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AsTRACT. — Simulated annealing algorithms are Monte-Carlo simula-
tions of physical systems where the temperature is a decreasing function
of time. The method can be used as a general purpose optimization
technique to locate the minima of an arbitrary function defined on a finite
but possibly very large set. It is described as a non-stationary controlled
Markov chain. The aim of this paper is to build a large deviations
theory in this time-inhomogeneous discrete setting. We make a careful
investigation of the law of the exit point and time from sets, based on
Wentzell and Freidlin’s decomposition of the states space into cycles,
which leads us to establish some kind of systematic “‘calculus™ of the
probability of jumps from one arbitrary subdomain into another one. We
feel that giving a precise description of how trajectories escape from
attractors brings a qualitative contribution to the insight one may have
into the behaviour of simulated annealing. We think also that our sharp
large deviation estimates are a useful tool for further investigations. We
illustrate their use by addressing in this paper and in a forthcoming one
four questions: convergence to the ground states, asymptotical equidistri-
bution on the ground states, the discussion of quasi-equilibrium and the
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shape of “optimal” cooling schedules. Short cuts to “rough” but more
uniform estimate will be given elsewhere.

Key words : Simulated annealing, large deviations, non-stationary Markov chains.

REsuME. — Les algorithmes de recuit simulé permettent de simuler le
comportement d’un systéme physique dont la température décroit au cours
du temps. Ils constituent par la-méme une méthode d’optimisation de
portée générale capable de situer les minimums d’une fonction arbitraire
définie sur un ensemble fini, fut-il de trés grande taille. Leur description
mathématique est celle d’une chaine de Markov contrdlée non stationnaire.
Le but de cet article est d’établir une théorie des grandes déviations pour
ces systémes discrets non homogénes dans le temps. Une étude détaillée
de la loi du lieu et du temps de sortie d’un sous-ensemble d’états, fondée
sur la décomposition en cycles de Wentzell et Freidlin, conduit a un calcul
systématique de la probabilité des sauts d’un sous-domaine quelconque
dans un autre. Cette description de la facon dont les trajectoires s’échap-
pent des attracteurs nous semble apporter une information qualitative
intéressante sur le comportement du recuit. Nous pensons aussi que ces
estimées precises de grandes déviations sont susceptibles de nombreuses
applications. Nous illustrons leur portée en traitant dans cet article et
celui qui lui fera suite quatre thémes : la convergence vers les états fonda-
mentaux, I’équidistribution asymptotique sur les états fondamentaux, la
question du quasi-équilibre thermique, la forme des courbes de température
optimales. Un raccourci vers des estimées plus « grossiéres » mais plus
uniformes sera présenté ultérieurement.
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INTRODUCTION

Simulated annealing is a simulation algorithm from Statistical Mech-
anics. It was designed to simulate the canonical distribution of a physical
system in contact with a heat bath when the temperature of the heat bath
is progressively lowered to zero. If the cooling is not too fast, the system
will go through a succession of quasi-equilibrium states towards one of
its ground states. As any function defined on a finite set can be viewed as
the energy levels of an “abstract” physical system, simulated annealing
algorithms have been found to be a general purpose optimization tech-
nique, allowing one to locate the global minima of an arbitrary function.
They have been widely used as such without further reference to their
physical interpretation.

From the mathematical point of view, simulated annealing is an interest-
ing case of non-stationary Markov chain: the transition matrices converge
to a boundary point of the domain of ergodic Markov matrices. As
temperature goes to zero the ‘‘instantaneous” mixing properties grow
weaker and weaker and one question is to know whether the non-station-
ary Markov chain as a whole retains some mixing properties. The answer
will depend on the cooling schedule, on how fast temperature is approach-
ing zero. Non-stationary Markov chains are a not so recent but still widely
open field of investigation (Dobrushin [7], losifescu and Theodorescu [17],
Isaacson and Madsen [18], Seneta [20], Gidas [10]).

Let us formulate some of the questions about simulated annealing
people have been interested in. One is to know for which cooling schedules
quasi-equilibrium is maintained. Another one is to know whether the
distribution law of the system concentrates on the ground states. In case
it is so and there are more than one ground state, one is entitled to ask
whether all the ground states are reached with equal probabilities. Finally
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when the target is to minimize the energy function, one wants to know
which cooling schedules provide the fastest convergence.

The aim of this paper and of a forthcoming one is to address these
questions.

Partial answers already exist in the mathematical literature. S. Geman
and D. Geman pointed out in 1984 [9] that cooling schedules of the type
T,=c/lnn with ¢ large enough ensure quasi-equilibrium (» is the discrete
time variable in this equation). The question was then to know what was
the smallest possible value of c.

The critical value was given by different people. Holley and Stroock
showed in 1988 [13] that the law %y of the system X, undergoing
simulated annealing had a bounded density f,= %y /uy, with respect to
the equilibrium law py, at temperature T, when ¢>c¢,, ¢, being the sharp
critical value. Their argument is based on the study of the smallest non
zero eigenvalue of the Dirichlet form associated with the infinitesimal
generator of the process and goes through L, (uy,) estimates of f, derived
from the Kolmogorov equations. They were not able to conclude on the
L® norm of f, in the critical case c=c,.

More precise results were given by Chiang and Chow and by Hwang
and Sheu, both in 1988. These authors showed that lim f,=1 when

n-+w
c>cy, o being the critical value. Chiang and Chow uses the forward
equation and an induction argument on the precision of their estimations.

Hwang and Sheu have a different approach. They use the results from
Wentzell and Freidlin [8] on stationary random perturbations of dynamical
systems to derive a weak ergodicity estimate in the approximately statio-
nary case, that is for Markov chains with transitions remaining of the
same order of magnitude as the transitions of annealing at one fixed
temperature. Then they use their estimates on time intervals on which the
variation of the temperature is small enough.

These papers, which are focused on the study of quasi-equilibrium, give
also some answers for the convergence to a ground state but the sharpest
results are in two papers by Hajek [11] in 1988 and Tsitsiklis [22] in 1989.
They give a necessary and sufficient condition for which the probability
of the system to be in a ground state tends to one when time tends to

infinity. The condition is ) e~ #Tx= + o0, where d< ¢, is a “critical depth”.
k

Tsitsiklis uses the same strategy as Hwang and Sheu: he studies the
almost constant temperature case and applies it on well chosen time
intervals. Hajek works directly in the non-constant temperature case. He
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studies the exit time and point from secondary attractors of the system
(he calls them “cups™). If C is one of these cups, he shows by an induction
argument on the size of C that for any state i in C of minimal energy

P(XSGC,tgsér[X,=i)§exp(—F > e‘“/TS>, )

s=t+1
where H is sharp but not I'. He shows also the weak reverse inequality

Y P(XeC, t<s=r|X,=i)e WTr< + o0, ieC. )

r,rzt

To my knowledge there was no necessary and sufficient answer to the
problem of knowing whether the law of the system becomes equidistributed
on the ground states before the one given in this paper. I did not found
either any study of optimal cooling schedules (those leading to the fastest
convergence).

Let us close this quick review of the literature by saying that the
constant temperature case is well understood in a more general context
from the works of Wentzell and Freidlin on random perturbations of
dynamical systems. They have made decisive breakthroughs in the theory
of large deviations of dynamical systems with small random perturbations.
Large deviations theory is the right framework to study annealing algo-
rithms because escaping from local minima is an event of small probability
at low temperature.

Roughly speaking we will bring the following answers to the four
aforementioned questions:

1. To study the critical case 1/T,=1/¢,Inn, it is necessary to introduce
a second constant and to consider cooling schedules of the type
1/T,=1/cqInn+B. The behaviour of the system depends on whether B is
larger than some critical value B, or not.

e If B>B,, then lim ||f,],= + .

n—+o

e If B<B,, then lim f, (i) exists for any state i, is finite, is always=1

n—+ow
and for some states > 1.
Hence quasi-equilibrium is not maintained in the critical case c=cg, but
it can be almost maintained for small enough values of B.
2. We give a new proof of Hajek criterion of convergence: if F is the set
of ground states, lim P(X,eF)=1if and only if ) e ¥Tk=+ o,

n—+ow k
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3. We prove that lim P(X,=f)=Card (F)~! for any f €F if and only

n—+o

if Y e c/Tk=+ 00 where c,=d is the same critical constant as in the
k

discussion of quasi-equilibrium.
4. We say that TV, ..., TN is optimal if
PXTNeF)= max PXLeF). )

Ti,-.- TN

Thus our measure of convergence is the probability to be in a ground
state at some finite (large) time N corresponding to the end of the
simulation. There is no reason a priori to think that the best schedules

Ty, ..., Ty are independent of N, hence we have put a superscript N. We
show that there is some value B of B and some o> 0 such that
- ~ 1
/TR ilnk+B+—, )]
Co k*

as soon as k and N —k are large enough.
We show that changing 1/TN into sup (1/T, 1/c, Ink + B) produces only
a small variation of P (X\eF).

Remarks:

o We will prove elsewhere [3] that (4) does not hold for N—k “small”.
This shows that there is no optimal cooling schedule which is independent
of the simulation time N (i. e. such that TV is constant in N for k fixed).

e Our study of T is done under some non-degeneracy asumptions on
the energy landscape: we assume that there is only one ground state and
that the critical depth 4 in Hajek criterion is reached only once.

This first paper will be mainly devoted to build the technical tool we
need to prove our claims. This tool is made of a precise and systematic
study of the way the system escapes from any given strict subdomain of
the states space.

This program has been carried through by Wentzell and Freidlin [§] in
a general context that applies to the constant temperature case. We are
going to carry it for simulated annealing, that is in a non-stationary case.
We have not used Wentzell and Freidlin results as Hwang and Sheu did
because we needed more precise estimates: we wanted them to be uniform
with respect to the values of the temperatures and we wanted to know
more than the exponential order of magnitude of the probability to espace
from attractors, we wanted a full equivalent. Nontheless we followed the
conceptions about large deviations which Wentzell and Freidlin give along
with their proofs.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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There are subdomains for which the dependence of the exit time and
point on the starting point within the domain fades away at low tempera-
tures. These subdomains were called cycles by Wentzell and Freidlin. We
will prove that for any cycle C and any state ieC

n
P(X,eC, m<k=n|X,=i)~ [] (1—ae M ®)
k=m+1

with sharp constants @ and H. We will make explicit how the ‘“almost
sequal” can be considered to be uniform with respect to the temperatures
sequence T, 4, ..., T, Getting uniform estimates is crucial to address
the problem of optimal cooling schedules. Having a sharp constant a is
useful to prove convergence to the equidistributed law on the ground
states. This is sharper than usual large deviation estimates where only the
exponential order, that is H, is sharp.

The cycles are organized by the inclusion relation into a tree structure.
Two cycles are either disjoint or one is a subset of the other.

Along with the escape from cycles, we will study the jumps from one
cycle to another cycle. Now taking some general strict subdomain of the
states space, we can write it as the disjoint union of cycles in the coarsest
possible way. Studying the jumps from one cycle of this “maximal parti-
tion” to another, we will give the dependence of the exit time and point
of the domain on the starting point.

The proofs are by induction on the size of the cycles. The study of the
behaviour of the system in cycles and the study of jumps from cycle to
cycle are closely related in the induction argument. To prove that the
conditional law of the system knowing that it remains in some cycle
becomes equidistributed on the ground states of the cycle, we study jumps
between subcycles containing the ground states. Then we remove one
ground state from the cycle, obtaining thus a subdomain which is no more
a cycle, and we study the behaviour of the system within this domain
after its last visit to the marked ground state. It has a strong probability
to return to the marked ground state, and a small one to escape from the
cycle. In this we follow the program traced by Wentzell and Freidlin’s
investigation of the escape from a domain containing one stable attractor.

What we get in the end is a systematic algebraic tool to derive estimates
for the system to have lived in a tube of arbitrary shape during a given
period of time as well as estimates for an arbitrary succession of jumps
from one tube to another one.

This tool is therefore very general and could lead to other applications
than the results we give in these two papers.
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This research has been carried under the direction of R. Azencott, [ am
glad to thank him for having introduced me to simulated annealing and
having supported me by useful suggestions and encouragements.

1. DESCRIPTION OF THE MODEL

1.1. Annealing algorithms

DEeFINITION 1.1. — An energy landscape is a couple (E, U), where:
o E is a finite set;
e U:E — R is a non-constant real valued function.

DEeFINITION 1.2. — Let (E, U) be an energy landscape. A communication
kernel on E is an irreducible symmetric Markov kernel q on E, that is a
Sfunction

q: EXE-R, 6)
such that
Y qG:N=1  ¢@)H=q0 ), and  supq'(,j)>0,|
jeE neN ()
i,jeE.

For any subset A of E, by q,, we will mean the restriction of q to A, that
is the kernel

qia (@ ) =%a D xa (D g (G ), ®)
where Y, is the characteristic function of A:yx,(i)=1 if ie A and y,=0

otherwise.

Remark: The assumption of symmetry could be replaced by the existence
of a locally invariant probability measure, that is a measure , such that:

Vi,j w@q@ N=n)q0, 1) )

or even by a weaker assumption such as in Hajek [11]; but this would not
lead us to significantly deeper results nor change the nature of the proofs.

DEFINITION 1.3. — Let us write x* for the positive part of x, that is for
sup(x, 0). Let (E, U, q) be an energy landscape with communications. For
any T in R, the transition kernel py at temperature T is a Markov kernel

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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on E defined by

prG N=q@ Nexp(—(U;=U)YT)  for i#j (10)
and
pr, N=1—"2 qGHexp(—(U;—U)*/T). (11)
jeE—{i}

By convention we will extend this definition to the case T=0 in the following

way:
Po(, N=qG H1I(U;—UY=0),  i#j,
Po (G i)=1_Zq(i’j)l((Uj_Ui)§0)~ (12)
j#i
DeFINITION 1.4. — A cooling schedule is a non-increasing sequence of

positive real numbers (T,), ¢ n+-

DEerFINITION 1.5. — A simulated annealing algorithm is a collection
(E, U, Z,, q, T, X), where:

e (E, U, g) is an energy landscape with communications;

e %, is a probability distribution on E (the initial distribution);

o T is a cooling schedule;

o and X is the Markov chain on E defined by its initial distribution ¥,
and its transitions

P(X,=j|X,-1=0=p,(Gi,J)  n>0. (13)
Remark. — We can identify (E, U, %,, ¢, T,X) and (E, U,

Zo, q, T, X) as soon as U-U is a constant function on E (because the
law of X is then the same). Hence we can—and will —assume that

min U;=0 (14)

ieE

1.2. Decomposition into cycles
We follow here the decomposition into cycles given by Wentzell and
Freidlin [8] in a more general setting.

DerINITION 1.6. — Let (E, U, q) be an energy landscape. The level set at
level A of (E, U) is the subset B, of E defined by

E,=U""(]-o0, A} (15)

Vol. 27, n° 3-1991.
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DerFmNiTION 1.7. — Let (E, U, q) be an energy landscape. Let N be some
real number. The communication relation at level N on (E, U) is the equiva-
lence relation R, defined by

%z{(i,j)ISug(q|Ex)"(i,j)>0}- (16)

We shall assume by convention that (q,g,)° =1d, hence that (i, i)e #,,icE.
Two states i and j communicate at level A if there is a path from i to j
which does not go through any state of energy superior to A.

DermniTiON 1.8. — Let (E, U, q) be an energy landscape. Let N be a real
number. A cycle of level \ is a subset of E which is an equivalence class of
R,. The class of all cycles of level N will be denoted by €, (E, U). The class
of all cycles will be denoted by ¢ (E, U). We have

% (E, U)= U %, (E, U). (17)

reR

The class of all sub-cycles of a cycle C of € (E, U) will be denoted by
% (E, U, C). Thus we have

%(E, U, C)={Ge¥%(E, U):G=C}. (18)
Let us mention a few simple facts about cycles:
ProrosiTioN 1.9:
o All sets reduced to one state are cycles.
e If C and G are in € (E, U) they are either disjoint or comparable for

inclusion (that is one is a subset of the other).
e %, (E, U) is a partition of E.

DeriNiTiON 1.10. — Let (E, U, q) be an energy landscape. We extend
the definition of U to € (E, U) by putting
U(C)=min U, (19)

ieC
The energy of a cycle is the energy of its fundamental states.

DeriniTiON 1.11. — Let (E, U, q) be an energy landscape. Let A be a
subset of E and let i, j be any states in E. We define the minimal energy of
communication between i and j through A to be

u (i, j, A)=inf{k:su1; (@15, na) (G ))>0}. (20)

DEFINITION 1.12. — The boundary of A<E is
B(A)={jeE—A:supg; ;>0} 2n

ieA
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DerNtTION 1.13. — The depth function H: % (E, U) — R is defined by:

H(C)=max (0, min (U;—U(C))). (22)
jeB(C)

Remark. — The max is needed in the case when C is reduced to one
point.
DEerINITION 1.14. — The principal boundary of Ce% (E, U) is
E(C)={jeB(C):UJ-§U(C)+H(C)}. (23)
Remark. — Again the <is there to cover the case singletons. When C is
not reduced to one point, the inequality is equivalent to the equality:
ProposiTION 1.15. — If H(C)>0 then
ﬁ(C)={jeB(C):Uj=U(C)+H(C)}. (24)

DeFINITION 1.16. — The bottom of Ce ¥ (E, U) is
F(C)={ieC:U,;=U(C)}. (25)

DeriNiTiON 1.17. — Let (E, U, q) be an energy landscape with communi-
cations. The set of minimums of E is
M(E)= U F(O). (26)
Ce€(E, U)H©)>0
A minimum i is called a local minimum if U;>0 [let us recall that U (E)=0
by convention].

DerFiNniTioN 1.18. —  Extension of the communication kernel q to
PEYXP(E) and € (E, U):
g(A,B)= Y qGJ) @7
ieA,jeB

and for any cycle C of € (E, U)
g(0)=q(C, B(C). (28)

DeriNiTION 1.19. — Some more classes of cycles:

Let C be a cycle in 4 (E, U), € (E, U, C) will denote the class of cycles
Gin 4 (E, U, C) such that U(G)>U(C), and €' (E, U, C) will denote the
class of cycles G in € (E, U, C) such that F(C)¢tG. We will abreviate
¢ (E, U, E) and ¢ (E, U, E) by 4'(E, U) and ¢" (E, U).

The reason for introducing ¢’ and %" is the following: if we want to
make sure that the system can reach some fundamental state of C starting

Vol. 27, n° 3-1991.
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from a state in C, we have to make sure that it is possible to get out of
any cycle of ¢” (E, U, C). If we want to make sure that it is possible to
travel from any ground state of C to any other ground state of C, we
have to make sure that it is possible to get out of any cycle of €’ (E, U, C).

ProrositioN 1.20. — We have
%" (E, U, C)c¥'(E, U, O)c¥(E, U, C). (29)
DeriNiTION 1.21. — For any cycles C,, C, such that C,<C,, we will

denote by N (C,, C,) and call the natural context of C, in C, the subcycle
of C, which is minimal for inclusion in

{Ce¥%(E, U, q)|C,cCcC, and CNF(C)#DT}. (30)

DeriniTION 1.22. — Let C be a cycle of (E, U, q). The natural partition
of C is the partition of C into its maximal strict subcycles.

Lemma 1.23. — The quantity H(G)+U(G) is constant among the Gs
belonging to the natural partition of C.

Proof . — If it were not the case, putting
A=max { H(G)+ U (G)|Gin the natural partition of C} (3D

the communication relation at level A, %,, would induce a partition of C
coarser than the natural partition of C, which is a contradiction.

End of the proof of lemma 1.23.

DerniTiON 1.24. — Let (E, U, ) be an energy landscape with communica-
tions. For any Ce¥% (E, U) we define

H’ (C)=max{H (G):Ge%'(E, U, O}, (32)
and

H”(C)=max {H(G):Ge%" (E, U, C) }. (33)
1.3. Invariant probability measures

DerFmiTioN 1.25. — Let (E, U) be an energy landscape. The equilibrium
distribution at temperature T is defined to be the probability

1
ur ()= zexp(—Ui/T), TeR%, ieE. (34)

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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where
Z=Y exp(—U,/T) 35

JjeE
is the partition function. We extend this definition to T=0 by putting
1
Bo(D)= ~————%r (E) (@) (36)
|F(E)|
where | A | is the cardinal of A and , is the characteristic function of A.

ProrosiTioN 1.26. — Let (E, U) be an energy landscape. We have for
any icE
lim prp (7)) =po (7). (37)

T—-0
Proof. — Easy.
ProposiTioN 1.27. — For any TeR,, py is the invariant probability of

the transition kernel at temperature T. In fact we have a strong form of
invariance, which is local invariance: for any i and j in E

wr (D) pr (4 )= pr (G) pr G, D). (38)

2. STUDY OF SOME LARGE DEVIATION EVENTS

We will need uniform estimates, holding for some families of cooling
schedules. The simplest interesting family of cooling schedules we will
encounter are the neighbourhoods of zero for the L norm. We will study
how long the system remains in a given subdomain of E at low tempera-
ture. This is a way of localizing our study both in space and in time.

DerintTiON 2.1. — Let (E, U, q) be an energy landscape with communi-
cations. A cooling framework is any set of cooling schedules. For any
ToeR%, we define F (T,) to be the cooling framework:

F(To)={(TDwen:Tes1 =T, keN} 39)
Such cooling frameworks will be called simple cooling frameworks.

DermNiTION 2.2, —  An  annealing framework is a collection
(E, U, Ly, g, F, X) where:

o (E, U, q, Z,) is an energy landscape with communications and initial
distribution;

Vol. 27, n°® 3-1991.
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® ¥ is a cooling framework;
X is the class of Markov chains appearing in the annealing algorithms
(E, U, Lo, q, T, X) with Te F.

An annealing framework is said to be simple if the corresponding cooling
framework is simple.

DEeFINiTION 2.3. — Let (E, U, %, q, F, X) be an annealing framework.
Let A be some subset of E, the first exit time from A after time m will be
noted

(A, m)=inf{n>m:X,¢A} (40)

2.1. The most probable behaviour of X

The results from this section are very simple. They quantify the fact
that in first approximation a simulated annealing algorithm strongly
resembles a descent algorithm.

THEOREM 2.4. — For any energy landscape with communications and
initial distribution (E, U, q, &), there exist a simple annealing framework
(E, U, Ly, q, F, ¥) and a constant >0 such that, for any Xe X, for any
i, je E we have

k

P (X, =J|Xy=1)Z(Po)“ (i, /) [T (1 —exp (= /T, ). (41

=1
Proof. — There are constants a>0 and T, >0 for which for any T<T,,
for any i, je E we have
pr (i, J)Zpo (@, j) (1 —exp (—o/T)). 42)
Consider the annealing framework (E, U, %, q, & (Ty), ). In this
framework
P (X, =j|X,=i
; Z (P(Xn+k—1 =S|Xn= I)PO (59])(1 _exp(_u’/Tn+k)) (43)

seE

DEerINITION 2.5. — Let (E, U, q) be an energy landscape with communica-
tions. For any i€ E the set of minima of E under i is

M;={jeM(E):supp; (i, /))>0}. (44)

neN

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



LARGE DEVIATIONS FOR ANNEALING 305

The set M, is thus the set of local minima of the states space E which
can be reached by the descent algorithm with transitions p, starting at i.

THEOREM 2.6. — For any energy landscape with communications and
initial distribution (E, U, q, %), there exist a simple annealing framework
(E, U, Lo, q, F, X) and constants o.>0, Le]0, 1[, y>0 such that, for any
XeX, for any i, jeE, for any ke N we have

k

P (X, M| X, =0)2(1 =72 [] A —exp(— /T, ) (45)

1=1
Proof. — According to the preceding theorem, we have to prove that

T p6 (i, )= 1—vAk (46)
jeM;
Let O; be the set of states which can be reached by the descent algorithm
with transitions p,, starting from i
O,={jeE:suppi (i, j)>0}. 47
neN
The relation “to be reachable from” is clearly transitive, which can equiva-
lently be stated in the following way:
If j belongs to O, then O; is a subset of O,.
The next thing to remark is that M; is never empty, because either j is

a minimum or there is in O; some state s with energy U,<Uj;. For each j
in O; consider

;=inf{keN:pl(j, M)>0}, (48)
where
p'(c)(.]a M])= Z p’(‘)(]a S)
seM;j
Consider
r=maxr; (49)
JjeO;
and
(50) A =min p;, (j, M)).
jeO;
If sis in M}, we have
Po(s, Mp=1, neN. (51)
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Thus
Po (> My 2 pg (j, Mj)>0. (52)
Thus A>0. Then
PoTT G, My) 2 ph (i, My +p5 (i, O;— M) X A, (53)
But p§ (i, O;— M) =1-p} (i, M,), hence
Py (i, M)z ph (i, M) (1-A)+A. (54)

Equation (46) is an easy consequence of this last inequality.

2.2. Generalized transition kernels

DEFINITION 2.7, — Let o/ =(E, U, %, q, T, X) be an annealing algo-
rithm. The family M of generalized transition kernels (GTKs) of o is a
Jamily M of 2 X 2 tensors indexed by P (E) x 2 (E) defined by

M(A, B):N2xE? - R,
M(A, B), /=P (t(A, m)zn, X,_, ¢B, X,=j|X, =),
m< n, ie E, je B’
and
M (A, B)%/=0, otherwise. (55)

m

The product of GTKs will be the usual inner tensor product:
M(A, BM(C, D)= 3 M(A, B),; s M(C, D).l (56)

keN,seE
Remark. — M (A, B)j;/ is the probability of jumping from A into B at
time # and point j of B, coming from i at time m and having stayed in A
in the mean time.
It will be helpful to introduce some “‘characteristic kernels’:

DEFINITION 2.8. — For any subset A of E we define the characteristic
kernel of A to be

I(A){;;‘1={1 if m=n, i=j and icA 57)
0 otherwise
Remark. — The characteristic kernel of E, I(E) is a unit for the
generalized transition kernels of .o/:
M(A, B)I(E)=I(E)M (A, B)=M (A, B). (58)
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The following decomposition formulas will allow us to write the jumps
from A into B in terms of smaller subdomains.

ProposITION 2.9. — Let A and C be subsets of E and let B be a subset
of A. We have:

M(A, C)=M(B, C)+M (B, A—-B)M(A, O). (59)
Proof. — We have
M(A, Oy’

n—1

= Y PX,=j,t(B,m=k, t(A, k)=n, X,-1¢C|X,=10)
k=m+1

+P(X,=/j, 1 (B, m)zn, X,_,¢C|X,=i), (60)
from which it is easy to deduce equation (59).

ProrosiTion 2.10. — Let A and C be subsets of E. Let o/ be a partition
of A. We have

M(A, O)=1(E—A)M (&, C) ,
+ Y M(A, GM (G, O+I(G)M(G, C). (61)

Ges

Proof. — Let us introduce the time of last jump into one of the
components of .o7: let us call ~the equivalence relation induced by .« on
E, i~jif and only if i=j or there is Ge.« such that (i, j)€ G*>. We put

c(m=sup{m<n:X,_;+X,, X, €A} (62)
We have
M (A, O n
n—1

= Y Pom=k t(A, mzn X, ,¢C, X,=j|X,=1)

k=m+1 (63)
+P(om)<m, (A, m)=n, X,_,¢C, X,=/j|X,=1),
jeC,
but for k=m+1, ..., n—1

P(o(m=k, T(A, m=n, X, ¢C, X,=/|X,=1)
=Y Y P@A, mzk X, ¢G, X,=s|X,=i)

Ged seG

xP((G, k)=zn, X,_,¢C, X,,=j|Xk=s). (64)
Moreover, if ie G,

P(c(m)<m, 1(A, myzn,X,_,¢C, X,=j|X,=))=M(G, Cyen, (65)
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and if i¢ A
P(c(m=m, 1(A, m)zn,X,_,¢C, X,=j|X,=i)=M (D, C);n. (66)
End of the proof of proposition 2 . 10.

We can write the jump from A to C as a series of jumps between
smaller subdomains, as expressed in the following proposition.

ProPOsSITION 2.11. — Decomposition of M:

Let A and C be subsets of E, and let (By),.s be a partition of A. We
have

M(A, O)= ) Y,  (ME-A)M(J, B,)+I(B,))
k=0 (iy,..., ig)esk

xM (B, B,) ... M(B, ,,B)M(B,,C), (67)

k—1° i’

with the convention that in the first sum the term corresponding to k=0 is
I(E-A)M (g, C).

Remark. — 1In equation (67) the summation in k is finite for any
M (A, C): 1 (namely it can be restricted to k <n—m).

Proof. — Consider the equivalence relation ~ associated with the
partition (B,),.s of A. Define the sequence of stopping times p¥, by

Pm =",
and
pr=inf {n>pk ' |X,_; +X,}, k>0. (68)
We have for any i€ E and any jeC:
+ o0
M, Ori=Y P(t(A, m)=n,
k=0

Pﬁ<”1§FﬁflaX%—1¢(ljxn=jlxﬁ:=0~ (6%

Conditioning by pl, 1<k in each term in the right member gives the
desired result.
End of the proof.

For well behaved domains A (i.e. for cycles) the probability to stay in
A between times m and n is roughly speaking [][ (1—ae " ®/T) where

k=m+1

H(A) is the depth of A and the probability of jumping out of A into C is
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roughly
n—1

b J] (—ae HA/Ty e~ VA O, (70

k=m+1

The following definitions will make more precise what “roughly” could
mean in the previous sentences.

DerFiNITION 2.12. — A KI (Kernel on the Integers) G is a function
G: ZxZ->R,

A KI G will be said to be increasing if G, =0 for m> n, it will be said to
be decreasing if Gl =0 for m<n, it will be said to be finite if

Y Gh<+too, mel. (71)

nelZ

A RKI (Right Kernel on the Integers) is an increasing KI Q which has
the Markov property:

Y Qu=1, meZ (72)

neZ

A LKI is a KI Q such that Q defined by Q",= Q" is decreasing and has the
Markov property.

Let (E, U, %y, q, T, X) be an annealing algorithm. For any positive
constants H, a, b, a RKI of class 2" (H, a, b) is a RKI Q satisfying
n—1

> Qu=(+b) [] (1—-aexp(—H/TY) (73)
k=n

k=m+1 .

4
where the cooling schedule T is extended to Z by putting T,=T, for k<1.
In the same way a LKI of class 9" (H, a, b) is a LKI Q satisfying

m n—1
Y Qis(1+b) [] (1—aexp(—H/TY), m<an. (74)
k=—o k=m+1
DErFINITION 2. 13 We will use the following notations for KIs and GTKs:
+ oo
QG =Y Qn (75)
k=n

and

= 2 Qe (76)

k=—o0
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Using these decomposition formulas, we are going estimate M (A, B) in
terms of RKIs and LKIs.

Let us study first the simplest case as an example to be generalized.

We will study the jumps from A into B by induction on the size of A.
Hence the first thing to do is to describe the simple case when A is reduced
to one point.

Example: Study of M({s}, E={s}Hin

We will study the following cases:

e The pair {i, s} forms a cycle C, and {i}=F (C).

e The starting state i is equal to s.

The first corresponds to the simplest case when A is a cycle with one
of its ground states removed. This situation is interesting in the study of
the last excursion of the system from one of the ground states of a cycle
before it jumps out of it.

The second case is the initialization of the induction argument on the
size of A and is mentioned for the sake of completeness.

ProrosiTioN 2.14. — Let(E, U, &,, q) be an energy landscape with
initial distribution and communications. Let C={1i, s} be a cycle with two
elements. Assume that U;SU,. Let j be a state of E— C. There are positive
constants a and b, there is a simple annealing framework
(E, U, L, q, F (Ty), &) in which there is a RKIQ, and a LKI Q, of class
2 (H,,, a, b) such that

g(C, ) (1 —e™M) exp (= (U;= U)/T,) Q)
<M(C—{i}, E-C)p

. _ 77
<(C. ) (1+e™T1) exp(— (U= U)/T,) Qi n
=1, 2.
Proof. — Let us put
n—1

Q.= [l pr, (9 —pr,(s,9), m<n, (78)

k=m+1
Q=81 (79

where 8, =1 if k=1and &} =0 otherwise. In the same way, let us put:
n—1

R.=(=pr,(s,8) [] pr(s9) (80)

k=m+1
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It is easy to see that Q is a RKI and R a LKI of class 2(0, q, b). We
have

M({S}’ E-C){:";: m+1 (1~ pr, (s, D)) BT (A

xexp (— (U= U)/Thpi1)q(s, j) exp(—(U;=Uy/T,), ( 81
n>m+1,

and

M({S}, E—C){,’ZHI =q (i, j) exp (= (U; = U)/T,41)
There exist positive constants T, and o such that, in the annealing frame-
work associated with the cooling framework % (T,) we have:

q (i, 5)/(1=pr, (s, 5))=(1+¢g,),
with
|, | Sexp (= o/T)).

The choice of T, and a are linked, it is possible, for example, to take
1 . ~
o=z min{U,—~U:/¢B({s})}.

Let us put

A=q (i, NIg G J)+q (s, ), (82)
and

Qn=0=1) Qs +2.Q. (83)
it is easy to deduce the part of proposition 2.14 concerning RKIs from
the preceding equations.

The proof for LKIs is in the same trend, putting

ha= (=R Q. (84)

End of the proof.

ProrosiTioN 2.15. — Let(E, U, q, &,) be an energy landscape with
communications and initial distribution. Let C={i} be a singleton in E and
let j be in E— C. There are positive constants o, T, a and a simple annealing
framework (E, U, q, %o, F (Ty), &) in which there exist a RKI Q and a
LKI Q, of class 2 (H(C), a, 0) such that:

9(5, N4 (C) (Qu)p, exp (— (U;— U;—H(C) */T,) (1 — ™)
SM({i}, im

<q(5, )/q(C) Q) exp (— (U; = U;=H(C) /T 1)
x(1+e M) (85)
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and

q(s, NI (©)( Qo) exp (—(U;—UY* /T, +H(O)/T,,, ) (1—e”™)
SM{iLDhn
<q(s)/q(O)(Qu)y, exp (—(U;=U;—H(C) /T, 1)
x(1+e~%T1) (86)

The proof is not difficult and is left to the reader.
End of the example.

2.3. Jumping out of cycles

The induction argument is a generalization of the preceding example.
The crucial step is to study the jumps from a cycle C. It is decomposed
into two parts:

e Study the jumps between sub-components of C to prove that the law
of the system knowing that it remains in C becomes equidistributed on
the bottom of C (the fundamental states of C).

e Study the jumps from C—{ f} into E—C where f is some marked
ground state of C, that is consider the behaviour of the system after its
last visit to f. The kernel M (C— { f }, E—C) is not that of a simple jump,
becauseC—{ f} is not a cycle. This is the reason why the induction
argument is complex and involves the case when A is not a cycle.

We need some definitions to introduce the induction hypothesis.

DeriNtTION 2.16. — Let(E, U, %, q, #, X) be some annealing frame-
work. Let (Gy)r. s be some family of Kls indexed by F i.e. depending on
the choice of the annealing algorithm within the given annealing framework.
Let a, b, H and D be positive constants. The family G is said to be of class
& (H, a, D, b) [resp. of class &' (H, a, D, b)] if there exist positive constants
o and ¢ and RKIs(QYr.y and (QPres [resp. LKIs(QY)r.s and
QD1 5] of class D (D, ¢, b) such that

(1—e~*M1)a(Qby, exp (—H/T,)
<SG =(+e™ ™) a(Q)n exp (—H/T,.0). L)
for 1=1,3, r=2,4.
The family G is said to be of class &(H, a, D, b) if it is both of class
& (H, a, D, b) and of class &'(H, a, D, b).
In the same way, G is said to be of class & (H, D) [resp. of class
&' (H, D)] if there exist positive constants K, c, d, and a RKI [resp. a LKI]

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



LARGE DEVIATIONS FOR ANNEALING 313

(Qpre 5 of class D (D, c, d) such that
G =K Q) exp(—H/T,, ). (88)

It is said to be of class &_ (H, D) if it is both of class & (H, D) and of
class & (H, D).
We have just introduced definitions allowing one to express that some

n—1
GTK M (A, B)! is roughly of the form & [] (1—ae ™ )e™ VT We will
k=m+1
need also a sharper notion of comparison when H=V. We will call it
being a-adjacent to Y ae Mk,
We say that M (A, B)/ is a-adjacent to ) a e/ if

Y M, Blk=(1+g)M(A, B)ima Y e MM (89)

L,m
k=m+1 k=m+1

with |&,|<e™*Tm+1 for “good n’s” and if more generally

ny na
Y. MA, B rn=(+¢g, . )MA,B)n~a 3 e W (90)

k=ni+1 k=ni+1

with |g, . |<e™*Tm+1 [i.e. we can roughly speaking apply the Markov

property to M (A, B)]. The definition of a-adjacent has been devised such
that general composition rules could be easily formulated (cf. the last
composition lemma).

DEeriNiTION 2.17. — Let(E, U, %, q, #, &) be some annealing frame-
work. Let H be some positive real number. The sequence ¢ (H, n), characte-
rizing the rate at which X is escaping from a cycle of depthH, is defined to
be

F (H, n)=exp (—H/T,). on
Associated with ¢ we define
NH, T,, o, m)=inf{n>m: Y FH, n)=exp(y/T,) } 92)
k=m+1

where T, is a positive constant, but where o may be negative.

Let & be a cooling framework, let o be a positive constant, let G be
some finite increasing KI (Kernel on the Integers) defined in this framework.
Let & be some sequence depending on the cooling schedule, such as ¢ (H).
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The KI G is said to be a-adjacent to & if, Gn=0 and for any m=n, <n,
such that

na
Y Fe>exp(—afT,.,) 93)
k=ni+1
we have:

ny

Y. G

k=ny+1
= —1 |Zexp(—a/T,41)- %94)
Y. G

k=n1+1

When we will say only that G is adjacent to & we will mean that there is a
positive constant o such that G is a-adjacent to & .

Remark. — 1If G is a-adjacent to & and if B<a, then G is P-adjacent
to &.

We will have to express the fact that the law of the system knowing
that it stays in C concentrates on F (C).

DEerFmNITION 2. 18. — Concentration subsets of a cycle:

Let T, be a positive temperature. Let (E, U, %, q, ¥, %) be some
annealing framework such that & < % (T,). Let C be a cycle of E. Let A
be a subset of C. Let S, B be positive constants, let o€ R be a non
necessarily positive constant. We will call A a concentration set of C of class
O(S, Ty, a, B) if for any Ty, € R, such that To=T,, =T, we have

F A
sup P(X,eA|X,=i, 1(C, m)>n)—|—L(;)~O—|
nZN (S, T1)2, @, m) |F(O)]
<exp(— B/TI/Z)- 95)
Remark:
e IfS'=S, To=T,, o' =a, B’'<p, then
OGS, Ty, o, B=O(S', To, o', B) (96)

e If each point of F(C) is a concentration set, then the conditional law
converges towards the equidistributed law on F (C).

DEeFINITION 2.19. — We will call 4(T,, H) the cooling framework:

4 (T,, H):{(Tn)neN*:Tk+1§TkakENa
Y exp(—H/T)=+wx}. (97

neN*
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We will now state the induction hypothesis, introducing five more
definitions.

DEeriNiTION 2.20. — Let(E, U, %, q) be an energy landscape with com-
munications and initial distribution. Let C be a cycle of E. We will say that
C is of class P, if there exist positive constants T, d, such that in the
annealing framework (E, U, %, q, 9 (T,, H' (C)), &), for any f in F(C)
and j in B(C), M(C—{ f}, E=C)} is of class & ((U;—U(C)", q(C, j),
H'(C), d), and more generally for any f in F(C), i in C and j in B(C),
M(C—{f}, E=C)fis of class &_ (U;—U(, f, C))*, H' (C)).

Comment. — In this definition, we compare M (C—{ f}, E— C)’;‘"m with

n—1
[T —ae ™™ ©Myge W OMg(C, ) e~ Wimu©*T,
k=m+1
(case of RKIs) and with

n

4(C, j)e~ WiV Muiy g o= H Oy [1 (-ae ™ ©m

k=m+2
(case of LKIs). In the same way we compare M (C—{ /}, E—C)}:% with
n—1
[T (1—ae ™ ©Myge—H ©T,p o= U=V 1. O T,
k=m+1

and

n
be WitV E SO it g H Oy [] (1—ae™ O/,

k=m+2

Let us recall that U (i, f, C) is the minimum over paths from i to fin C
of the maximum energy level reached on the path. If G is the maximal cycle
in 4 (E, U, C) such that ieG and f¢G, then U(, f, C)=U(G)+H(G).

DEerINITION 2.21. — Let(E, U, %, q) be an energy landscape with com-
munications and initial distribution. Let C be a cycle of E. We will say
that C is of class P, if there exists a positive constant T, such that in
the annealing framework (E, U, %, q, 4 (T,, H(C)), ¥), for any ieC,
jeB(C), M(C, E-C)} is of class

& (U;—U(C)-H ()", q(C, j)/q(C), H(C), e~*T),
and exp (—H (C)/T,,. )M (C, E=C)}:1, is of class
gl ((U_,_U(C))+, q(C’ j)/q(C), H(C), e_“/Tl)'
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Remarks:
e If C is of class #,, then exp (—H(C)/T,,, ;)M (C, E—C)}" is of class

&((U;—U(C)*, ¢(C, )/ (C), H(C), e™*M).
e We compare M (C, E—C)! . with

n—1 C .

l—[ (1 _ae—H(C)/Tk)ae—H(C)/T,,q( ’J)ef(U,-AU(C)—H(C))*/T,._
k=m+1 q(0)

and

n

9(C. ) Ui U@~ HO) Ty g o HOTy 4y [T (-ae HOm
q(C) k=m+2

DEFINITION 2.22. — Let(E, U, %, q) be an energy landscape with com-
munications and initial distribution. Let C be a cycle of E. We will say that
C is of class P, if for any L>0 there exist positive constants T,, o, such
that in the annealing framework (E, U, &, q, 4 (T,, H' (C)), &), for any
f€F(C), { f} is a concentration set of class O (H' (C), T,, A, o).

DEerFINITION 2.23. — Let (E, U, %y, q) be an energy landscape with
communications and initial distribution. Let C be a cycle of E. We will say
that C is of class 2, if for any L>0 there exist positive constants T, a,
such that in the annealing framework (E, U, %,, q, 4(T,, H" (C)), %),
F(C) is a concentration set of class O (H" (C), T,, A, o).

DEFINITION 2.24. — Let(E, U, %, q) be an energy landscape with com-
munications and initial distribution. Let C be a cycle of E. We will say that
C is of class Ps if there exists a positive T, such that in the annealing
Sframework (E, U, %,, q, 9 (To, H(C)), &), for any ieC and je B(C),

M (C, E-C) and > M(C,E-C)
ieB(©

are adjacent to q(C)/|F (C)| # (H(C)).
Comment. — We compare M (C, E—C)}" with
n—1 .
I—I (1 _ q(©) e—H(C)/Tk> q(C,)) e~ HOIT, (98)
|F(O)] |F (O]

General remark. — The property of being of class 2,, k=1, ..., 5, is
independent of the initial distribution #,.

k=m+1

THEOREM 2.25. — Let(E, U, &, q) be an energy landscape with commu-
nications and initial distribution. Any cycle C of ¥ (E, U) is of class
P k=1, ..., 5.
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Comment. — Theorem 2.25 characterizes the jumps from a cycle C at
low temperatures. The estimates are uniform with respect to the cooling
schedules in a L, neighbourhood of zero. The convergence of the law of
the system knowing that it stays in C towards the equidistributed law on
the fundamental states of C is characterized as well as the concentration
of this law on F(C).

We have chosen to dedicate a full section to the first step of the proof
of theorem 2.25, which consists of proposition 4.5, may be the most
interesting result of this paper.

As an illustration of theorem 2.25 we study the convergence of anneal-
ing algorithms, that is the second and third questions of the introduction,
and bring some complement to Hajek’s results.

3. CONVERGENCE OF ANNEALING ALGORITHMS

DerintTioN 3.1, — Let(E, U, £, q, T, X) be an annealing algorithm.
Let C be a cycle of € (E, U). We will say that the exit time from C is
almost surely finite if, for any me N, we have

+ o0

Y PG(C, m=n=1. (99)

n=m+1

DeFmatioN 3.2, — Let(E, U, £, ¢, T, X) be an annealing algorithm.
Let p be a probability distribution on E. We will say that the law of X,
converges to |\ from any starting conditions if for any meN, for any i, jeE,
we have

lim P(X,=/j|X,=)=n(). (100)

n—>+ o0

THEOREM 3.3. — Let(E, U, %, q, T, X) be an annealing algorithm.
1. Let C be a cycle of € (E, U). The exit time from C is almost surely
Sfinite if and only if

+ 0

> exp(—H(C)/T,)= +o0. (101)

n=1
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2. The probability of X,€F (E) tends to one when n tends to infinity if
and only if
lim T,=0 (102)
n—+oo
and the exit time from any cycle Ce%" (E, U) is almost surely finite.
According to the first alinea this last condition is itself equivalent to
Te%(+ o0, H'(E)).
3. The law of X, converges to W, from any starting conditions if and only
if
lim T,=0 (103)
n—>+ow
and the exit time from any cycle of €' (E, U) is almost surely finite — equiva-
lently Te% (+ oo, H' (E)).

Remarks:

e Points 1 and 2 are proved in Hajek [11] by different means. Point3 is
a complement to Hajek’s results.

o If 1/T,=Alnn+B condition2 is fulfilled when A<1/H"(E) and
condition 3 is fulfilled when A <1/H’ (E).

Proof. — The fact that the condition given in the first alinea of
theorem 3.3 is sufficient is a simple consequence of the fact that any cycle
C is of class #5. Indeed this implies that
P(x(C, m)>n)

q (C) —H (O)/Ty,

él—(l-—e'“/Tm“) —Z P(T(C, m)gk)me

<1—(1—e “Tm+1)P(1(C, m)>n)|;‘i((g))l Z e MO (104)
k=m+1

n

as soon as ¢(C)/|[F(C)| Y e H©OM>e*/Tm+1 Hence for any n such

k=m+1
that
26‘“/T'"+lg q(C) Z e HOIT <, g=o/Tpiy (105)
[F(O)| k=m+1
we have

P(z(C, < - (1 — A o—Tms1 4(CO) —H(O)/Ty).
(t( m)>n)ﬁk=l;[+l(1 (1-4e )#IF(C)Ie ). (106)
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Now we can apply the Markov property to see that it holds for any n
such that

FOTLE, o>
k=m+1

(Let us remark that it would have been sufficient to use 2, instead of the
more precise Zs.)

The condition in the first part is sufficient because any cycle C is of
class 2,. In order to see that it is a necessary condition, let us suppose it
is not fulfilled. Then we have

lim T,=0. (107)

n—+ o

The case when T,=0 for n large enough is trivial, thus we can assume
that it is not so. We can find a subcycle C of C such that T is in
4 (+ o0, H' (C)), but not in ¥(+ o0, H(C)). Then there exist positive
constants T,, d such that in the annealing framework % (T,, H' (C)) for
any g in F(C) and any j in B(C), M(C—{g}, E-C)] is of class
€(U;-Up) ", q(C, j), H' (C), d). Using the right part of equation (87)
with r=2 we see that, for any m such that T,<T, we have, for any
jeB(©):

M, E-O)fm~

=Y PX,=g, t(C, m)>k|X =g)M(C—{g}, E-Opk>

kzm

<29(@C.j) ¥ exp(—H(O)/T). (108)

k=m+1
We can then choose some m,, such that
+ 1
Y @) Y exp(-HOTY=-.
jeB(E k=m+1 4

It is an easy exercise to see that for m large enough, for any i in C, we
have:

P(X,eC, t(C, 0)>m|X,=1i)>0.
From these three equations we deduce that, for any ne N:
P(t(C, n)= + 0 |X,=1)>0.
This ends the proof of the first alinea of theorem 3.3.
Proof of theorem 3.3.2.
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LemMma 3.4. — If

lim T,=T,>0, (109)
n—>+ o
then
lim (P(X,=i)—pr, ())=0, (110)
n—+o
hence
lim P(X,,=i)=me(i). (111)
n—+ o

Proof of the lemma. — Putting p,=pr, k=1 and p,=%,, we have
PX,=i)= (uo [1 Prk) @@). (112)
k=1
Using the fact that p, is py, invariant, we find the following equality:
Ho Hprk—uf Z (Hk—l’l’«k)HPTs (113)
k=1 k=1 s=k
Using the fact that g is irreducible, it is easy to establish that there exist

constants K>0 and A€]0, 1[ such that for any measure p on E such that
p(E)=0, we have

p II pr | SKAM ™[], (114)
k=m+1
where
lell=% lp@|=]p|®). (115)
icE
Thus we have
S IPX =) —pr, D[S Y [lme— oy |KAE (116)
icE k=1
As
lirf | =1y || =0, (117)
we have
lim || Z,—p,|=0, (118)
n -+

where £, is the law of X,.
End of the proof of lemma 3.4.
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This proves that lim T,=0 is a necessay condition in parts 2 and 3

n—+ow
of theorem 3.3.
Suppose now that there exists Ce %" (E, U) such that

Y exp(—H(C)/T,) < + oo.

(119)

It is easy to deduce from the fact that g is irreducible that there exist

constants z#,€ N and £€>0 such that for any i€ E we have
P(X,,eC|X,=i)>¢.
Let
n=minP (t(C, ny)= + 00 | X, =1),

ieC
then for all n>n, |
P(X,eC)>en.
As CNF(E)=(, this proves that
limsup P (X,,e F(E))=1—nes.

n —>+o

(120)

(121)

(122)

(123)

The “if” part of theorem 3.3.2 is a straightforward consequence of the

fact that every cycle is of class £,.

Proof of theorem 3.3.3. — The “if” part is a consequence of the fact

that every cycle is of class 2;.

As for the “only if”’ part, let us consider a cooling schedule T such that

Y exp (—H' (B)/T,)< + 0.

We can find a cycle Ce %’ (E, U, g) such that
Yexp(—H(O)T,) <+

and
Y exp(—H'(C)/T,)= + 0.

Thus applying property £,, we can prove that
P(t(C, n)=+ 0| X,=1)>0, ieC.

Hence

lim P(z(C, n)=+o0|X,=0)=1, ieC.

n—>+ow
Consider ne N and ieC such that
P(t(C, n)= + o0 |X,=1i)>p, (F(E)N C).
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For any m>n we have
P(X,eF(E)-C|X,=i)
<1-P(t(C, n)=+w|X,=i)<py (F(E)—C). (130)
Hence the law of X, cannot converge to p, from the starting condition
X, =1
This ends the proof of theorem 3.3.

4. BEHAVIOUR OF ANNEALING IN RESTRICTED DOMAINS

As we have already explained, we have to study the jumps from C—{/}
into E—C, that is the jumps from a subdomain of E which is not a cycle.

Within the logic of the proof of theorem 2.25 this is part of the induction
step leading to 2,. But it is also generalizing the study of the jumps to a
general subdomain. As such it deserves a full section.

We want to know how the system jumps out of some subdomain A of
the states space E. For that purpose it is not necessary to know exactly
the starting point i. Indeed if 7, and i, belong to the same subcycle C of
A, jumping out of C, and hence out of A, does not depend at low
temperatures on whether the starting point was i, or i,. Hence it is enough
to be interested in the jumps between components of the partition of A
into cycles. Roughly speaking, we can consider in this study each of these
components as a symbolic state and estimate the transitions between these
symbolic states. We will assume that A is a strict subdomain of E and
represent the complement of A in E by an abstract absorbing state O. If
the temperature does not tend to zero too fast the process on the abstract
states is absorbed in O with probability one. Proposition 4.5 gives sharp
estimates for this process.

The process on the abstract states can be decomposed into two parts:
the jumps and the dwelling times in the abstract states. The probability
of the jumps depends only on the communication matrix ¢ and the
decomposition of A into cycles, thus it is independent of the temperatures
(provided that they are low and provided that we consider only the most

probable jumps). The dwelling times are of the form [] (1—ae "),

k=m+1
Many envents can be expressed in terms of jumps from subdomains of
the states space. Hence proposition 4.5 can serve as a tool for many
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applications. Some of them will be given in a forthcoming paper. For
instance we see that if there are sequences u,<v, such that

Un

lim1/T, —1/T,,=0 and lim ) e *®M=+c0, H(A) being the depth
k=upt

of the deepest subcycle of A, jumping out of A will occur at almost
constant temperature. Hence removing from E the deepest attractors of
the system (i.e. the bottoms of the deepest cycles), we see that we can
deduce an equivalent of the law of the system everywhere from an equiva-
lent on these attractors for convergent cooling schedules of the type
1/T,=Alnn+B.

DeriNiTION 4.1. — Let (E, U, q) be an energy landscape. For any subset
A of E, we define the maximal partition of A to be the partition of A into
its maximal subcycles. Note that the maximal partition of a cycle is the
trivial partition reduced to one class. Our notation for the maximal partition
of A will be M (A).

We will generalize the notion of depth to any subset of E.

DeriniTioN 4.2. — Let (E, U, q) be an energy landscape. Let A be a
subset of E, and let o/ be the maximal partition of A. We put
H (A)=max H(G). (131)

GeoS

DeriNITION 4.3. — Let (E, U, q) be an energy landscape. Let A be a
subset of E. We associate with A an “abstract” states space M , which we
construct by adjoining to the maximal partition of of A an “external” point
O; the states in of will be called the “internal states”. We associate with A
a Markov kernel v, which we call the communication kernel associated with
A. This kernel is defined on M 5 by

14 (Gy, G))=4(Gy, E(GJmGz)/Q(GJ, (132)
G, G,e o, G, #G, ’
v4 (G, 0)=¢q(G, I~3(G) N(E-—-A))/q(G), Geo. (133)

and
15,(0, 0)=1, v, (0, G) =7, (G, G)=0, Gess. (134)

We call the homogeneous Markov chain Y, on M, defined by v, the
communication chain associated with A. We will denote the potential of ¢,
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by
+ o0
ka= ). v (135)
n=0
we will also put for technical purpose
+ o0
ki=> va=ks—1, (136)
n=1

Lemma 44. — Let (E, U, q) be an energy landscape. Let A be a strict
subset of E. For the associated communication chain Y ,, the external state
O is reachable from any internal state G.

The reason is that the internal states are maximal subcycles of A.

Proof. — Let G be an internal state. Let #(G) be the set of Seo/
which are reachable from G. Let

A= inf H(S)+U(S). 137)
Se Z(G)

Let
C= U (138)

SeZ(G):H (S)+U ()=
If C is a cycle then Ce Z(G) and B(C) N\ £ (G)= &, thus O is reachable
from G. If C is not a cycle, then there is ie E—C such that ie B(C) and

U;<£A. We cannot have ie U S, because this would imply ie C, thus
Sez(G)
we cannot have ie A, thus O is reachable from G.

End of the proof of lemma 4.4.
Let us consider the communication Markov kernel v, associated with
A. The maximal partition ./ of A is preordered by the relation
B, <B, iff supvj (B, B,)>0, B,,B,e«. (139)

neN
We deduce from this the equivalence relation on o
B,~B, iff B;<B, and B,<B,. (140)

This equivalence relation determines a partition /' of .o/ on which an
order relation is induced by the pre-order relation < of .o/. Notice that in
general 7' is not totally ordered. Notice also that & € .o/’ are sets of sets
of A. We can get down to the level of subsets of A by putting:

P={ U G:FeA'}. (141)

Ge#F
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The order <on ./’ canonically induces an order on £ for which we will
use the same notation. For any De 4, the maximal partition of D is a
subset of the maximal partition of A, and the communication Markov
kernels v, and v, have the same restriction to .# (D).
For any De 2, for any G, G' e .# (D), we have
H(G)+U(@G)=H(G)+U(G"). (142)
We will call A (D) this common value.
The proof is the following. — If B(G) N G’ # J then
H(G)+U(G)zH(G)+U(G),
moreover, for any G, G'e # (D), there are chains G,,...,G, and
1 - .., G5 of elements 4 (D) such that G, =G, =G, G,=G;=G" and
BGONG,.,#T, as well as B(G) NG, #T.

End of the proof.
Hence for any G, G’ e .# (D), we have
B(G NG'=BG)NG, (143)
and
4(G) V4 (G, G)=¢(G) v, (G, G). (144)
In the same way, if G, G'e o with G<G’, then
B(G NG =BG)NG" (145)

It is time now to give the main proposition of this section:

ProrosiTioN 4.5. — Let (E, U, q) be an energy landscape. Let A be any
strict subset of E. Let o/ be the maximal partition of A. Assume that any
Gedf is of class P,, then there exist positive constants T,, and o such that
in the amnealing framework (E, U, q, ¥, 4 (Ty, H(A)), ), for any G,
G'ed, for any i€ G, je G', there are constants H(G, G')=0 and v (i, j))=0
such that the GTK M (A, G')} % [resp. exp (—H(A)/T,.s )M (A, G): 1] is
of class " (H(G, G'), Y(i, j), H(A), o) [resp. of class

&' (H(G, G)+H(A), v, j), H(A), 0]
Moreover, if k% (G, G")>0 then H(G, G")=0 and for any ie G

Y 76 )=kL(G, G), (146)
je G’
and if GeDeP and G' =D’ € P then
r—1
H(G,G)= inf Y ADy)-2(DY)*, (147)
Dy, .. .,Dy) k=1
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Where the infimum is taken over the sequences of length r=2 such that
D, .1 #Dy and such that there are ie D, and je D, , with q(i, j)>0.

Remark. — When the induction will be completed, we will know that
any cycle is of class 2,.

Proof of proposition 4.5. — We begin by proving proposition 4.5 for
the sets De 2.

LemmMa 4.6. — For any D e P, proposition 4.5 is true with A replaced by
D.

In other words, we are going to prove proposition 4.5 first in the case
when H (C)+ U (C) does not depend on Ce.# (A).

Let us prove lemma 4.6.

Proof of lemma 4.6. — Let us consider D € 2. The maximal partition 9
of D is a subset of the maximal partition ./ of A and is an equivalence
class for the equivalence relation ~of equation (140). Let us assume that
any Ge 9 is of class 2,. Let us notice that for any G,, G,€Z we have

H(G)+U(G)=H(G,)+U(Gy). (148)

Let us call A(D) this common value. We can assume that Card 22=2,
otherwise proposition 4.5 is trivial for D (it tells nothing more than £,).
Assuming that Card 2=2, we see that for any S, S'e 9, ky(S, S)>0
(because S<S’ and S’ S). Let us notice also that M (S, S');'=0, ieS as
soon as v, (S, $')=0 [because B(S) N S'=B(S) N S'].

Let us consider G, and G,€ 2.

For any integer k=2 let us call 2, the set of k-tuples (S,, ..., S,)e%P*
such that S, =G, and S,=G, and v,(S, S,,.,)>0, /= ..., k—1. For
any ieG,, je G, we have
M(D, Go)i= ¥, Y MG, S) . MG, SO (149)

k=2 (S1, ...,S) ePg

Let us write down in full length what means the assumption that any
SeP is of class 2,. There are positive constants T,, a and a such that
for any S, S'e 92, S#£YS’, for any i€S, any je§’, in the cooling framework
% (Ty, H(% (S)) —hence in %(T,, H(D))—there are RKIs Q, (i, j) and
Q, (i, j) of class 2" (H (D), a, e~*™1) such that

(1=e"™)Q, (1, N g (S, NIg(S)=M(S, S}
S +e™M)Q, (1 /) q(S, /)/q(S). (150)
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and there are LKIs Q; (4, j) and Q, (i, j) of class 2'(H (D), a, e~%"1) such
that

(1=e™M1) Q3 (i, j)mexp (—H(S)/T,) ¢ (S, /g (S)
<exp(—H(S)/T, )M, S,
S +eM)Qu (G, Nmexp (—H(S)/T, 1) 4(S, H/g(S). (151)
Let us examine first the kernel M (D, G,)E. We have

M(D, G)f2< Y, > ) )

k=2 (S1, - . .»SK) e Pk (i1,ix)e{i}xSyx .. .S
k—1 k—1
( +e_m/T1)k_1 l_[ q(Sy, i41)/q(S) 1_[ Q, (i, iy41) S ‘ (152)
1=1 =1
r=24.

Let us call Q,, r=2,4 the right member of this inequality. We have

Que .= (Qzlﬂ ”

k—1
=) (I+e Mkt > [TaGS, Siv)/a(S)
k=2 (St - - -, Sp)ePl=1
+
=3 I+ My v 1 (Gy, Gy).  (153)
k=2

But there exist positive constants K and p, with 0<p<1 such that
v (G4, G) =K, (154)
because the external state O is reachable from any internal state and is

absorbing. Hence

+ 00

Y (A +e My =) vE 1 (Gy, Gy)
k=2 e
b Z ((1+e /Tyt~ DK pk ! (155)
k=2
Kpe #M

(156)

Sy

Hence there are positive constants T, and K such that in the cooling
framework % (T,, H (D)) we have

(Qz)ﬁ“ékﬁ((}l, G2)+Ke-u/T1 (157)

and
QL ,=k5(Gy, Gy))+Ke™M (158)
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Let us prove now that there are positive constants Ty, a and b such
that in the cooling framework % (T,, H (D)), the kernels Q, and Q, are
of class 2 (H (D), a, b). We have to show that for any m, neN

n—1

Q" =(+b) Y (1—ae MOy (159)
k=m+1
and
n—1
Q)L .s1+b) Y (1—ae MOy, (160)
k=m+1

From lemma 6.4 and from equation (152) we deduce that
Q= > (1+e~ M)kt
k=2 (S1, - . .,SK)€Px

X VE 1 (Gy, Gy) {Z,(H(D), a, e ¥T)* 117~ (161)

and that
Q=Y > (1+e M=t
k=2 (S1, ...,Sk)€Pg

XV 1 (Gy, G) {Z,(H(D), @, e™T) "1 | (162)

where Z is the maximal RKI in the first equation and the maximal LKI
in the second one.
According to equation (154), and changing k— 1 into k we have

+ o0

Q= z K1 +e M {ZHD), a, ™™ }1~  (163)

k=1

and

+

Q) n= Y K(+e ™MW {ZH(D), a, e M)}, (164)
k=1

We have now, putting Z for Z (H(D), a, e %),

n—1
{(Z' o ={Z" o+ Y {2z, (165)
l=m
[resp.
(Za=(27 3 220 as
I=m+1
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hence
k
{Z5n"=Y B, (167)
s=1
with
n—1
B=Y{Z7'},Z", s22 (168)
l=m
and
B,=7"" (169)
[resp.
k
{Z*}1 =Y B, (170)
s=1
with
n—1
B,=Y Z , {Z"'}, 522 (171)
I=m
and
B,=7Z" m]. (172)
Hence, integrating by parts the left member of equation (163) we get
+ o +
Q)" =K Y B, Y (1+e M)py, (173)
k=1 s=k

or
(@ te Myt

@, :._'éKkngkmﬁ- (174)
[resp.
e (A—em My p)t
n _ . 175
(Q4)<—m_S_Kk§1 Bkl—(1+e'°‘/T1)u]< (175)

But
B, S(1+e Ty
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a*“lexp(—HMD)(T;;'+...+T; ')

X
1, - - .,lk_l),m<zll<. .. <Ilg—1<n (1 —ae—'H(D)/Tll) - —e_H(D)/T'*’l)
n—1
x [] (1—ae H®IT)

s=m+1

—a/T )k n—1 k-1
< (1+e~%Ty) < 3 e—H(D)/TS>

= (1—ge HONTyk-1

s=m+1

— n—1
« [T (1—ae 8®my. (176)
(k-l)!s=m+1

(The same expression holds in the case of left and right kernels.)
Thus equation (174) gives

R
Q. ,(Q;)«,..§I<m+e_(,z—“?1—)u

X ox (1+e~*T1)2 g nil no,
P\a=aemomy, o,

n—1
x [ (A—ae ™. 177)
s=m+1
Hence there is a positive constant K’ such that for a suitable T, in the
cooling framework 4 (T,, H (D)) we have
(1+e~%T1)2 )

—H(D)/Ty

@, ;*,(04)1M§K'exp(—a(1_u

l—ae

n—1
x Y e‘H‘DVTs). (178)
s=m+1
Hence we can find positive constants T, and a'<a such that in the
cooling framework ¢ (T,, H (D)) we have

n—1
Q" QI w=K" [ (1-a e HOM), (179)
s=m+1
Thus in %(T,, H(D)) the kernels ., r=2, 4 are of class
2(H (D), a’, K'—1). From this fact and equation (157) we deduce that
there exist positive constants T,, o, ¢ and b such that in the cooling
framework % (T,, H((D)), there are a RKIQ, and a LKIQ, of class

2 (H(D), a, b) such that
M (@D, G r<(1—e ") kE(G,, G,) (Q), r=2,4. (180)

i,m=
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We will now seek a lower bound for M(G,, G,)?2, ieG,. According
to eql_xations (149) and (150), we have

Q. =M (G, G2 (181)
with
+ 0 + oo
Ql= Z Z Z (l_e—a/Tl)k—l
k=2 (S1, .. ., 8)ePr (i1, - . .,i)ef{i}xSyx ... xS
k—1 k—1

x H q(Sp, i+ 1)/q(S) I_[ Q, (@, i) (182)
=1 =1

As (Q)r=(Q,)r, we see that there exist positive constants T,, @ and b
such that in the cooling framework % (T,, H(D)), Q, is of class
2 (H (D), a, b). Moreover

Qa7 =Y (1—e *M)*VE(Gy, Gy) (183)
k=1
and
+f(1—(1—6,)—<1/T1)’°)vk Gy, G,)< Kpe™h (184)
P TR (-1 —e My’

[Compare with equations (153) and (156)].
Hence there are positive constants T, and K such that in the cooling
framework ¢ (T,, H ((D)) we have

Q) ~ 2k*(Gy, G)—Ke ™M (185)

Hence there are positive T,, o, a and b such that in the cooling framework
%(T,, H(D)) there is a RKIQ, of class 2 (H(D), a, b) such that

(I=e M) k*(Gy, G) Q=M (Gy, Gy, (186)

Let us study the case of left kernels now. We have, according to equation
(149) and (151)

+ o0
k=1 (S1, ..., Sk+1)€Pk+1 (1, ..., ig+1)e{i} xSy x ... XSkt
X 5 (1— e~ Ty
m=mi<...=mg+1=n

K K
x [Ta ive )/a(S) TT Qs Gy iy Jmi+?
=1 1=1
K

[Texp(—HES) (T4, ~ TR ) =EM(Gy, G)3" (187)

1=1
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Let us notice now that
exp(—HS)(T,L , — Tl D) Zexp(—HD) (T, —T,4 ) (188)

mp+1

hence
k

[Texp(—H(S) (T}, — Tot ) Zexp(HD) (T, ' = T,31). (189)

1=1
Coming back to equation (187) we see that
Qs exp(—H(D)/T,) <exp(—H(D)/T, . )M (Gy, Gy)y,  (190)

with
+ o0

Q=X Y 2 (1—e Myt
k=1 (S1, .. ., Sk+1)€Pk+1 (1, .. »ik+1)e{i}xSax ... XS4y

k k
X n q Sy, i+ 1)/q(Sy) 1_[ Qs (i §144)- (191)
=1 =1

Following the same route as for Q,, we deduce from this equation that
there are positive constants T,, o, a and b such that in the cooling
framework % (T,, H (D)) there is a LKIQj; of class 2'(H (D), a, b) such
that
(1—e™ M) k* (G4, G,) (Q3)pexp (—H(D)/T,)
<MD, Gimexp(—H(D)/Tpiq). (192)
The estimations for kernels M (D, G,)}, i€ G,, jeG,, are easy to derive
from those for kernels M (G,, G,)F and the equation
M([D, Gi= Y {MD, M, Gy H+M(Gy, Gl (193)
Se # (D)
More precisely, we see that M (D, G,)! is of class
éar (05 Z kD (G19 S)q(s, .])’ H(D)’ d) (194)
Se.# (D)
for some positive o in some framework 4 (T,, H (A)).
End of the proof of lemma 4.6.
For any.# € /', let us put
D= U G (195)
Ge#

and let us consider the potential kernel

DEFINITION 4.7:

+ oo

kan=Y I(F)vy, (196)
n=0
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where

I(f)(G)={1 iy Ge# } (197)

0 otherwise

DEFINITION 4.8. — We will say that two disjoint subsets D and D' of E
communicate if there exist ieD, jeD' such that q(i, j)>0. Now let D,
D'e? and let F and F' be the associated elements of '. We will write
D—ID' and say that D' is a successor of D if D<D’, D#D’ and D and
D' communicate. Notice that in this case {i}e o, jeB({i}) and for any
GeZ and any G’ € F' we have k, 1, (G, G')>0.

The following step of the proof is

Lemma 4.9. — For distinct D, D' € ? such that there exist ieD, jeD’
with q (i, j)) >0, for any ie D, any je D’ there exist positive constants vy (i, j),
T, and o such that in 4 (T, H(A)) the kernel M (D, D')| [resp.
exp(—H(A)/T,,) M(D, D)5l is of class & (AD)=A D), v(, ),
H(A), ®) [resp. & (L (D)—A(D)* +H (A), v(, j), H(A), o). Moreover if
Ge M (D), G'e M (D) and L (D)< A (D) then for any i€ G

2 Y@ )=ka p(G, G). (198)
jeG’

Proof. — We have according to proposition 2.10, for any ieG, je G/,

M (D, D)i= ~ Y {M(D, GOM G, G)}H+M(G, G). (199

Ge A (D)

According to lemma 4.6 we know that M (D, G),-& is of class
€ (0, k% (G, G), H(D), b) in the framework % (T,, H(D)) for suitable
positive constants T, and b [let us insist on the fact that k% (G, G)>0].
Moreover M (G, G’} is of class & ((A(D)—A(D)*, q(G, j), H(D), b)
when it is non null [which is the case for at least one Ge .# (D) from our
hypothesis]. We conclude with the help of composition lemmas 6.8 and
6.10 (¢f. appendix). The proof with left classes is of the same kind and is
left to the reader.

End of the proof of lemma 4.9.

LEmMMA 4.10. — With the same hypothesis as in proposition 4.5, let us
consider D and D'e€ P such that D and D' are not comparable for the
relation<, then M (D, D’)=0.

Hence M (D, D')#0 if and only if either D—| D’ or D'—|D.

Proof. — Let us consider D and D’ e 2. Let us consider the associated
F and F'e/’'. Let us consider Ge# and G'e Z#’. Assume that there is
ieG and je G’ such that ¢ (i, /)>0. As G and G’ are cycles, one of them
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is reduced to one point, thus either {i}=G<B(G) or {j}=G'=B(G).
Hence either G<G’ or G'<G, and # and &' are comparable. Thus if &
and &' are not comparable, then M (D, D")=0.

End of the proof of lemma 4.10.
Let D, D,e2, let G,e# (D,) and G, e .# (D,). Consider ie G, and
Jj€G,. According to proposition 2.11

+ o0

M(A, Gy)i=) Y {M(Sy, SHM(S,, Sy)x ...

k=1 S3,...,5%€2,81=Dy

XM (8- 1, SOM(S,, Gy) }{ (200)

Let us call 2, the set of sequences (S;, S,, . .., Sp) €2 of lenth k such
that, S;, =D, M(S,, S,,+1)#0,I=1,...,k—1 and M (S;, G,)#0 and such
that moreover

Y (A (Si ) —A(SY) ' =H(D,, D,) (201)
=1

with the convention that S, ; =D,. [The definition of H(D,, D,) is that
of the end of proposition 4.5.]

As 2 is finite and (A (S,4;)—A(Sp)" =0 if and only if S,<S,,,, we see
that 2, is empty for any large enough k.

More precisely we can remark that if (S, ..., Sp)e#, all the S, ...S,
must be distinct from one another [otherwise there is a loop that we could
suppress to obtain an other sequence of weight H(D,, D,), but the weight
of a loop cannot be 0, < being an order relation, hence we get a
contradiction]. Thus 2,=0 for k> Card (£).

Let us call 2® the set of sequences of length k (S,, ..., S,)eZ?*
such that S, =D,, M(S,, S;;)#0, I=1,...,k—1, M(S,;, G,)#0 and
Sy, oo, 8)¢2,. Let us put L=Card(#). For any sequence
Sy, - .., Spe2® we have, putting S, ., =D,, for some positive constant
a,

S (h(Si10)~A(S) =HD,, D2)+asup{1,[k—;1}}, 202)
I1=1

where [x] is the integer par of x.
We can decompose equation (200) into

M (A, G,)%2=W+B (203)
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with
+ .
W=} Y M, S) .. M8, G
f;}l (S1, - - ., Sp)e P - (204)
B= 2 > {M(Sl, S,) ... M(S,, Gy) }{
k=1 (sq,...,80e2®

We will prove first that for some positive constants T, and «, the
kernel B is of class & _ (H(D,, D,)+a, H(A)) in the cooling framework
4(T,, H(A)).

From our preceding remarks we see that there are for any i, j belonging
to different cycles of .# (A) RKIsQ, (i, j) and LKIsQ, (i, j) of class
9(H(A), a, b) in some % (T,, H(A)) such that

+ o0

B < > )y

k=1 (54, .. .,Sk)eﬂ(k) (1, - - -, ig+1)e{i}xSpx ... x8xGy

XK"{ lj Q, @@, im)}" [Texp(—(Sie )=A SN /Tos 1) ( (205)

ml=1
<{Q, }nexp(—(H(Dy, D) +a)/T, 1),
r=12.

with

4=y ¥ 5

k=1 S1, ...,Sk)gg:(k) (1, . - -sig+1)e{i} xSy x ... x8XxXGy
k
" k-L-1 ,
ka{nQr(i,, im)} exp(——a(()v[_f__:l>/rrmﬂ) (206)
=1 m
r=1,2.

Let us prove now a lemma about kernels Q,, r=1.2.

LeMMA 4.11. — There are positive constants Ty, a, K' such that in the
cooling framework % (T,, H(A)) the kernels Q,, =1,2 are such that
n—1
Q=K [] (1-ae™®m) (207)
l=m+1
and
n—1
Q)L <K ] (1—ae &) (208)
l=m+1
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Proof .— We have

+ o0

Q= ¥ K*Card (%) {Z, (H(A), a, b)}5”
k=1
x exp(-<0v[l~c:—£:l) oc/Tl) (209)
L
liresp. Q)L < Y K¥Card (2%) {Z,(H(A), a, b)*}",,
k=1

ol )]

Card (") < Card (2), 211

Let us remark that

hence abreviating Z (H (A), a, b) by Z, putting K'=K Card (#) and

n—1
B= Y {Z'W.Zi”, k=22 (212)
s=m+1
B,=2"" (213)
n—1
[resp. B,= Y 7., {Z<1') k22, (214)
s=m+1
B1=Z'Lm] (215)

and integrating by parts equation (209) [resp. equation (210)], we have

Q"< Y B, Y K* exp(—(O vi!) cx/Tl). 16)
k=1 1=k L
[resp- (07
<) B, Y K" exp(—(Ov‘l_zL_l>a/Tl>]. (217)
k=1 1=k L

There are positive constants T, and K, such that in the cooling framework
Z (To)
2L

K,= Z K"+ .
=1 1-K"exp(—a/(LT,))

K12L+1

(218)
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Hence there is a positive constant T, such that in % (T,, H(A)) we have

Q) [resp. (Q2)% )
2L ) B o -1
ékgl K3 Bk <1 —-K exp( L—"r1>)

+ o0

k—2L—-1Da

X K’*B, ex —(——.Q—
Z k P( LT,

k=2L+1

)=A1+A2. (219)

Let us examine A, first. We have in (T, H(A)) for a suitable positive
Tos

(1+b)* . k-t
Bké(l —ge HWMHk—1 <s=§+1 exp(—H(A)/T3)>
ak_l n—1
i 1 a=aemam, a0
¢ s=m+1

[¢f. equation (176) in the appendix. The expression is the same for right
and left kernels.]

Hence there are positive constants T,, K; and K, such that in the
cooling framework % (T,, H (A))

-1
K21+ 1 a? (1 ~ae‘H<A)/T1)‘2L(1 -K’ exp(fL;>) (221)

1

K, 2K (1+h)(1—ae HWT)~1,4 (222)

(223)
and consequently

n—1
ol
A, ZK; exp (K exp ( -—ﬁ—) < e H (A)/Ts)>
’ ’ * LTI s:§+ 1

n—1

x 1 (l—ae_H(A)/TS). (224)

s=m+1

Let us examine A; now. Due to equation (220) there is a polynome
P with constant coefficients and positive constants T,, a such that in

4(To, H(A))
n—1 n—1
AlgP( ¥ e-HWTs) [T (1—ae H®wm) (225)
s=m+1 s=m+1

The function x> P (x)exp(—ax/2) is bounded on R, hence there is a
positive constant K such that

P (x)=K; exp (ax/2). x=0, (226)
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Hence

n—1 . n—1
A <K exp (‘-’ y e‘H(A)/TS> [T (—aeB®m)  (227)
2s=ms1 s=m+1

In vew of equations (224) and (227) (which hold both in the case of
right and left kernels) we see that there are positive constants T,, a, and
K such that in the cooling framework % (T,, H(A)) we have

n—1

Qo [resp. Q)L W =K [] (1-a,e™ W), (228)

s=m+1

End of the proof of lemma 4.11.

We deduce from lemma 4. 11 that there are positive constants T, K, a
and b such that in the cooling framework % (T,, H(A)) there is a RKIQ,
and a LKIQ, of class 2 (H(A), a, b) such that

Q)nsK@Qp  s=1,2. (229)
Hence

LEMMA 4.12. — There are positive constants T, and o such that in the
cooling framework 4 (T,, H(A)) the GTK B of equation (204) is of class
S(H(D,, D,)+a, H(A)).

As the sum in the definition of W is finite, we see by applying the
composition lemmas and lemma 4.9 that there are positive constants T,
a such that in (T, H(A)) the kernel W is of class §" (H (D,, D,), 8(, j),
H(A), o) [resp. exp(—H (A)/T,,+,) Wh, is of class

¢'(H(Dy, D)) +H(A), §(, j), H(A), 0)]

with
+ oo
3G, )= Y >
k=1 (81, ..., Spe2®
k
Y Y v i) (230)
X{il,...,ik+1)s{i}XSZX...XSka2 =1

In case H(D,, D,)=0, or equivalently D, <D,, or equivalently
k% (G,, G,)>0, we deduce from the fact that for any S, S'e€Z such that
S—|§

Y v, ))=ka (G, G, ieGeH(S), GeH(S), (231)
jeG’
that
z 6(’&])=kK(G1a GZ)’ ieGl' (232)

jeGa
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[Indeed in this case for any (S, ..., SpeP,, for any I=1, ..., k—1,
S,—] Si+1 and either S,—|D, or S,=D,.]

End of the proof of proposition 4.5.

5. PROOFS OF LARGE DEVIATIONS ESTIMATES

The aim of this section is to end the proof of theorem 2.25.

Proof of theorem 2.25. — Let us consider some cycle C. We may assume
by induction that theorem 2.25 is true for any strict subcycle of C.

We are going to prove first that C is of class £,.

Let f be some state of F(C) and let j be in B(C). Let A=C—{ f }, and
let &/ be the maximal partition of A. Let (G-, ., be the natural
partition of C (the partition of C into its maximal strict subcycles). We
will assume that

H(G)2H(G,)2 ... 2H(G,), (233)
and consequently that
UG)=U(Gy)=..2U(G). (234)

We will also assume that feG,. It is easy to see that G e/ for
s=2, ..., r. Let us put G¥=G,—{ f'}. According to proposition 2.9 we
have

M (A, E-C)=M(G*, E—C)+M (G*, C—G,)M(A, E-C) (235)

By induction we may assume that G, is of class ;. Thus there are
positive constants T, d, such that in the annealing framework (E, U, Z,,
4(Ty, H' (C)), d), for any ieB(G,), M(G%}, E—Gl)if is of class
éz((Ui_Uf), q(Gy, D), H'(Gy), d).

We need the following lemma:

LemMa 5.1. — With the above notations, we have for any Gy, s=2, .. .,r
Y. 4(Gy, G)ka(G,, G)=4(G) (236)
t=2,r

Proof. — Let us put A=C—G, and let o/ be the maximal partition of
A, that is (G,);—,, . ,- We have for any G, G’ in ./

kz (G, G')=k, (G, G') (237)

cees
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because v, and v; coincide on &/ and ./ is not v, reachable from any
state of o/ —.o/. Then we can identify the external state of .#; with G,.
Consider on . ; the Markov kernel

v(G, G)=¢q(G, G")/q(G), G, Gedy, (238)
with the above mentioned identification of the external state. Then v
coincide with v, on ., because

B(G)NG,=BG)NG, s t=1,...,r (239)

The measure ¢(G) on &/ is v invariant. Let Z be the Markov chain
associated with v. It is easy to see that Z is recurrent and irreducible.
Then it is well known that, putting

o=inf{n>0:2Z,=G, }, (240)
we have
LP(Z,=G, 0>n|Z=G)=q(Glg Gy, o4
s=2, ...,r.
Equation (236) is the exact translation of equation (241) with some changes
in the notations.

End of the proof of lemma 5. 1.
According to proposition 2. 10 we have:

M(G}, C-G)M(A, E-C)= } M(G}, Gy

s=2
x <M (G, E-O)+ Y. M(A, G)M (G, E—C)>+N, (242)
t=2 )
with
N=3Y Y M(G},G)M(A, G)M(G, E-C). (43)
$s22 GeA—A

There are positive constants T, and 4 such that, in the annealing
framework

(E, U, q, %, %(Ty, H(O)), D), (244)
e for any se[2, r], M(G¥, G)P is of class

e for any Ge «, for any s€[2, r], for any ie G,, according to proposi-
tion 4.5,

exp (—H(A)/T,. )M (A, G)F,r (246)
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is of class & (H(A), kX (G,, G), H' (C), d);
e for any Ge </, for any ie G and any je B(G) N (E—G),

exp(~H(G)/T,,. )M (G, E-O)f:, (247)
is of class
¢ (U;—U(G), (G, )/q(G), H'(C), d). (248)
Applying lemma 6.8 to M (G}, G,);, M (A, G,) and again to
M (GT, GO)M (A, G)),, M (G,, E-CY, (249)

with je B(C), we find that there is a positive constant » such that, for
each couple (s, 1) €[2, r]?, the kernel

(M (G}, Gy)M (A, G)M (G, E- Q) (250)
is of class
&(U;= Uy, q(Gy, GY kX (G, G)q(Gy, )/q(Gy), H'(C), b).  (251)
In the same way we see that
M (G}, GO)M (A, G)M (G, E-C); (252)
is of class
¢ (U;—U(G)—H(G)+H(Gy)), ¢, H' (O), b). (253)
The expression of ¢’ is unimportant, the remarkable point is that

U,~U(G)-H(G)+H(G,)
=U;-U,+(H(G)+U(G)-H(G)-U(G) 254

and that, G being a strict subcycle of G,
H(G)+U(G,)-H(G)-U(G)=>0, (255)
consequently
U;,-U(G)-H(G)+H(G)>U;—-U,. (256)

Hence coming back to equation (242), we deduce, according to lemma
6.10, that [M (G¥,C—G,)M (A, E-CO)}} is of class

&U;— Uy, ¢, H'(C), b)
where
c= Y q(G,, G)k} (G, G)q (G, ))/q(G)). (257)

s, t=2
Summing in s and using lemma 5.1 we get that
c=2 q(G, ) (258)

22
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Coming back to equation (235), we conclude that M(C—{ f}, E-C)} is
of class
¢(U;—U,, q(C, j), H' (O), d), (259)

for some constant d.

The proof for M (C*, E—C)! can be done in the same way as the
preceding estimation, and is left to the reader.

End of the proof that C is of class ?,.

We will now prove that C is of class 25 and #,. We will deduce from
it that C is of class 25 and eventually that it is of class Z2,.

Proof that C is of class 2,.

We still consiser the natural partition (G)=,
a way that

UG)=U(Gy)=...=U(G)<U(G,;)=U(G,sr)= ... U(G). (260)
Thus we call s the number of components of the natural partition of C
which are intersecting F (C).

Remark. — If H(G,)>0, then s<r. Indeed r=1 is impossible, hence

there is in the natural partition of C a cycle of null depth.
We are going to prove the following lemma:

, of C indexed. in such

eeey

LemMMmA 5.2. — For any positive constant Le(0, 1), there are positive
“constants T, and o such that, in the annealing framework

(E9 U: q9 "?03 g(T()’ H(Gs+ 1))5 X)a
putting for any T,,, such that To=T,,, =T,
N=NMH(G;+1), Tyjp, AH(G,) —H (G, 1)), 0), (261)
we have, for any ieC,
P<1' (C,0)>N, Xye U Gk|X0=i)g I—exp(—a/T,,). (262)
k=1

Proof. — Let us fix A and put

r
A= U Gk’
k=s+1
then (Gpy=s+1, . ..., 1S the maximal partition of A.

The proof rely on the fact that we are getting out from A faster than
from C— A. We will establish to lemmas:

LEMMA 5.3. — With the notations of lemma 5.2, for any re(0, 1),
there are positive constants T, and o such that in the cooling framework
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9(Ty, H(G,44)), for any i€A, for any T,,€[T,, T,] we have for the
corresponding

N=N(H (Gs+1)> Tyja, A(H(G) —H(G,4 1)), 0), (263)
z M(A, C—A)S A 2 1—exp(— /T, ). (264)

Proof. — Using proposition 2.10 and proposition 4.5 we see easily
that there exist positive constants T, d such that in the annealing frame-
work (E, U, ¢, Z,, 9(To, H(G;,})), Z), for any ieA, M(A, C—A)S™4
is of class &7 (0, 1, H(G;,, ;, d)). Hence there exist positive constants ¢, d
and a RKIQ of class 2 (H (G, ,), ¢, d) such that in the cooling framework
% (T, H(G,, ,)) for any keN

M (A, C-A) M =(1—e ¥ Qp. (265)
Thus
N
Y M(A, C— AT oAk
k=1
%(l—e"“’Tl)(l—(Hd) I1 (1—ceXp(—H(Gs+1)/Tk))>
k=1

2(1—e M) <l -1 +d)exp<— ¢y e MG+ 1’”'4))

k=1
2(1—e M) (1= (1 +d)exp(—ce ®EITH G IIM2)). - (266)

End of the proof of lemma 5.3.

LemMa 5.4. — Let G be a cycle of class . There are positive constants
Ty, & such that in the cooling schedule % (T,, H'(G)) for any ie G we have:

P(t(G, my<n|X,=i)<e M1+2¢(G) Y exp(—H(G)/Ty. (267)

Remark. — As a consequence for any k=1, ..., s, any ieG,, any
m=0, ..., N, we have

P(t(G,, m)>N|X,=1)
>1—e ¥M12—-24(G,) e *M OV HG+ T2 (268)
Hence there is a positive constant o such that
P(1(G, m)>N|X,=i)=1—exp(—a/T,;,) (269)

Proof of lemma 5.4. — Let f be some state in F(G) and let
G*=G—{ f}. The idea of the proof is to introduce the last time when X
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visits f before leaving G. Using the assumption that G is of class 2, we
find positive constants T,, o such that in the cooling framework
% (T,, H'(G)) the following estimation holds:

Pt (G, m)§n|X0=i)= Z M (G*, E-G);, %
k=m+1
n—1 n
+ Y Y P((G, m)>k, Xk=f!X0=i)M(G*, E~G)§,',(G”
k=m+1 I=k
n—1

<M(G*, E-G)F,%™"+ Y M(G* E-G)i &t~

k=m

e M+2q(G) Y, exp(—H(G)/T). (270)
k=m+1
End of the proof of lemma 5 . 4.
Let us resume now the proof of lemma 5.2:
There exists T, >0 such that in the cooling framework %4 (T,, H(G,, )
we have for any T, , €[T;, Ty] and any ieC,

P(t(C, 0)>N, XyeC—A|X,=1)

N r
2} Y X M(@A, C-ALPE(G, )>N|X,=))
n=1 k=1 jeGg
N

z Y M(A, C=A) " (1 —exp(— /Ty )

n=1

2(l—exp(— O‘/T1/2))2~ (271)

End of the proof of lemma 5.2.
The following step towards the fact that C is of class 2, is

LEMMA 5.5. — For any Ae(0, 1) there are positive constants T, o such
that in the cooling framework % (T,, H"(C)), for any T,,€[T,, T;] the
subset of C

U Gy (272)

is a concentration set of class O (H" (C), T,,,, A(H(C)—H" (C)), o).
Proof. — Let us put as above

A= U G,

k=s+1
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Let T, and a be chosen as in lemma 5.2 and let » be some integer
such that

n>N(H"(C), T,,, A\H(C)—H"(C)), 0).

Then
S exp(—H" (C)/T,)Z exp (xw) 273)
k=0 T1/2
hence
Z exp (—H(G;, )/T)
k=0
gexp<kH(C)_H ©, H (C)—H<Gm)>
1/2 T1/2
Tl/Z
Thus we can find m, <n such that
xo (kH(Gl)—H(GsH))
T1/2
< Y exp(—H(G,: /Ty
k=my+1
§2exp (xH(Gl)—H(Gs+ 1)) (275)
T1/2
Let us put
my=NMH(Gs44), Ty, MH(Gy) —H(Gy ), my). (276)

Lowering the values of T, and « if necessary we can assume that lemma
5.4 holds with these values for any G, k=1, ..., s.

From now and up to the end of the proof of lemma 5.5, let us work
in the cooling framework ¢ (T, H” (C)).

Then, for any je C— A we have

P(X,eC—A, 1(C, my)>n|X,,=))zl—exp(—a/Ty;), (277)

according to lemma 5.4 and equation (275). Applying lemma 5.2 to the
cooling schedule (T, +,),cns Which is in & (T, H"(C)) if T is, we see
that

P(X,,eC—A, 1(C, m)>m,| X, =)Z1—exp(—o/T,;,). (278)
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Hence in the cooling framework ¢ (T,, H"” (C)) we have, for any ieC

P(X,e(C—A), 1(C, 0)>n|X,=1)
=y Y PX,,=j,T(C, 0)>my | X,=1)
j1eC jpeC—A
X P (X, =J2» T(C, my)>m, le1=f1)
xP(X,eC—A, 1(C, my)>n|X, =j,)
>(1—exp(—a/Ty) Y. PXp =j1 ©(C, 0)>m, [X,=1)
j1€C
xP(X,,eC—A,t(C, my)>my | X, =j,)
=>(1—exp(—asT,;,)*P(x(C, 0)>m, | Xo=1)
=(1—exp(—o/Ty2)*P(x(C, 0)>n|X,=i). (279

End of the proof of lemma 5.5.

We are able to prove that C is of class 2,.

Let T, and a be chosen such that both lemma 5.4 and lemma 5.5
work (it is possible since if any of these two lemmas is true for some
values of T, and a, then it is true for any lower values of these parameters).
Moreover, lowering if necessary the values of o and T,, we can assume
by induction hypothesis, that within the cooling framework % (T,, H" (C)),
for any k=1, ..., s, F(Gy) is a concentration set of class

OH" (G, To, AH(GY~H"(GY), o).

Let us work in the cooling framework % (T,, H" (C)). Let T,,, be such
that To2T;,,2T,;. Let neN be chosen such that

nzN(H"(C), T,;,, L(H(C)—H" (C)), 0). (280)
Let
m; =N (H (©), Ty, %(H (C)—H"(C)), o) . (281)
Then we have for any k=1, .. ., s
n=N (H (G, Ty, %(H (G)—H" (GY), m1>, (282)
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because

n

Y exp(=H"(GY/T)
k=mi+1

zexp(H"(O)—H"(GY)/T ) Y exp(—H"(O)/T)

k=mi+1

zexp (H” (C)—H" (GY)/T,2) (exp (A (H(C)—H" (C))/T,)
A
—2exp <5 (H(O)-H" (O)/T, /z)>

> exp ((H” (C)— H” (G)/Ty 1) exp (g (H(C)—H" (C»/Tl,z)
A
> exp (2 (H(C)-H" (Gk))/Tl/z)

A
Zexp (5 (H(Gy—-H" (Gk))/T1/2>' (283)

Let H"= max H" (G,), we can find m <n such that

1<k<s

exp (A(H(G,)—H")/T,,)

< Y exp(—H"/TY=2exp(A(H(G)—H")/T,,) (284)

k=m+1

with this choice of m we have for any k=1, ..., s for any jeG,,
according to lemma 5.4

P(t(Gy, my>n|X,,=j)z1—exp(—o/Typ). (285)
Hence for any ieC
P(X,eF(C), t(C, 0)>n|X,=1i)

2Y Y P(X,=j. 1(C, 0)>m|X,=1)

k=1 jeGy

xP(X,eF(Gy), t(Gy, m)>n|X,=))
>y Y P(X,=/ t(C,0)>m|Xo=1)

k=1 jeGy
X P (t(Gy, m)>n|X,=j)(1—exp(—=o/T,)3))
=2P(X,,eC—A, 1(C, O)>m|X0:i)(l—exp(—oc/Tl/z))2
2P (t(C, 0)>m|Xo=10)(1—exp(—o/T,;»)°
=P (t(C, 0)>n|X,=i)(1—exp(—a/T, ). (286)

End of the proof that C is of class ?,.
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Proof that C is of class 5.
The first step is contained in the following proposition

ProposITION 5.6. — For any A€, 1), there are positive constants T,, o
such that in the cooling framework % (T,, H'(C)), for any T,,,€[T,, T,
for any k=1, ..., s the subcycle G, is a concentration set of C of class
OH'(C), Ty, M(H(C)—H'(C)), @).

Proof. — We can assume that s=2, otherwise proposition 5.6 reduces
to lemma 5.5.

We are going to do some kind of rescaling in the time variable by
introducing the following sequence of times:

By induction hypothesis , we know that for any k=1, ..., s, G, is of
class 25, thus there is a positive constant o, such that for any k,
I=1, ..., r the kernel M (G,, G)® is o adjacent to

9(Gy, G)|F (G|~ 7 (H(GY).

DEFINITION 5.7. - On the abstract state space { 1, ..., r}, we consider
the Markov kernel A~ defined by
H (k, k) =q (G, G)/q(Gy) (287)
We call Y the associated Markov chain and consider the stopping time
o=inf{n>0:Y,<s}. (288)
With the help of G we define the Markov kernel on {1, ..., r}:
H (k, K)=P(Y,=k'|Y,=k). (289)
DEeFINITION 5.8. — Let & be some cooling framework. We define
V(H, T,, o, m) to be the sequence (v,), .n characterized by vy =m and
1 =NH, Ty, —a, vp), k=1. (290)

We will put V(H, T,, o) for V(H, T, o, 0).

LemMmAa 5.9. — If H(G))>0, for any k, kK'=1, ..., s such that k#k',
for any ie G, the kernel

M (G,, G,)Px (291)

is null.
Proof. — 1f B(G,) N Gy #J, then either G, or G, is of null depth.

End of the proof of lemma 5.9.
LemMMA 5.10. — There are positive constants T,, o such that in the

cooling framework 4 (T,, H' (C)), for any k, k' €[1, s] such that k#k’, for
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any ie Gy, if A (k, k")>0, the kernel
R=M(G,, G.)+M(G,, AYM(A, G,))¢* (292)

is adjacent to

q(GY|F(GY| ™' £ (H(G))
and satisfies

|RE™— o (k, k') |Se %Tm+1, (293)
On the other hand, if A" (k, k')=0, then R=0.
Proof. — Let us examine first the case when H(G,)=0. Then H(G,)=0,

k=1, ...,r, hence all the G, k=1,...,r are singletons
~-G,={g,}—and A=, thus M(G,, A)YM (A, G,)=0 and
n—1
M (G, Gy k= l—[ Pr, (8 gk)p’l‘,, (81> &r)- (294
Il=m+1

We conclude that the lemma is true in this case.

Let us assume now that H(G,)>0, then according to lemma 5.9
M(G,, G,;)f*=0.

The fact that M (G,, AYM (A, G,.);=0 when A (k, k')=0 is a conse-
quence of the fact that for any [ /I'=1, ..., r, M(G, G,;)=0 when
P(Y=7|Y,=0)=0 as is easily seen from equation (239).

Let us assume that %" (k, k') #0.

We have according to proposition 2. 10

MG, AIM(A, G)= 3 M(G,, G)M(A, Gy)

l=s+1
=M (G, G) <M (G, G)+ Y M(A, G)M(Gy, Gk’))' (295)
I'=s+1
When it is not null the kernel M (G,, G,) is adjacent to
q(GY|F(Gy|™' # (H(Gy)
and
M (Gy, Gy~ — 4G Ol < -, (296)
q(Gy)

for some positive constant a. There exists a positive constant a such that
the kernel

M(G, Gy)+ Y M(A, G)M(G,, G,) 297)

I'=s+1
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is of class
g’(O’ Ji/‘(l’ k,)’ H(Gs+1)5 a)‘
We deduce from lemma 6.11 and equation (295) that

r

(MG, AAMA, G n"— ¥ 4G G) 4 1y | <e=ammer (298)

1=s+1 4(Gy)
and that the kernel M (G,, A)M (A, G,.) is adjacent to
|F(G) |1 9(Gy) # (H(Gy)). (299)
Noticing that
A (k, )=|F(G|™" Y q(G G)H (k). (300)
I=s+1

ends the proof of lemma 5 .10.
Let us choose v such that

vH(G,)—H(G,4 ) =0 (301)
Let us call (,), . the sequence V(H(Gy), T, v(H(G)—H (G, ))/Ty)).

LeMMA 5.11. — With the above notations we have:
un

Y exp(—H(C)/T))

k=1

L2nexp(—(H(O)-H(G)+vH(G)—H(G,:1))/Ty ). (302)
Proof of lemma 5.11. — We have

Un

%, exp(~H(O)/Ty

ny

<exp (= (H(C)~H(G)/Ty) Y. exp(—H(G)/T))
k=1
exp (= (H(C)—H(G,))/Ty,)

n—1 dgyp—1
X PN [( Z exp(—H (Gl)/Tl)>+exp (—H (Gl)/Tuk+1):|

l=up+1
=nexp(—H(O)—H(G)/T,))
X (exp (—v(H(G,) —H (G, ))/Ty ) Texp(—H(G)/T,5)). (303)

End of the proof of lemma 5.11.
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DEFINITION 5.12. — We define the rescaled chain on C\J { A}, where A
is some abstract “‘external state”, by

X, if ©(C,0>u,

Z,= " 4 ) €0 (304)
A otherwize.

This rescaled chain satisfies the following lemma:

LeMMA 5.13. — There exist positive constants T,, o and v such that in

the cooling schedule 4 (T,, H(G,)) for any k, k’e{ 1, ..., s} such that
k#k', for any i€ G, for any neN, we have
P(Zn+16Gk’|Zn=i)

A (k, k') q(G) | F(Gy) |~ exp(—v(H(G;)—H(G,, 1))/T1/z)k
sexp(—o/T;;) (305)

if A (k, K')#0 and
P(Z,.,€Gy|Z,=)<exp(~v(H(G)~H(G,, ) +7)/T,;) (306)

if A (k, K')=0; and for any k=1, ..., s, for any ie G,,

1-P(Z,,,€Gy|Z,=)) 1‘

9(G)|F (G|~ " exp (—v(H(G,)—H(G,. 1))/T1/2)_
éexP(_O‘/Tuz)- (307)

Proof of lemma 5.13.
Let us recall that

A= U G, (308)
k=s+1
Forany k, k'=1, ..., s, k#k’, we have for any ie G,
P(Z,,,€Gp|Z,=10)

u,+1

= Y Y M(G, G Pa(Gy, D>u,iy|X=)) (309)

i, uy
l=up+1 jeGy

We are going to use repeatedly the decomposition formula of proposi-
tion 2.9. We can decompose M (C, G, into

M(C, G)=M(A UG, Gy)
+M(AUG,, C-(AUG))M(C, Gy), (310)

then we can decompose M (A U G,, G,) into
M (A UG, G)=M(G,, G,)+M(G,, AAMAUG,, G), (311)
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and into
MA UG, G)=M(A, G,)+M(A, GOMA UG, G,). (312
Substituting each of these equations into the preceding one, we get
M(C, G,)=M(G,, G, )+ M (G, AAM(A, G,)+R, (313)
with

R=MAUG,. C—(AUG)M(C.G,)
+M (G, AMA, GOMAUG,, G,). (314)

Thére are positive constants Ty, o such that in the cooling framework
4 (T,, H(G,, ), for any ie G,, for any, Ne N, m <N, we have

N N
Y MAUG, C-(AUG)Ems Y M(G,E-Gyin
n=m n=m+1
+1 N
<exp(—o/T)+2¢(Gy ) exp(—H(G)/T,). (315)
n=m+1

In the same way, for any je C— A there is /€[1, s] such that je G, and

N N

Z M(C, Gk’)f,’mné Z M(G,, E-G, fr:
n=m+1 n=m+1

N
Sexp(—o/T)+2q(G) Y exp(—H(G,)/T,). (316)
n=m+1
Hence there is a constant K such that
u,+1

Y. MAUG,, C—(AUGY) M(C, G,)&}.

l=up,+1

u,+1

<(exp(-aT)+K 5 exp (~HG)/T) )
=(exp(—o/T)+2Kexp (= v(H(G,)—H(G,,,))/T;»)?. (318)
Lowering if necessary the value of v we can assume that
a>v(H(G,)-H(G,,,)), (319)
hence we get that the above upper bound is itself bounded by
K'exp(—2v(H(Gy) —H(G,, ))/T, ), (320)
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where K’ is a constant. We can in the same way find a positive constant
K such that

u,+1
Y M(G,, AAM(A, GOM(A UGy, Gp)is!
I=u,+1

SKexp(—2v(H(G)—H(G,4 ))/Ty). (32D
Hence we get that there is a constant K such that in the cooling schedule
4(T,, H' (C)) we have
u,+1

Z RS'&;léKCXP(_z"(H (G)—H(G;, 1))/T1/2)~ (322)

I=u,+1
There remain to examine the case when k=K', that is to estimate
P(Z,,, eGk[Z,,=i), i€ Gy, (323)

the lower bound is given by the fact G, is of class #5 and the upper
bound is given by substracting from 1 the sum of the lower bounds
obtained for k' #k.

End of the proof of lemma 5.13.

DerINITION 5.14. — We will get rid of the states Gy, k=s+1, ..., r
by putting

c=inf{n>0:Z,eAUA} (324)
and
7.- Z, if o>n (325)
A otherwise
DEFINITION 5.15. — We can choose a positive constant 7, such that,
putting

Qk, k=5 A (k, k) q(G)|F(GY|™",  kk'e[l,s], k#k, (326)
and
Qk.k)=1- 3 Qk, k), k=1,....5 327
k=1

Q is a positive Markov matrix.
Let us put

wW=0Q-1, (328)
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and for any fixed T,
Q=I+exp(—v(H(G,)—H(G,, 1))/T1/2)7(,_1 Ww. (329)
Choose some ie C— A and put
p,(k)=P(Z,eG,|Z,=i), neN. (330)
Let us put
R,(kk)= Y (PZ,eGy|Z,-,=)—Qk,k))
JjeGg
PZ,_,=jlZ,=i
% (~n1 J|~0 l). (331)
PZ,_, eGk|ZO=i)
We have
Pa(k)= 3 p,—1 (k) (Q+R,) (kK. (332)
k=1
Hence putting
F(G
wy=1EGL (333)
|F(©)]
we have
P B=(Po—WQ"+ Y p R,Q" (334)
1=1
LEMMA 5.16. — There are positive constants o, a and b such that in the

cooling schedule 4 (T, H(G,)) of lemma 5.13, with the above notations,
|pu— 1| Sbexp(—ane™ GV HGus Ty ys)

tnexp(—(a+VvH(G,) ~H(G41)/Ty).  (335)
[Let us recall that v is defined by equation (301).]

Proof of lemma 5.16.

According to the Perron-Frobenius theorem, the spectrum of W,
spW={0, &, ...,A,_,} satisfies:

I 1+, , <1, k

M#0, k=

1,...,t—1, (336)
L...,t—1 (337)

and 0 is a simple root of the characteristic polynomial of W.
Let us consider Aesp (W), L#0. Let us write

AL=|X|(cos0+isin6). (338)
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We have cos®<0 and |A|< —2cos6. For any ¢ such that 0<e<1/4 we
have

|1+ax|2=1+2s|x'|cose<1+ e[2] (339)
2cos
hence
(1+2&|A|cos®)<|1+er[*<(1+¢&|L1]|cosO) (340)
hence
(1+2s|x|cose)§|1+ax|g<1+s|—7‘|-2°33_(3>.' (341)
Let us consider the Jordan decomposition of W on C:
W= Y (P, +Np (342)
k=1

where P, is the projection on the kth caracteristic space E,, of dimension
r, and where N, is nilpotent of degree lower or equal to r,. Let us note

r

P, the projection on Cp with direction @ E,. [We choose to identify a
k=1

matrix M of .#(C) with the endomorphism of C*

x> x' M=) x;M; j.j|
i=1
It is easy to deduce the decomposition of Q=1+¢&W from the decomposi-
tion of W, we get
Q=P,+ ) (1+er)P,+eN,. (343)
k=1

r s

We can identify @ E, as the kernel of the linear form x> Z x;. As a

matter of fact, if l;)el R" and p'1=0, then lim p’'Q"=0, tlllu; p is in
n-+w
E;) E,. Hence
k=1
p'Po=p 1xpu. (344)
and
Q<] p 1+ (' —p 1) Q"] (345)
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r

It is thus enough to estimate |vQ"| for v1=0, that is for ve @ E,. We

k=1
have:
vQr=v Y [(1+er) P +eN,]"
k=1 . -1
Y (1+eh)" Y <">( £ >1N’P (346)
:V .
k=1 k 1=0 / 1+8)\'k Kok
Let us put
a= inf — |lk|cosﬂk’
k=1,..., r 2

and

where

[M|= sup |p’M| and R= sup r—1L

plpl=1 k=1,..., r

From equation (341) we deduce that

IVQ"Ié!VI(l—aS)"rZ<n>< e )l' (347)
€

i=o\ ! 1-b
But
1 1 R
(n>§n_ and ( ecn >§ o1, ecn R
/ ! 1-be 1-be
hence
R
|VQ"I§|V|(1—as)"resup(l,(ISCZ )) (349)
—be

It is not hard to deduce from this that there are positive constants a, b,
such that for any measure p on E such that p (E)=0 we have

|an|§ I p | b(l —ae_"(H(Gl)_H(Gs+ 1))/T1/2)n
<|p|bexp(—ane MGV HGs ) T112)  (350)

This inequality combined to equation (334) and lemma 5.13
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ends the proof of lemma 5.16.
We will now establish a lemma of the same kind as lemma 5.2.

LemMa 5.17. — For any positive constant A there are positive constants
T, and o such that in the cooling framework % (T,,H(G,)), for any
Ty, €Ty, Tol there is NeN such that

N=NH(G)), Ty, AH(C)—H(GY)), 0) (351)
and for any ie (C—A),

F(G
P((C,0)>N, Xye Gy | Xo=i)— 1| <oy (—ayr, ) (352)
|F(©)]
Proof of lemma 5.17.
Let us put
n=[e! @D +vHGY—H Gy 1))/T12] (353)
in the inequality of lemma 5.16. We get
| pa— | Sbexp (—ae@Ti)+ =Ty (354)

hence for T, small enough and T,,, <T,,
| P [S2e7%/CT12), (355)
thus
P(t(C,0)>u, X, €G,|Xo=0)2p (k) —2e¥CT12, (356)
and

P(T(C’0)>un’Xu"EGk!X0=i)
<1- Y P@(C,0)>u,X, eG,|X,=1)

k', k®k’

<pk)+2se “C@T2), (357)

Moreover we can assume that

o A
~=_-HO-H(G) (358)
22
by lowering its value if necessary, from which we deduce that
N=u,<NMH(G,), Ty, AH(O)—H(Gy)), 0). (359)

End of the proof of lemma 5.17.

From lemma 5.17 and lemma 5.2 we deduce proposition 5.6.

From proposition 5.6 and the induction assumption that for every
k=1,...,r the cycle G, is of class 2, we deduce that C is of class 25 as
we had deduced that it is of class £, from lemma 5.2 and lemma 5.5.
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End of the proof that C is of class 2.
Proof that C is of class Ps.
We will establish first the weaker proposition

PROPOSITION 5.18. — There are positive constants Ty and o such that in
the cooling framework % (T,, H(C)), putting
NZN(H (C)5 Tls —-a, O) (360)
we have for any ie C and any je B (C)
N
> M(C,E-O)g
n=1

_ —1|Sexp(—a/T), (361)
Y q(C.j)|F(O)| ' exp(~H(O)T,)
=1

n

and
N

Z M(C,E-C ?0"
=1

n

—1|Zexp(—ao/T)). (362)

N
Y ¢(C)|F(©)| exp(~H(©O)/T,)

n=1
Proof. — Let us fix ieC and feF(C). Let us put C*=C—{ f'}. As
we have established that C is of class £, we know that there exist positive
constants T, a, b and « such that in the cooling framework ¢ (T,, H' (C))
there are RKIs (resp. LKIs) Q, and Q, of class 2 (H' (C), a, b) such that

q(C.H)(1—e M) (Q =M (C*E=C)}l
<q(CH+e ) (Qy). (363)

Moreover

(M(C, E-CO)~M(C*E-Q))5
n—1
=Y PX;=£,1(C,0)>k|X,=) M(C* E-C)}. (364)
k=0
There is a positive constant B such that { /' } is a concentration subset
of C of class

O (H'(C), To, (H(C)—H'(C)/3,B). (365)

Let us put
y=min (o, B, (H(C)—H' (0))), (366)
N=NH(),T,, —v/4,0), 367)
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and

R=NH'(C), T,,(H(C)—H'(C))/2,0). (368)

LEMMA 5.19. — We have in the cooling framework % (T,, H (C))

N N
Y Y PX.=£1(C,00>k|Xe=)M(C*E-C);",
k=R n=k+1

N —1

Z q(C.)|F(O)| 'exp(~H(O)/T))

v/ !
sexp(—v/(6Ty). (369)
Proof of lemma 5.19. — We have

NN
Y Y PX=£1(C,00>k|X,=i)M(C* E-C)in
k=R n=k+1

N
< + o BTy M (C*,E— C]k—'
‘§<IF<C)| ‘ ) ( 4
N
=Y (JF©O)| ' +e M) q(C, ) (1 +e M) e MO
k=R
N
<Y |[F(O)] 'q(C, e "OM(1+|F(C)|e” M) (1+e~7/T1)
k=R .

N
< Y |F©O] ' q(C. e " OT(1 +e77CTV)  (370)
k=R

for T, small enough.
Let us put R=R, and

R,=N(H (), T,, (H(O) - H'(0)/2,0), (371)
we have
NN
Y Y PX=f1(C,0>k|X,=)M(C* E-C);'}
k=R n=k+1

g(IF(C)|'1—e“B/TI)P(t(C,O)>N|X0=i)

N n
x Yy Y M(C*E-O%%
n=R; k=R

N

-Z(I F(C)l—l — e B/T1) (1 —e™M—-24¢(C) ¥ e—H(C)/T,)

I=1
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N R,—1
) (l—e“/Tl)q(c,j)e-“@“n(l—(1+b) I (1~ae‘“'©”')>
n=Rj I1=R;
N
z Y |[F©O|'q(C))
n=Rj
X ¢ MO (1= F(O)| 1 e ™M) (1—44(C)e~"*™0)
x (1—e Tty (1—(1+b)exp (— ae™ ©~H ©)VETy)
N
2 Y |F(Q)]| ™' q(C,j)e MO M(1—¢"CTv), (372)
n=Ry
but
R,—1
Y. q(Cj)|F(C)| e MO
n=Ry
£2q(C)|F(C)|7 e ®OHONETY  (373)
and

N
2 ¢CHIF Q) e 8O
n=R
2 (e 4T g(C,))|F(C)| ' —2e~ MO M @NCTY)

1
2 e g(CHIF )L (74

Hence
Ry,-1

Y g(C.j)|F(C)| e O

=R
T §4e—(H (C)—H'" (C)/(2T1) +v/(4Ty)

N
Y q(C,H|F(C)| e HOM

n=R1

Sde MO -H ©OVET) < 4,-V4T) (375)

End of the proof of lemma 5.19.

Now we have
R—1 N

Z Z P(X"=f’1(c’0)>k|Xo=l')M(C*,E—C)§"'}C
k=1 n=k+1 s
< Y M(C*E-C):%~
k=1
R-1

<29(C,j) ¥ exp(—H(O)/T))

k=1

=24q(C.))exp(—(H(CO)—H'(C))/2T,)) (376)
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Hence
R—-1 N
Y Y PX=£1(C,00>k|X,=i)M(C*E—C):",
k=1 n=k+1
N
Y. exp(—H(C)/T))
k=1

<e~HO-H OVETY  (377)
We can make the same calculations for M (C, E—C)E, substituting j
with E and ¢ (C, j) with g (C).
End of the proof of proposition 5.18.

LemMA 5.20. — For any ieC, for any meN we have
P(t(C,m<+w|X,=)=1. (378)
Consequently
P((C,m)zn|X,=0)=M(C,E-C)i'n". (379)
Proof. — According to prbposition 5.18
PT(C,m)SNMH(C), T, —a,m)|X,=i)= Lc)—e"“”l. (380)
2[F©O)
Let us put (#,),.n=VH(C), T,, o, m). We have
P(C,m)>u, | X,,=10)
=Y P((C,m)>u,X, =j|X,=10)

jecC

XP(t(C’ un)>un+1 ‘Xu,,=])

_af1_ q(C) —a/T1> 381
<P (C,m)>u,|X, 1)(1 F2|F(C)|e . (381)

Hence

Cnef 4© _am)" 182
P(t(C,m)>u,|X,, z)§(1 2lF(C)|e . (382)
End of the proof of lemma 5.20.

Continuation of the proof that C is of class 2.
Let T,, o be as in proposition 5.18. Let (,),.n be V(H(C), T;, a).
Let us put

N=N(H(C), T,, —/2,0). (383)
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For any n>N let k£ be defined by

[/ N T (384)
Writing

M(C,E-C)}t
= Y P@(C,00>u,,X,, =/ |Xo=)M(C,E-C);", . | (385)

j1€C
n>u

m>

we deduce from proposition 5.18 and lemma 5.20 that for any /I<k+1
we have

U1
> M(CE-C o

m=u;+1

—1

Y. M(CE-O)gt” q(C,j)lF(C)I_lexp(-H(C)/Tm)

m=u;+1

<exp(—a/T,). (386)
Moreover

M (C,E—C)E¢~

MCE—OFg~ [ w<mSu (387)

Hence

Uy
> M(CE-C)y

m=1 _1

Z M(C.E-O)i¢" " q(C.)|F(O)| ' exp(~H(O)/T,)

m=

sexp(—o/T,), (388)

and

Y. M(C,E-O)¢ " exp(—H(C)T,)

m=up 4+

<2exp(—a/(2Ty). (389)

Uy

Z M(C,E~C)i¢" " exp(—H(C)/T,)
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We deduce from this that

> M(CE-Of7
m=1
—1

Z M(C,E=Q)i7" ¢ (C.)|F(C)| ' exp(~H(C)/T,)

m=

=3exp(—o/2Ty). (390)

In the same way we have

> M(C,E-CO)f¢f

ml -1

Z M (C,E—-C)i¢"~ ¢(C)|F(C)| ™' exp(—H (O)/T,)

m= =3exp(*d/(2T1))- (391)
Hence
M(C.E-Oig~ 4(C)) 2T 392
M(CE-QF&~  ¢(0) oo (el o
hence

> M(C,E-CO)¥

m=l -1

Z M(C,E-C):¢ " q(O|F(O)|" ' exp(~H(C)/TY

"~ <15exp(—a/(2T,). (393)
(The number 15 is of course somehow arbitrary.)

End of the proof that C is of class Ps.

Proof that C is of class 2,.

LEMMA 5.21. — There are positive constants T, and o such that in the
cooling framework % (T, H(C)) we have for any i€ C, putting e=e~ /"1,

n—1
(=& [] (-(+¢) lqi ))lexp< H(C)/T))
I=m+1
' <P (C,m)zn|X,=i)

<(+e) ] (1—(1—8) 2O exp (- H(C)/To) (394)
I=m+1 I (C)I
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Proof of lemma 5.21. — Let us put (4,),.n=VMH(C), T;,a,m). We
have

P(t(C,m)=n|X,=)=M(C,E-O) . (395)
Hence we deduce from equation (386) that
Pt(C,m)zuy l X,,=)—P(x(C, m)Zu |Xm=l)

Up+1

P(t(C,m)zu|X,=)(qC)/|FO)]) Y e HOM

k=u;+1

-1

<e T, (396)

It is an elementary calculation to deduce from equation (396) that

l Ur+1 q(C)
1=(1+e ¥ ——e_H(C’/Tk)
I(-are™ 3 26

<P(T(C,M)§ullxm=i)

= l:[ (1_ l_evu/Tl)k Z+1 |F((f:))l evH(C)/Tk) 691

n

Let us notice that for x,, . . ., x,€[0, 1] such that )  x,<1/2 we have
1=1

A=Y x)=exp{ln(1-Y,x)}

zexp{ — Y x(1+Yx) )= [[(A-(A+Yx)x) (398)
1 1 I=1 1

and

-1

(I-Yx)=1-Y x H (1-x)= n<1—x,) (399)

From equation (397), (398) and (399), we deduce that there are positive
constants T, and o, such that in the cooling framework % (T, H (C)), we
have for any ieC:

uy

1= (1+e-21/T1 q(C) —H(C)/Tk>
k=l;l+1( e R o

SP((C,m)>u| X, =1)

u

< 1—(1—e /T q(© —H(C)/Tk) 400
_k=l;l+1< ( )tF(C)| (400)
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Let us consider now n=m and let / be such that
wy<nZup,q; (401)
we have
P(t(C,m)>u, | X,=) <P ((C,m)>n|X, =i
SP(t(C,m)>u|X,=i), (402)

hence ther are positive constants T, and a, such that in % (T,, H(C)) we
have

n—1
|—e%2/M 1= (1+e-22my_2©) ~H(C>/Tk>
(1=e )kﬂH( e r o

Up+1
< I (1_(1+e_°’1/T1)*——*—q(C) e—mcm)
k=m+1 |F(C)]

<P((C,m)>n|X,,=i)

u

< 11 (1-emm 2O )

" q(C)
<(14 e %2/T1 1—(1—e /Ty 2277 ,~HOT) (403
(e )k=lr:[+1( (1=e )|F(C)|e > (409

End of the proof of lemma 5.21.

Continuation of the proof that C is of class 2,.
We have, for any f € F (C), putting C*=C—{ '},

M(C,E-C),=M(C*E-C)},

n—1
+ Y PX,=/,1(C,m)>k|X,,=i)
k=m
xM(C*, E—C);%. (404)
Let us put
H(C
G',‘,,=P(Xk=f,t(C,m)>kIXm=i)exp<——L) (405)
Tisr
and
R;,=exp (H (O)/T,+ )M (C*, E— )i’ (406)
We will need the following lemma:
LEMMA 5.22. — There are positive constants T, and o, such that in

the cooling framework 4 (T,,H(C)), the increasing kernel G is of class
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£(0,1/g(C), H(C), e~*1/T1), and the Klexp(—H (C)/T,4,)Gr, is of class
&' (H(C), 1/g (C),H(C),e™™).

Proof. — Let us put

1

X, =i —H(O)/T,,,). (407
|F(C)|P(T(C’m)>n! n=0exp(—H(C)/T,+,) (407)

n
m

It is easy to deduce from lemma 5.21 that G is of class
&(0, 1/g(C),e~*1) for some positive a in a suitable framework
% (T,, H(C)) and that in the same framework exp (—H (©)/T,,, 1) G" is of
class & (H(C), 1/g(C),H(C),e ™).

Let us notice now that there are positive constants T, and a, such that

H(C)—H'(C
f is concentration set of class (9<H’ ©), Ty ( )2 ( ), a). Hence,
putting
HOC-H
R=N(H’ (C),Lz—(c),m) (408)
we have for any m and any k=R
Gn
m_1|<e %M, 409
Moreover
R-1 R—-1 R
H(C —-H
Y Gk, Y G Y exp<—“>gexp<—w>. (410)
k=m k=m k=m+1 Tk 2T1

Hence, putting a=(H (C)—H’(C))/2, there are positive constants a,,
a,, To, such that

+
Gnm—+§ an (1 +e—a1/T1)+e—a/T1

8

k=R
< L(l +e /Ty + 7%
q(C)
1
< ——(14+e %2/M), (411)
q(C)
For n£R
1 n—1
Gh<——(Q+e M) [] (1—ae MOy (412)
q(0) k=m+1
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and for n=R
n—1
Gr=(1+e M)Gh " <(1+e /M) [ (1—ae MOy, (413)

k=m+1

In the same way
+ o
G,"z Y Gh(1—e M)
k=R
+ o
2 ¥, Gh(l-e )= a/Mi(1 = /M)
k=m

> L — e ®2/Ty —e /Ty — p=a1/Ty (1 — p—1/Ty
:q(C)(l e )(1—e )—e (1-e )
> L — e~ %3/Ty
= q(C)(l e ). (414)
From equations (411), (412), (413) and (414) we deduce that G” is of
class 6" (0, 1/g (C), H(C), &) for some o> 0 in a suitable cooling framework
% (T,, H(C)).
Let ne N be fixed and define

n—1
R=sup{m<n| Z eH'(C)/Tk;e—(H(C)—H’)/QTI)}, (415)

k=m

we have

Y OGL,ge i+ Y Gi(l+emumy
m=— o k=—co
e ™ Mi+g(C) 1 (1+e *2/T1)(1—e /M)
<q(O)~ ' (1 +e ™M) (416)

and
n
Z e~HWWﬁ+1szﬂqnn

m=—oo
R

g Z Gz(l _e*ul/Tl) eH ©)Tr41q eH ©)/T,

k=—o0

2q(C) ' (1—e /M) HOM (417)

For m=R we have the equivalent of equation (412):
n—1

GL,<q©) ' (I+e™™) [] (1-ae™™Om),  @18)

-m=
k=m+1
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for m<R
n—1
G =G, (I+e M) <(1+e /M) [ (1-ae ™. (419)
k=m+1

Hence there are positive constants Ty, o such that in 4 (T,, H(C)) the
kernel exp (H (C)/T,,, 1) G, is of class &' (H(C), ¢(C)™*, H(C), o).

End of the proof of lemma 5.22.

We deduce from the composition lemmas that there are positive con-
stants T, and b such that in the cooling framework % (T,, H(C)) the
kernel M (C, E—C)} 1 is of class

¢"(0, ¢(C, j)/q(C), H(C), b),
the kernel M (C, E—C)fr is of class 6" (0, 1, H(C), b), the kernel
M(C,E-C {:ZSXP(_H(C)/Tm+1)
is of class
&' (H(O), ¢(C, H/q(C), H(O), b)
and the kernel M(C, E-C)rexp(—H(C)/T,+,) is of class
§'(H(C), 1, H(O), b).

Moreover there are positive constants T,, @, b, d and o such that in
% (To, H(O))

M(C, E-C)fp " <M(C* E-CO)r "+ {GR}%”
n—1

<A+b) [] (—ae WOy
k=m+1

+{ZMH(C), a, e~*M)Z (H' (C), a, b) Jn 7. (420)

From lemma 6.6 and lemma 6.5 we deduce that there are positive
constants T, and o such that in % (T,, H(C)) the kernel M (C, E-C){'»
is of class 2(H(C), a/3, e *™). (Remark: a/3 is of course not sharp.)
Hence M (C, E-C)}», je B(C), is of class &" (0, ¢(C, j)/q(C), H(C), o).

Let us examine now the case of left classes. We have
M(C, E-C)}nexp(—H(O)/T,. )

=exp(—H(C)/T,,, )M (C*, E-C)},,
+Y (e HOTmet GE)RE (421)
k

There are positive constants T, o, a, b and v such that in 4 (T,, H(C))
there are LKIs Q,, Q,, Q; and Q, of class 2 (H'(C), a, b) and Q,, Qs
of class 2 (H(C), a, e"*T1) such that
g(C, )(1—e M) Q e MO

<eM©Mni M (C*, E-C)}0
Sq(C,HA+e M) Qe M me1, (422)
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4O —e™T1) Qe HOMk< o H O/ Tt GE
<g(O) (Ie ™M) Qe ™M s, (423)
g(C, N1 —e™ M) Q=R;=q(C, ) (1+e M) Q,. (424

Hence there is o; >0 such that

C,j e _ n
‘];( ;)(l—e /Tl)e H(C)/Tn{QSQB}m
<_e_H(C)/Tm+1{GR}:‘,‘

_4(C.))
= 4(©

According to lemma 6.6 QsQ; and Qg Q, are of class
2,(H(C), a, e"*"1) for suitable positive constants a and o, hence we
deduce from equation (421) and lemma 6. 10 that

M (C, E—C)ine MOy

is of class & (H(C), q(C, j)/q(C), H(C), e"%"1), for suitable «>0 in a
suitable framework of type 4 (T,, H (C)).

End of the proof that C is of class 2,.
End of the proof of theorem 2.25.

(1+e7M) e HOMmi1 {Q Q, ) (425)

CONCLUSION

The proofs given in this paper are quite elaborate. Anyhow we feel that
the results were worth spending some efforts. The underlying ideas are
simple and proposition 4.5 gives a clear understanding of the behaviour
of the system at low temperatures.

The computations of precise multiplicative constants, involving the flow
of the communication kernel g through the boundary of subsets of the
states space E, is a first step towards a study of the influence of the size
of E on the rate of convergence.

If we had not asked for so much precision on the constants, we could
have made shorter proofs. This will be done in a forthcoming paper
entitled “Rough Large Deviation Estimates™ [3].

Applications of the present ‘“‘Sharp Estimates™ will also be given in a
forthcoming paper.
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6. APPENDIX

6.1. Comparison lemmas

We need some comparison lemmas concerning the tails Q),~ and Q- ,
of KIs. Here they are:

LeMMA 6.1. — For any couple of RKIs Q, and Q, such that

Q" =Qy),~,  m=n, (426)
and any non-decreasing bounded function [ : 7 - R, for any me Z, we have:
Y QS (1) £ 3 (Q)5S (). (427)
For any couple of LKIs Q, and Q, such that
Q) W=@Q).,, m=n, (428)
and any non-increasing bounded function f : Z — R, for any ne Z, we have:
2 QoS (m) < 3(Qu)f(m). (429)

LemMMA 6.2. — For any RKI Q such that, for any fixed n, m— QL is
non-decreasing, for any non-decreasing bounded function [ : 7 — R,

mi—Y Qnf(n) (430)

is a bounded non-decreasing function.
For any LKI Q such that, for any fixed m, n— Q'L ,, is non-increasing,
for any non-increasing bounded function f: 7 — R,

ne 3 Q. f(m) (431)

is a bounded non-increasing function.

Proof of lemmas 6.1 and 6.2. — The proofs are given for RKIs, the
case of LKIs is left to reader. The method is integration by parts. Moreover
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lemma 6.2 is a consequence of lemma 6. 1. To prove lemma 6.1 we write:
S QU= (@5 " =@ 1)
" L S+ T QUL (et D)
< 1)+ 3 Q™ (fn+ 1)~ F ()
" =X QRS- (43

We can see that lemma 6.2 is a consequence of lemma 6.1 by putting
Q;=Q and (Qy)5& Quy 1

End of the proof of lemmas 6.1 and 6.2.

Let us introduce now a useful notation.

DEerINITION 6.3. — Let S, a, b be positive constants. Let T, be such that
a exp(—S/Ty)< 1. In the simple cooling framework F (T,), we define the
maximal kernel of class 2" (S, a, b) [resp. D' (s, a, b)] to be the RKI
[resp. LKI] Z(S, a, b) characterized by

n1
K;‘1=[(1+b) I1 (l—ae‘S/Tk)} Al (433)
k=m+1
and
Z,.(S, a, b)=Kr—Ku*! (434)
[resp.
Z,(S, a, b)=K; —Ki .1 (435)
Let us notice that
Z.(8S, a, b),,” =K}, (436)
[resp.
Z,(S, a, b)yL ,=K}] (437)

We draw the following conclusion from lemma 6. 1:

LEMMA 6.4. — Let & be a cooling framework, and let S, a, b be positive

constants. Let Qy, Q,, ..., Q, be RKIs [resp. LKIs] of class 2 (S, a, b).
We have

{Q,Q,... Q" ={Z,(S,a, b}y, (438)
[resp.

{Q Qs - QL W={Z(S, a by}l (439)
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where s is a power in Z.(S, a, b)°.

Proof. — We can assume by induction that the lemma is true for s—1
kernels (it is trivial for one kernel). Then we have

{Qi - QI =2{Q - Qo t Q)™
k
<3{Qi Q-1 fnZS, a b
k

<YA{ZGS, a, by ' INZ(S, a, b "= {Z(S, a, by}n~ (440)
k

[resp.
{Ql‘ . Qs}lmZZ(Ql)ILm{QZ . Qs};cl

SYZGS, a, b)Y ,{Q,y. - Qi

<Y ZS, a b)Y {Z(S, a, by 1 }i={Z(S, a, b} ,]. (441)
k

The second inequality is a consequence of lemma 6.1 since
k—Z(S, a, b~ (442)
is non-decreasing [resp.
k—Z(S, a, b, (443)
is non-increasing).

End of the proof of lemma 6.4.

LemMA 6.5. — Let (E, U, q, Z,, 9(T,, D), &) be an annealing frame-
work, let D, a, b be positive constants and let QF, be a RKI [resp. LKI] of
class 9,(D, a, b) [resp. 2,(D, a, b)]. Let D' a positive constant such that
D’>D. There are positive constants o, T, such that in 4 (T,, D’) the kernel
Q is of class 2,(D’, a, e~*"1) [resp. 2,(D’, a, e~ *™1)].

Proof. — Case of a RKI:

n—1
an_'§<(1+b) [T 0—a~PT) A 1>. (444)
k=m+1
Let us put R=N(D, T,, D _D, m). We have
R-1 .
e Mg exp( _D D) (445)
k=m+1 2T1
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and
R-1
(1+5) ] (Q—ae PM)<(1+b)exp(—ae® PIET)
k=m+1
=1 (446)
in a suitable framework % (T, D).

’

Let us put o= , then for nR~—1,
1
n—1
(1+e M)y ] (1—ae P
k=m+1

n—1
212((1+b) I1 (l—ae"’”k)M), (447)

k=m+1

and for n=R
n—1

(a+b) J] (1—ae P

k=m+1

R—1 n—1
=((1+b) I1 (1——ae_D/T")>n(1—a€_D/T")

k=m+1 k=R
R-1 n—1 .
<A+e™M) [ (1—ae™®M) [T 1—ae M), (448)
k=m+1 k=R

Case of a LKI:

n—1
’}_m§<(1+b) [T (1—ae P A 1> (449)
k=m+1
Let us put
n—1
R=sup{k<n| y exp—D/T,ge‘D'"D’/(ZTI’}, (450)
=k
then
n—1
Z e—D’/Tk § e—(D'—D)/ZTl (451)
k=R+1
and

(1+b) ﬁ (1—ae‘D’Tk)§(1+b)exp<—aexp<DI_D>>gl (452)

k=R+1 3T1

in a suitable framework % (T,, D’).
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The end of the proof is just a transposition of the case of a RKI and is
left to the reader.

End of the proof of lemma 6.5.

6.2. Composition lemmas

Now we give some lemmas about the composition of KIs:

LEMMA 6.6. — For any positive constants Ty, H, H', a, b, o such that
H' <H, for any annealing framework of type (E, U, q, £, 4 (T, H), Z),
for any increasing KIs Q, S such that Q is of class 9,(H, a, e™*™) [resp.
2,(H, a, e™)] and S is of class 2,(H', a, b) [resp. 2,(H’, a, b)] there
are positive constants T, a,, o, such that in 4 (To, H) the kernel QS is of
class 9 (H, a,;, e" /™).

Proof. — Case of RKIs:

Putting
n—1
R=sup{r<n| Y e'H'/Tkge‘H"H"/ZTI} (453)
k=r+1
we have
{Z, (H, a, e”*™)Z (H', a, b) }',;" <ZMH, a, e )R>
k—1
+ ) Z(H,a, e MLZ(H, a, by (454)
k=m+1
and
R-1
Y ZMH,a, e ZH, a, b
k=m+1
n—1
S(A+b) [ (—ae MMy
k=R+1
R—1 R—1
X (a Y e‘“”k) [T (A1—ae ™
k=m+1 k=m+1
Ry
< +b)exp(—ae‘”‘“'”‘”lhexp(— a > e“/Tk)
2k=m+1
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n—1
_é(l+b)exp(—ae‘“‘“’)/ml))exp(_E Y e—H/Tk>
1

k=m+

n—1
C(H—-H’ _ a _
x exp(ae” ®HICT) < omoT1 ] (l—ge H/Tk>.

k=m+1
Case of LKIs. — We have

{QS}<{Z,H, a, e ™)Z,(H', a, b) }" .

Let m and n be fixed. For any R <n we have

R
{(QS}L ,SZ(H, a, b)Y gepyt(1+e™ ) [] (1—ae ™My,

k=m+1

let us put

n—1 n—1
. —-H
R=sup{r§n| Y e HM> H + ¥ e‘H/Tk},
k=R 2T1 k=m+1

With this choice of R we have

n—1 n—1
Z e—H/’l‘k é e—(H—H’)/Tl Z e—H’/Tk
k=R+1 k=R+1
n—1
ée—(H—H’)/(ZTl).|_e—(H—H')/T1 Z e—H/Tk,
k=m+1
hence

R R
I1 (l—ae‘“/Tk)gexp<-a Y e”H/Tk>

k=m+1 k=m+1

n—1
- —(H-H’ —H-H)/(2T
§exp<—a z e H/Tk(l-—e H H’/T1)+ae H-H")/( 1))

k=m+1
n—1
<(1+2ae @ WICTY) ] exp(—a(l—e”® e ™M)
k=m+1

n—1
<(1+e M) J] <1-— ge'*”Tk).

k=m+1
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Moreover
n—1
Z,(H', a, by ®+n=(1+b) H (1—ae™ ™My
k=R
n—1
H—-H'
_S_(1+b)exp(—a )exp(—a Y e‘H/Tk>
2T, k=m+1
n—1
e T] <l—geH/Tk>. (461)
k=m+1 2

We deduce from these equations that there are positive constants T,,
a, a such that in 4 (T,, H)
n—1
{QSIn < (1+e™ M) [] (1—ae ™). (462)
k=m+1

End of the proof of lemma 6. 6.

LemMmA 6.7. — For any positive constants Ty, D, d, Hy, H,, for any
annealing framework of the type (E, U, g, %,, 9 (T, D), &), for any
increasing Kls G, R such that G is of class & (H,, D) [resp. of class
& (H,, D)] and R is of class & (H,, D) [resp. of class & (H,, D)] the
kernel GR is of class &". (H, + H,, D) [resp. of class & (H, +H,, D)].

Proof. — Let us notice first that if two increasing KIs Q, and Q, are
such that Q, is of class 6" (H, D) [resp. &~ (H, D)] and if (Q,)% < (Q,)%,
m, neZ, then Q, is of class & (H, D) [resp. of class & (H, D)].

Let us notice also that a KI Q is of class 67 (H, D) [resp. &' (H, D)] if
and only if, putting (Q)%,=Q" exp (H/T,,, ), Q is of class & (0, D) [resp.
of class &~ (0, D)].

With these two remarks in mind, we can restrict ourselves to the case
when H;, =H, =0 in the following manner. Let us put

Gr=exp(H,/T,,.,) G, (463)
R" =exp(H,/T,..,)R%, (464)
then
{RG}pexp((H, +H,)/T,.,)
= Z an Riexp(H,/T, ;) exp (H,/T;,,)

I=m

={GR};, (469)

hence it is enough to prove that GR is of class & (0, D) [resp. of class
&* (0, D)), thus it is enough to prove the lemma when H, =H,=0.
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Let us point out now that, given positive constants T, and D, an
increasing KI Q defined in the framework % (T,, D) is of class " (0, D)
[resp. of class & 0, D)] if and only if there are positive constants a and b
such that it is of class 2 (D, a, b).

Hence, using lemma 6.4, we see that there are positive constants T, a
and b such that in the cooling framework % (T,, D) we have

{GR},”<{Z,(D,a, b)*}," (466)
[resp. {GR}™,, <{Z,(D, a, b)*}" 1. (467)
But, putting Z for Z,(D, a, b) [resp. for Z,(D, a, b)] we have

n—1

@y =2+ Y ZhzZr, (468)
I=m+1
n—1
[resp. @y =70 .+ Y ZL,,,ZI‘] (469)
l=m+1

hence there is a positive T, such that in 4 (T,, D)

n—1
{ZZ—Z}','”"§(1+b)2 z aexp(—D/T)
1=m+11—aexp(—D/T)
n—1
x ][ (AQ—ae ™M)
I=m+1
n—1 n—1
SA+b)*(1—ae Pyt Y ae’®M | (1—ae ™M)
I=m+1 l=m+1
n—1 n—1
<2(1+b)2 Y ae‘D/Tlexp<—— > ae_D/T'>

I=m+1 I=m+1

n—1
§4e_1(1+b)2exp<—a/2 > e_D’Tl>

l=m+1

n—1

<4et(1+5)? [] (1—%—"”:). (470)

l=m+1

n—1
[resp.{zz—z}rf_mé(ldl_b)z y aexp (—D/T)
1=m+11—aexp(—D/T)

n—1

[T A—ae ®H=... :| 471)

I=m+1
Thus there are positive constants T,, a,, b, such that Z, (D, a, b)?
[resp. Z, (D, a, b)*] is of class 2 (D, a,, b,) in the framework % (T,, D).
According to equation (466) the same is true of GR.
End of the proof of lemma 6.7.
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LeEMMA 6.8. — For positive constants T, and D, consider the annealing
framework (E, U, q, Lo, 9(Ty, D), ). Let d be some positive constant
and let G, R be some finite increasing Kls depending on the cooling schedule
Te%(T,, D). Assume that G is of class &"(Hy, ay, D, d) [resp. of class
&' (Hy, a,, D, d)] and that exp(—H,/T,, ) R}, is of class &"(H,, a,, D, d)
[resp. of class &' (H;, a,, D, d)]. Then, if 0<H,<H, and H,<Hj, there
exists a positive constant d' such that the composed kernel GR is of class
& (H,—H,+H,, a, a,, D, &) [resp. of class &' (H; —H,+Hj, a, a,, D, d")).

Proof. — Let us remark first that, given positive constants T,, H, D,
a, b, given a cooling framework 4 (T,, D) and an increasing KI G defined
in this framework, G is of class & (H, a, D, b) [resp. of class &'(H, q,
D, b)] if and only if there are positive constants a, ¢ such that the kernel
G eTr is of class 2 (D, ¢, b) and

2. Gnexp(H/T, ) Sa(l+e M),
Y. Ghexp (H/T,) 2 a(l—e *M). @2

[resp. 3. Grexp (H/T,,,) Sa(l+e™ M),
Y. Grexp(H/T,)za(l—e *M)]. (473)

With this in mind, we put
R}, =R}, exp (—H,/T,. 1), (474)
and we find that
{GR Jexp(—(H,;+H;—H,)/T,)< {GR }Lexp ((H, +H,)/T,). (475)
But according to lemma 6.7 GR is of class & (H,+H,, D) [resp.
&' (H, +H;, D)], hence there are positive constants T, a,, b such that in
the framework % (T,, D)
{GR}exp((H,+H;—H,)/T,)

is of class 2 (D, a,, b,).
Moreover

+ o

{GR}r"= Y GLR:”
e + w0

= Z Ghexp((H,—H3)/T,, B¢ +e—u/T1)az

=Gy Texp(—(H, —Hy)/T,,a,(1 +e~ M)
Saja,(1+e ¥ M)?exp(—(H, +H;—H,)/T,.,). (476)
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[resp.
m
Z { GR }:‘n eWH1+H3—H)/Tp 4y
n=—ao
= z M1 +H3—Hp)/Ty 1y Gin R”
m,l{m=si<n
< Y w1 GE M3~ HIMiyy R”

< Y a;(1+e M) eMs~Ha/Tie 1 RE
[ ARES]
<a,a(1+e™ M) @77)
Y { GR}7, eM1+H3 ~HIT,

> Z G, M1~ HI/Ti RE MHa/Ty
L,n|m=slIl<n
> z Gl H1/T1 o= Ha/T4 1 R oHa/T,
= m 1
Lnlm=sl<n
+ o0

2 Y G Mg, (1—e*M)

I=m

>a,(1—e *M)a,(1—e ¥T1). (478)

[resp. (GR)L,= ) Gr,.R:

m= — o0

n
2 Y e MTmg (1-e *M)RY
m= — o0

n
> z a; (1—e M)~ H1=H) Tt 1 o= Ha/Tmi 1 R7

m= — oo
n

= z a, (1 ~e_“/Tl)e—(Hl_HZ)/Tne_Hz/Tm+1 an

m= — oo

=a,a,(1—e T2~ '"2+“3)/Tn] (479)

End of the proof of lemma 6.8.
We will also need a lemma on the sum of KIs of class &

LemMA 6.9. — For any positive constants TO, D, H,, H,, a and d such
that H, <H,, for any annealing framework of the type (E, U, q, £,
%(T,, D), &), for any KIs G and R such that G is of class & (H,, a, D, d)
[resp. of class &' (H,, a, D, d)] and R is of class & (H,, D) [resp. of class
&' (H,, D)] the kernel G+R is of class & (H,, a, D, d) [resp. of class
é'(H,, a, D, d)].
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Proof. — There are positive constants Ty, a;, b,, a, K such that in the
cooling schedule % (T,, D) there are RKIs Q;, Q, and Q; and LKIs Q,,
Q; and Qg of class 2 (D, a,, b,) such that

(1—e™*M)a Qe ™M= G < (1+e™*M)a(Qype M/
(1=e™ ™) a(Quye ™M= G < (1+e ™M) a(Qgpe M/

RE < K e 21 (Qul 50
R?, <K e H2/Tne 1 (Qs)
Hence putting
@)= (a+ K™~ (K ™m0 Qe+ a Qi) | e )
(QS):'n =(a+K e_(HZ—Hl)/Tl)_ 1(K e H27HIM Qe+ a(Qs)n),
Q, is a RKI and Q, a LKI of class 2 (D, a,, b;) and we have
Qp(1—e *M)yae™™M/T < (G+R),
<(A+e M) (Qy)pa(l+Ka te” M2 M/ Tnrr), (482)

(Quhae /T (1—e M) <(G+R),
<@Qo)rae MTmir(1+e ) (1+Ka™te HamHO/My),

End of the proof of lemma 6.9.

LeMMA 6.10. — For positive constants Ty and D, consider the annealing
framework (E, U, q, %o, %(To, D), Z). Let d, H be positive constants and
let G, R be two KIs. Assume that G is of class & (H, a,, D, d) [resp.
&'(H, a,, D, d)] and that R is of class 6" (H, a,, D, d) [resp. &'(H, a,,
D, d)]. Then G+R is of class & (H, a; +a,, D, d) [resp. §'(H, a,+a,,
D, d)].

The proof is analogue to that of lemma 6.9 and is left to the reader.

LemMma 6.11. — Let (E, U, q, %,) be an energy landscape. Let G, K
be two finite increasing KIs. Let Ty, a, b, ¢ be positive constants, let H and
S be such that 0<S <H. Assume that in 4 (T, H), G is adjacent to ¢ # (H)
and that X is of class & (0, a, S, b), then the product GK is also adjacent

to ¢ ¢ (H).

Proof of lemma 6.11. — There is >0 such that G is a-adjacent to
¢ # (H). We can assume without loss of generality that a <(H—S)/2. For
any m<n,; <n, such that

n3;N<H, A -g, nl) (483)
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let us put

n3
n2=sup{k| Y e STz (M9Na w}, (484)

=k

then for some >0 and some d>0

a ¥ G’,‘n(l—(1+b) I (1—de*S/Tt)><1—%e—m,ﬁl)

k=n1+1 I=np+1
n3 n3
< }: {GK}’,‘,,ga Y Gh(1+e PTm+1). (485)
k=n;+1 k=ny{+1
Hence as
n3
[ (-desm sexp( ~ Semsmome), (456)
l=ny+1 i 2
for T, small enough in 4 (T,, H) we have
ny
a(l—e PTm+ry % GK
k=ny+1
n3 n3
< Z {GK }fn§a(l+e‘ﬂ/Tm+1) > Gk 487)
k=n;+1 k=n;+1
Moreover
n3
e T < o= H=8)/CTp4 ) (488)
I=np+1
hence
ny
2 e~ HMi> p=l2Tp 1)_e—(H—S)/(ZTm+1);e—a/Tm+1_ (489)
I=n;+1

Hence n,ZN(H, T, ., n,, &) and consequently for some B>0 in some
g(T()s H)

ny na
S Ghz(l-ePmen) Y GhTee T (490)
k=nj+1 k=n;+1
But
ny n3
Y GLTeMMm<GrT Y e WGl Te MTYeTai, (491)
k=ny+1 k=ny+1
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and
ny ny
k= ,—H/T, ny - —H/T,
Y GETeWhizGp~ Yy e
k=ni+1 k=n;+1

> G','nz - (e—a/(ZTm+ 1) — oH=8)/(2Ty, 4 1))’

hence there exist B, >0 and $,>0 such that

ny n3
Y GETe M (1-ePi/Trr) Y GhTe Wk
k=ny+1 k=ny1+1

and such that

ny "3
Y Ghz(—e PTmiye Y GETe WM,
k=n1+1 k=ni+1

Hence for some positive T, B;, in 4 (T,, H),

n3
a(l—e P/Tmery % GE~ce Pk

k=ny+1

ny n3
< Y {GKJ=a(l+e Pty Y Gh=ce WM
k=nj+1 k=ni+1

Thus for some f,>0
n3
a(l—e P2/Tmer) Y G
k=ng+1
n3

n3
< Y {GK}<a(l+e P/Tmer) ¥ G

k=ny+1 k=ny+1
Letting n5 go to infinity we get that for any />m
a(l—e P+ 1) GL” < {GK }L” <a(1+e P2Tm+1)GL,
We conclude the proof from equations (495) and (497).
End of the proof of lemma 6.11.
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