where dv,(u) = dv,(e, k, vV n)(u) is the
Lévy measure of AK¢(e) given Fy v, (i.e. dsx dvy(u) is the compensator
of AK, (&) with respect to dP). Indeed, since

R R T C)

kyNn<s<t

ot .
- [/ ds / (e7! - 1)(1,1/5('11,)”
ey sV

is a martingale (given Fj.~,), we have

P{ > L((y- o) (AK(€)) = O/]—"M,,v,,,}

RNy Ss< (kD)7 Y

t o
< E[exp[/ ds / (e7! — 1)dl/5(’u)}
Jivn Jui> (-
(k1)
: {w; {/ dsl((4-Nuy)=r1,00)
JkyNn
<( )| > oy 7|
Ju>(y=Nn)
ot .
+FE [exp [/ ds / (e7! - l)dl/s(u)}
JhyNn oS> (v Na)r
((k+1)7 Yy
: {W% V Al rie
. k"Y‘NU
<( )| < oy b
Jul>(y=Nn)r
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By (3.20), R.H.S. is inferior to

ot

Ocke(l)+ E [exp[ ds/ (e — l)dvs(u)]
Sk Ny [u]>(y=Nn)"

~(k+1)7N n
: {‘*’?/ AS1((4=5 )=t o0)
Jk

ANy

X (/ dus(u)) > (T]'YAY)"‘Q}/FIQ.A/N"]
Sul> (=N

< 0epe(1) +explle™ = (™)™ x (v Vn) )] = 0cc(1),
since yN(r2H71) x 2= o0 ag ) — 0. Hence we have (3.19).

(Step 2). — Next we show (3.20). For each vector field X we put the
criterion processes

. -1
Cr(s.X.e,k.e.n) = << (ﬁ“(c)) X(:z:s_(&)),é>,
(3.21) m
Cr(s.e.k.e.n) = Z |Cr(s, X, e k.e,n)

J=1

for s € [kv¥n.(k + 1)y n]. By dv/ (Y, e, k,e.n) we denote the Lévy
measure of Cr(s,Y.e, k., e,n). To get (3.20) it is sufficient to show that,
for given 7 > 0 there exist integers n = n(n),n; = ni(n), such that

(k+1)7 Y0
(3.22) P{ / dsliy-~ 0oy (Cr(8, €,k €.m))

J Ry Ny

< (mN)'"'/fwv.,,} = 0c p.o(1).

Indeed, consider the event {Cr(s,e.k.e,n) > ¢ > 0,5 € [kyNn, (k +
1)y™n]}. Then we can show

(3.23) / dvg(e ke, n)(u) > Cop~ /2,
Ju|>(y=Nn)

for n < (eyM)™ for some 1 > 0 (cf. [24], (3.16), (3.18)). Here we can
choose r > 0 such that C.p=°"/2 > (y=Ny)~"1 for 5 small, so that

(3.24)
“(k+1)7Nn .
/ 5L ((3=Nm)=rt o0) (/ d”~(67/<776-/n)(“)> > (yNn)"
Jul> (=)

JkyNn
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for some 7, > 0,7, > r;. Following (3.22), the probability of the
complement of this event is small (= o, x (1)), hence (3.20) follows

(Step 3). — To show (3.22), note that it is equivalent to

(k+1)y" 7
P{/ dSl((A’,—N,,)u‘OC)(O’I"(S,6,]%’,6,7]))
k

JkyNn

> (7]7N)""/FMN,]} =1—0cpe(1).

(3.22)

The process Cr(s, Y, e, k,e,m), where Y is a vector field, has the following

decomposition

(3.25)  Cr(t,Y.e k,e,n) = Cr(kv™n,Y, e k,e,n)

+ Z ACr(s, Y, e k,e,n)

kyNn<s<t

+ /A::NU{A(S.Y,@,ls:,s,n)
¥ < (%—ﬁj(@)_I[XO,Y]<:L-S<6>>>}ds

for t € (kv™n,(k + 1)y~n). Here

(3.26) A(s,Y, e, k,e,n)
Iy
{1+ 52 (sz:.s-<s>)¢5<)_l
< (Ylaee) + X, o @)
=Y () = (X V(- (DVEO a0

Al

ZZNNWQQ denotes the compensated sum so that this term is a martingale
and g.(¢) is the Lévy measure of z5 s(cf. Section 1 and the beginning of
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Section 4 below). If we denote by F;, the mapping
s,
2 e, | ——
an) cm (o (%20)
¢ !
. {(1 ' 8—y;(avs_«-:))ﬁc)

X (Y (&0 (€) £ X, (e (£))VEC)
Y (aa(e)) - [X]»,n(xs-(s)wéc)}}

¢ ox
estimate the term Cr(s,[Y, X|], e, k,e,7n) to estimate dCr(s,Y, e, k,e,n).
Note that if we assume

then 2522 (0) = 'y‘1<é, (a%" (s)>_1[Xj, Y](:z;s_(s))>. Hence we have to

(3.28) dolCr(s, [V, Xl e ke, m) 2 ¢ (>0),
7=1
then we can show there exist 4" > 0,7} > 0 such that

(3.29) / dvi(Y,e,kye,n) > Cn~/?
Jlul2n

for n < (ey™")™ and

(3.30) l<%(€)>_ll : I(%ﬁ(d)ﬁ

for s € [kv™n, (k + 1)vyNn] (¢f [24], (3.28), (3.29)).

Let IV be the maximal degree of degeneracy of Lie(X1,- -+, X,,) on R?
(i.e. the subalgebra consiting of the Lie brackets up to order N spans the
whole space at each point, ¢f. (1.17)). Let Y be an arbitrary vector field
in this subalgebra. We have the following

~1
< ()™

LEMMA 3.6. — If there exist integers n = n(n),n; = ni(n) and a stopping
time T = T(k,e,e,n) € [kyVn, (k + 1)y n] such that

(3.31) P{fm. all s € [T, T + (vVn)™],
_:1 <(M%E,N@)ﬂ[Xj-,Y](:z:s_(e)),eT>

> (), T+ (V) < (k+ 1)(7N")/fT}

=1- Oe,k,e(n)v

’Y‘l
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then there exist another integers n' = n'(n),n} = n)(n) and another
stopping time T = T'(k.e,e,n) such that

(3.32) P{for all s € [T",T" + (v¥n)™].

\<(‘ij"<>)y<<>)>‘ > <»y-f*'n>"’/fp}

=1-0c1:(n).

and
(333)  P{T.T + ()" C[T.T + (vVn)" ]} =1 = 00 s-(n).

Here we put ep = |(%£2(e)) " L.

Granting this lemma for a while (the proof will be given in Section 5),
we observe that, for r = 1.---. N

s

(3.31) P{ for all s € [T.T + (vVn)"].

<(‘ff <>)[Xu<<>>>

> (v ) T () < (h+ 1)(’7‘\"'/)/ﬁ}

=1-0ck:(n)

m

v

implies
there exist ' = n'(n), n{ = n/(n) and T" such that

(3.32) P{ for all s € [T",T" + (v"n)™],

<(%“i<>)Y<(>)T>j

> (’Y_‘\V/)”I/}_T/} =1- Oe.k,E(”/)’

—r+1

and satisfy (3.33). Iterating (3.31) = (3.32)’, we have, for a vector field
Y which has the order N on its Lie brackets,

(3.34) P{ for all s € [T.T + (v¥ )™,
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<(8gps 6)> —1[Xj, Y](2-(¢)), €T>

> (v‘Nn)", T+ (V)™ < (k+ 1)(7Nn)/7-":r}

=1- Oe,k,s(n)a

implies

there exist integers n” = n"(n),n] = n}(n) and T” such that
(3.35) P{ forall s € [T, T" + (v )™,

> <(%’f@)_les-(e)),eTuN

J=1

2 (,Y—Nn)n///]:T,,} =1- Oeyk,g(n>7

and
P{T", T" + (¥ )™ C [T, T + (¥ )™ ]} = 1 — 0o 4. (n).

We remark that the assumption (3.34) is verified for some Y,n = n(n)
and n; = ny(n) by the assumption (1.17) in view of (3.27), and that
(3.34) implies (3.28). Hence we have (3.35) which implies (3.22)'~granting
Lemma 3.6, and we finish the proof of Proposition 3.3.

We will give the proof of Lemma 3.6 in Section 5. This completes the
proof of Proposition 3.1.

4. PROOF OF PROPOSITION 2.2

The proof of this proposition is also a bit long.
[A] Integration by parts of order 1.

Let v(¢) be the function appearing in (1.18), that is v(¢) ~ (?/e
for |¢| small. The symmetric Lévy process z; = s (cf. Section 1)

has a Poisson-point-process representation Z5s = fo f CN £(dsd(), where
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N£(dsd() is a Poisson counting measure on R associated to 2§
mean measure

with the

7,8°

(4.1) ds x g.(C)dC = ds x }%g(%)dc

(¢f. (1.3)). We denote by P€ the law of 25, j = 1,---,m.
Recall that (¢f. (2.3)) the process us(e, h) is given by

(2.3) dus(e,h) = Z Xj(us—(g,h), s,€)dz} ; + Xo(us(e, h), s,€)ds
. o
uo(e, h) = z.

We follow [5], Section 6. Let v = (v1,---,vn) be a bounded predictable
process on [0, +00) to R™. We consider the perturbation

0} : G G+ Ve,  AER, j=1,m

Let N M€ (dsdC) be the Poisson random measure defined by

//¢ QN (dsdC) = //qb@’\ Q)Ni(dsd(), ¢ € CO(R).

We put 5’\6 = fOthN“ (dud(), and denote by P its law, j = 1,---,m
Set AX(Q) = {1+ AVar/(veQu,} 228 ang

(43) Z)eh) = exp [i{ / t [ 1088365 asdcy

) / ds / (ANG) - 1>ge<<?f>d<f] }

Then Z}(e, h) is a martingale, and P*< has the derivative

dPA,e
dps

(4.4) = Z}e,h) on F, ..

where F;. denotes the o—field generated by 25,7 = 1,---,m (cf. [5],
Theorem 6-16, Bismut [7], (2.34)).
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Consider the perturbed process u) (e, h) defined by

43) dul(e, h) ;X i(ul_(e,h),5,6)dz)5 + Xo(ul(e, h), s,€)ds

uy(e,h) = x

Then B [f(ui(e, )] = B [f(u(e, )] = ™ [f(w}(e, 1)) 2], and
we have 0 = ZEP"[f(u}(e, h))Z)], f € C°(RY). By the chain rule,
for |A| small, we have

ou (e, h)

o (e, 1)) = Daflud (e, my) - 2ER),

f € G (RY).

We have for A = 0
(4.6)

UA
EY" D,Df(ut(a,h)).8 ¢ i (e,h)} S [ (uqle, h»daA

2NN

]

First, by Corollary 6-17 of [5], we may differentiate Z}' with respect
to A to obtain

(4.7) Ri(e, h) = 9 Z*|A -

Z//dw {g:( gZJ(ZJ Ve ) HG)

X {st(deC]) — dsg-(¢;)d(;}-

Here

/ /dlv {9:(") v Cf)}(CJ){NE(d d¢;) — dsg=(¢;)d¢;}

o\ 9e(AZ5))
= Vev; -V (VeAZS ) + vj - v(VeAES, e—fé},
Z{ ! o) i > gE(AZJE',s)

s<t
and {---} in RHS. ~ (2 + (-1 — a))(v;Az5,) as € — 0, since
9:(¢) ~ (Kl) 1= for |¢| small (cf. Section 1). Since 2, — wjs
in law, Rt(a h) = (1-a)3T, fot vjbw; s in law.

Next we compute H}) = H}(e,h) = a,\? uy is differentiable a.s. for

[Al small, and its derivative at A = 0, H;, = H?(e, h), is obtained as the
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solution of the following equation

H, zi{Z@é (s, s, h))Hs_Aéjs

=1 " s<t
D IEARIEIVECR]
s<t
aXO(us ,8,h)H,_ds
o Ox

(cf. [5], Theorem 6-24). Namely, H, is given by

(48) ¢y > w(VeAR))

j=1 s<t

| (Gpon-tem
x {Z(I ¥ %xj@s_(e,h))m;s)_l}

=1

X X (e (c. h>>}vj<s>

(¢f. Bismut [7], (2.47), (4.62), [5] (6-37)). Here Z;Q denotes the
compensated sum (cf. [7]), and ¢} denotes the push-forward ¢;Y (z) =
(d“" (e,h))Y (z), that is, ¢} = (d“" (e, h)). We will also use the following
notation; ¢;~' denotes the pull back

P17V (2) = (%mfs,h))_lwut_(e,h)).

where

(%wt(&h))l

- (%¢t(e, h)) - {i (I + %X‘j('m_(a h))Afj_,) B }

1=1
(cf. remark just below (1.15)). We remark H; is the Fréchet derivative
of us(e,h) to the direction of v;. Observe that as ¢ — 0 H,(c.h) tends
in law to

m

(49) (3 [ @)@
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where ¢? : z — y,(h). Indeed, since v has a compact support and
v(¢) = ¢%/e if ¢ is 1n a nelghbourhood of 0, we may assume
v(VeAzs,) = (fAz]s) (Az5 ). In view of that Az5 — dw;,
in law, and that (Awj)* = Alw,]s = As, we have (4.9) (cf [6] (1.13),
(2.14)). Remark that we can regard H, as a linear functional : R? — R
by (using the above notation)

(4.10)
(Hy,p) <90t Z ZV(fA5 **lXj)(fU)vj(s),P>, p € R

Further the process v; may be replaced by the process v; with values in
T.(R%), which can be identified with the former one by the expression
v; = (9;,9),q € R%. That is, v; = 9;(q).

We put

/= (-1 g0 <e,h>)_1Xj<us_<e,h>)

in what follows, so that v; is predictable. Using this expression, H, defines
a liner mapping from 77}(R%) to T,(R?) defined by

(411) g+ Hyq LPIZZ (VEAZ ) (@' X;)(2)05(q).

7=1 s<t

We shall identify H;(e,h) with this linear mapping. (In the sequel we
shall use the notation (¢} ™'X;)(x) = (& ¢,_(e,h)) "1 X;(us_ (e, h)) for
simplicity.)

Let K; = K(x,¢, h) be the stochastic quadratic form on R? x R? which
is essentially the same as what appeared in Section 2 :

m

Ki(p,a) = > > v(VEAZ ) (03 X,)(@), p) g, (91 X;) (2)).

1=1 s<t

We put, for 0 < s < t, K,; = K, 4(-,-) be the quadratic form

Korlp,a) =) D v(VEAZ)((0i1X;) (@), p){a, (02 X;) ().

7=1 s<u<t

That is, K; = K, ;. We remark that by the similar reason as above, K, t
tends in law as ¢ — 0 to K?, defined by

(112) Ko p)= Y / dul((92) X, (), D)0 ((02)* X, ) ().
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It follows from (2.6) that

(4.13) sup ||H;'(e,h)|€LP, p>1, t>0
heF,€(0,1]

for any compact ' ¢ Wha=T. By the inverse mapping theorem we can
guarantee the existence and the differentiability of the inverse of H}(e, h)
for || small, which we denote by H," ™' : H}™' = [H) (e, h)] 1.

Using the identification above, we can carry out the integration-
by-parts procedure for F}(e,h) = f(u}(e,h))H;""'. Recall we have
E[F)(e,h)] = E[F}(e,h) - Z}]. Taking the Fréchet derivation % |x—o
for both sides yields

(4.14) 0 =E[D, f(us(e, h))H; " Hy)

" E[f(ut(e,h)) 0

oA

| + Bl tute i R
A=0

Here % 2 H)M! s defined by

9 a-1 )\ _ / a1 9 g A -1
<0)\H >_trace [e»—>< H; d)\H "VHP e |,

e € R?, where ZH} is the second Fréchet derivative of u}(e,h)
defined as in [5], Theorem 6-44. We put DH, = %HN,\ZO, then
2 H} oo = —H;'DH,H;". This yields

(4.15) E[D, f(ur(e, )] = E[f(usle. h))A (e )]

where
A (e h) = (H7'DHH = H{ ' (e, h) Ry(e. h)}.

Since H(e,h) tends in law to

(a—l)(so?)*Z/o ds((02) XN @) {(()* T X ) ()= (a= 1)) R
j=1
(cf. (4.9)), H *(e,h) —
(4.16)
HY(e,h)Ry(e,h) — =K ()~ IZ/ N =X ) ()duw)

o= 1)K0 1)V in law as ¢ — 0. This implies

in view of (4.7) (cf. [6], (4.30)).
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Lastly, we compute H; 'DH,H;'. Observe that DH, satisfies the
following SDE

(4.17)  DH, = i H Z (8;)2 (ts—, s, h)H,_

7=1 s<t

+ P sl 5_>A5§79

ox ox
0X,; e
+ a—z_](us—>sv h)V(\/gAijs)’vj(S)
0X;
+ — o —(u,_, s, h)A }DHS_
+Z{ (ws—,8,h)H,_
s<t

X, VA (VA o)
V(YRR o)

+/0 {82 (us, s, h)H,

- X;(us—,s,h)

=1
X y(\/ECj)vj(s)d(j}DHsds
DHy =0

(cf. [5] (6-25), the proof of Theorem 6-44). By the argument similar to
that in [6], p. 477, we have

(4.18) DH; = ngt{za LX) (2)H, s V(VEAZS )u;(s)

“EE (s
§<j LX) (o >vi<u>,vj<s)1>u<\/éas;u>
+WZ LX) (@) (VEAZS,)
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S vj<s>u<¢’e‘m;,u)vj<s>}
0 *—1
- Zwt {Sta-v (e

s<t

m

x> @ Xa)(@), (937 X)) (@)],

u<ls i=1

(@:-lxixx»u(mz;u))
+ Z Z(a = 1)°v(VeAZ ){(4:

s<t i=1

Za (¢ X0) (@), (5171, (@)

(~*_1X' (':U >V(\/—A2§,u)
FVE (@) @) (VEDE,)

s<t

x v;(s y(\/_Az v; s’)}
-1 H{ MO vt vens;,)

= s<t

+> M - (t, 5,6, h)v(VeAZ,)

+ > MII (s, e, hyu(VeAZ )} (say).
Here
(4.19)

sup 1S w(VEAE IMI (e s, e )| € LF, p>1, i=1,23
heF,e€(0,1] [

for any compact set F' C WLa7 j = 1,---,m. Indeed, we have
SUD,¢ (0,4, he F,e€(0,1] HM]»I’(D(t,s,e h)|| € LP?, p > 1 by (4.13), the uniform
L? —boundedness of (3;0() syu(e, h)) and g< (i) ((;zapu(e h))~! (2.4). Further
by the assumption on v(¢) ((1.18)), we have ZSQ (VeAzs ) e L, p>1
(cf. [7] (4.22)), which implies (4.19) for cases ¢ = 1, 2. The case for i = 3
follows since the factor \/er/(y/eAZ5,) tends to O in law while others
remain bounded.
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Hence H, DHtH tends in law as ¢ — 0 to

(4:20) K?’—l(ﬁ)*‘lé{(w?) [ as( e x)w

x Z [ a0
<)@ (6 X)) )
R / as ({6,
« [ dog e X)),

x (wS*-IXJ)(m)}(soS*-IX»(x»)}
x K7 (p?) 1

We put
M}V (t,5,0,h)
= —.wﬂ**xj)(x)i: / o
X (L0 @), (0 X)) @), (o ) ),
and
M>D(t,5,0,h)

= (X)), [

gl X)), (@M XE) )

j=1,---,m,

which are in L? p > 1 (cf. [6] (1.4)). Here the term for M3 (1)(75 s,e,h)
tends to 0 as € — 0 by Fatou’s lemma.

Combining (4.16), (4.20) (t = 1)

(4.21) E[D, f(u(e, k)] = E[f(ui(e, h)AD (e, h)]
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208 Y. ISHIKAWA

where

(422) AP, ) KD ()

XZ/ * 1X )6’11}]‘73
+K0 —1 * IZ((pl

1
></ {M7PD(1,5,0,h) + MM (1,5,0,h)}
J0O
X ds Ky (D)

On the other hand, recalling the definition of u,(0,h) (cf. (2.5)), we

have the integration-by-parts setting for diffusion processes, by Bismut [6]
(4.14) with Y = D,, that

(4.23) E[D, f(u(0,h))] = E[f(u(0, h)).AM (0, )]

where

m

1
424)  AD(0,n) ZKO‘l 0 1/ ("7 X)) ().«

m

+ > KT T @)
j=1

1
></ {Mjl"(l)(l,s,(),h)
Jo

+ MO (15,0, h) s KD (),

This leads our assertion of order 1.

[B] Integration by parts of order 2.

We identify the second derivative D2 f(z) with the tensor (matrix)
(p,q) = (Dif(x)p,q), p. q € R

We devide the interval [0,1] into [0, 1) and [1,1], to avoid iteration of
integration by parts on the same interval (integration by parts by blocks,
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cf. [7], Section 4-g)). By the result in [A] and by the strong Markov
property of us(e,h), we have
(4.25)  E[D3 f(ui(e, h))]
= E[E"?[Dy f(u1/2(¢, h))]
x {Hy5(e,h)DHja(e, h)Hy ), — Hy (e, h)Rija(e, h)}]

where E” denotes the conditional expectation with respect to trajectories
starting from z. Here

(4.26)  E™2[D, f(uy2(e, h))]
= E[f(ul(e, h))

X {[(wl 0 p1/5) Kijoa]l (w1097 ))"

x> Y {u(VeAzE )M (1,1/2,5,¢,h)

J=11/2<s<1
+u(VeAz )M P (1,1/2,5,¢,h)
+u(VeAz )M P(1,1/2,5,¢,h)}
x [(¢10 <P1_/12)*K1/2 7!

- [ (@ =1)(¢1 °<P1/2) Kyj2a]™

//2/dlv {gE(ZJ(CJ\[)}(CJ)

>< {N;<dsd<,») - dsau(G)ac) .

where we put
(427) Mjl’(2)(t27t178787h)

= 2617 X;)(@)

XZZ [(0n7" Xi) (), (@271 X;) ()],

=1 u<s
(@' X)) (@) (Vedz,),
M2 (2)(t2,t1,8 3 h)
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S el X)), (1 X))

u<s

X V(\/EAEZu),
MPP(ty,th,5,¢, k)
= Vel X)) (@) (VEAE,)
X (@37 X)) (@), (@571 X;)())

for 0 < t; < to < 1. Here we have similarly as in (4.19)

heF,e€(0,1] t<s<ts

(4.28) { bl 2o VVEAEIM e s e D€L

p>1, i=1,2,3

for any compact set F C¢ WhYa=T j = 1,---,m. We let ¢ — 0, then
R.H.S. of (4.26) —

(4.20) E[ﬂul(o,h»{ 001 (0 271"
X Z(so? o)
7=1
1
(M) (1,1/2,5,0,h)
1/2
+ M>®(1,1/2,5,0,h)}

0, *—
Xd8K1/21((p10g01/2 ) !
0, *—1
+ Ky, 1(‘910‘91/2 )

X 2/ =1 X0 )5wj,s}].

Here
1,(2)
MJ- (1,1/2,5,0,h)

_ .8%@3*4&)(@
XD / do([(@% X)), (@0 X (@), (907X (),
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and

M>P®(1,1/2,5,0,h)
_z< P=1X) (z),
/ do (0K (w), (60 X,)()]
(X))

which are in LP, p > 1.

Combining these yields that E[D? f(uy(e,h))] tends as ¢ — 0 to

(4.30) E [f(ul((L h)){ 1/2, aa(efo “01/21) B
X Z(w? ol
Jj=1
1
{M}®(1,1/2,5,0,h)

1/2
+ M2 (1,1/2,5,0,h)}ds

0, *—
x Ky, 1(9010901/2 )
+K1/2 1(‘»01 O‘Pl/z )* '

X Z/ 0% — 1‘X )(511)]',3}
o1 1/2
{K1/2 901/2)* 12/ (900* 1X ‘T)‘Swj,s
+K1/2 (3)2) 7"
v
3 ()" [ armsomn
J=1 A
2,(1)
+ M;"(1/2,5,0,h)}ds
X K?};l(wgm)*'l}]-
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On the other hand, in view of Remark 14 of [7], p. 227, we obtain
(4.31) EIDf (ur(0, 1))] = E[f(u1(0, h)).AP (0, h)]

where

(4.32) AP (0, h) = [Ki’/gl o) 12 / 01X ()b
+K1/2 (901/2)* !

X Z(‘P?/z)*
=1

1/2
></0 {M}V(1/2,5,0,h)
+ M V(1/2,5,0,h)}

x dsK0;! («p?/2>*-1]

[Kf/z 1(901 0‘101/2 * ! Z/ o lX )6wj,s

+ Kl/z 1(<P1 0 (101/2 )* '
x Z(w? @)
j=1
1
{M;_,(2)(1’ 1/2,3,0, h) 4+ va(z)(l, 1/2, 8,0, h)}ds
/2
1

0,—1 0 0,—1\*x—
XK1/2,1((P10901/2 ) )

and we have the assertion of order 2.

[C] Integration by parts of order n.

Calculations for higher order of derivatives are similar. That is, to
compute E[D" (us (e, h))] for the n-tensor D" f, we devide [0, 1] into
0,5ul3,3Hul3Hu---u [22,1 =1, 1], and execute the integration by
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parts on each step. We put for 0 < ¢; < t; <1
cii(ty,ta;€)
= B| 1K (o 0 ) I

X ZH(%Z o (pt_ll)* Z V(\/EAE;S)
7=1

t1 <s<ty

X {M;*m + M;’(z)}(tz,tl,s,e,h)’”

cio(ti,ta;€)

= E[HK;;(% 0 ) D

XZ / [] g toeturtyEE)

9:(¢5)

x (V2(dsd(;) - dsge<<j)dcj}]7

di(t1,t2;¢€)

= E[nK;}t.z(wt, 0 1) 26+

< Lwaowty ¥ uveaz,)
j=1 11 <s<t»
241/2
x AM}® + MPPY(ta, b1, 5,¢, h) H) ]
dio(t1,to;€)

= B[, (o 0 0y
(Z / JRamraiE

G)
211/2
X {Nf(dsdcj) — dngQ)dQ}) ] , 1=0,1

and let m(ty,t2;¢) = max(cy,1,¢o0,2,d1,1,do2,1). Then the procedure of
estimation of of order 1 leads that

(4.33) ||E[D; f(ua(e, M)
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1 -1 2t -1
< C’(n)m (0, 5;6) . m( =3 " n-3 + on—2 ) 6)

"2 -1 2"7-1 1
xm on=2 7 9n-2 + 2n-—1’€

2n—1 —1
o (E

where I, is a linear combination of products of expectations (cf. [30],
Section 2.e). Since

sup ||Ki (e h)| € I, sup  [|K Y (e,h)] € LP (p>1)
heF,€(0,1] heF,e€(0,1]

(cf- (2.5)), and since

sup || Y w(vVeAZ JMI W (45,6, )| € 1P,

heF,€(0,1]

s<ty
(4.34) sup || D w(VEAZ )Mty th,s,e )| € L7,
heF,e€(0,1] t<s<ts J

t=1,2,3 (p>1)

for 0 <t <ty <1 and for any compact set F' C W57, the limiting
procedures are justified, and we have the convergence of order n.

This completes the proof of Proposition 2.2.

5. PROOF OF LEMMA 3.6

Lemma 3.6 follows from the following two lemmas, which we cite from
Léandre [24].

LEmMaA 5.1 (cf. Léandre [24], Lemme II1.2). — Let X, . ,(t) be a process
which has the following canonical (Doob-Meyer) decomposition

ot

(51)  Xewn(t) = Xown(0) + Moo (1) + / Ao (5)ds,

0

with d(M. c o, M. . ,), = Be.,(t)dt. Here we assume

(5:2) Plsup Aeca(0] > (N0 T = 0, ()
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(5.3) sup E[sup |Be (s (8)]?] < +oo0.
e€S4-1.e€(0,1] s<1

If | Xeem(0)] > (v"Nn)", then

64 PL3< 0P DF X enlt) = Ko 2 O3 = 0,0,

Lemma 5.2 (cf. Léandre [24], Lemme IIL.3). — Assume that there exists
a process X, . ,(t) which has the decomposition (5.1) satisfing (5.2), (5.3).
Assume further that the criterion processes Cl,  ,(t) = Ae ey (t), CTe e p(t)
satisfy the following: there exist a« > 0,7 > 0,1 > 0,n > 0 and c > 0
such that if

(5:5)  sup|Clee(s)] < (v"Nm), SUp |O7e,e.(5)] 2 (v"Na)",
then the Lévy measure dve e, +(u) of M(t)e.cn satisfies

(5.6) / AVe e ni(u) > Cen™
[u|2n

Jor n < (ey™h)m.
If for all p > O there exists some integer ny such that

P{Sgll)|016-6,n(3)l > ('Y_NW)_p} = 06,6(7100)
(5.7) and
P{Ete [0,y )™ |CTecn(B)] < (7N0)™ } = 0c.c(n),

then, for all p > 0 there exists n’ = n'(n) such that

(5'8) P{T(n/vn’evg) > ('Y_N"?)p} = 0?,6(1)7

where T'(n,n,e,e) = inf{t > 0; [ X, c,(t) = X cn(0)] > (v~ V)" ).
Let

Xoen(t) = 2_: ( (B "“)_lzukwwt-(e)),é}

where Z is a vector field in Lie(X,- -+, X,,), and we apply those lemmas

for (Y, Z) such that e DIER I by using the Campbell-Hausdorff
formula. We shall show that assumptions (5.2), (5.3), (5.6), (5.7) are satisfied
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later. Lemma 5.1 follows from the Burkholder-Davis-Gundy inequality, and
we omit the detail. See [24] and [3.25], p. 240.

Lastly we check conditions (5.2), (5.3), (5.6), (5.7). By (3.25), we can put
Acen(t) A((k?+f)’y T),Z e, kye,m)

+<é, (.‘?ﬁgﬂ(e)yl[xmzk (s 71)_(6))>’

€ (0,1]. Observe that
9 -1
l(%‘pk'ﬂvn(go

a@(k’-l-t)‘y”n - !
B <c¢ 7 3.
(Pt} <o (o)),

-1

|(1+ ﬁ%xm_(e»)_l <C ((113),

and

20 (€)X, (a()WVEQ)~ 20 ()~ (X, Z)(ra_())WVEC] < O,
where [ Ce(?g.(¢)d( < +oo. Hence

(5.9) PA(sup|A(t 2)))" > (v}

= P{sup |A(t, Z2)| > (v V) PP} = 0, 4 o(1)

t<1

for all p’ > 0,p > 1. This leads (5.2).
Next we put

c

M, ., (t) = Z ACr(s,Z,e k,e,n).

kyNn<s<t

Then dBe . ,(t) = (Me ey, Me e ), dt = [u?dvj(u) x dt, where dv,(u) is
the sum of transformed measure of g:(¢;)d¢; by

ui(G5) = < (ag: (5)> h
| (r+ G @nvis) " (o)
+ X VEG) - Lo (e e
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Hence

(5.10) / 2dv)(u) Z / (¢5)9:(¢5)dg;

( Pkt1)Vn(E )) <8§; (6)>_1

X /nge(Cj)de < +o0.

2
€

Hence sup,¢si-1 c¢(0,1) E[5UPr<; | Be,en(t)[?] < +oc. This leads (5.3).
We put C1.. ,(t) as above, and

reeatt) = Y| (e (PE220)) 1, 2 @)

J=1

Then (5.6), (5.7) follows from (3.29), and (5.9)-(3.34) respectively.

QE.D.

6. PROOF OF LEMMA 14

In this section we give the proof of Lemma 1.4 along the idea of
Léandre [27] (cf. also Azencott [2]). Recall the definition of {z;(¢)} and

{yt( )}

dzi(e) = Xj(m-(e))dzs, + Xo(,—(e))dt,

j=1
zo(e) =z,

(6.1)

dyq(h ZX(yt ))hj adt + Xo(ye(h))dt,

yo(h) =z.

(6.2)

Now rewrite
(63) @)=t =3 [ Xi(ou(©)(ds], — dhs)
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£y / (X, (- (€)) = X; (a(h)))dhy )
+ /0 (Xo(@s(e)) — Xo(ys(h)))ds

Since the vector fields Xy, X, -+, X,, are C> and bounded, we have
only to estimate the first term, due to the Gronwall lemma (c¢f. [12],
Appendixes 5). We can rewrite the first term as

m

64) - Z{ / (e —hy) (35 550-))
X (Z:l Xi(as—(e))dz5,, + Xo(xs_(s))ds) }

by the integration by parts formula. We write here [25 , X;(=.(¢))]: =
([zjﬂX](-i)(a;.(e))]t) as a vector. We write

(65) ——ZZ{/ i) e (@)

J=1 k=1

m

IR ACIO)

= —wa)s — W)y (say).
In what follws we write w(y); = (11)8; R wé‘li) ,) by coordinates.

Consider the ball B(R) = {z € R |z| < R}, and let T be the exit
time of w(,), from B(R). Let T; = T;(R) be the exit time of “’(1) , from

the interval [-R/v/d, R/+/d)]. Let O be the event {sup <y |25 — hs| <7}
The process

(6.6)
W —exp[Aw(m / dsZ/ ~<ﬁ°—1-AFj,s,i<\/5<>>g€<c>dc}
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is an exponential martingale. Here F} ,; denotes the mapping
m P (@)
61) Frua 0 {36 =) (5t ) Xato 0}

Fix 5,7, and we put ¢ = Fj,i(Ve(;). If [(;| < Ky then [(j| < Cry/e
on “{sup,.; |2; — hs| < r}” where C = Ck, does not depend on s, .
Then |e*% — 1 — A < C’/\Q(;-Z for |A(j| < K. Hence, for € > 0 small
and 7 > 0 small,

6.8 WO Wy, 3 td(c”ﬂz )29 (¢)d¢;
68) (WO, >§Z/ SO /Rwa)gmc

1o
< Cyried\ezoly

since g.(¢) = (1/e%)g(¢/+/E) with g(2) ~ Calz|717* for || small, and
since supp g¢. is bounded.

We apply the martingale property and the upper bound of exponential
type (cf. [28], Lemme 17) to Wq(f) with T' < 1, we have in view of (6.6)
and that supp g. is bounded

(6.9)  P{O;T < 1} exp(A\’R/V4d)
< P{O;3i € {1,---,d},T; < 1} exp(A2R/Vd)

< E[exp()?w((;))m );

ON{3i € {1, d}, sup ) | > (R/VA)
0<s<1 "
< 2dexp[—(R/\/3)% +XR/Vd

+ (1/2)A 20120232 (1 + exp[\])]

for A’ > 0. Choose A" = 2log|A| and A\ = CR?/r /e, then
R.H.S. < 2dexp [—B;{((?'Rz/r\/g)2 - llog(C’RQ/r\/E)}

Vvid d

+ 2(log(CR? /7€)% (C?Rie + C4R8/r2)J .
This implies, since 1 < a < 2,

(6.10) P{O;T < 1} < Cs exp[-CgR® [r?%e].
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Next we study the term wy) ;. We remark that (w(s).,w(),.): < Cet

for some C > 0. We can apply again the upper bound for the exponential
type, so that

2
(6.11) P{sup]w(g),s| > R} < 2dexp{—%R + %—Cet(l + e"“)}
s<t

for A € R. We put A = Llog(+). Then

(6.12) RHS. < 2dexp{§(log<%)> l(%Ct <10g(%)>
(1 (%) )-9)}

< C'exp{-K'/e}

for C' > 0 small, ¢ > 0 small and for some K’ > 0.

Since the vector fields Xg, Xy, ---,X,, are smooth and bounded
including their derivatives, the remaining term

(6.13) i [ G = (3550 ) X ()

remain small on O if we choose r small.

Combining this with (6.10), (6.12) implies (1.24). This completes the
proof of Lemma 1.4.

7. CONCLUDING REMARK

Our aim was to provide a framework of large deviation in case of jump
processes. Unfortunately, we can not proceed (contrary to the diffusion case)
from estimates (1.18)-(1.20) to the short time asymptotic of p;(z,y,1) as
t — 0. This is because the driving processes z; , do not have the scaling
property, and hence pi(z,y,e) # Peos2(x,y,1). (As for the short time
asymptotic for the type of jump processes treated in this article, see [16],
(18].)

The reason for this is that we have confined ourselves in Section 1 to the
simple case where the support of the Lévy measure of the driving process
is compact. Although this condition may not be indispensable, we have not
been able to confirm Lemma 1.4 when the support is not compact.
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