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ABSTRACT. — We investigate properties of monotonicity of kneading
sequences and topological entropy for some unimodal maps of the interval,
called skew tent maps given by the formula

1+Ax if x=0
Fl, n ('x) = . —

l—px if x=0
when the parameters belong to the region

The case A=1 has been studied in [M-V] and the authors proved that
kneading sequences and entropy are stricly increasing functions of A
and p. Here we prove, when A< 1, that kneading sequences and entropy
are increasing and we identify some regions where these functions of A
and p are constant. We prove also that the set of (A, p) where the kneading
sequences is a primary itinerary M is the graph of a decreasing function
A=By (W as in [M-V].

Key words : Unimodal maps, tent maps, kneading sequences, topological entropy.

REsuME. — On étudie les propriétés de croissance des itinéraires et de
I’entropie topologique de certaines applications unimodales de I'intervalle,
appelées applications tentes et données par les formules

I1+Ax si x<0
Fl,p(x)={ . _
l—px si x=0
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2 J. M. MARCUARD AND E. VISINESCU

les parameétres appartenant au domaine
D,={(h WIAST, p>1}

Le cas A>1 a été¢ étudié¢ dans [M-V] et les auteurs ont montré que les
itinéraires et I’entropie sont des fonctions strictement croissantes de A
et p. Ici nous montrons que si A<1 les itinéraires et I'entropie sont des
fonctions croissantes et nous identifions les régions ou ces fonctions sont
constantes. Nous montrons également que ’ensemble des (A, pu) ou Iiti-
néraire M est probablement primaire est le graphe d’une fonction décrois-
sante A =B, (1) comme dans [M-V].

INTRODUCTION

The problem of the monotonicity of the entropy for various classes of
unimodal maps of the interval depending on real parameters is very
natural. Few answers are given today to this question, only the following
cases, to our knowledge, have a positive answer.

For the tent maps F, ,, the answer is simple, the entropy is log u[M-S].
For the expensive skew tent maps (A=1, p>1) the answer is also given
in [M-V] and uses the theory of kneading sequences. The entropy is a
strictly increasing function of A and p, and recently in [B-M-T] the authors
gave elegant proof for the case above by studying trapezoidal maps, but
they only proved monotonicity (not strict monotonicity). If p<1, there
exists an attractive fixed point which attracts everything except perhaps
one point and the kneading sequence is R®. If u=1 then there exists a
whole interval of periodic points of period 2 (except a fixed point) and
the kneading sequence is RC. In both cases the entropy is 0.

For the quadratic maps g,(x)=1—px?, there exists also a positive
answer as a corollary of the study of the complex maps g, (z)=z>+c, [D].
It will be interesting to have a proof using only real technics for this case.

Here we study the properties of monotonicity of the skew tent maps

1+Ax if x<0
Fp,={ " L=
l—px if x=0

when the parameters belong to the region

D, ={(\ w|Ag1, p>1}

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



PROPERTIES OF SKEW TENT MAPS 3

We consider the relation (A, p')>(A, ) if A’=A, p’Zp and at least one
of these inegalities is strict. Our results are in the same spirit as those of
[M-V] and we use some results that are proved there.

This paper is organised as follows. In section 1, we state the results. In
section 2 we prove theorem 1. Section 3 is very technical, we investigate
the partial derivative associated to kneading sequences. In section 4 we
prove the main theorems 2 and 3.

1. STATEMENT OF RESULTS

We consider a partition of the region D, ={(A, p)|A<1, p>1} by
the sets
Rp={ (A, WeD | A" T p>AmT I A2+ ],
AmPEAmEAT T L+
m=1,2...
Then each set #,, is decomposed into three disjoint sets
An={ O Wed, "1},
B,={(\, WeR,|\"u21, "> Sh+p},
C,={(\, WeR,|A"W>A+p}.
For m=1, 2, 3 these sets are pictured in Figure 1.
For m=1 the graphs of the functions
AmTip=AmTiAm T2+
Atu=1
have one common point with coordinates (A, , p,,) such that
1

_x_:.

AmEAmTl4 R, =1 and Ko

m

So the values A, are decreasing to %, and the values p, are increasing to
infinity.
For m=2 the graphs of functions
APTip=AmTleaAmT2e L+
{ A"t =A+p
have one common point with coordinates (A,,, H,,) such that
AL+ L Q)T =) )T L A,

Vol. 28, n® 1-1992.



4 J. M. MARCUARD AND E. VISINESCU

FiG. 1.
and

’

Oy
M = G

. 1
So the values A,, are also decreasing to 5

As in [M-V] we shall denote by K (A, p), A (A, p) the kneading sequence
and the entropy of the skew tent map F, .

We shall also use for kneading sequences the notations of [C-E].

A maximal admissible sequence M is called strictly primary if

(1) M>RLR".

(2) If M=A x B with A#0, then B=C.
We shall denote by £ the class of strictly primary sequences.

A maximal admissible sequence M is primary if

(1) M>R*>,

(2) If M=A x B with A#0, B#C then A=R*" for some m>0.
We shall denote by .# the class of primary sequences.

Now we state the main results.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



PROPERTIES OF SKEW TENT MAPS 5

THEOREM 1. — (A, w)e,, if and only if RL™ ' C<K (A, p) <RL"C.
More precisely:

(A, west,, if and only if K (A, p)=RL™ 1 x R*=(RL™)>,
(\, WeB, if and only if K(A, p))=RL™" ! x B with Be /.
(A, Wee¥, if and only if K\, W)=RL™R. .. and K(A, p)e 2.

THEOREM 2. — Consider (A, w), (\', W')e D, such that (A, p')> (A, p).

M If Apw and (N,p) belong to different sets R, then
KM, u)y>K(@®, w.

@ If (n, w), N, W)eA, then KV, p)=K (A, p)=(RL™)™.

3 IF W, A, w)eB,UC, then K\, p)>K (4, p).

CoroLLARY. — Let (M, W), (A, p)eD; such that (A, p')> (A, p).

M If (p and (M, W) belong to different sets R, then
AN, wW)>h(\, p).

@) If (. w, A, nW)eA, UB, then h(\', W)=h(A, p).

3) If (\, W, N, w)eC, then h(X', W)>h(k, w.

This corollary is an immediate consequence of theorem 2 because
we know the relations between kneading sequences and entropy ([J-R],
[M-S]). In particular the entropy is constant on the intervals
[RL™" 1% R®, RL™" ! x RL®].

THEOREM 3. — For each M e/ (except RL*®) there exists a number
v (M) and a continuous decreasing function BM [y M), oo[—]0,1] such that
K, w=M if and only if A= By (W)

The graphs of the functions BM Sfill up all the sets U C, and B,. And

m=1
we have lim B,,(n)=0.
B oo
In fact for each M these functions are the continuous extensions for
A <1 of the functions B,, given in the theorem C of [M-V] for A>1.

2. KNEADING SEQUENCES OF SKEW TENT MAPS

We set x,=F; ,(1). The kneading sequence of F, , is denoted by

KM\ w=A,...A,_,C if x;#0 for i=0, ..., n—1 and x,=0;
KM W=A,A,... if x;#0 for i=0,
where A;=L or R when x;<0 or x;>0 respectively.
If A=A,...A,_, is a finite word with alphabet (L, R) we define |A |

as the number of letters in A and 8, (A), 0, (A) as the numbers of L, R
respectively in A. We set also € (A)=(—1)°2 @. We will say that a unimodal
map f has a n-renormalisation if there exists an interval I, containing 0,

Vol. 28, n° 1-1992.



6 J. M. MARCUARD AND E. VISINESCU

invariant by f”, such that f I1, 1s topologically conjugate to an unimodal
map g. If a skew tent F, , has a n-renormalisation, it is clear that the
map g is also a skew tent map with slopes given by the following lemma.

Lemma 2.1. — K(A, Wy=A%*B if and only if F, , have a |A|+1-
renormalisation. Moreover if K (A, p)=A * B the map FIAI*1, | is linearly
conjugate to the skew tent map F,, , ., where

(xe, A)+1 uoz (é)’ 281 (4) Hez A+ 1) lf 8(A_)=1 1
00 @@+t gty i gay= 1 [ D

I To

(Pé 0"5 “’)= {

and K (9, (A, p))=B.

Proof. — The equivalence is proved in [C-E], p. 147.

Now if K(A, p)=A *B the map FJA!*! has an invariant segment I,
containing 0 such that F'x:‘ulﬂllo is unimodal and piecewise linear. By the
linear conjugacy V (x)=F}A!*1(0) x, we have again a kew tent map given
by

1
[A}+1 |A]+1
W FL n (x . Fk, n (0))
By the definition of the * product, if €(A)=1 then FJA!*1(0)>0 and by
conjugacy we have

Pa (A, p)=AS1@OF1 02 @) 0 B) )0 A+

Foxw®)=

If €(A)=—1 then F|A!**(0)<0 and the conjugacy reverses the slopes.
This proves formulas (2.1).
Moreover K (¢, (A, w))=K (F{4!**|1)=B.

s B
LemmA 2.2, — If K (A, W)= A *x B then we have
;\,91 (é)+1u02(é)+1§)\‘+u. (2‘2)

Proof. — By [M-V], lemma 3.1, if K(A, p)=A * B, the slopes ¢, (A, 1)
belong to #={x, y|x>0, >0, xy<x+y}. Using formula (2.1) we
obtain (2.2).

Now if A=AyA,.. A, al is a finite word with alphabet (L, R) we
denote by A; the word

Aj=AA,. AL, for j=1,2...,]A|
where A,= ¥ and therefore e (Ag)=1, 0, (A)=0,(A,)=0.
To each finite word we associate the following characteristic polynomial

1A}
x5 0 W)=6(A) T £(A)NTO0 )0 W64
A z

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



PROPERTIES OF SKEW TENT MAPS 7

IfK(\, p)=A... is a kneading sequence where A=A A,...A, we have
— n—1 : —_
FIAL (1)=F, ) (1)= { R )t AR
' 1+ (Fg (1) if A,=L
So by iteration we obtain that
Flit ) (D= x, (b, ).
For the finite kneading sequence K (A, p)=AC we have
x5 (b, W=F2, (1)=0.

Remarks 2.1. — In fact the two-variable polynomials x, (A, p) generalise
those introduced in [D-G-P] for the study of tent maps. So they satisfy
the functional equation:

xé*l}()"s l’l)=xé A, H)-xg((Pé @ w)-
LemMMa 2.3. — Assume (A, W€D, and me N*,
(D K, w)=RL™"1C if and only if
AmTlp=AmTlpaAme24e 41,
(@) K\, w=RL™"" 1% RC if and only if
{ TN L N
Atp=1
(3) K\, w)=RL" ! % RL® if and only if
{ AmTips>AamTi4 41
AmpZ=A+p
(4 KA, p)=RL""! xR>if and only if
{ AT lpsamtleamT2e 4]
Atu<l.
Proof. — (1) Suppose K (A, u)=RL"‘“.1 C, then we have
Xeem-1 (A, W)=1+A+ ...+ 1 =pm "1y =0.

Now suppose K(A, p)#RL™ !'C, then either K(A, ))>RL™ 'C or
K, p)<RL"!C.

For the first case K(A, ))=RL™ *L. .. then xg m-1 (A, p)<O.

For the other case K(A, p)=RLPR... with ISp<m—1(p=1 because
p>1).

So we have

Xpe(hs W=1+A+ ... —APp>0.

Vol. 28, n° 1-1992.



8 J. M. MARCUARD AND E. VISINESCU

Since
Xeem-1 (A, =141+ .. . +A" P x5 (A p)
we have xg;m-1(A, p)>0. This proves (1).
(2) By lemma (2.1) the equalities
K@, p)=RL™" ! % RC=RL™"RL"!C
are equivalent to xg;m-1 (A, p) <0 and there exists a renormalisation with

kneading sequence K (ogym-1 (A, p))=RC.
Applying formula (2.1) we obtain

Prem-1 (b, W) =", A" ) (2.3)
As xgc(A, p)=A—1 we obtain the equivalence of K(A, y)=RL™"!*RC
with
Xpem-1 (A, ) <0 and Atu—1=0.
This proves (2).
(3) By lemma (2. 1) the equalities
K, p)=RL™" ! *xRL®=RL™(RL" ! R)®
are equivalent to xg;m-1 (A, p)<0 and there exists a renormalisation with
kneading sequence K (@g;m-1 (A, p))=RL®. We obtain the equivalence of
K (A, p)=RL™ ! % RL® with
Xpem-1 (A, p)<0 and AmpZ=A+p.
This proves (3).

(4) By lemma (2.1) the equalities K (A, p)=RL™ ! x R®=(RL™)® are
equivalent to xgym-1(A, p)<O and there exists a renormalisation with
kneading sequence K (@gpm-1 (A, p))=R*.

As the kneading sequence R* is associated to p<1, by lemma (2.1)
and formula (2.3) we obtain the equivalence of K (A, p)=RL™ ! % R®
with

Xpem-1 (A, p) <0 and A"p<l.
This proves (4).

Proof of Theorem 1

(1) Assume that RL® 1 C<K (A, p)<RL™C, then K (A, p)=RL™R. ..
or K (A, p)=RL"™C. This is equivalent to
{XRLkO\,, w=1+...+M=2p<0  for k=1...m—1,
Xpem(A, p)=1+ ... +A"pn=0.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



PROPERTIES OF SKEW TENT MAPS 9

Taking into account that the first inequalities are equivalent to
Xpem-1(, p)=1+A+ ... +A"" 1 =A""1p<0,

this proves the first assertion of theorem 1.

(2) The second assertion follows immediatly from part (4) of lemma
2.3).

(3) Assume that K (A, p)=RL™ ! *B with Be./#. Necessarly we get
xgem-1 (A, 1) <0 and there exists a renormalisation with kneading sequence
K (@gem-1 (A, w))=B such that R®*<B<RL®. From formulas (2.2) and
(2.3) we obtain

A IusAmTie 41 Amp>1, Amp2<Ap,

so (A, WeB,,.

Conversely, if (A, peB,, as B,cR, we have K(A, p)=RL™...
Therefore Ap2 <A+p, so the maps F'%;! with slopes (A"~ ' u?, A™ ) near
the turning point have an invariant segment I,. From lemma 2.1 we get
K (A, w)=RL™ ! % B with B=K (Fy'1."|,,)-

Notice that p>1>X, so A" 'pu?>A"p>1 then from ([M-V], theo-
rem B) we have Be .#. This proves the third assertion.

(4) Suppose that for (A, p)eC,, the kneading sequence is not strictly
primary. Then there exist A and B such that K(A, p)=A*B with
A=RL™RL*R... and k<m—1.

By maximality of the kneading sequence there cannot be more than m
consecutives symbols L after the third R. In C, we have Mu<1, for
I=1, ..., m, so we get

D018 02 (A 5 ym=1 )
and
AL @HL 0 W+ am 25 )+,

Lemma (2.2) shows that this is impossible and this completes the proof
of theorem 1.

3. ESTIMATES OF SOME PARTIAL DERIVATIVES

0
We set F=F, , and x,=F"(1) and a,= aix b,,=‘2ﬁifxi¢o for all i<n.

u
We have the recursive formulas

a,=by=0
:{ x,+\a, if x,<0,
—ua, if x,>0,

3.1)

Ay+1

Vol. 28, n® 1-1992.



10 J. M. MARCUARD AND E. VISINESCU

bA, if x,<0,
byr1= . (3.2)
—(x,+unb,) if x,>0.

If A,=AgA,...A,_,, to simplify the notations we shall denote
0,(n)=0,(A,)(i=1o0r2) and g,=(—1)2® If g,= +1 respectively (—1),
we shall write A[ (respectively A,) for the following symbol.

Moreover for (A, p)eC,, we shall set X=A"n. As A"p2 <A+, we get

X<1+" and X2—1=2(X+ 1)>0.
B M

In the whole section (A, p)eC,, with m=>1 fixed

The aim of this section is to prove the following proposition.

ProrosiTioN 3.1. — If (A, WeC,, and K(A, W)=A,A,. .. is an infinite
sequence belonging to C,,, then there exists n, such that A,,=R” and for
this ny we have:

b1 X A X
bn0<—X2il, ay, —Xz—il—.

The proof is very technical and requires an analysis of kneading
sequences for (A, p)eC,,

Taking into account the ordering between kneading sequences
and using theorem1 we have (A, p)eC, if and only if
KO, peC,=[RL™" ' *RL®, RL"C] and K (A, p) is a strictly primary
admissible sequence.

The interval C,, can be split into disjoint intervals

C,=US,
p=1
where
S,.n=[RL"(RL""'R)C, RL™(RL""*R)""' C].

To simplify the notations we set A,=RL™(RL"™!R)”..
Again, each interval S, ,, can be split into

_UTpnp

i=0
where
=1A, LC Li*1C]  for i=0,1,...,m—2,
T ] L"- 1C5 Ap—lRLm_ZC]a
]ép-lRLm“ZC’ ép—lC]'

P

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



PROPERTIES OF SKEW TENT MAPS 11

Now each interval T;, mfori=0,1, ..., m—1 can be split into

i;,"m=]épLi(LRLm_l)2"_2C, épLi(LRLm—l)ZnC] for n= 1, 2
V;,m=]épLi(LRLm—1)w, épLi+1c] for i<m—2
Vo w =[A,L" ' (LRL" Y, A, ,RL""*C]  for i=m—1

e e e A _________ _ /____/;_.*\
RL™(RL™-'R)™ A,:C R 3T RL™C
Tom Tm s T
4;6 A,LC 4,0C dé"‘“c A,L:“"C d,_‘ﬂL"'"C 4,,.C
Upim 75 Vom
— —_——
e TETIEEE — : -
4L'c AL (LRLMY © A,LF (BRL™1)"? ¢ AL (LRL™YPC A L (LRL™Y)™ 4,LC
FiG. 2.

These splittings are pictured in Figure 2.

The next lemma gives the beginning of infinite kneading sequences
which belong to these intervals and its proof is an obvious consequence
of the ordering and the maximality properties of kneading sequences. Let
T, V, U will denote the interior of the corresponding intervals.

LemMma 3.1. — Let K infinite kneading sequence in C,,.

IfKeTm , thenK=A, RL'R*... withi=0...m—2,

IfKeT , (i<m), then K=A,L'*1R™. ..

IfKeUL", then

(1) For p>1 we have K=A,L'(LRL™ !)>"RR"* . ..

(2) For p=1 we have two possibilities

K=A,L'(LRL" )2"RL*R". ..
with k=0, ...,
K=A, L'(LRL™ })?"RL{(LRL™ })%*R* . ..
with k=0, ..., n.

To prove the proposition 3.1 we shall need estimates of partial deriva-
tives at the ends of the intervals of kneading sequences definited above.
As K=RL™. .. we always have x,=1+A+...+A" " 1—A"" 11 <0 and
Xp=1+Ax,_;.

We shall denote by B, and B, =1—pup, the periodic points of F with

period (m+1) and with itineraries respectively (RRL™™!)® and
(RL™"'R)® (0<B,<B; <1). We have

Fr i Bo)=1+A+ . +A" I ="+ A" 2 Bo=x, + A" p? B =B,

Vol. 28, n° 1-1992.



12 J. M. MARCUARD AND E. VISINESCU

Hence
- X,

Bo—km—lul_l'

3.3)

Moreover as _
K=A,...=RL"(RL""!R)’>...>RL™ % RL*=RL"(RL" "' R)®
we get from the definition of the order of kneading sequences that
Xpm+1)<Bi (p20). (3.9
Let o, be the positive functions defined by the following recursive relations
ay=1, a,=X-1,

a,=A""'p?a, ;—1 for p22  (X=A"p).

It is easy to verify by induction that these (a,) are such that
Xa, = X(p+1)ym+1)= 1+ HOL, X,
We set
B=—b, =\"
and
by m+1y=bpm+ 1) Xpm+p-1 (r22).

LemMma 3.2. — (1) Assume that K=A,. .., then we have

b2m+2<b§m+2<-Bp’(—xm)<Oa (35)
o

b(*p+1)(m+l)<b2m+2x—_pl<0 Jor p=z22. (3.6)

(2) Assume that K=A,_ RL'... for p21, 0<i<m—2, then we have
bps1+ir1>B(—x,)>0, (3.7

b o

Dymeneier> ——2t2 P 50 or p=2. 3.8

P+t T Jor pz (3.8)
Proof:
(1) Estimate of b,,,,, for K=A,... — By iterations of (3.2) we get

b2m+2=_7\""_1H2B+7‘-m_luxm+1_x2m+1, } )

bimiz=—A"TTWEBANTT X,
Using (3.4) and 1=, +nf, we obtain
bins2<—A""1u B (B +pBo)+ A" .
Since B=A" we find
Blnsa< — A" By B—A" 1, (X~ 1),
From this it follows that
A" 1pdB(—x,)

_ym—1_3 —_
bImsa<— A" By B= Ao

<—=Bu(—x,),

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



PROPERTIES OF SKEW TENT MAPS 13
and that
}\’m—l l'lﬁ < _b§m+2 (3 5)!
PToX-1
(2) Estimate of bf,, 1)m+1) for A,...(p=2). — By iterations of (3.2)
we get
b(p+ 1) (m+ 1)=7"m_1 Hz bp(m+1)+)”m~1 WXpm+1)™ X(p+1)ym+p> } (% *)
bfp+1)(m+1)=}¥m_1szp(m+1)+7"m~1pr(m+1)' ’
By (3.4) we obtain
by sty me )y <A™ 2Dy a1y F AT By
Now using (3.5)" and the following recursive property
o
b2m+2=b2'"+2X—:I for p=2

Op—1
bp(m+l)<b:(m+1)<b2m+2;(pjf for p>2

we obtain for p=2,
A ipta o —1 o
b(*P+1)(m+1)<b2m+2x—_pl=b2m+2x_ %

(3) Estimate of by, +i4+1 for Ao RL\. — By iteration of (3.2) we get

=}\'m_1u2_)\’m—l ,'lxm+1
}Lm—i—l M

The numerator is the expression of (—b%,,,) obtained in the first part
(*). So by the same steps we get (recall that A< 1)

By Bo_ B(—xy)
)\‘m—i—lu Xm—l—i
(4) Estimate of b, p+1y+i+1.for A,y RL. . .(p=2). — We have
}"m_lp'sz(m+1)—)\‘m~1“'xp(m+l}-
Xm_i_lu

Biiviv1 =MRB=A X,

>B(—x,,).

bv1+ivr>

bp(m+1)+i+l:)\‘iubp(m+1)—>"ixp(m+l)=
The numerator is the expression of (—bf, .1 ,+1)) in the second part
(*, *). So by the same steps we get

bom+a A,
}\’m—i—l ’ X—-1

bym+ty+ie1> " s

and this proves the lemma 3.2.

Vol. 28, n® 1-1992.



14 J. M. MARCUARD AND E. VISINESCU
Now we shall prove a similar lemma for the partial derivatives a, with
(A, WeC,,. We shall denote
A=—ay, =—(A""1x;+A"2x,+ ... +x,)
where x,, x,, ..., x,, are all negatives.

Lemma 3.3. — (1) Assume that K=A, ..., then we have
Am+2< ~Ap(—x,)<0 (3.9

%p >
d(p+1)(m+1)<a2m+2X_1<O’ for p=2’ (310)

(with equality if p=1).

(2) Assume that K=A, RL'... for p=1 and 0<i<m—2 then we
h “
ave

Ui 1+i+1>A(—x,)>0, (3.11)
a2m+2 ap
Ay (m i+1>—————— —L2 >0 or p=2. 3.12
pm+1)+i+1 ATy X -] Jor p ( )
Proof:
(1) Estimate of a,,., for K=A,... — By iterations of (3. 1) we get

Aymsr=—A""1 HZA‘H(xm_me+z+?‘m_3xm+3+ coot Xy (%)

By (3.4) we have x,,,, <B,, hence X2 =1 = WXy y 1 >1—pB, =F(B))
and x,,,3=1+XAx,,,>1+LF(B,) and so on. Therefore

Xpri>F71B)  for 2<i<m.
It follows that
Uomi2 < =AM A—pA"TEF(B)+ .. LB,
Using 1=8, +up, we get
Qom+2 <~ AT B A=A T W B A U2 F (B + .. HFmTL(B,)).
As B, <1, it is easy to check that

xB<F'B)<0 for 1<i<m-—1.
So that

—AB1:7VM_1X1 Bit... +xmBl<}\'m—l‘xl Bt ... +Ax,_1 By
<7\."‘_1F([31)+ o FAFTTEBY)
and
—AmTU2 B A<pX M2 (B) 4L +FRLB))]
Therefore

Aam+2< — A" I B A+ (X—1)A"2F (B + ...+ F" L (B,)].
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PROPERTIES OF SKEW TENT MAPS 15
It follows that
SRR @)+ A F )< - 2 3.9y
and using (3.3) we get
Ums2 <~ A" TP Bo A< —Ap(—x,,).
(2) Estimates of a1y m+1) for A,...(p22). — By iterations of (3.1)
we get

a(p+1)(m+1)=)\'m_1uzap(m+l) ,
R X eyt T T Xy em—1] (RX)
By (3.4) we easily check that x,, y+:>FH(B,), so that

Aps1yme <M R ap(m+1)_u[7\’m—2F(Bl)+ R L ()}
Using (3.9)" and the recursive property we get

Al —1 o
-1 = P
Ap+ym+ 1)<y~ — = Aym+2

X-1 X-1

(3) Estimate of a4 +;i4, for K=A,RLI(0Li<m—2). — By iterations
of (3.1) we get

=i i-1
L L. TT R e MU 5 S

As a,.,=—Nna,,; =PA we can write

Am+1+iv1™

1 - m— m—i—
m[hm TWAHRATT Xt N YXomris )l

Using 1=8, +uB, and x,,,,>F "1 (B,) we get
1 - -
am+1+i+1>mp~m TRAB AL N B A
S TS S TDE P VS S ()1
From the inequality (%) we obtain
AB >A"FB)+ ... +A"ITLF(B,).

Hence

1 -
am+1+i+1>m[7»m "B A—p(X-1)
X [=A"T2F(By). . AT EBDI
As all the F/(B,) for j=1...i are negative we get
A" B A S ACx,)
xm—i_ll,i }\m—i—l

>A(—x,)-

Apt1+it1>
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16 J. M. MARCUARD AND E. VISINESCU

(4) Estimate of @y 1y+iti for K=A,-RL'...(p=2). — By iter-
ations of (3.1) we get
ap(m+1)+i+1=7\'iap(m+1)+1+}\'i_1xp(m+l)+2+ et Xy )+

AS @y mi1y+1= — W, m+1) WE CAN Write

1 _
)\‘m—_i_l—u[_km luzap(m+1)

+P-(7\'m_2xp(m+1)+1+ ce +7"m—i_1xp(m+1)+i)]-
Using x, g+ 1y+;>F/ (By) for j=1...i we get

1
)\Im—i—lu

Apm+1)+i+1 =

[—am! p'zap(m+1)
+RATZE@)+ . AT (BN
From (3.9)" and as F/(B,) <0 we have also

Apm+1)+i+1>

AP2ZE B+ ... AT () > —_‘;'flz.

so by the same steps as in (2) we prove the last inequality.
Remarks 3.1. — From the equalities
xp,=1+pa, x,=1 (1 +Arx,,  rim-2)-

we obtain
1
Xp,_ i RLM2= X(ocp(—xm)— 1).

By lemma 3.2 and 3.3, this polynomial in p and A is strictly increasing.

If KeT", we have K>A, RL™? and x,,_ gm-2>0 hence
s Ap-1

o, (—x,)> 1.

m—1
On the other hand if Ke U T, ,, we have o, (—x,)<1.

i=0
Now the next lemma gives estimates of partial derivatives for kneading
sequences KeU‘ ", and such that K=A, LI (LRL™ %)2", .. To simplify
we shall denote by B,(A,) the partlal derivatives a55001ated to
A, LI (LRL™"1)>",

LemMA 3.4. — Suppose that K=A,L'(LRL"" )" .. (n=0), then we
have the following inequalities

mB,<b¥, 1y me 1)y~ XN UX s 1ymt <0, (3.13)

HAn<a(p+1)(m+12)
+X AT x(p+1)(m+1) Xy meri-1]<0. (3. 14)

Proof. — We shall prove the lemma by induction on n.
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PROPERTIES OF SKEW TENT MAPS 17

(1) n=0. We have

B0=)‘-ib(p+1)gm+1)=>"ib(*p+1)(m_+1)_7‘ix(p+1)(m+1),
HB0=)‘lubfp+ 1)(m+1)—)"lux(p+l)(m+1)'
As Mu>A"p>1for 0<ism—1 and b, 4,4, <0 we get (3.13).
For the other derivative we have

AO=)\:la(p+l)(m+1)+ [xl—l.x(p+1)(m+l)+ v Xpay mrnri-1h
HA0=}"lua(p+1)(m+1)+u[7\l_1x(p+1)(m+1)+ e F Xty meny+i-1]-
AsA'p>1and g, 1) m+1,<0 we get (3.14).
(2) Now let us assume that (3.13) and (3.14) hold for n—1 and prove
them for n.
We shall first prove the following inequality

(X2 n uxi_ 1) G’P

< —(1+X+...+X2""2)>0, (3.15)

1

As X—l>}., we get X% >1. The inequality (3.15) is obvious if
n

A p=n+1. Now we consider the case A'p<n+1(0<i<m—1). We denote
by Q, the characteristic polynomial of A,L{(LRL™"!)?". By induction
we see that Q,_, is strictly decreasing and negative.

Qo =X—-D(—x,)(1+X2+ ... +X2""H+X2""2Q,,

and
Qo=1+Ar+ ... +A+Apo, x, <1+A po, x,,
2
Using _XQu <0 we find
X=1D(=x,
2n
X - (24X
X-1 X=-D(—x,)
and
2n
K= — (14X XY . BN
X—1 X-1)(-x,) X-1
According to remark (3.1) we have a,(—x,,) <1 so that
X2 _a, _1=X2"—01p(—xm)_1> 2n
X-=D(-x, X-1I X=1D(=x,) (=X
But we have (—x,)=A""'p—A""1. . . 1<AMp—1<n, hence
2" _1>1>0.
(= Xm)

and this proves (3. 15).
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18 J. M. MARCUARD AND E. VISINESCU

To prove (3.13) we shall compare B,,; and B,. We have
ép Li (LRLm—- 1)2 k+2 Ap Li (LRLm— 1)2 k (LR— L™ R+ Lm- 1)'
Therefore
By, =A?"u?B,+A2" ux,

_ym—1
iem—1— A" X

with x; corresponding to R™*. This x; satisfies the induction formulas
e R R Ry LA TEY Ll T SIS SUPE SR TS S
As x;_,_,<0 we have —x;< —Xx,,, and as 0<x;_,,_; <1 we get
B, <X?’B,+A*" p—-A""1x, ..
Using the relation (*) of the proof of lemma 3.2 we obtain
BBy <X?uB— 0%,
The partial derivative of A, L' is A'b, . ), hence by iterations we get

uBn<X2nu)“fb(p+1)(m+1)—b§m+2(‘l +X2+ ...+ X272,
uBn<X2"p},‘b;“p+1)(m+1)—X2"p)\,'x(p+l)m+p
—b% e (1+X2+ .. +X2m72), (3.16)
“Bn<b(’kp+1)(yn+1)‘xz"H”x<p+1)m+,,
+ (2 = 1) B 4 1y e 1)~ DEma s (L X2+ . +XE172),

Recalling formula (3.6) in lemma 3.2 we obtain

Forpz=2
o o
b 1) <Oz ma 2 —2— <b} . —2— <0,
(p+1)(m+1) 2 +2X_1 2 +2X_1
For p=1
b§m+2=b’2km+2’_“ap (0 =X~—1).
X-1

Hence for each p=1 we ha¢

X2"uN =D b e 1)~ D e X2+ +X2"72)
al’

X—1

As b%,,.,<0, from (3.15) and (3. 16) we deduce (3.13).

To prove (3.14) we proceed analogously. Comparing A,,, and A, we
obtain

é[(x“uw—l) —(1+X*+. --+X2"‘2)] Smeae

A <XEA AN THA+ (A 2 X0t o X0
' Using the relation () in the proof of lemma 3.3 we obtain

BA L <XPPA— A pia
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By iteration

2 .
pA, <X "H[x'a‘l’*.“(lm"l)
+7\'l x(p+1)(m+1)+‘ “+x(p+1)(m+1)+i—1]
_a2m+2(1+X2+ o e +X2n_2)

uAn<a(p+1)(m+1)+X2nu'2[}"i—l.x(p+1)(m+1)+ e T Xy me 1 +i-1) -
+ XA = 1) s tyme 1)y " Game2 (1 HXT ).

Using (3.10), (3.15) and a, 4, <0 we get
PPN = 1) Gyt 1yt 1)~ Gams2 (1 X2+ L+ X272 <0,

and this proves (3. 14).

Proof of the proposition (3.1)

Remarks 3.2. — Recall that m=1 is fixed and we have set B=—b,,,,,
A=—a,,,.
Let K=A,A,... be a infinite kneading sequence in C,,. Assume that
for n, we have A, =R* and b,,1>2—B , a,,1>—2A— , then it is easy to
X*—1 X?—1
infer that for the first ny>n; such that A, =R~ we have
BX AX

m ST XIS T X

We shall now study all cases given by lemma 3.1.
(1) Assume that KeT™ . then K=A,_,L'R*... and set
ni=pm+1)+i+1 0<i=m—2).
Using (3.8) and (3.5) we get for p=2(A=1),

b2m+2 a > — b§m+2 a > B“’(—xm)u'p

bn1>_ " L : E : s
7""'-'—1” X -1 )\’m—:—lu X—-1 km—:—lu(x_l)
SO
by, B(—xm)cxp'
X—-1

As o, =X—1, by (3.7) this inequality is also true for p=1.

In the same way by (3.12), (3.9) and (3.11) we get for p=1
A(—xn,

X-1

ny
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20 J. M. MARCUARD AND E. VISINESCU

Recall that in Tg, m We have o, (—x,)>1 (Remark 3.1). Therefore as
X-1)< (X2-1) we get

B A
”l>ﬁ and “n1>ﬁ‘

b

The remark 3.2 gives the n, of the proposition 3.1.
(2) Assume that KeV, , (0<i<m—1) then K=A,L'*'R"... and set
no=(p+1)(m+1)+i+1. We denote by y, the periodic point of F with
period (m+1) and itinerary (LRL™ !)®. It is easy to prove that

xm
= <0.
T X+1

Now as K>A, L/(LRL™" '), by the ordering property of itineraries
We et X(p+ 1) m+1)+i <Yo» - €,

. + x
Xp+tym+n+i=1FA+ . ..+ AN+ N po, x, < X_-:]’

and
A, (= x,) (X+ 1)>X+1+ (= x,).
As (A, peC, we have X+ 1+ (—x,)>A""'pu= %
Hence if Ke Vi, we get the condition
A e (= x,) (X+1)>X. (3.17)
Now we have by (3.6)-(3.10)

i+l i+1
buy =N by 1y me 1)y <M bt s 1y m+1)

<A bypa e for  p22,
bn0=)\‘i+1b2m+2 _ for P=1,
. ; o
ano<)‘l“a(p+1)(m+1)§7‘l+lazm+2X_p for p=1.
And by (3.5)-(3.9) we get
_ R+ _ X+
. X+1
_ i+1 _
Ay < — AN pa, ( xm)XZ_l.
Using (3.17) we prove that
BX AX
b"°<_X2—1 and an0<—X2_1.
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(3) Assume that Kel?];';,"m, then K=A,L'(LRL""')*"R™. ..
As we have K>A L'(LRL™"')® the condition (3.17) becomes

A po, (= x,) (X+1)>X. (3.18)
(@) Suppose that p>1, then K=A,L*(LRL™"")*"RR". .. and let
n=@+)m+)+i+2nm+1)+1.
With the notations of lemma 3.4 we have
' by, > —nB,— 1.
So using (3.13) we get
bru>b(*p+1)(m+1)+X2n7‘i”x(p+l)m+p—1'
AS X 1ymp>0and F (x4 1yms,,) <0 for 15j<i+1 we have
Fl(xpsymep)=1FA+ 0NN UX it 1) ms <O
Using X?"> 1, we find therefore X?"A'ux,11)m+,— 1>0, and
by, > = bl 1ym+1) (3.19)
As before using lemma 3.2 we get
% -3 (_x"‘)a".

b, > —bym L
ny 2 +2)(_1 X—1

By (3.18) we obtain
BX B
by, > — >
MXE-1) X*-1
In the same way we have
Ay =~ A — A ym+ 1)

Using lemma 3.3 we get

o Ap(—x,)o
a, > —dyn, P> o
ny 2 +2X_1 X_l
By (3.18) we obtain

A

a,,1>X‘2_1.

The remarks 3.2 gives the ny of the proposition 3.1.
(b) Suppose that p=1, lemma 3.1 gives two possibilities for the kneading
sequences. First assume that

K=A, L/(LRL™" ")?"RL{(LRL™ })?*¥R* . .. for 0<k=n.
We shall denote by B, , (A, ;) the partial derivatives associated to
A, L'(LRL™ })2"RL{(LRL™ 1)2* for 0Zk=n.
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22 J. M. MARCUARD AND E. VISINESCU

We compare B, ;,; and B, ,. We have
Al Li (LRLm— 1)2 n RL: (LRLm— 1)2 k+2
=A, L{(LRL™ })2"RL(LRL™ })2*LRL™"R~ L™ 1,
We denote by j the index corresponding to R~ in the preceding formula,
by iteration of (3.2) we get
B, k+1 =A*mp? Bn,k+)"2m_1 nx

_ym—1
jem—1 AT X

Let v; =F (y,) >0 be the periodic point of itinerary (RL™)®.
From the inequality K>A, L*(LRL™ })?"RL{(LRL""1)* we deduce

that x;<v,, X;_,+1>7;, and that

B, i1 >A"W?B, (AP uy, —Am Ty,

B, +1>X?B, , + A"y, X—1)>B, ;.
And by iterations we get
B, i+1>B, o for 0<k<n-—1.

By (3.19) with p=1 we obtain

B, =B, o> —A'b%,., for 0<k=n.

Let ny=2m+2+i+2n(m+1)+i+1+2k(@m+1), with our notations we
have b,, =B, ; and by the same proof as in (a) we obtain

by, > 5(‘213:7
Now we compare A, ., and A, ,. Taking into account that
K>A, L{(LRL™ 1)2"RL,(LRL™ " 1)®
by iteration of (3.2) we get
Ap s 1 <MMPZA, ATy,
=AU ATIF (vo) - A AFT T ()]
—A" Ty + T2 F (v + . HFT T ()]
As X=A"p>1 we have
—ATT AT (Yo) + - HAFT T (v)]
+A" " 2F (yo) ... +F" 1 (y)]>0.
So that
A, 1 >XPA, AT (X =1 . (3.20)
Now we shall prove that
A, > Nay ., for 0<k=n. (3.21)
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So with our notations we have a, =A, , and by the same proof as in (a)
we shall obtain

A

a,,1>——X2_1.

the remark 3.2 will give the n, for the proposition 3.2.

We prove (3.21) by induction on k.

(i) For k=0 we have K=A, L'(LRL" " !)2"R~ L%

We denote by j the index corresponding to R™. By iterations of (3.1)
we get with the notations of lemma 3.4

A, o= —NpA AN Txj g+ X
But we have x;,;>x, ..., X;4;>X;, 5O that
A, o> —MNpA+MIx + .t
Therefore, by (3.14) we get
As 0> = Nag i~ VX"
XN Xy peat oo F X maaricd A T+

We observe that

Xymizei=1HA+ AT ETD
AT E DX, <0 for 25k<i+]1.

Therefore

) —)"i—(k_z)xzm+k>1,
0, GLITE MY L TRy Lk S 5 N

hence
An,0> _xiaz m+2-
(ii) Assume that A, > —MA a, 42, by (3.20) we get

A kr1> Ny XN X =D g
= —Nay iy = DN i, AR =D 0.

X
Taking into account that y,= ——
& o= x4l

, X+1>0, and (3.9) we get

. . )\'m—t—l
Ay k1> _)\'la2m+2+>\‘lu’(x_1)(_xm)[A_~ X+1 ]

But recall that

A=—a, 1= —Xp—...— A" Ix;>=A""lx =" (u— 1)
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If (weC, we have A" 'p>A""14+A""24+ . 41, hence

m—i—1
A>1>

SO

Ankr1> —Nag i
and this prove (3.21)
(4) The last possibility to be considered is
K=A,LY(LRL™ Y)2"RL¥R™*. .. with k=0, ..., i
We set ny=(2m+2)+i+2n(n+1)+k+1 then
by > (— B, ~ 1)
a, > —ApA,
Using the same arguments as in the proof of (a) we get
A BX B
g > >
M- X2
AAX A
a, > — >
TAXE-1) X2-1
and then we use remark 3.2 as before
This completes the proof of proposition 3.1.

4. PROOFS OF THEOREMS 2 AND 3

We keep the same notations as before. If (A, p)eC,, recall that

A
X=A"p>1+—and B=—-b,,,, A= —a,.;.
n

LemMmA 4.1. — Let (A, WeC,, and let K(A, W)=AyA,. .. be an infinite
kneading sequence. We know that there exists n, such that

- BX _ AX
A,,=R", and b"°<_X2—l’ ay, < -1
BX AX
Sel c=— ﬁ _b"O and d= - ‘XT:*‘I’ —'ano.
Then c, d are strictly positive and we have for n=0:
Ife,,,,=—1 then
BX . o
bn+no< B X2 — —cAf ™2 o),
AX 8] (n) 05 (n)
Aping<— 1 —d\1 s ®,
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If €,,,,= +1 then

bn+'l0> + X2___ 1 +C)\'o,1 ™ HO’Z (n)’
A A0 ™ 85 (m)
a,,+,,0>+X2_1+ p .

where 0; (n)=0;(n+ny)—96;(ny) (i=1, 2).

Proof. — ¢ and d are positive by hypothesis, and we prove the other
assertions by induction.

For n=0 it is obvious.

Assume that the inequalities hold for # prove them for n+1.

(1) Assume that A,,, =L7, theng,,,,+,= —1.

Let [ be the first index such that A, ,,_,=R. By the maximality
property of kneading sequences we have 0<I<m. By iterations of (3.1)
and (3.2) we get

MuB : :
1
bno+n+1<_7V l'bno+n—1 < C)\‘Ol(n+1)u02(n+1)

X2 -
Guotns1 < —Mpay 1py <— —)):Tu—él — A D s kD)
Therefore as —A'p< —A"p=—X (A< 1) we obtain
Brgsns1 <~ XED_(I — M@ 0 (D)
a..0+,,+1<—X/2‘)_(1 —d)\oL e+ 1) 0t ),

(2) Assume that A, ,, =L", theng,,, ., = +1.
Let [ be the first index such that A, ,,_,=R™ (0=/=<m).
By iterations of (3.1) and (3.2) we get

— 11! Y
bn0+n+l— A ubn0+n—l A Xno+n—1s

— 2l -1
an0+n+1— A l"lan0+n—l+)\‘ xn0+n—l+1+ e +xn+n0'

First, we have 0= x,,,,-; =1 so that

) 1
bn0+n+1g —xlubno+n—l—)"1= F[_ano+n—l_)\’m]'
Therefore as B=A" we find
1 [ BX? _B:I+cxo’1(n+1)ue'2(n+1)'

bno+n+1> F X2—1
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1
As L<1 we have —— >1, then
)Lm—l
0y (n+1),,05(n+1
bug+n+1> XP—1 FeAf1 e+ D 0t 1)

For the other derivative we use

Xnotn=1+1X15 « « s Xpgpq > X
Hence
l ’ ’
ano+n+1>;;(‘ix‘:‘+x'*1x1+...+x,+dx°1<"+“u92‘"“’.
We know that x,, ..., x,<0, so
1
MRXA iy g
X2—-1
ZLO “XA+xm"1x1+...+xm>
“amti X2 -1
2
_L(xA_\_ 1 A A
AT\ X2 -1 AmTlX2—17 X2—1
Then

A / .
0y (n+1) 05 (n+1
Ano+n+1> 55 +dA\ DS D,

(3) The two cases A,,+,,O=R+ and A,,,,=R" are the same as in (1)
and (2) with /=0.

This completes the proof of lemma 4.1.

Now recall that g,= (—1)*2® where 0, (n) is the number of symbols R
among AgA,.. . A,_;.

If the kneading sequence K (A, p)=AC is finite we set g,=0 for
n>|Al.

ProrosiTioN 4.1. — Assume that (A, p)€C,,. Then for n=2, we have
either £,=0 or €,a,>0 and ¢,b,>0.

Moreover for infinite kneading sequences we have

lim |a,|= lim |b,| = o0.

Proof. — In the proof of proposition (3.1) we have studied all the
beginnings of kneading sequences in C,, up to the index n, and we control
the sign of the derivatives a, and b,.

It is easy to verify that if €,#0 we have €,4,>0 and ¢, b,>0 for n<n,,.

Now for n=n, by lemma 4.1 we have also ¢,a,<0 and ¢,b,<0 if ¢, #0.
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If K(X, p) is an infinite kneading sequence in C,, by the maximality
property, there are at most m successive symbols L in K (A, p). Hence
0, (M) <m0, (n) and as L<1 we find A% @ o2 > (\m 1?2 ™. Recall that
in C,, we have A" p>1 hence by lemma 4.1 we find

lim |a,| = lim |b,| =

n — o n— o

Proof of Theorem 2

(1) The regions £, are bounded by the graphs of the decreasing
functions

AT ip=AmTi4 L+
Atp=A"+. ..+ 1.
Hence if (\, p), (A, i) belong to different regions £, and if (A', p')> (A, p)
we have m’'>m. By theorem 1 we deduce that
K, p)=RL"R. .., KW, p)=RL™R...

Therefore we have K (A, ) >K (A, p).

(2) Assume that (A, p), (', p")€A,,. Then by theorem 1 we have

K, p=K®/, p)= (RL™)>.
(3) Assume that (A, p), (\', p")eB,, UC, and (\', p')> (A, p).

As the graphs bounding the regions B, and C,, are decreasing, there
are three cases:

@) A, w, ', w)eB,;
(ii) (», weB, and V', W)eC,;

@iii) (A, W), A, p)eC,.
(i) Assume that

(A, p), (W, p)eB,
= {0, WAL, A2 ShHp, AT p>Am T L+

By theorem 1 we have
K, p=RL""'%B, K@, p)=RL""'*B

with B, B’ primary.
By lemma 2.1, the map F admits a m+ 1-renormalisation F, ,,_; such
that

K(pgm-1 (A, )=B,  K(@gem-1 (X, p))=B’
with @ggm-1 (A, )= (A" "1 p%, A" p).

Vol. 28, n° 1-1992.



28 J. M. MARCUARD AND E. VISINESCU

Notice that p>12=A so A"~ ! p>>A"p>1. Hence g » maps the region
B,, into

D= {(x, u)|x;1,p>1,1+1gl}.
Aop

As the map Qg m-1 is strictly increasing by theorem 1 of [M-V] we have
B’>B. The application RL™~! x is also strictly increasing so we get
K®', w)>K(Q, w.
(ii) Assume that (A, p)eB,, and (A', p')eC,,.
Using theorem 1 we find
KQ, p)>RL™" 1 xRL®>K (A, p).

(iii) Assume that (A, p), (A, p)eC,,.
If (A, W eC,, by proposition 4.1 we have for n>2.
g,a,>0 and ¢,b,>0 if €,#0 and for infinite kneading sequences
lim |a,|= lim |b,|=c0.
We have the same results as in [M-V] (proposition 3.6), so in the same
way we prove that

K@, p)>K (A, p) as claimed.

Proof of theorem 3

Let M e #, the function y (M) is given in [M-V] (lemma 6.1).
(1) Assume that M= RLR®.

u
pr—1

Recall that Bg;re (W)= If u>y (M) we have by theorem 2

K<”2—u_l, P«>§M<K(1, K.

Hence by the intermediate value theorem [M] there exists By, (i) such that
M=K (By (W), W

The unicity and the decreasing property of the function A = B, (n) follow
from theorem 2. h

If M>RLR® there exists m>0 such that RL"C<M<RL™ ! C and
then Brym cSPy=Prrm-1c. It follows that lim B, (1)=0. The functions

)
By map [yy,oo[ into ]0, 1]. By the same proof as in ([M-V], Theorem C),
we prove that the functions Py are continuous, and by theorem 1, theirs

graphs fill up the set U C,,.

m=1
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(2) Assume that M <RLR®, then M=R=*B.
By the renormalisation construction (lemma 2.1) we have

(K (A, p=M if and only if K (u?, Ap)=B.
As p2>>Ap>1, by theorem C of [M-V], this is equivalent to p2= Bs AW
o k= 1Byt (7).
n

These functions are continuous and decreasing from [yy, oof into 0, 1]
and fill up the whole set B,. B
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