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ABSTRACT. — A boundary theory for quantum Markov processes
associated with nonconservative one parameter semigroups of completely
positive linear contractions on a von Neumann algebra is initiated along
the lines of Feller, Chung and Dynkin.

Key words: Completely positive maps, weak Markov flow, exit and entrance cocycles,
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RESUME. — On développe une théorie des frontieres pour des processus
de Markov quantiques associés a des semi-groupes non conservatifs de
contractions complétement positives sur une algébre de von Neumann,
parallelement 2 la théorie classique de Feller, Chung et Dynkin.

1. INTRODUCTION

In classical probability theory it is well known that, to any one parameter
semigroup of substochastic matrices or transition probability operators, one
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can associate a Markov process with an exit time which can be interpreted
as a stop time at which the trajectory of the process goes out of the state
space or hits a boundary. There are various possibilities for continuing the
process after the exit time in such a manner that the Markov property and
stationarity of transition probabilities are retained. Feller [Fe 1,2] initiated the
study of this problem by a functional analytic approach based on resolvents
or Laplace transforms of one parameter positive contraction semigroups
whereas Chung [C1,2] and Dynkin [Dy] outlined a pathwise approach. The
aim of the present paper is to investigate the same problem for quantum
Markov flows when substochastic matrices or transition probability operators
are replaced by completely positive linear contraction maps on a unital von
Neumann algebra of operators in a Hilbert space.

In Section 2 it is shown how, by using the famous Stinespring’s theorem
[St, P1] and the GNS construction, one can associate a canonical weak
Markov flow to any one parameter semigroup of completely positive
contractions on a von Neumann or C* algebra. To any such semigroup
we introduce, in Section 3, the notion of entrance and exit cocycles and
demonstrate how a Feller perturbation of the semigroup can be constructed
using a pair (S,w) where S is a cocycle and w is a state. The resolvent of
the perturbed semigroup is an exact quantum analogue of Feller’s formula
in [Fe 2]. This raises the basic open problem of constructing the Markov
flow of the perturbed semigroup from the flow of the original semigroup. In
order to study this problem we present in Section 4 a general procedure of
gluing two quantum processes and their filtrations by using quantum stop
times [H, PS] which are adapted spectral measures in the closed interval
[0, 00]. In Section 5 a quantum Markov flow for the perturbed semigroup
is obtained by gluing countably many copies of a Markov flow for the
unperturbed semigroup when the exit cocycle is the expectation of an exit
time. We conclude the last section with several examples of nonconservative
quantum Markov flows which admit exit times. Eventhough the presentation
is done for the case of continuous time the reader can easily construct the
discrete time analogue of many of our results.

Alternative approaches to dilations of quantum dynamical semigroups
on a C* algebra may be found in [EL], [Em], [Sa] and [Vi-S]. However,
they are too weak especially because nothing concrete is mentioned about
the conditional expectation of an observable at time ¢ when the algebra
of observables up to time s is fixed for some 0 < s < ¢. Our approach
in Theorem 2.12, 2.13 is much more direct and closer to the spirit of
classical probability. This is illustrated by several examples in the course
of the present exposition. A more elaborate and leisurely treatment of these
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MARKOV DILATIONS OF NONCONSERVATIVE DYNAMICAL SEMIGROUPS 603

ideas is included in the Ph.D. thesis of Bhat [B]. The case of dilation of a
nonstationary quantum dynamical evolution is examined in the note [BP].

2. COMPLETELY POSITIVE SEMIGROUPS
AND WEAK MARKOV FLOWS

Motivated by the notion of a quantum Markov process introduced by
Accardi, Frigerio and Lewis [AFL] and influenced by the absence of
conditional expectation in many situations in quantum probability we
introduce here a weaker notion of a Markov flow and describe how such
a weak Markov flow can be associated to any one parameter semigroup of
completely positive linear maps of a von Neumann algebra into itself. This
may be viewed as a continuous time version of Stinespring’s theorem [St].

Let H be any complex Hilbert space with scalar product < -,- > linear
in the second variable. By a weak filtration F on ‘H we mean a family
F = {F(t),t > 0} of orthogonal projection operators nondecreasing in
the variable ¢. Denote by B(’H) the algebra of all bounded operators on
‘H and write

By = {F(t)XF(t),X € B(H)}

for every t. Then {Bf,t > 0} is a nondecreasing family of * subalgebras
of B(H). The map Efj : B(H) — By defined by

Ef(X) = F(t) X F(t)

is called the weak conditional expectation with respect to F' at time ¢.

PROPOSITION 2.1. — The weak conditional expectation maps {Ef‘f ,t > 0}
satisfy the following :
@) Ef is a completely positive and contractive linear map;
(i1) E;] (I) = F(t);
(iii) Et)‘(X) =X forall X € Bﬁ';
B(;i{\;) Et] (XY) = XEE(Y),Ef]’(YX) = Ef]’(Y)X forall X € Bg',Y €

v) ESES‘ = Ef,\t] where s At = min(s,t).

Proof. — Immediate. W

Vol. 31, n® 4-1995.



604 B. V. RAJARAMA BHAT AND K. R. PARTHASARATHY

DEFINITION 2.2. — Let A be a von Neumann algebra of operators on
a Hilbert space H, and let {T;,t > 0} be a one parameter semigroup of
contractive and completely positive linear maps of A into itself with T being
identity. A triple (H, F, j;) is called a weak Markov flow with expectation
semigroup {T;} if H is a Hilbert space containing H, as a subspace, F is a
weak filtration on H with F'(0) having range H, and {j;,t > 0} is a family
of * homomorphisms from A4 into B(H) satisfying the following

(i) Egjo(X) = XF(0) and ji(X)F(t) = F(t)j(X)F(t) for all
t>0,X € A

(ii) IESjt(X) = Js(T1—s(X))F(s) forall 0 < s <t < 00, X € A.

The flow is said to be subordinate if j;(I) < F(t) for all t. If j,(I) = F(t)
for all t it is said to be conservative.

Condition (i) describes faithfulness of j, and adaptedness of the flow to
the filtration F* whereas condition (ii) describes the Markov property of the
flow. In the case of a subordinate flow the factor F'(s) on the right hand side
of (ii) may be dropped. It may be noted that if (H, F), j;) is a weak Markov
flow then (H, F, j;(-)F(t)) is a subordinate weak Markov flow.

For any X € A denote by Lx and Rx respectively the linear maps
from A into itself defined by LxY = XY and RxY = Y X for all
Y € A. Lx and Ry -commute with each other for any X,Y . For any finite
sequence t = (t1,...,t,) in Ry and X = (X,..., X,,) in A (of length n)
write ](L :X-) = j(tl? t27 “'7tn7 X17 ceey Xn) = jtl (Xl)jt2 (XZ)“'jtn (X"l) In
particular, j(t,X) = j(X). For s = (81,...,8m), X = (X1,..., Xm),t =
(try oo tn), Y. = (Yi, -, Yy) we have j(s, X)j(t,Y) = j((s,2), (X,Y)
where (8,t) = (81,.y8m, b1y tn), (X, Y) = (X1, .00y X, Y1,..., Yn).
Since each j, is a homomorphism we have j(s,t,X,Y)j(t,Z) =
Jj(8,6,X,YZ), and j(s,X)j(s,t,Y,Z) = j(s,t,XY,Z). With these
conventions we shall establish a few elementary propositions concerning
the operators j(t, X) and their expectation values.

PROPOSITION 2.3. — Let (H, F, j;) be a weak Markov flow with expectation
semigroup {T;} on a von Neumann algebra of operators on a Hilbert space
Ho. Then the following holds :

@) Je(X)F(t) = F(t)3:(X) = F(8)jo(X)F(¢) forall t 2 0, X € A;

() IfO0<s<t; <+ <ty,X1,Xg,..,X, € A then

ESi(t, X) = §(8, Tty—sLx, Tty—t, - Lx, ., Tt =, (X)) F(5);

(i) If ty >ty > -+ > t, > 8 > 0 then

ES](E’ -X—) = j(S, ,‘Z"tn"sRXnTt’n—l_tn e RXthl—iz (Xl))F(s)
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Proof. — From property (i) in Definition 2.2 we have

F(t)j(t, X) = {j(t, X")F(t)}"
= {F(t)j(t, X*)F(t)}*
= F(t)j(t, X)F(t)
= j(t, X)F(t).
This proves (i). To prove (ii) we use property (i) of this proposition and the
increasing nature of F'(t) repeatedly. Thus
ESi(t X)
= F(s)F(t1)j(t1, X1)--§ (tn, Xn) F (ta-1)F(s)
= F(s)j(t1, X1)F(t1)F(t2)j(t2, X2)-.-§ (tn, Xn) F(tn-1)F(s)
= F(5)j(t1, X1)j(t2, X2)F(t2)i(t3, X3)...5 (tn, X0 ) F(tn—1)F(s)
= F(5)5(t1, ooy tno1, X1y ooy X1 ) F (bn—1) 5 (tn, X ) F (tn-1) F ()
= F(8)j(t1, s tn-1, X1y, Xn—1)J (tn-1, Tt,, —t,._, (X)) F(8)
= E§i(t, - tae, X1y ooy Xno2, Xn 1 T e, (X)),

Now (ii) follows by induction on n. A similar argument yields (iii). =

ProposITION 2.4. — Let (H,F,j;) be a subordinate weak Markov flow
with expectation semigroup {1} on a unital von Neumann algebra A of
operators on a Hilbert space Hy. Then the following holds:

O IFO0 <t <t <ty < .. < ty1,X1,..,Xn € A then
i@, X) = j(t1,tn, Y, X)) where

Y= LXthz—tl LXths—tz o 'LXn—thn—l—-tn—z (X —1);

M) IfO0<ti <te < <tim1 <tp <t <tiyy <--+ < tp_y then
](t,l) = j(tl,...,ti_l,tn,Xl,...,Xi_l,Y) where

Y = RXnTti"tnLXiTti+1—ti T LXn—thn—l—tn—z(Xn—l)'

Proof. — First we prove (i). Since F(t) is increasing and j; is a
homomorphism Definition 2.2 together with the hypothesis that j(¢,1) <
F(t) implies
3t X)

= J(t1y s tn-2, X1y 000y Xn—2)J(tn=2, I)j(tn-1, Xn—1)j(tn, I)j(tn, Xr)
= j(tl, ey bn_2, Xl» ceny Xn—-2)F(tn—2)j(tn—1, Xn—l)F(tn-2)j(tm Xn)
=J(t1, ey tn3,tn—2ytn, X1y, Xn-3, Xn—-2Tt,_,—t,_,(Xn-1), X2n).

Vol. 31, n°® 4-1995.
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Now (i) follows by induction on n. To prove (ii) we apply (i) to the sequence
tn < t; < tip1 < ... < t,—1 and obtain

J(tz) ti+17 "'7tn7Xi7Xi+17 ;Xn) = j(tivtruylyxn)

where

Y= LXiTti+1-ti e LXn—thn—l—tn—z (Xn—l)'
Now observe that

j(ti—latiatnaXi—I»Y/7 Xn)
= j(ti—laXi—l)F(tn)j(ti,Y,)F(tn)j(tmxn)
= j(ti—h t'rn Xi—ly Tti—tn (YI)Xn)

which implies (ii). ®

The next theorem is of particular importance in reducing the computation
of moments.

THEOREM 2.5. — Let (H, F, j;) satisfy the conditions of Proposition 2.4.
Then for any sequence ti,ts,...,t, in Ry and X;,.., X, in A there
exists a sequence $1,83,...,8n in Ry and Y1,..,Y, in A such that
m < n,s; =t1,8m = tn, either 1 < §3 < ... < 8y, OF 81 > 82 > ... > 8
orsy > 89> ... > 8 < Spp1 < oo < 8 forsome k and j(t, X) = j(s,Y).

Proof. — Without loss of generality we may assume that ¢; # tp # - -+ #
tn. If {t;} itself is either monotonic increasing or decreasing there is nothing
to prove. Ifti1: < - <t >t then either t;41 < t; < ... < ¢t; or
t1 < .. < tg—1 < tiy1 <t < ... < t; for some k. By Proposition 2.4
we may then express j(t1,...,ti41, X1, -, Xit1) a8 j(t1,ti41, Y, Xiy1) OF
J(t1, oy te—1,tiv1, X1, ..., Xg—1, Y). In any case the length of the t-sequence
gets reduced in j(¢, X). If t1 > ... > tp < tgq1 < oo < tpge > thpet1
we may once again express j(tx, tkt1y -y thtet1, Xy Xkt1y ooy Xbte41) i
terms of a sequence of length not exceeding £ + 1. Rest follows by induction
on the length. W

COROLLARY 2.6. — Let (H, F, j;) satisfy the conditions of Proposition 2.4.
Then for any sequence ti,ts,...,t, in Ry and X, Xs, ..., X, in A there
existty = 81 > 83 > ... > 8y > 0,m < nand Y1,Ys,..., Y, in A such
that j(t, X)F(0) = j(s,Y)F(0).
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Proof. - In view of Theorem 2.5 we may assume without loss of generality
that t; > 2 > ... >t < tyy1 < ... < t,. Now by Proposition 2.4 and
the fact that F'(0) = jo(I) we have

J(tmy tmg1s s by Xomy Xemt 15 oy X ) F(0)
= j(tm, tm+1, ceey tn,O, Xm, Xm+1, veey Xn, I)
=vj(tm707Y7 I)= ](tm’Y)F(O)
for some Y in A. This completes the proof. MW

PROPOSITION 2.7. — Let (M, F, j;) be as in Proposition 2.4. Suppose that it
is also conservative. If s1 > 83 > ... > 8, > 0,81 >t > ... > t,, > 0 and
{s1,82,..18m} C {t1,%2,...,tn} then for any X1, Xs,..., X, in A

7(s, X)F(0) = j(¢, Y)F(0)

where . .
Y}:{Xj if t; = s; for some j,
I otherwise.

Proof. — Let t;, = s1,...,t;,, = Sm. Then
j(szr) = j(sml)j(tir:XT)
= F(ST)j(tir’Xr)
= F(ti,_,+1)F(ti,_,42) - F(ti,_)i(ti., X»)
= j(tir_1+17 tir_1+27 "°7tir—17 tira I> I? weey I7 Xr)
from which the required result follows. M

ProposiTioON 2.8. — Let (H,F,j;) be as in Proposition 2.4. Suppose
t>s81>..>82>0,X1,X0,....X,Y,Z1,2,5,..., Zy € A. Then

F(O)j(sk,sk_l,...,sl,t,sl,...,sk,Xk,Xk_l,...,Xl,Y, Zl,...,Zk)F(O)
= F(O){TSkLXkRZkTSk—l—sk o 'LXleth-—Sl (Y)}F(O)

Proof. — We have

j(317t731aX17Y7 Zl)
= j(sl,Xl)F(sl)j(t7 Y)F(Sl)j(81, Z)
=j(s1,Lx, Rz, T;—s,(Y)).

Now the required result follows by repeating the same argument successively
replacing the role of ¢ by that of sy, s3,...,5;,. W

Vol. 31, n° 4-1995.



608 B. V. RAJARAMA BHAT AND K. R. PARTHASARATHY

ProposiTION 2.9. — Let (H, F,j:) be as in Proposition 2.4. Suppose
S$1>8>.>8,21t2>0,X1,X0,...X,Y,21,2,,..., 2, € A Then
there exist elements X}, Z; depending only on si,..., s, X1, ..., X} and
Zy,..., Ly, such that

F(O)j(Sk, ) 31’t7 81y .4y Sky Xk7 ey X17 Y7 Zl> ceny Zk)F(O)
= F(0)T{To—+(Xi)Y To,—+(Z3) } F(0).

Proof. — Since t < s < s; we have
](t7 81, 82, Ya Z17 ZZ)
= j(t,Y)F(s2)j(s1, Z1)F(82)i(s2, Z2)
= ](t) Y)j(327 Tsl—sz(Zl)Z2)-
Repeating this argument we get

J(t) 81y ey Sk,Y, Zlv "'7Zk) = J(t7 sk7Y7 Z;;;)

where Z; depends only on sy, ..., Sk, Z1, ..., Zg. Since sk < Sg-1 < ... <
s1 > t and t < s; we have from (i) in Proposition 2.4

j(skysk—ly --'7slatan7Xk—17 ---’X17Y) = .](SkaXllc)](th)
where X depends only on Xi,..., Xk, 81..., k. Combining the two we
obtain
j(sk,sk_l,...,sl,t,sl,...,sk,Xk,Xk_l,...,Xl,Y,Zl,...,Zk)
= j(Sk,t,Sk,X,’c,Y, Z,'c)
Since 0 < s > t we have
F(O)j(sk,tv sk,Xllc?Y> lec)F(O)
= F(0)F(t)j(sk, Xp)F(£)j (8, Y ) F(2)j (sx, Z) F () F(0)
= F(0)T:(To—o(X3)Y Ts\—+(Z;))F(0).

ProposITION 2.10. — Let (H, F, j;) be as in Proposition 2.4. Suppose

that s > Sg > =+ > 81 >t > 8 > -+ > s, X1, Xoyoy X, Y,
Ziy..y Zy € A. Then ’

F(O)j(sk, Sk—13 0y sl,t, 81,82 -0y 3k7Xk7Xk—17 ceey Xl,Y, Zl, ceey Zk)F(O)
= F(O){TskLXkRZkTSk—1—8k
v 'inRZiTt—s.‘ (Tsi—l—t(Xz{—l)YTsi—l—t(Zz{—l))}F(O)

where X!_,,Z!_, depend only on s, ...,8i—1, Xi, ..., Xi_1, 21, -y Zi-1.

Annales de IInstitut Henri Poincaré - Probabilités et Statistiques



MARKOV DILATIONS OF NONCONSERVATIVE DYNAMICAL SEMIGROUPS 609

Proof. — By (i) in Proposition 2.4 we have

j(si—l, 8i—25 4y S1, t7 Xi—la Xi—27 ceey Xl, Y) = j(si—la t’ Xz{—l) Y) (2‘1)

where X!_, depends only on s4, ..., $i—1, X1, ..., Xi—1. Since t < 82 < 81
we have

i(t,81,82,Y, 21, 25) = j(t,Y)F(s2)j(s1, Z1) F(82)j (82, Z2)
= j(taSZaY’ T81—82(Z1)Z2)‘

Repeating this argument up to the pair s;_2,s;—1 we get

j(t, 81,82y 00y S4—1, Y, Zl, ceey Zi—l) = j(t, Si—1, Y, Zz{——l)’ (2.2)

Since s; < t < s;1 we have

j(Si, Si—1,t,8i—1, 83, Xi7 Xz{—h Y7 Zz{—l’ Zi)
= j(Si, t, 8i, Xi’ Tsi—l-t( z{—l)YTsi—r—t(Xz{-l)a Zl) (23)

Combining (2.1)-(2.3) and using Proposition 2.8 for the sequence
SkySk—1y ) Siy b, 8iy Sit1, ..., Sk We obtain the required result. W

PropoSITION 2.11. — Suppose (H, F, j;) is a conservative weak Markov
flow with a strongly continuous expectation semigroup {T;} on a unital von
Neumann algebra A of operators on a Hilbert space Ho. Then for any
u,u’ € Ho, finite sequences s = (81, ...,5¢),8 = (8},...,84) in Ry and
X1, X5, Y, X1, ..., X}, € A the function

(t) = (s, X)u, 3o (V)i (s, X))

is continuous in t € Ry.

Proof. — Since F(0)u = u,F(0)u’ = u' we can apply Corollary 2.6
and assume without loss of generality that s; > s2 > -+ > s; and
s, > sh > -+ > s},. Since the flow is conservative we can apply Proposition

Vol. 31, n® 4-1995.



610 B. V. RAJARAMA BHAT AND K. R. PARTHASARATHY

2.7 and assume without loss of generality that the sequences s and s are
same and strictly decreasing. Then ¢(t) assumes the form

é(t) = (u, F(0)7(Sk, Sk—1, -.-, 81, t, 51, ey Sk, X gy ey
X;? Y? X]’.’ AR} X,/C)F(O)u/>.

Now the strong continuity and contractivity properties of {T}} together with
Proposition 2.8, 2.9 and 2.10 respectively imply the continuity of ¢(¢) in
the intervals [s;,00), [0, s] and [s;, 8,_1],4 = k,k—1,...,2. W

THEOREM 2.12. — Let A be a unital von Neumann algebra of operators
in a Hilbert space Hy and let {T;} be a semigroup of completely positive
linear maps of A into itself such that T, is identity and Ty(I) = I for
all t. Then there exists a conservative weak Markov flow (H, F, j;) on A
satisfying the following :

(i) Ho C H and H, is the range of F(0);

(11) The set {](i, X)’U,,’U, € H(),E = (tl,tz, ...,tn),ti > O,X =
(X1,X2,..,X,),X; € A,1 <i<n,n=1,2..} is total in H;

(iii) The expectation semigroup of (H, F, j;) is {Ti};

Gv) If (H',F',j;) is another subordinate weak Markov flow with
expectation semigroup {T} such that the range of F'(0) is Ho and (ii)
holds with j, H replaced by j','H' then there exists a unitary isomorphism
U:H — H satisfying

UF(tU™" = F'(t), Uj(X)U™" = ji(X)

forallt > 0,X € A; .
(v) If {T+} is strongly continuous on the Banach space A then the maps
t — F(t) and t — j,(X) are strongly continuous for each X € A.

Proof. — From [P2] it is known that there exists a family {h¢,t > 0} of
Hilbert spaces with hg = Ho, * unital homomorphisms J; : A — B(h;)
and isometries V(s,t) : hy — hy for 0 < s < t < oo such that (a)
Jo(X) = X; (b) V(s,8) = I (©) V(s,t)* J(X)V(s,t) = Jo(T1—o(X));
@ V(t,u)V(s,t) = V(s,u) forall 0 < s <t < u < co. Let M = | Jh,

$20
be the disjoint union of all the h, considered as abstract sets. Define the
map K : M x M — C by
K(u,v) = (V(s,sVt)u,V(t,sVt)v),,,
whenever u € hy,v € hy, s V t denoting the maximum of s and t. We claim
that K is a positive definite kernel on M. Indeed, consider arbitrary scalars
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ci€Cu €hs,1<i<nandputs=s;VsyV---Vs,. Then
ZE,;C]‘K(’U,,','U,]')
,J
= inCj<V(Si, 8 V sj)u,-, V(Sj, 8 V Sj)Uj)
i7j

= ZE;‘Cj(V(S,’ V sj, S)V(Si, sV sj)ui, V(Si V 8j, S)V(Sj, s; VvV Sj)'dj)
.’j

= Zéicj(V(si, s)ui, V(sj, 8)u;)
‘Yj

= 1> eV (si, s)uillz, >0,

which proves the claim. Hence by the GNS theorem there exists a Hilbert
space K and a map A : M — K such that {A(u),u € M} is total in K and

K(u,v) = (AMu), A(v)) for all u,v € M.
If u,v € h; then
(A(u), A(v)) = K (u,v) = (u,v)p,
Thus A is an isometry from h; onto a subspace K; of K. If s < ¢ and
u € hg then V(s,t)u € h, and
[IA(w) = A(V (s, t)u)||?
= 2||u||> = 2 Re K(u, V(s,t)u)
= 2||u||? — 2Re (V (s, t)u, V (s, t)u)s, = 0.
Thus K, C K; whenever s < ¢. Denote by E(t) the projection onto X,
and define j; by
Je(X) = A(X)ATIE()  for X €A, t>0
where A~! is the inverse of the map A : h; — K. Since the range of j;(X)
is contained in KC; and J; is a * homomorphism from .A into B(h;) it follows
that j,(X) = E(t)AJ,(X)A"1E(t),X € Ais a * homomorphism from A
into B(K) and j.(I) = E(t).
Now consider u,v € hg,s < t. Then
(A(w), 3:(X)A(v))
= (A(V(s,)u), j:(X)A(V (s, t)v))
= (V(s,t)u, JL(X)V (s, t)v)
= <u7 V(S, t)*Jt(X)V(S, t)’U)
= (U, Jo(Ti-s(X))v)
= (Au), Js(Ti-s (X)) A(v)).-

Vol. 31, n°® 4-1995.



612 B. V. RAJARAMA BHAT AND K. R. PARTHASARATHY
Thus
E(3)j:(X)E(s) = js(T1—s(X)) if X e A, s<t.

Denote by H C K the closed subspace spanned by the set M of all vectors
of the form j(i,l)u,u € Ho,z - (tl,...,tn),l = (Xl,...,Xn),ti > 0,
X; € A, n=1,2,.. Denote by H; C H the closed subspace spanned by
the set My C M of all vectors of the same form j(¢, X)u with ¢; < ¢t
for every i. We now claim that H, = H N K,. Indeed, let £ = j(s,X)u
where s = (81,...,3,1),& = (Xl,...,Xn),t >3, >0,X;, € Au € H,.
Then £ is in the range of j(s1,X;) which is contained in K, C K;. Thus
M; ¢ HNK,; and therefore H, C H N K;. Now consider an element of
the form n = E(t)j(s, X)u where u € Ho,s = (s1,...,8,) and s; > 0
Then 1 = j(¢, s1,..., 80,1, X1, ..., Xn)u. Since (K, E, j;) is a conservative
weak Markov flow it follows from Corollary 2.6 that we can express
n = j(t,8}, .8, Y0, Y1, ..., Ym)u where t > s > .-+ > s/ > 0 and
hence n € H,. Thus E(t)M C H. and therefore H N K, C H; proving
the claim. Denote by F'(t) the projection on H; in the Hilbert space H and
J+(X) the restriction of j;(X) to H. Then (H, F, j;) is a conservative weak
Markov flow satisfying properties (i) - (iii) of the theorem.

To prove (iv) we observe that the proofs of Theorem 2.5, Corollary 2.6
and Proposition 2.8 imply that

(48, X)u, 5 (¢, Y)v) = (5 (8, X)u, §' (£, Y )v)

for all u,v € Ho,8 = (81,..+y8m),t = (1,0, tn), X = (X1, ..., Xn),Y =
(Y1,...,Y,). This shows that the correspondence j(s, X)u — j'(s, X)u is
isometric and hence extends uniquely to a unitary isomorphism from H
onto H’ satisfying (iv). Observe that cyclicity (property (ii)) forces j; to
be conservative.

Property (v) of the theorem is immediate from Proposition 2.11 and the
fact that j, is a homomorphism for every t > 0. ®

Now we extend Theorem 2.12 to non-conservative contractive semigroups.

THEOREM 2.13. — Let A be a unital von Neumann algebra of operators
in a Hilbert space Hy and let {T;} be a semigroup of completely positive
linear maps of A into itself such that T is identity and T,(I) < I for all t.
Then there exists a subordinate weak Markov flow (H, F, j;) on A satisfying
@) - (v) of Theorem 2.12.

Proof. — Consider the extended von Neumann algebra A=A € C acting
on the Hilbert space Hy = Ho € C. For convenience we denote the element
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X@cof A for X € Aand c € C, by the column vector (¥). Define
themapsTt:A—u,Zby

7 ()f) _ (Tt(X) +e(I - Tt(I))), XeA ceC. (24)

Cc

Then {Tt} is a conservative one parameter semigroup of completely positive
linear maps. If {T;} is strongly continuous so is {T}. Thus Theorem 2.12
becomes applicable for {Tt} and we have a conservative weak Markov flow
(H,F,3)on A with expectation semigroup {T.}. Define the operators F(t)
and j;(X) on H by,

I\ - (0
F(t) =.7t<1> —Jo(1>7
. A (X
Jt(X)=]t<0) for t>0and X € A.

Before obtaining the required Markov flow we prove the following
statements. For 0 < s <t,X € Aandc € C

~ (0
(a) < 7t 1) } is a family of projections nondecreasing in ¢;

. 03 0 “ 0 .
(b) Jt(X)Jo( ) = ]0( >Jt(X) =0
(c) {F(t)} is a family of projections nondecreasing in t;
(d) Range of F(0) is H, and range of F(t) increases to the orthogonal

complement of range of ]0 1 as t increases to 0o;

A (X
© F©i.(}) = 305 = eDF () + oF ().
Property (a) follows from the identity

()i 0) (s (s )
) (z)m]* g) >(3':)((1)> 0
_ J%;J( ()
(%),

Now make use of (a) to obtain

500in () =i )i (D)in(0) =0 = (7)o
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and

o= (6()-5() () 5()
=5i(]) i (3) -do (3) +i (3) = 76 = Fere)

Clearly F(t)* = F(t). This proves (b) and. (c). The range of F(0) is
Ho € C and hence the range of F(0) is H,. The second part of (d) follows
as 7 ({) increases to the identity operator in  as ¢ increases to co. Now
from (a) and (b),

(%) = (1) -5(0)) 6. (2 +5(9))
M

_ G (X E "'I) F(s) + cF(s).

~ (0 ~
Let H be the orthogonal complement of the range of jg (1) in H. Making

use of (a)-(d) we can restrict F'(t) and j,(X) to H and verify that (, F, Jt)is
a subordinate weak Markov flow with expectation semigroup {7} satisfying
(i), (iii), and (v) of Theorem 2.12. Denote by H; C H the closed subspace
spanned by the set M, of all vectors of the form j (t, X)u, with t; < t for
every 7 and u € Hy. We now claim that the range of F(t) is H,. Indeed,
consider § = j(t, X)u with ¢; < ¢ for every i and u € Ho. Then,

= (30) 3o (50 (5) . (5ot

and hence the ragne of F'(t) contains H,. Now for ¢ >8>0, X; € A,
c €C forlSiSnandueHo,aeC,considernzj'(g,( )(u .
a

From the statement (e) proved above,
A X2 ~ X3 A Xn u
F A A e .
sareia ()i (37) - 5. () (2)

F(t)n = (Js, (X1 — e1])F(s1)
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By induction on n we conclude that F(t)n is a linear combination of
elements in M;. The closed linear span of all vectors 7 of the form above
is the range of F'(t) and as the range of F(t) is clearly contained in the
range of F(t) we conclude that H, contains the whole of the range of
F(t). This proves properties (ii) and (iv) of Theorem 2.12 for the Markov
flow (H,F,j). =

Note that the construction in (2.4) is the quantum probabilistic analogue
of associating with a substochastic semigroup P; = ((p;;(t))),1 < 4,7 < o©
of matrices the stochastic semigroup P, = ((p;;(t)),0 < 1,5 < oo where

pij(t) if i>1,7>1,
0 if i=0,5>1,
) =4 1 if i=0, j=0,

1= pit) if i>1,5=0.
7j=1

In other words we have incorporated an absorbing boundary. This is reflected

~ (0
in the increasing nature of the family of projections {7; ( 1 }. It may also

A T
be noted that in general {7, 0 } is not a commuting family of projections.

We conclude this section with three examples of the construction involved
in Theorem 2.12 and 2.13.

Example 2.14. — Let A be the commutative von Neumann algebra of 2 x 2
diagonal matrices and let T; : A — A be the semigroup defined by

(-

for a,b € C,c > 0 being a fixed constant. .4 acts on C? in a natural way.
Put H = C?2 @ L?(R,) with filtration F' given by F(t) = I @ x: where I
is the identity operator in C2 and ; denotes multiplication by the indicator
function xo,4) in L?*(R.). Define j, : A — B(H) by

i[5 3]) = a0 +uro - e

where Q(t) is the rank one projection onto the subspace generated by the
unit vector e~ %te; @ f; with

e = (é)» fe(z) = \/Ee_%(tnm)X[o,t](iU)-
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A routine computation shows that F'(s)j:(X)F(s) = js(T1—s(X)) for all

X € Aand 0 < s < t. Thus (H, F,j;) provides a weak Markov flow

with expectation semigroup {T;} satisfying all the properties mentioned in

Theorem 2.12. It is instructive to compare this with the Markov flow of

classical probability theory assotciated Witht the one parameter semigroup of
e 1—e¢

0 1

Example 2.15. — Let H be a positive selfadjoint operator in Hy. Consider
the nonconservative one parameter semigroup {7;} of completely positive
maps on B(H,) defined by

T, (X)=e*HXe*H t>0, X €B(Hy).

2 X 2 stochastic matrices

Following [HIP] introduce the unitary operators {U(s,t),0 < s <t < oo}
in the Hilbert space

H="H @ L*(Ry, Ho)

o) = (&0 250 ()

where vy and v = u(-) are the components of an arbitrary element in H
with respect to the direct sum decomposition in the definition of H and

A(s,t) = e~ (=)
B(s,t)u = —(2H)1/2/ X[S,t](w)e_(t_z)Hu(x)dx,
0

given by

(C(s,)uo) (@) = xps,n(2)(2H) 2™~ uyy,
(D5, 00)(@) = =2 [ X xia o) Ee = u(y)dy,
It is known from [HIP] that
U(s,t)U(r,s) =U(r,t) forall 0<r<s<t<oo

and U(s,t) is an operator of the form V(s,t)@ I in the
direct sum decomposition H = H(s,t) P H(s,t)t where H(s,t) =
Ho € L?([s,t], Ho). Define F(t) to be the projection on the subspace
‘H(0,t) and put

jo(X) = U(0,0)" ()g 8)U(0,t).
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Then j,(I) = j:(I)F(t) < F(t). From the fact that {U(s,t)} is a time
orthogonal dilation of the positive contraction semigroup {e"tH} it follows
that F(s)U(0,t)F(s) = U(0,s){e® )2 @ Ijo,, @0} where the term

in { } on the right hand side is with respect to the decomposition
H = Ho @ L*([0, s], Ho) @ L*([s, ), Ho). Thus
F(8)je(X)F(s)

=U(o,s)*F(s)U(s,t)*F(s)(’(f 8>F(3)U(s,t)F(s)U(0,s)

T,_o(X) 0
0

=00 (g™ reare

= Js(Ti—s (X)) F ().

In other words (H, F), j;) is a subordinate weak Markov flow with expectation
semigroup {Ti}.

Example 2.16. — Let {J;,t > 0} be an Evans-Hudson flow [P1, Me]
determined by structure maps {0;,1', j > 0} on a unital von Neumann
algebra of operators on a Hilbert space H, so that the quantum stochastic
differential equations

dIy(X) =Y KOi(X))dAL(t), JH(X)=X®1, XeA

i3

are fulfilled in the Hilbert space H = Ho ® ['(L?(R4) ® £2),T indicating
the boson Fock space over its argument. Let F'(t) denote the projection onto
the subspace H; = Ho ® ['(L%[0,t] ® £%) @ ®;; C H where |, is the Fock
vacuum in ['(L2[t,00) ® £2). Define j,(X) = J(X)F(t),t > 0,X € A
Then (H,F,j;) is a conservative weak Markov flow with expectation
semigroup T = ewg,t > (0. However, this need not satisfy the cyclicity
condition (ii) of Theorem 2.12.

3. FELLER PERTURBATIONS OF POSITIVE SEMIGROUPS

In his analysis of Kolmogorov equations Feller [Fe 1,2,3] constructed a
class of substochastic semigroups called minimal semigroups and outlined
a method of constructing new semigroups including stochastic ones by
perturbing their resolvents (or Laplace transforms) appropriately. The same
goal was achieved more directly by a pathwise approach in the works of
Chung [C1,2] and Dynkin [Dy ]. In the context of quantum Markov processes
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minimal semigroups associated to Lindblad equations were introduced by
Davies [Da] and their dilations to Evans-Hudson flows were studied by
Mohari [Mo] and Fagnola [Fa]. Following the spirit of Feller and Chung
we outline a general method of perturbation for positive semigroups on a
von Neumann algebra.

Let A be a von Neumann algebra of operators in a Hilbert space H and
let T; : A — A,t > 0 be a strongly continuous positive semigroup of
linear maps so that the following conditions are fulfilled : (i) Tp(X) = X
for all X € A; (i) T5(Ty(X)) = Teqt(X) for all X € A,s,t > 0
(iii) }gn Ty(X) = Ts(X) for all X € A,s > 0; (iv) T3(X) > 0 for all
X >0X e At >0.

We consider two types of perturbations of {7} which yield new
semigroups. The first type arises from what we call an exit cocycle for
the semigroup {T:}. The second arises from a dualisation of the first and is
based on an entrance cocycle for the same semigroup. The terminology is
motivated from considerations of classical Markov processes.

DerINITION 3.1. — Let 7, (R, ) be the family of all bounded Borel subsets
of Ry. Amap S : F(R,) — A,, the cone of nonnegative elements in
A, is called an A-valued Radon measure on R, if, for any sequence
{E;} of disjoint elements in F3 (R, ) such that UE" € F(Ry), S(UEi) =

ZS (E;) where the right hand side converges in the strong sense.
DEFINITION 3.2. — An A, -valued Radon measure S on R, is called an
exit cocycle for the semigroup {T3} if

T,(S(E)) = S(E+1t) forall E€ F(Ry), t>0.  (3.1)

Remark 3.3. — The strong continuity of the semigroup {7;} and the
fact that T, is identity imply that every exit cocycle is nonatomic, i.e.,
S({t}) = 0 for all t > 0.

Example 3.4. — Choose and fix an element B in .A,. Define
Sp(E) = / T,(B)dt for E € F(R,). (3.2)
E

Then the semigroup property and positivity of {7;} imply that Sp is an
exit cocycle.
Another class of exit cocycles is obtained by the following definition.
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DEFINITION 3.5. — Let A € A. Then A is called excessive for the semigroup
{T:} if T,(A) < Aforallt > 0. If T,(A) = A forall t > 0, A is said
to be harmonic.

Example 3.6. — Let A € A be excessive for {T}}. Define a Radon measure
S by putting
S([a,b]) = To(A) — Ty(A) for 0<a<b< 0. (3.3)

Since A is excessive and T is positive we have S([a,b]) = T,(A —
Ti-a(A)) > 0. Since T3(S([a,b])) = S([a + t,b + t]) it follows that S is
an exit cocycle.

It should be noted that in this example if Eb is the generator of {T}}

and A is in the domain of £ then S([a,b]) = [ T,(—£L(A))ds reduces to

Example 3.4. If B € A, is harmonic and y denotes the Lebesgue measure
in Ry then Sp(FE) = u(E)B which is a special case of Example 3.4.

Example 3.7. — If we replace the von Neumann algebra A by a C*-
algebra the definitions given in the preceding discussions are meaningful.
For example let A denote the C* algebra of bounded continuous functions
on R, and let {T;} be the semigroup of translation operators defined by

(Tif)(z) = f(x+t), t20, feA
Define the Radon measure S by
S([a,b))(z) = (b+2)° — (a+x)°, 0<z< o0

for some fixed 6,0 < § < 1. Then
2 5(la,t]) = 5((b+ )" = (a+2)) <0

and hence supS([a, b])(z) = b° — a® < oco. Clearly S([a,b])(z) > 0. The
N b
cocycle property is obvious. This cocycle if expressed as / d(z + s)ds

then ¢(z) = 6z°! is unbounded and ¢ ¢ A. On the other hand if
S([a,b]) = Ty — Tyyp then 9(z) = ¢ — x° for some constant c, is
unbounded and does not belong to A.

Example 3.8. — Let A be the C* algebra of all bounded continuous
functions on the real line R and {T}} be the semigroup defined by

(Tif)(z) =Ef(z+ B(t)), t>0, feA
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where B(t) denotes the standard Brownian motion process on R. Define S by
S([0,¢])(z) = E|z + B(t)| — |z, z€eR, t>0.
From Tanaka’s formula (page 137 in [CW]) we know that
d|lz + B(t)| = sgn(z + B(t))dB(t) + dL(t,z)

where L(t,z) is the local time at —x. L(t,z) is jointly continuous in
the variables ¢t and z and L(t,) is nondecreasing in ¢ for fixed z. Thus
S([0,t])(x) is increasing in ¢ and continuous in (¢,z). Since B(t) has a
symmetric distribution it follows that S([0,¢t])(z) = S([0,t])(—z). When
z > 0 we have

S((0, (=)
= [ (o +uvil - fahen) e T dy

-1
0o 2 -zt 2 2
= (27r)‘% {/ ) yVie T dy — / (22 + yVt)e~ T dy
—xt™ —o0

IA

1
N oo 2 —xt 2 2
(27r)_5\/i / . ye_%dy—/ ye"%dy

—xt” 2 [*S)

=7 ? \/Z_te— é
which shows that
supS([0,t])(z) < oo.

The cocycle property is now immediate from the standard properties of
Brownian motion.

We now go back to the semigroup {73} on the von Neumann algebra .A
and associate a perturbation series with a pair (S,w) where S is an exit
cocycle for {T;} and w is a state on .A. To this end we introduce the Radon
measure y defined by

WE) = w(S(E)), E € Fi(R.) (3.4)
and some notation. For any t > 0,n = 0,1,2,... define the linear maps
T{” on A by

Tt(n)(X)
T(X) if n=0,
_ [ st ) fno1 (35)

] S(dtl)ﬂ(dtz).'Ll,(dtn)CU(T't_(tl..{_+tn)(X)) if n 2 2
An(t)
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for all X € A, where
An(t) = {(t1,t2, ., tn) 1 t; > 0 for each i, by + -+ + £, < t}.

For 0 < s <t < ooand 0 < m < n define

T3 (X)
Ty (X) fmenco
= - S(dtr)u(dty)...u(dt,) (3.6)
A n(s,t
Xw(Tt_(tl‘F“""tn)(X)) otherwise

for all X € A, where

Amon(s,t)
{(tl,tz,...,tn)Z t1+"‘+th8<t1+"'+tm+1,
= ti+---+t, < t,t; >0 for every i}, if m < n,
A (s) if m=n.

PROPOSITION 3.9. — For each X € A the infinite series
T(X) =Y 1" (X) (3.7)
=0

converges in operator norm. The convergence is uniform in t over bounded
intervals.

Proof. — Tt follows from Remark 3.3 and the definition of p in
(3.4) that 4 is nonatomic. Hence liﬁ)l ©([0,s]) = w({0}) = 0. Choose
and fix #p > O such that u([0,%y]) < 1. We shall now estimate
p([0,8]) = " ({(t1y eetn) s ti+ -+ by < t}). Letty +--- 41, < ¢
andr = #{i:1 <3< n,t; >t} Thent >t, +---+t, > rty and, in

t .
particular, r < - + 1 = j, say. Hence
0

(0.t < 3 (2 )0,y o,
<m0, 1)y (7)o, )", 6

= ([0, 8 n? ([0, o).
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From (3.5) we have for n > 1

1T (O | |
<l IX IS0 DI sup 1T i((0,8]) (= 17 [0, to])"

which implies the required result. =
In order to show that {7}} is a semigroup we need the following lemma.

LemMA 3.10. — For any s,t € Ry and X € A the following holds:
@) TSI (X)) = T ™(X) for myn > 0;
@ Y T(TV(X) = THX) for k 2 0.

m+n=k

Proof. — First we prove (i). Clearly (i) holds when m = n = 0. When
m,n > 1 we have

T (7 (X))
_ /A ()S(d31)H(dsz)...u(dsm)w(Ts_(shLmﬂm)(Tt(n)( )

:/A ()S(dsl)u(dsz)...u(dsm)

X / O(To— oyt (S(dt2)))u(dt2)...
An(t)
(At )w(Te- by +-t,) (X))
Consider the change of variables
Sm41=8— (814 4 8m) + t1,8me2 = t2, e, Sman = tn.

Then the cocycle property of S and the definition of x imply

W(Ts—(sy4+-+5m) (S(dt1))) = n(dsm+1)

and under the change of variables, the conditions t; > Oand ¢t; +---+t, <t
become s < 814 -+ + 841 and 81+ -+ + Spman < $ + ¢ respectively. By

the nonatomicity of S we may as well write s < 87 + -+ - + 8,41 so that
T (T (X))

=/ S(ds1)u(dsz) - 1A )o(Trto—(or s tompo (X))
A mtn(8,5+1)
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and (3.6) shows that the right hand side is the same as T,,7,""(X). When
m = 0,n > 1 we have

T (T(X))
=T / S(dtr)uldts) -+ p(dtn)o(To— iy 4s ) (X))
An(t)

= /A ) TS(S(dtl))/"'(dtZ) e l”(dtn)w(Tt—(tl+...+tn)(X)).

Changing the variables to s; = s + t1,85 = ta,...,8, = t, yields the
required result as before. When m > 1,n = 0 the semigroup property of
{T:} implies

T = [  SCsB(ESe) - s Tty (X))

and completes the proof of (i).

Property (ii) is obvious for Kk = 0. When k& > 1 property (i)
together with the observation that Ay(s + t) is the disjoint union of
{Amk(s,5+1),0 < m < k} for all s and ¢ implies (i) and completes
the proof of the lemma. H

THEOREM 3.11. — Let T, : A — A be a positive strongly continuous
semigroup of linear maps. Suppose w is a state on A and S is an exit
cocycle for {T;}. Then the family {ﬁ} defined by (3.7) is also a positive
strongly continuous semigroup of linear maps on A. If {T;} is completely
positive so is {T}}.

Proof. — Clearly To(X) = Ty(X) = X forall X € A. For 0 < s,t < 00
and X € A we have from Lemma 3.10.

T(T.(X))= Y T¢(Ti (X))

m,n>0

=Y 2 IMEP(X)
k>0 m+n=k

=" TEUX) = Tope(X).
k>0

Thus {f’t} is a semigroup. By (3.5), {T(")} is strongly continuous in ¢ and
linear on A for each n and Proposition 3.9 implies the same property for
{Tt} If {T}} is positive or completely positive so is each {T )} and hence
{Tt} also shares the same property. W
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The semigroup {T;} occurring in Theorem 3.11 is called the Feller
perturbation of {T;} determined by the exit cocycle S and the state w.

Remark 3.12. — Theorem 3.11 holds good when A is a C* algebra and
the proof remains the same.

Remark 3.13. — From the proof of Proposition 3.9 it follows that
v=20 +up+ u*z + ... is a Radon measure on R, where §p is the
Dirac measure at 0 and g is defined by (3.4). This shows that the perturbed
semigroup 7; can be expressed as

T(X) = T(X) + [ (S0)(d)o(Teeo(X)

when S * v is the positive operator-valued Radon measure defined by

S v([0,4]) = /0 S(ds)u([0, ¢ — s)).

If X is in the domain of the generator £ of {1}, u, v are elements of the
Hilbert space H (with A C B(H)) and (u, S * v([0,¢])v) is differentiable
at the origin then

o LX)z = G, LX) + () 0,8 = ([0, oo
In particular, if S(F) = Sp(F) = / T,(B)ds,B € Ay then

d ~
7 (u, Ty(X)v)|t=0 = (u, {L(X) + w(X)B}v).

In order to compare the perturbed semigroup {f’t} with Feller’s
construction we shall compute its resolvent. At this stage it is useful to
recollect the well known Hille-Yosida theorem which makes precise the one
to one correspondence between a semigroup and its resolvent.

THEOREM 3.14 (Hille-Yosida [Y], [Dyl). — Let X be a Banach space.
Let {Ry »>p be a family. of operators in X, with 8 > 0 a fixed scalar,
satisfying the following:

(1) RARM = (/‘L - A)_I(RA - R}A) fOl‘ ’\711' > :37)‘ # My

@ii) ||Ra]| € M(X = B)~! for all X > 3 and some positive constant M ;
(iii) s — )\h_{rlll RA\(X) = R,(X) forall p > 3,X € X;
(iv) Range of Ry is dense in X for some \ > (3.
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Then there exists a unique strongly continuous semigroup {T;} of
oo
operators in X such that ||T3|| < MeP* and R\(X) = / e MT(X)dt

0
forall A > B3,X € X.
Conversely, if Ty : X — X,t > 0 is a strongly continuous semigroup of
operators then there exist constants M,[3 > 0 such that ||T;|| < Me”* for

all t > 0 and Rx(X) = e MT,(X)dt defines a family of operators
0

satisfying (i) - (iv). The semigroup {T} is contractive if and only if M and

B can be chosen to be 1 and 0 respectively.

Proof. — We omit the proof (See page 30, Vol. I, [Dy]). m

THEOREM 3.15. — Let the semigroup {T;} in Theorem 3.11 satisfy the
inequalities ||Ty|| < MePt for M > 0,8 > 0 and all t > 0. Let
{Rx,\ > B} be its resolvent. Then there exists a 3 > 0 such that the
resolvent {E,\,)\ > ﬁ} is given by

Ba(X) = Ba(X) + %A (3.8)
where ~
Ay = / eXS(dt), A > B. (3.9)
0

Proof. — Choose and fix a t, such that u([0,t9]) = a < 1. Let
b = ||S([0,t0))||- By the cocycle property

1S([nto, (n + )to])| = [|Tot, (S([0, &) < bMe™™,  n > 0.

Hence
(n+1)to

e~ S(dt)

||

n>0| |’ to

<b+ ZbMe—()‘—ﬂ)nto

n=1

bM e~ (=Bt
sb+ 1 — e~ (A=B)o
< oo forall A > g.

Since p(F) = w(S(FE)) we have

oo bMe~(A=B)to
—At
/0 ¢ < et T G
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Since a < 1 we conclude the existence of a constant ,3 > 0 such that
w(Ay) = /000 e Mu(dt) <1 for all A> 3.

Thus, for X € A, A > 3, we have

Ry(X) = / ~ e MT,(X)

= OA(X)+Z/OOOé-”

n>1

X { /A " S(dt1)p(dtz) - - u(dtn)w(Tt_(tl+...+tn)(X))}dt

= Ra(X) + Y _w(Ra(X))w(Ax)"" Ay
w(R(X))

= R\(X) + T—w(Ay)

Ay

Remark 3.16. — As a direct consequence of the cocycle property of S
it follows that

Ay —A
Ra(A,) = =—*

for L, u>pB, A#up.

Using this relation we can verify that R, satisfies the resolvent identity. So
we could as well have defined R a directly by (3/.\8) and (3.9), used the Hille-
Yosida theorem and recovered the semigroup 7;. Indeed, Feller [Fe 2] had
taken this approach. We shall compare the formula for R, with that of Feller.

Let A € A, be excessive for {T;} and let S be defined as in Example
3.6 so that S(t) = S([0,t]) = A — T;(A). Then

Ay = /0 T eMg(dt) = A /0 T e ATy (A))d,

ie, Ay = A — AR)(A). Hence (3.8) becomes

w(Rx (X))
1—w(A) + Aw(Rx(A4))
Now consider the special case A = ¢I for some ¢ > 0 and w(X) = tr pX
for some density matrix p describing the state. Then

Ry(X) = Ry(X) + (A= ARA(4)). (3.10)

RA(X) = B(X) + = qtjr”qf*tf; - 790 = AR(D)
= BA(X)+ f:fﬁ*gz HU-ARD) B
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1- ~
where m = — 2 If {T:} is contractive and m > 0 then {T;} is also

contractive. When m = 0 and {7;} is not conservative it follows that
AR\(I) = I and hence {T.} is conservative. When A = ¢, and {T;} is the
minimal semigroup of substochastic matrices associated with a Kolmogorov
equation, formula (3.11) coincides with the expression (8.1) in [Fe 2]. This
suggests that the density matrix p in (3.11) mediates the transition from a
“boundary point” back into the “state space” of the Markov flow and

m+1
is the probability that it is stuck in the boundary. Of course, it is desirable to

have a clearer picture of the manner in which p mediates the transition.

We now proceed to a brief discussion on entrance cocycles. Let A,
denote the predual of the von Neumann algebra A C B(H). Then A, is a
subalgebra of the algebra of all trace class operators on .

DEFINITION 3.17. — An A,-valued nonnegative Radon measure 7 on R, is
called an entrance cocycle for the semigroup {T;} if

tr (E)T:(X)
=trp(E+s)X foralls > 0,FE € F(Ry), X € A.  (3.12)

Imitating Example 3.4 and 3.6 we can obtain examples of entrance cocycles
provided there exists a semigroup {7} in A, satisfying

tr m(p) X =trpTy(X) for all X € A, p € A,,t > 0. (3.13)
In such a case we have the following examples.

Example 3.18. — Let p € A, be positive. Define the Radon measure 1, by

1/),,(E)=/E7rs(p)ds for E € Fy(Ry). (3.14)

Then 1), is an entrance cocycle for the semigroup {T;}.
Example 3.19. — Suppose po € A, is excessive for {r,}. Define v by
¥([a,b]) = ma(po) — ms(po)- (3.15)

Then v is an entrance cocycle.
Let ¢ be an entrance cocycle for the semigroup {7;} and let Z be a fixed
positive element in .A. In analogy with (3.7) define

OO =R+ Y [ i) X))

n>1

tr(P(dtn) Z) i (b4 +t0) (Z) (3.16)
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fort > 0,X € A

THEOREM 3.20. — The series on the right hand side of (3.16) converges
in norm and {T.} is a strongly continuous positive semigroup. If {T3} is
completely positive so is {T;}.

Proof. — This is exactly along the same lines of the proof of Theorem
311. m

THEOREM 3.21. — Let Ry and Ry be the resolvents of {T;} and {T}}
respectively for A > «y for some v > 0. Then

a,\(X)
1- a,\(Z)

where a is the positive linear functional on A given by

ax(X) = /0°° e M tr (¥(dt)X)

R)\(X) ZR)‘(X)'F R)‘(Z) fO’I"X €A

Proof. — This is obtained by a direct computation. H

We conclude this section with some remarks on perturbations of direct
sums and tensor products of semigroups. Suppose A; is a von Neumann
algebra of operators in a Hilbert space H; and {Tt(’)} is a positive strongly
continuous semigroup of linear maps on A; for each 7 = 1,2. Let w;
be a state in .4; and let S; be an exit cocycle for each i. For the
semigroup T; = Tt(l) EBTt(z),S = S;: S, is an exit cocycle and for
any 0 < p < L,w = pw; P(1 — p)w; is a state on A = A; P A,.
Expressing any element of A as a column vector ();),X € A,Y € A
we see that the perturbed semigroup {T.} associated with the pair (S,w)

has its resolvent R given by

5 (X _(RO(X)

= (Y) ’(R&”(Y))
pwr (R (X)) + (1 - plwa (RO (V) (A&”
1 — {pwr(AD) + (1 - pwa(AP)} \AP

) (3.17)

where R\ is the resolvent of (T9} and A = Jy” e~ S;(dt). When
Ay = C,p = 0,ws(c) = c and Sy((0,¢]) = I = TH(I),{T"} being
contractive (3.17) reduces to

n()-(5) (1)
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This is the resolvent of a semigroup which is the quantum probabilistic
analogue of a Markov chain with an absorbing boundary point as described
after Theorem 2.13.

Just like direct sums we can also perturb tensor products of semigroups.
Indeed, let T, = Tt(l) ® Tt(z) in A = A; ® A,. Then there exists an
exit cocycle S for {T:} such that S([0,¢]) = Si([0,¢]) ® S2([0,¢]) for
all ¢. It should be noted that S([a,b]) # Si([a,b]) ® S2([a,b]). It is also
interesting to note that A; ® A, is excessive for {T;} if A; is excessive
for {T{"},i = 1,2. Indeed,

(n(l) ® Tt(2))(A1 ® A2) = T;:(l)(Al) ® Tt(z)(Az)
<A ® Tt(z)(Az)
< A; ® A

If H is harmonic for {T{”} then 5([0,#]) = S1([0,#]) ® H defines an
exit cocycle for {T;}. If Tt(z) = identity we can express the resolvent of
the perturbed semigroup {Tt} associated with the exit cocycle S and any
state w on A as

wRP(X)®Y)
= AV @ H.

R\(X®Y)=RPX)oY +

A similar analysis can be done with entrance cocycles.

4. GLUING ADAPTED PROCESSES USING STOP TIMES

In Section 2 we saw how it is possible to construct weak Markov flows
out of one parameter semigroups of completely positive contractive linear
maps on a von Neumann algebra. Given such a semigroup {7;} and its
Feller perturbation {7}} based on an exit cocycle S and a state w it is
natural to examine the relationship between the flows associated with {7;}
and {Tt} If we follow the classical approach of Chung [C1] it is not
difficult to see the possibility of obtaining the flow associated with {T}}
by appropriately “gluing” independent copies of the flow associated with
{T:} at suitable stop times.

Just as a classical stochastic process is a family of random variables
{&(t)} a quantum stochastic process may be viewed as a family of operators
{X(t)} in some Hilbert space. Given two classical stochastic processes
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{&(t)} and {n(t)} with ¢ > 0 and a stop time 7 for {{(¢)} we can glue them
at time 7 and obtain a new process {((¢)} by defining

& if t<r,
C(t)_{n(t—'r) if t>7.°

Already from the papers of Hudson [H] and Parthasarathy and Sinha [PS]
the fruitfulness of looking upon stop time as an adapted spectral measure on
R is evident. Our aim in the present section is to outline a method of gluing
operator-valued processes in different Hilbert spaces by using appropriate
spectral measures and obtain the glued process in their tensor product. To this
end we begin with the definition of an integral of an operator-valued function
with respect to a spectral measure. Since this notion will be used extensively
in the sequel we present a list of its basic properties for ready reference.

Let (2, F, 1) be a totally finite standard measure space and let P* denote
the canonical spectral measure on {2 so that P#(E) is the operator of
multiplication by the indicator function xg of F € F in the Hilbert space
L?(u). Suppose k is a Hilbert space and X : 2 — B(k) is a map satisfying
the following:

(i) the map w — (u, X (w)v) on 2 is measurable for every u,v € k;
(i) sup || X ()||x < oo.

n
Note that the Hilbert space L?(u) ® k is isomorphic to the Hilbert space
L?(u, k) where

2u k) = {1172 = [ @) < o0
with
(£,9) = [ (1) g@huntdo),
Q

f,g,... denoting equivalence classes modulo p-null sets. Making use of
this identification between L?(1) ® k and L?(u, k) we define the operator

/Q PH(dw) X (w) on L2(i) ® k by
{ / Pﬂ(dw)xw}(w') X)W, W €R,  (42)

Then / P*(dw)X (w) is a bounded operator on L?(u) ® k with
Q

| Prawrxe

< sup Xk (4.3)
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It is natural to denote the operator given by (4.2) as / P*(dw) ® X(w) but

. . Q
we drop the symbol ® for notational convenience.

Now suppose that P is any spectral measure on the standard Borel
space (2, F) with values in the lattice of orthogonal projections in a
Hilbert space ‘H. By a part of the Hahn-Hellinger theorem [P1] there
exist totally finite measures {uq,a0 € S} on (Q,F) and a unitary
operator U : H — EBLZ(,ua) such that UPU! = @P"a. Let now

X:Q— B(k)bea woéakly measurable map satisfying Sl;lp X ()]x < oo.
P
Then we define the integral of X (-) with respect to P by

/Q P(dw)X (w) = U—l{@ /Q P“a(dw)X(w)}U. (4.4)

Then the left hand side yields an operator on H ® k with
I P(@)X ()| < sup X (45)
Q Iz

PROPOSITION 4.1. — Let (2, F) be a standard Borel space and let H, k be
Hilbert spaces. Suppose P is a spectral measure on F with values in the
lattice of orthogonal projections in H. Let N be the * unital algebra of all
weakly measurable maps of the form X : Q — B(k) satisfying the condition
sup || X (:)||x < oo. Then the following holds:

P

(i) the map X — / P(dw)X (w) is a * unital homomorphism from N

Q
into B(H ® k) such that (4.3) holds;
(ii) for any u,v’' € H,v,v' € k

<u®v, /Q Pdw) X () ®U'> - /Q (u, P(dw)u’) (v, X ()).

Proof. — This is immediate when % = L?(u) and P = P*. Rest follows
from (44) and 4.5). ®m

DeFINITION 4.2. — By a bounded process X = {X(t),t > 0} in
a Hilbert space " we mean a family of bounded operators in H
satisfying the following: (i) the map ¢ — X(t) is weakly measurable;
(i) sup ||X(s)]| < oo for every t. Such a process is called contractive,

0<s<t

isometric or coisometric according as all the operators X (¢),¢ > 0 possess
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the same property. If F' is a weak filtration in H then X is said to be
adapted to F if

X(t)F(t) = F()X(t)F(t) for every t.

A stop time in ‘H is a spectral measure on the closed interval
[0,00] = Ry U {oo} with values in the lattice of projections in H. A
stop time P is called a stop time for the bounded process X in M if
X(t)P([0,t]) = P([0,t])X (t) for every t. P is called an F-adapted stop
time for the bounded process X if, in addition,

P([0,8]))F(t) = F(t)P([0,]) forevery t.

We shall now introduce a quantum analogue for the construction in 4.1).
Let X; be a bounded process in the Hilbert space H;,i = 1,2 and let P, be
a stop time for X;. Then the glued process X op, X2 is defined by

Xl op, Xz(t) = Xl(t)(l - Pl(t)) + [0 4 P](dtl)Xz(t - tl) (46)

where the first term is actually the ampliated operator X1 (¢)(1 — Pi(t)) ®
I,, Py(t) = P,([0,t]) and I, is the identity operator in 2. By Proposition
4.1 it follows that X; op, X» is a bounded process in H; ® Hs. When the
stop time P, is clear in a context we shall write X; o X for X; op, Xo.
The event that the process X; is stopped at a time not exceeding t is
described by the projection P;(t). Since X;(t) and Pj(t) commute with
each other we may express the first term on the right hand side of (4.6)
also as Py ((t,00])X1(t)P1((t, 00]).

Normally P;({0}) = 0 so that X; o X2(0) = X;(0)P1((0,00]) =
X1(0), i.e., the glued process starts at X1(0). Otherwise X1 o X5(0) =
X1(0)P1((0,00]) + P1({0})X2(0). This may be interpreted as an
instantaneous change from X;(0) to X»(0) (with some probability in a
given state).

PROPOSITION 4.3. — Let P; be a stop time in H;,i = 1,2. Then Pi op, P,
is a stop time in Hy ® M. If, in addition, P; is a stop time for the bounded
process X;,i = 1,2 then P, op, P, is a stop time for the glued process
Xl op, Xg.
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Proof. — We have from (4.6)

Py op, Po(t) = Pu(t)Py((t, 00]) + /{0 RECALICHN

= / Pl(dtl)Pz(dtz)
0<t1+t2<t
= P1® Py({(t1,t2) : 0 < t1 + 12 < 581,89 > 0}). (4.7)

This proves the first part. The second part is immediate from Proposition
4.1 and the definition of a stop time for a bounded process. W

We denote the stop time P; op, P2 by P; o P, and call it the cumulative
stop time of P; followed by P,. In other words we wait till the stop time P,
first and subsequently wait till P, so that the total waiting time is P, o P;.
Such a view is useful in gluing more than two processes.

ProPOSITION 4.4. — Let X; be a bounded process in H;,i = 1,2,3 and let
P; be a stop time for X;,i = 1,2. Then

{(X1 op, X3) op,op, X3} (1)
= {X10p, (X2 0p, X3)}(2)
= KPRt oo+ [ Puldt)Pa(t — s, o0]) Xalt - 1)

0<t; <t

+ / Py(dty) Py(dt) Xs(t — t1 — t2) (4.8)
0<ty +t2<t

forall t > 0 in Hy @ Hy @ Hs.
Proof. — By repeated application of (4.6) we have
{X1 0p, (X2 0p, X3)}(2)
= XOP (6ol + [ Pz or, X5)(E 1)
= Xy (t) Pa((t,00])
+ [ P (Xalt = )P 1,00

+ / Py(dta) Xs(t —t1 — t2)}
[0,t—1t1]
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which agrees with the right hand side of (4.8) owing to the fact that P, is
a stop time for X,. Similarly by Proposition 4.1 we have

{(X1 0p, X2) op,op, X3}(t)
— (X1 op, X2)(#)(I = Py o Py(8)) + /{0 L (Pro Po(dts) Xt —t)

= {X1(¢) Pr((t, o0])
+ Py (dt1)Xo(t — tl)}{I - /

Pl(dtl)Pz(t - tl)}
[0,t] [0,7]

+ / Pl(dtl)Pz(dtz)Xg(t -t — tz)
0<t1 +t2<t
= X1 (&) Py((t, 00]) + / Pu(dt)(I = Py(t — t2))Xa(t — t1)
[0,¢]

+ / P]_(dtl)Pz(dtz)Xg(t -t - tz),
0<t1+t2<t

which once again agrees with the right hand side of (4.8). B

In view of Proposition 4.4 we can now take the liberty of denoting the
left hand side of (4.8) as X; o X, o X3 whenever the concerned stop times
P, and P, are unambiguously fixed.

Consider a sequence of triples H,,X,, P,,n = 1,2,... where H,, is a
Hilbert space, X,, is a bounded process and P, is a stop time for X,, for each
n. Let Hp) = H1 ® Ha ® - - ® Hy. Define the operators Xn1(2), X2..(8)
and X, q)(t) in H,4q1) by

)?n+1(t)

/ Pi(dty) - Pop1(@tns1) Xnpa(t — 8 + -+ 2,)
ittt <t<ty - ttnga

_ / Pi(dty)... Pa(dts)
t1+""+‘tn St

X Xn+1(t—t1 +"'tn)Pn+1(t—t1+"'tn,OO]) (49)
for n > 1,
= [ Pd)X(0) = K0Pt o)), (4.10)
t<t;
X0, (t) = / Pi(dty) - Pa(dtn) Xnpr(t— T FE) (4.11)
titett, <t
n—1 N
Xpp1)(8) = D Xmpr () + X241 (0) (412)
m=0
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for n > 1, where the m-th term which looks like an operator in
Hm41) is, indeed, ampliated to H,;;. It is to be emphasized that
Xn41) = X1 0X50..X,,41, the glued process obtained from the sequence
X1,X2, ..., X541 through the stop times P, P, ..., P,. Define the spectral
measures P in M, by

Poy(E) = / o PLdR)-Pa(dta), (4.13)

0<t;<oo

for any Borel set £ C [0,00], and denote their ampliations by the same
symbols. Then, for any fixed t, Py)(t) = Py)([0,]) is a decreasing sequence
in n and

Xnia(t) = (Poy(t) = Pn+1](t))2n+1(t)(Pn](t) — Poyy(t), (4.14)
X 1(t) = Po(8) X011 () Poy (2) (4.15)

with the understanding that Fy)(t) = I. We have the estimates

1RO < sup [ Xnsa ()], (4.16)
0<s<t

Xon@®ll < sup  sup 1K)l (4.17)
1<j<n+1 0<s<t

Let now ¢,, be a unit vector in H,,n = 1,2,... Consider the countable
oo
tensor product H = ®Hn defined with respect to the stabilizing sequence

n=1

{¢n}. Assume that

sup sup || Xn(s)|| < oo forallt > 0. (4.18)
n 0<s<t

On ampliating )?,,H(t) to H we see from (4.14) and (4.16) that the infinite
series

Xe(®) = 3 K (t) (4.19)
m=0
converges strongly and
| Xeo) (£)I] < sup sup [|Xn(s)]l- (4.20)
n 0<s<t

Roughly speaking, X is the glued process X;0Xz0... Note that the infinitely
glued process X depends on the stabilizing sequence {¢,}. The next two
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propositions describe the basic properties of the operation of gluing a finite
or countable number of bounded processes.

PROPOSITION 4.5. — Let X,,, Y., be bounded processes in the Hilbert space
H, for each n = 1,2, ... satisfying (4.18) and let P, be a stop time for both
X,, and Y,, for each n. Then the following holds for all 2 < n < oo:

() Xp) + Yo) = (X + Y)uj;
(ii) Xn] Yn] = (XY)n];

(iii) (Xn]) ( )n]’

(iv) X, is positive or contractive according as each X; is posmve or
contractive.

Proof. — Immediate from Proposition 4.1 and the definition of glued
processes. W

PROPOSITION 4.6. — In Proposition 4.5 suppose that X,, is the process I,
where I,(t) = I in H, for each n. Then
Iyt)=1 for 2<n<oo.

Define the probability measures {v,} on [0,00] associated with the
stabilizing sequence {¢n} by ~

Un(E) = (¢n, P(E)¢n) for every Borel set E C [0, cc].
Then

Ioo](t) =1
if and only if

lim (vy * vg - % 1y,)([0,8]) =0 (4.21)

n— oo

for all 0 < t < oo.

Proof. — The first part is immediate from the relations fn+1(t) =

P,)(t) — Pny1y(t), Poi(t) = I and the fact that X 0 ,1(t) in (4.11) becomes

Py (t). To prove the sufficiency in the second part consider an element
U=U QU ® @ Uk ® Ppy1 ® Pry2 ® - -+ in H and observe that (4. 11)
yields

1X 1 )ull? = (Ap % -+ % Mg * Uiy * Vg % - * 1) ([0, ]) (4.22)

when X;(t) = I for all 4,n > k,); being the measure defined by
X(E) = (wi, Pi(E)us),i = 1,2,...,k and E any Borel subset of [0, 00)].
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Now (4.21) implies that the left hand side of (4.22) converges to 0 as n — oo.
Since vectors of the form u are total in H it follows that X3, ,(t) — 0
strongly as n — oo for every t. Now (4.12) and (4.19) together with the
first part imply that Ioo] (t) = I for all t > 0.

To prove the necessity of (4.21) observe that vy * vy * - -+ % 1,([0,1])
decreases monotonically in n for every fixed ¢ > 0.

Suppose that hm 0 vy k- % vn([0,80]) = 6 > 0 for some to > 0. Then

(4.12) implies that for the unit vector u = ¢; @ po ® --- in H

Moo (to)ull* = lim IIZITer(t(>)uII2
=1—6<L

In other words I(to) is a proper projection. W

Remark 4.7. — From Proposition 4.5 and 4.6 it is clear that for 2 < n < 0o
the bounded process X, is isometric, coisometric or unitary according as
each X;,7 = 1,2, ... has the same property. If the measures {v,,} defined in
Proposition 4.6 satisfy the condition (4.21) then X, o] 18 isometric, coisometric
or unitary according as each X;,7 = 1,2, ... has the same property.

Proposition 4.8. — Let H,,X,,, P,,n = 1,2, ... be as in Proposition 4.5.
Suppose that the maps t — X, (t) are strongly right continuous for each
n. Then X,,(t) is strongly right continuous in t for every 2 < n < co. If
X(t) is strongly continuous in t and P, has no atoms in R, for every n
then Xy(t) is strongly continuous in t for every 2 < n < oc.

Proof. — Consider an element v = u; ® u ® ... in H where each wu,,
is a unit vector and u,, = ¢, for all n exceeding some ny. From (4.14)
and (4.19) we have

I Xeoi)ull® = 1 X (B)ull®. (4.23)
n=0

Consider a fixed bounded interval [0, 7] and observe that (4.14), (4.16) and
(4.18) imply the existence of a positive constant C' depending on T such that

1 X 41 (Yull®
< Cll(Py (t) Poyy(t))ull?
= O{(p* - % pn)((0,8]) = (w1 %+ % gy 1)((0,8])}  (4.24)
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forall 0 < t < T where p;(+) = (u;, P;(-)u;). Note that when n = 0 the right
hand side of the inequality above is to be interpreted as C(1 — p1([0,¢])). It
follows from (4.23) and (4.24) that the right hand side of (4.23) converges
uniformly in ¢ € [0,T]. Thus, in order to prove the first part of the
proposition, it suffices to show that the map ¢ — Xnt1(t)u is strongly right
continuous. We have

{Xnsa(t+h) = Xna (H}u
= {/ Ppy(ds)Xpns1(t +h — 8)Poa((E+h —s, oo])}u
[0,t+h]

{ [, P P e o

_ /[0 P (X041 = §)Pas1((t +h — 5,00])
— Xpy1(t — 8)Paga((t — 8,00]) }u
+ / Pay(ds) Xnsa(t & h — 8)Paga((t + h — 5,00])u.
(t,t+h]

Thus

{1 (t + k) = Xnsa (O }ull®
< / <ty Pay(ds)tng > [{Xnsa(t + b = 8)Prga((t + b — 5,00])
[0,¢]

— Xpp1(t — 8) Pagr ((t — 8,00]) Y 41|
+ C(tn), Pay((t; t + R])uny),

where C' is the positive constant mentioned earlier, up) = U1 @ *** @ Un,
h>0,t4+h < T.Since Xn41(t) and Pny1((¢, 00]) are both right continuous
for every n the right continuity of X (t) in ¢ follows from the inequality
above. It is to be noted that we have used the fact that vectors of the form u
described at the beginning are total in . The second part of the proposition
is proved in the same manner. H

Now we proceed to define the glued filtration which may be considered
as the natural filtration for glued processes. To this end we consider a
sequence (Hn,F,),n = 1,2,... where H,, is a Hilbert space and F,
is a weak filtration in H, such that the map ¢t — Fy(t) is strongly
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right continuous. Let X,, be a bounded process adapted to F, and let
P, be a stop time for X,, so that P, is adapted to F,, in the sense of
Definition 4.2. We choose the stabilizing sequence of unit vectors {¢,}
such that ¢, is in the range of F,(0) for each n = 1,2,... Denote by

&([m,n]) = [$m)($m|®|Pm+1)(Pm+1]® - :®|¢n)(¢n| the one dimensional
projection ampliated to H,, or H whenever necessary and using the same

symbol for operators and their ampliations introduce the operators F}, ;1)(t)
by

Foyy(t)

n—1

=Y Frn1(t)®([m+2,n + 1))

m=0

+ / Pi(dty)...Po(dtn)Fopr(t — L7 F8)  (4.25)
tytettn <t

for 1 < n < oo and the operators foo](t) nH=H;® - QH,®...by

Foy(t) = Y Fruia(t)8(Im + 2, 00)). (4.26)

m=0

Here we have used the notations (4.9) and (4.10). It is important to compare
(4.25) and (4.26) with (4.12) and (4.19).

PROPOSITION 4.9. — F, 1) defined by (4.25) is a right continuous weak
filtration in H, 1) for every 2 < n < 0. If X,, is an F,,-adapted bounded
process in 'H,, and P,, is an F,-adapted stoptime for every n then Xniy is
F’n+1]-adapted for every 1 < n < oo.

Proof. — We prove the result first when n = 1. From Proposition 4.1 it
follows easily that the operator

Fyy(t) = Fi(t)(1 — Pu(t))\da)(de] + /[ RACOLIGN
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with ¢, in the range of F(0) is a projection. For 0 < s <t < oo we have
Fy(t)Fy(s)
= F1(t)(1 — Pi(t))(1 = Pu(s))F1(s)[62) (2]

R [ Pudt)lé2) (] /[ Pi@s)Fys )

(t,00]

+/[0,t] Pl(dt1)F2(t—t1)/ Py(ds;)F1(8)|¢2){(¢2]

(8,00

+ / Pu(dty) Fa(t — t1) / Py(ds1)Fa(s — 51)
[0,t] [0,s]

= (1— Py(t)) Fa(s)| o) (ol + 0 + / RACHLIGITAIN

(s,t]

+ P](dsl)Fz(S - 81)

[0,s]

=F 2(s)
which shows that le (t) is increasing in ¢. In other words F‘z] is a filtration.
To prove the adaptedness of X5) with respect to Fy) observe that
Xy (t)F(t)

= (X)L - Pu(t) + / Py(dt) Xa(t — £1)} Py (8)

0,

= X, (t)(1 - Pi()) F1(t)|¢2) {42 + /[ . Py(dty) Xa(t — t1) Fp(t — t)

’

= |p2) (2| F1(t) X1 (t)(1 — P1(¢)) F1(¢)|p2) (92|
+ / Py(dt1) Fa(t — t1) Xa(t — t1)Fa(t — t1)
0.1

which proves the claim for n = 1. Now assume that the Proposition is true
for n < k. Then on gluing Fj 1) with Fj o using the cumulative stop time
Pk+1] = P1 (o] P2 0...0 Pk.|.1 giVCIl by

Pegn)(t) = / Py(dty) - Poya(dtisn)

ti+-+te 1 <t

we have a new filtration G given by
G(t) =Fesn)(®)I = Para) (1) |$rs2) (B2l

+ /[ ]Pk+1](dtk+2)Fk+2(t — thy2)
0.t
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which is easily verified to be the same as ﬁHz](t). Hence ﬁk+2] is also a
filtration. Since Xk+2]~= Xi41) © Xi42 a repetition of the earlier argument
shows that Xy o is Fk+2]-adapted.

The strong right continuity of ﬁn] (t) in t is proved exactly as in Proposition
4.8.

ProposITION 4.10. — In Proposition 4.9 suppose that the sequence
of probability measures {v,} in the closed interval [0,00] defined by
Un(?) = (bn, Pa(-)dn),n = 1,2, ... satisfies (4.21). Then F., defined by
(4.26) is a strongly right continuous weak filtration in H = H;  H2 ® ...
If X,, is an F,,-adapted process and P, is an F,-adapted stop time for X,
for every n then X, is Fy-adapted.

Proof. — Proceeding along the lines of the proof of Proposition 4.6 we
conclude that Fi)(t) = s. lim F41)(t), Xoo)(t) = s. lim X, 1)(t). The
n—oo n—oo

strong right continuity of ﬁ’w] (t) in t is proved exactly as in Proposition 4.8.
Rest is immediate from Proposition 4.9. ®

5. GLUING MARKOV FLOWS

In classical probability theory a Markov process governed by a
nonconservative or substochastic semigroup of transition probability
operators on a state space () is interpreted as a Markov process whose
trajectories may get out of the space 2 (or hit the boundary) at an exit
time depending on the individual trajectory. Such an exit time provides a
natural stop time at which the trajectory may be stopped at the boundary
with probability p or continued with probability ¢ = 1 — p along a new
independent trajectory of the original flow starting from a point z € 2
chosen according to a suitable entrance probability law. Such a procedure
can be repeated ad infinitum. The aim of the present section is to quantize
this idea or, equivalently, express it in the language of operators in a Hilbert
space by adopting the gluing mechanism described in Section 4 with respect
to suitable exit times for a nonconservative Markov flow mediated by a
one parameter semigroup {7:} of completely positive and contractive linear
maps on a unital von Neumann algebra and thereby obtain a new Markov
flow whose expectation semigroup {T;} is a Feller perturbation of {T;}.

DeFINITION 5.1. — Let (H, F, j;) be a weak Markov flow on a unital von
Neumann algebra A of operators in a Hilbert space H, with expectation
semigroup {7;}. A spectral measure P on the closed interval [0, co] with

Vol. 31, n° 4-1995.



642 B. V. RAJARAMA BHAT AND K. R. PARTHASARATHY

values in the lattice of orthogonal projections in H is called an exit time for
the flow (H, F, j;) if the following conditions hold:

(i) J+(X)P([0,t])) =0 forallt>0,X € A; (5.1)
(ii) P([0,t))F(t) = F(t)P([0,t]) forallt > 0;

(iii) If Sp denotes the positive operator-valued Radon measure defined
on R, by

Sp({0}) = 0, Sp((a, b)) = EgP((a, b))l (5.2)
then Sp(E) € A and
Js(Sp(E)) =ELP(E +5) foralls>0,E € Fy(Ry). (5.3)

Condition (ii) expresses the adaptedness of the stop time P and for
any initial state A on A, A\(Sp([0,1])) is the probability that “hitting the
boundary” occurs at or before time ¢. Condition (i) can be interpreted as the
fact that if the system or flow goes out of A before time ¢ the event j;(X)
for any projection X in .A cannot occur at time ¢. Condition (iii) emphasizes
the covariant nature of the exit time under the flow.

PROPOSITION 5.2. — If ‘H, F,j; and P are as in Definition 5.1 then the
Radon measure Sp satisfying (5.2) and (5.3) is an exit cocycle for the
expectation semigroup {T;} of the flow (M, F, j;).

Proof. — Taking conditional expectation Egi in (5.3) we have from the
Markov property of the flow

T,(Sp(E))F(0) = E§j.(Sp(E)) = EGE;P(E + 5)
=EQP(E +3) = Sp(E+5)F(0). =

Let H,, Fo, 5™, Pa,n = 1,2, ... be copies of H, F, j;, P in Definition
5.1. Note that equation (5.1) together with its adjoint and condition (ii) of
Definition 5.1 imply that the exit time P is also an F-adapted stop time
for the bounded process {j:(X),t > 0} for every X € A. Choose and fix
a unit vector ¢ in the range of F(0) in H. Let H=H, ® Hz ® ... where
the countably infinite tensor product is taken with respect to the stabilizing
sequence {@,} with ¢, = ¢ in the n-th copy for each n. Using {P,} we
make an infinite gluing of the processes {j; () (X)} for each X € A as in
Section 4 to obtain the processes

(X)) =i (X) Py((t, 00])
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+ / Py(dty) -
n>1 ti4 o+t <t<ti 4t

Pn+1(dtn+1).7§"-(‘-ti)+ gty (X)- (5.4)

By (5.1) we have j;(X)P((t,00]) = j:(X) and (5.4) can be expressed as

wWX) =YM") =Y Z mMX) for0<s<t,XeA (55)

n>0 n>0 m=0
where
2(n) X Jt(l)(X) if n=0,
= n+1 .
3¢ (X) / Py(dtr)... Pa(dta) i 00, ey (X) if 21
An(t)
and for 0 < m < n
Jorm(X)
B x) if m=n=0,
= / ( )Pl(dsl) (clsn)]t("gl)Jr ysn)(X) otherwise
m.n(8,t

where A, and A,, ,(s,t) are as in (3.5) - (3.7). It is useful to compare the
two expressions above with (3.5) and (3.6) and interpret ]( ™ asa description
of the glued process at time ¢ under the knowledge that exactly n exits
have occurred upto time ¢. Similarly J " describes the glued process under
the knowledge that exactly n exits upto time ¢ and m exits upto time s
have been made.

THEOREM 5.3. — Let 'H, F, j;, Ty, P, Sp be as in Deﬁnltlon 5. 1 and let ¢
be a unit vector in _the range of F(0). Define the maps j; : A — B(ﬁ)
by (5 4). Let F = Foo] be the glued filtration in H defined by (4 26). Then
(H F ,J¢) is a weak Markov flow with expectation semigroup {Tt} which is
the Feller perturbation of {T,} determined by the exit cocycle Sp and the
vector state w with density matrix |p)(J|.

Proof. — It follows from Proposition 4.5 that for each ¢, Je is a
* homomorphism from A into B(H) From (5.4) and (5.1) we have
Jo(X) = jol)(X)(l Py(0)) = jP(X) which is jo(X) in the first copy
of H ampliated to H. Thus

F(0)jo(X)F(0) = F(0)jo(X)F(0) ® &([2,0))
= X F(0).
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Since the measure u defined by u(-) = (¢, P(-)¢) is not degenerate at O it
is clear that lim p*" ([0,¢]) = O for every ¢ > 0. Hence by Proposition 4.10

the process {J:(X)} is adapted to the filtration F' for every X € A.
Fixing 0 < s < t and using (5.4), (5.5) and (4.26) we obtain

F(s)(X)F(s)
= D) _Fura()®([k + 2,00))}
k>0
Y T OO Fean(9)@(k +2,00))}
0<m<n<oo k>0
= Y Zna (5.6)
0<m<n<oco

_ .. (n+1)
T = /t 1+m+tnsspl(dt1). P, (dt )EC )

x (1" (X)) Faa(s — T ¥ - F )®([n +2,00)) (5.7)

and for m < n

D = / v P(d8) - Pr(dtm)

ty+..+tn <t

X Fru1(s =t + -+ tm) Pugr (At 1) Fr (s = 8+ + )
X W dtmya) - - 1(dtn) (b, Ty gz (X)$)@([m + 2,00)). (5.8)

From the Markov property of j, it follows that (5.7) can be expressed as

Znm = / Py(dty) -+~ Pa(dta)j ")
' t1+.“+tnss 1( 1) ( )Js—tl-}-..._'_tn

X (Tes (X)) Frga(s —tr + - + ) ®([n + 2,00))  (5.9)

In (5.8) make the change of variables:

s1=t1+---+ tm+1 — 8,82 = tm—'}-Z»"-)sn—m =tn
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and use (5.3) in the form

m+1 m
B (P (dtmn)} = 5 (Sp(dsy))-

Then we obtain

Zmm :/ Py(dty) - - Pr(dtm)
t14Htm<s

.(m+1
* JE—M;-FZ (/8L‘*"“-|~3 —m<t—s SP(d81)ﬂ,(d52) o

X i(dsnm)(, Tt_s_mmq»)
X Fpyi1(s =t + - +tm)®([m + 2,00)). (5.10)

Plugging the expressions (5.9) and (5.10) in (5.6), first summing over the
variable n — m from 0 to oo and then over the variable m from 0 to co
we obtain

F(8)5(X)F(s) = Jo(Toms( X)) F(s),

where {T;} is the Feller perturbation of {T}} based on the exit cocycle Sp
and the vector state ¢. W

Remark 5.4. — Theorem 5.3 can be easily adapted to the case of
Feller perturbations based on Sp and a state determined by a density
matrix of the form p = Y. pn|$n)(¢n| where {¢,} is an orthonormal
sequence in the range of F(0) and {p,} is a probability sequence,
ie, p, > 0 for each n and > p, = 1. We do this as follows. Put
Hy = Ho @ Ho, A = {I,® X, X € AL T,(Ih ® X) = Iy ® Ty(X)
for all tc0,X € A where I, is the identity operator in H,. Let
H = Ho @ H,F'(t) = Iy ® F(t),5:(Io ® X) = Ty ® j:(X), P’ =
Iy ® P,Sp = Iy ® Sp. Then (H',F’,j;) is a weak Markov flow on
A’ with exit time P’ and expectation semigroup {7} }. Sp is an exit cocycle
for {T}/}. Now consider the vector state on .A’ determined by the unit vector

= VP, bn ® bn in Hy. We may view ¢’ as an element in the range
of F’(0) and construct the infinitely glued flow (’H’ F, 74) according to
Theorem 5.3. This glued flow is a weak Markov flow on 1 A’ with expectation
semigroup {7/} where T/(Ip ® X) = I, ® Ty(X), {T,} being the Feller
perturbation of {T}} based on (Sp, p).

It is interesting to note that for any initial state w on .A and projection
Q € A the probability that according to the glued flow ('H’ F, 77) exactly
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m eXxits occur upto time s, n exits occur upto time ¢ and the event @ occurs
at time ¢ is equal to

S . SRR =)

s1+...Fsn<t

X (wo Sp)(ds1)u(dsz) . .. pu(dsx)

where 0 < s <t < o0 and u = trpSp.

Example 5.5. — Using isometric cocycles arising naturally from the theory
of quantum stochastic differential equations (g.s.d.e.) in the Fock spaces one
can construct many examples of nonconservative flows with an exit time.
Indeed, let H = Ho ® I'(L%(R,) ® k) as in [Mo]. Consider an isometric
cocycle U = {U(s,t),0 < s <t < oo} obeying the q.s.d.e

U(s,s) =1,  dU(s,t) = U(s,t){D_ LidA(t)}

where {L;} is a family of operators in H,. (See [Mo]). By the cocycle
property U (0, s)U(s,t) = U(0,t) for all 0 < s < ¢t < oo. Define

JAX) =U(0,t)XU(0,t)*, X € B(Ho)

where we denote an operator and its ampliation by the same symbol. Then
J2(I) = U(0,t)U(0,t)* is a projection. For any 0 < s < t < 00,9 € H
we have

(¥, 30 (D) = U(0,2)" 9|2
= |U(s,£)"T(0, 8)"9|*
< lU(0, 5)*9lf?
= (%, 42 (D)¥).

This shows that {j?(I)} is a family of projections decreasing in ¢. Using
the strong continuity of j2(X) in ¢ we conclude the existence of a spectral
measure P on [0,00] such that P([0,t]) = 1 — j9(I) for all ¢ where
1 and I denote the identity operators in H and H, respectively. Let
{T:} be the semigroup of completely positive linear maps on B(H,)
satisfying T3(X) = Eqjd(X) for all ¢ > 0,X € A where Eo is the
Fock vacuum conditional expectation. Let S be the positive operator-valued
Radon measure determined by S([0,¢]) = I — T;(I) for all ¢ > 0. Denoting
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by E,) the usual conditional expectation with respect to the Fock vacuum
vector ®(, in ['(L?([s,00) ® k) we have
E.P((s,¢ +3]) = Eq(P([0,£ + 5]) — P([0, 5]))
=Ey (G (I) — o))
= Jo(I - Tu(I))
=75(5([0,1])). (5.11)

Let F(t) denote the projection on to the subspace Ho ® I'(L2[0,t] ®
k) ® @ C H. Define

3(X) = j(X)F(t).

Then (H,F,j;) is a subordinate weak Markov flow on B(H,) with
expectation semigroup {7;}. Furthermore

F(X)P([0,4]) = G2 (X)F(£)(1 - 5 (I))
= F(t)j; (X)(1 - 3/ (1))
=0

and (5.11) implies

3(S([0,4])) = 55 (S([0,¢])F (s)
= {ES]P((S,S + t])}F(S)
= ESP((S, s+t]).

In other words P is an exit time for (H, F, j;).

More generally, consider a family of non-conservative Evans-Hudson
flows j0, ,s < t, on a unital von Neumann algebra Ay C B(H,), taking
values in Aj, = Ao ® B(I'(L2([s, 00), k])) with structure maps {6} so that

dejer(X) = §o.(05(X))dAL (), 39,(X)=X
for s < t. Extend the domain of definition of j{,’,s from A, to A[, by putting
WX ®Z)=j.(X)Z

for X € Ay and Z € B(T(Ly([s,0), k)), where Z is the ampliation of Z
to an element of Ajp = Ao ® B(I'(L2([0, s), k))) ® B(T'(La([s, 00), k))).
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Then o 0
Jz (X) =]0t(X) X eA

J?(X)_Js(]st(X)) X€A07 OSSSt
This shows, in particular, that

Jo(I) =42,(2I), 0<s<t.

Since j?, is a contractive * homomorphism it follows that {j{(I)} is a
family of projections which is decreasing and strongly continuous in ¢. Thus
there exists a spectral measure P on [0, o] such that P([0,t]) = 1—3j2(I), 1
being the identity operator in H. As before define j;(X) = j(X)F(t).
Then (H, F, j;) yields a weak Markov flow with exit time P.

Example 5.6. — The simplest example of a nonconservative flow is
constructed from a given conservative flow (H, F, j;) on A with expectation
semigroup {7;} as follows. Consider a classical Poisson process with
intensity Ao whose probability measure 4 in the path space yields the Hilbert
space H; = L?(u).

Let P;([0,t]) be the projection in H; which is multiplication by the
indicator function of the event that the Poisson path undergoes a jump in
the interval [0,t]. Let H = H ® H; and let P be the spectral measure in
[0,00] determined by

P([0,]) = 1® Py([0,t]) for all ¢ > 0.

Define 5 B

Note that P({o0}) = 0. If Fy(t) is the projection on to the subspace of
functions of the Poisson path upto time ¢ and F'(t) = F(t) ® Fi(t) it follows
from the fact that the Poisson process has independent increments, that

F’(s)}t(X)f’(s) = jo(Toes(X))e™20=)

for all 9 < 58 < t < oo. In other words we have a weak Markov flow
(H, F,j.) with expectation semigroup {e~**T;}. It is easily verified that
P is an exit time for this flow.

Example 5.7. — If A is a unital von Neumann algebra of operators in H,
and {T;} is a uniformly continuous contraction semigroup of completely
positive linear maps on A then by the method outlined in [P1] it can be
shown that the infinitesimal generator £ of {7t} has the form

L(X) = Lo(X) - —(XB +BX), XecA
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where L, is the generator of a conservative and uniformly continuous
contraction semigroup of completely positive linear maps on A and B is
a positive element of A.

As a special case when A = B(H,) it follows that £ has the form

1
L£(X) =ilHo, X] - 5 3 (LL;X + XL;L; — 2L} X L;)
J

- %(BX +XB) (5.12)

where Hy, L; and B are bounded operators in My, Hy is selfadjoint, B
is positive and ) ; L;L; is strongly converent. We shall now construct a
concrete Markov flow whose expectation semigroup has generator £. To this
end consider B(H, € Ho) and represent any element in it in the form of a

matrix X X where X;; € B(H,) for each 1, j. Define the operators
Xo1 X
Hy, - l VB
H= 1 21
—VB 0
2

L(1>=(\/0E ?) L(n:(L{]—l g), i=23,...

Consider the standard Evans-Hudson flow j, induced by a unitary cocycle
in the Hilbert space

H = (Ho @ Ho) @ T(L*(Ry) ® £2)

satisfying Ejji(X) = Ju(Ti—s(X)) for all X € B(Ho@Ho), 0 < s <
t < oo where T; has generator £ given by

E(X) = i[H, X - % SLOLOK + XL L) - 206" X L)

J

and E,) is Fock vacuum conditional expectation. When X = ()g g) an

easy computation shows that
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where £(X) is given by (5.12). Let F(t) = 14 ® |®[;) (®p¢| where 14 is
the identity operator in (Ho @ Ho) ® ['(L?[0, ] ® £%) and Py, is the vacuum
vector in ['(L2[t,00) ® £2). Put

7(X) =5t((‘§ 8))F(t), XeA

Then we get a weak Markov flow ('ﬁ, F, j;) with expectation semigroup
{T;}. 1t is not clear whether the projection

D)

is increasing in t. If it were so, it would determine an exit time for the
flow (H,F,j:).
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