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ABSTRACT. — We define a functional related to a Poincaré-type inequality
and use it to characterize the infinitely divisible distribution on the Eucli-
dean space. Some related results including a limit theorem are proved.
This leads us to the problem of uniquely determining the distribution of
a random vector X in terms of the constant ¢ and the class of functions g
for which the inequality E[g(X)]* < cE | Vg(X) |* with Eg(X) = 0 becomes
an equality. We give a solution to this problem in some special cases and
consider a discrete analog of it. Our results generalize substantially known
results in the literature.

List of key-words : Poincaré-type inequality, infinitely divisible distribution, weak limit
theorem, characterization of probability distributions.

REsUME. — Nous définissons une fonctionnelle reliée a une inégalité
de type Poincaré et nous lutilisons pour caractériser les lois infiniment
divisibles sur I'espace euclidien. Nous démontrons des résultats reliés
comprenant un théoréme limite. Cela nous conduit au probléme de déter-
miner uniquement la loi d’un vecteur aléatoire X en donnant la constante ¢
et la classe des fonctions g pour lesquelles I'inégalité E [g(X)]*> < cE|Vg(X)|?
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92 L. H. Y. CHEN AND J. H. LOU

avec Eg(X) = 0 devient une égalité. Nous donnons une solution a ce pro-
bléme dans quelques cas spéciaux et nous considérons un analogue discret.
Nos résultats généralisent substantiellement les résultats connus dans la
littérature.

1. INTRODUCTION

In [4] Chernoff proved that if X has a normal distribution with variance
62 > 0 and g is an absolutely continuous function such that E [g(X)]* < oo,
then Var [g(X)]<0?E[g’(X)]* and equality holds if and only if g(x)=ax+b
for some real numbers a and b. Borovkov and Utev [/] defined the func-

Var [g(X)]
’Elg'(X)]?
o2 > 0, where the supremum is taken over a suitable class of absolutely
continuous functions g, and proved that if Ux = 1 then X has a normal
distribution. Combining the result of Chernoff and of Borovkov and Utev,
one obtains an interesting characterization of the normal distribution:
X is normally distributed if and only if Uy = 1.

The Chernoff inequality has been generalized to higher dimensions and
then to the multivariate infinitely divisible distribution (see Chen [2], [3]).
It is therefore natural to ask whether the above characterization of the
normal distribution can be extended to the multivariate infinitely divisible
distribution. In Section 2 we give a positive answer to this question using
a much simpler method than that of Borovkov and Utev.

tional Ux = sup for any random variable X with variance

In connection with the characterization theorem, Borovkov and Utev
obtained a list of properties of the functional Ry (which is related to Uy
by Ux = Ry/Var (X)), and proved a limit theorem involving Ux. We
generalize these results in Section 3.

The proof of the characterization theorem leads us to the following
question which is analogous to the well known « Can one hear the shape
of a drum? » (see Kac [5] and Remark (1) in Section 4): If ¢ is given and
the inequality E[g(X)]* < cE|Vg(X)|> where Eg(X) =0 becomes an
equality for g belonging to a given class of functions, does this uniquely
determine the distribution of the random vector X? In Section 4, we show
that the answer is positive in some special cases.

In the last section, we consider a discrete analog of this problem. The
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CHARACTERIZATION OF PROBABILITY DISTRIBUTIONS 93

m

inequality in this case becomes Var [g(X)] < cZE[A,- g(x)]* where
i=1
Aig(x) =glxy, .., xi + 1, .0, x0) — 8(X1, - o s Xy + o oy Xim)-
Throughout the paper all functions are real-valued unless otherwise
stated. We denote by C§(Q) or C¥(Q) respectively the class of C* functions
on an open set Q which are bounded or have compact support. The trans-

pose of a matrix C is denoted by C*. All vectors are taken to be column

vectors and we write x = (xy, ..., x,)* for a column vector. The usual

inner product of two vectors x and y is denoted by (x, y) and the norm
of x by | x|.

2. CHARACTERIZATION
OF THE INFINITELY DIVISIBLE DISTRIBUTION

In their proof of the characterization theorem [/, Theorem 3], Borovkov
and Utev used the properties of the functional R and an ingenious construc-
tion to characterize the normal distribution by the method of moments.
In this section, we show that the proof of Borovkov and Utev can be substan-
tially simplified and the theorem generalized to the multivariate infinitely
divisible distribution. This is done by reducing the problem to a system
of first order partial differential equations whose unique solution is the

characteristic function of an infinitely divisible distribution. In our proof,
the use of Ry is avoided.

Let X = (X4, ..., X,)* be a random vector with distribution y and
mean vector b such that Var(X;) < oo for i = 1, ..., m. Denote by L%(X)
the class of Borel measurable functions g defined on R™ such that

E[g(X)])* < oo and Q(X) the class of such functions such that Var [g(X)] > 0.
Define #x = CH{R™ n L*(X) n Q(X).

Let £ = (14, ...,Tm) = (1;;) be an m x m positive semidefinite matrix
and p a measure on Z(R™) such that it has no atom at 0 and

j | x |2u(dx) < oo. Define
Rm

2.1) UX, Z, 1) = sup Var [g(X)]
get'x
E[V*e(X)ZVg(X)] + LmE [A%g(X) 1> u(d&)

where Afg(x) = g(x + &) — g(x).

Vol. 23, n® 1-1987.



94 L. H. Y. CHEN AND J. H. LOU

THEOREM 2. 1. — Suppose Var(Xj):rjj+J X (dx)>0 forj=1,...,m.
Rm
Then UX,2Z,u) =1 and UX,Z, u) = 1 if and only if the distribution y
is infinitely divisible with characteristic function given by
1 "
(2.2) ) = exp { ib*t — Et*Et + J e —-1- it*x)u(dx)}
[Rm

for te R™,

Proof.— The fact U(X, Z, u) = 1 follows trivially from the definition (2.1)
and the substitution g(x) = x; for any j=1,...,m. The necessity of
U(X, Z, p) = 1 is implied by Theorem 4.1 of Chen [3]. For the sufficiency,
let g(x)=x;+Af(x) where feCyR™) and j=1,...,m. Then UX,Z, =1
implies that for 1eR,

Var [X; + Af(X)] < E[V¥X; + AfX)ZV(X; + 11 (X))]
+ LME [ASX; + Af(X) T u(dE) .
This yields
A*Var [f(X)] + 24 Cov (X}, f(X))

<2 { E[V*/(X)Zf(X)] + LME[A‘ff (X)]Zﬂ(df)}
+ 2/1{E[T3" VIX)] + J E[LAYf (X)]u(dé)}-
Since this inequality holds for all € R, it follows that

2.3)  Cov(X;, f(X)) = E[t}VSf(X)] + J E[&Af(X)u(de) .

[Rm
Substituting f(x) = Re ¢”™ and then Ime™* teR™ in (2.3), we obtain

o07(t) _ {ibj — ¥+ ij Ei(e™E — 1)/1(df)}?(t)
ot R

i

for te R™ and j = 1, ...,m, where % is the characteristic function of 7.
Since %(0) = 1 and the characteristic function of the infinitely divisible
distribution never vanishes, (2.4) has a unique solution which is given
by (2.2). This proves the sufficiency of U(X, Z, u) = 1 and hence the theo-
rem.

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



CHARACTERIZATION OF PROBABILITY DISTRIBUTIONS 95

Two special cases of Theorem 2.1 are of interest. We state them without
proof.

COrROLLARY 2.1. — Let X =(Xy,...,X,)* be a random vector such
that Var (X;) = ;> >0 for j=1,...,m. Define

UX,S) = sup Var [g(X)]
| sex E[V¥E(X)ZVg(x)]

where ¥ is an m x m positive semidefinite matrix with o3, ..., 6% as its
diagonal elements. Then U(X,X) = 1 and U(X,Z) = 1 if and only if X has
a multivariate normal distribution with covariance matrix X.

For the next corollary we defined #x to be the class of functions
g:7™ - R such that E[g(X)]> < co and Var [g(X)] > 0 where X is a
random vector taking values in Z™.

COROLLARY 2.2. — Let X = (X4, ..., X,)* be a random vector taking
values in Z™ such that Var(X;) = A; >0 for 1, ...,m. Define

Uy = sup — 2181

geH K
Z%‘E (4,871

i=1

where A;g(x)=g(x1, .. ., x;+1, .., X)) —8(X1, .. s Xjy - . ., Xp). Then Ux=1
if and only if each X; has a translated Poisson distribution and X, . .., X,,
are independent.

3. SOME RELATED RESULTS

Although we have avoided the use of Ry in the proof of Theorem 2.1,
its properties proved and used by Borovkov and Utev [/ ] are nevertheless
of interest in themselves. Borovkov and Utev also proved a limit theorem
involving Ux. The objective of this section is to generalize these results.

As in section 2, let #x = CY(R™) n LX) n Q(X). Let £ = (1;;) be an
m x m positive semidefinite matrix and u a measure on 4(R™) such that y has

no atom at 0 and j

| x |*(dx) < oo. Assume that 7;; + fxfu(dx) >0
Rm -

Vol. 23, n® 1-1987. 4



96 L. H. Y. CHEN AND J. H. LOU

for j=1,...,m For each random vector X = (X, ..., X,,)*, define
U(X, %, p) by (2.1). Also define
Var [g(X
UoX, 0 = sup 0]
geCFR™)NQ(X)

E[V*¢(X)ZVe(X)] + L E [A%g(X)1* u(dC)

Note that U(X, Z, u) and Uy(X, Z, u) correspond to Rx and rx in [/] res-
pectively. Although C(R) is smaller than the class of absolutely conti-
nuous functions, there is no loss of generality in our definition of U(X, Z, u),
when specialized to one dimension, in view of i) of Theorem 2 in [/].

We abbreviate U(X, X, ) and UyX, X, p) to UX,X) and UyX, X)
respectively if p is the zero measure. Also write

M; ,g(x) = V*g(x)ZVg(x) + J

R

y [A%g(x)]* () .

The following lemma is a generalization of Lemma 1 in [/]. We omit

its proof here as the proof of the latter carries over easily to this general
case

LeEMMA 3.1. — Let ge CHR™) and g, e CY(R™ n L*(X). Suppose
a) g, — g pointwise asn — o0;

b) Var [g,(X)] < ¢cEM; ,g/(X) for n>1;

c) lim sup EM; ,8,X) < EM; ,g(X) < 0.

Then ge L*(X) and Var [g(X)] < cEM; ,g(X).

THeOREM 3.1. — 1) UX, Z, p) = Up(X, Z, p).

ii) Let ge C'(R™). If UX, X, u) < oo and EM; ,g(X) < oo, then g € L*(X)
and Var [g(X)] < UX, Z, wEM; , g(X).

iii) If U(X,X) < oo, then the distribution of X has a continuous (but
not necessarily absolutely continuous) component.

iv) If UX, X, p < oo and there exists a (0 < a < 1) such that

J (e — 1)| & | w(d&) < oo, thenElexp (t:X; + ... + tnXm)] < 0 for
Rm

| t;] < (@®/bje;m®)?, i =1, ..., m, where

b, = max <1, 6,-_1<ri,- + alj &;sinh (aﬁi)ﬂ(df)>>,
-

¢; = max (17 201U(X3 Z: /1))

Annales de IInstitut Henri Poincaré - Probabilités et Statistiques



CHARACTERIZATION OF PROBABILITY DISTRIBUTIONS 97

and

0; =t + J x7 u(dx) .
Rm

v) Let C be an m x m nonsingular matrix and b e R™. Then

U(CX + b, T) = U(X, CZC*).

v* Cov (X)v
vi) UX, Z, p) = ) Jorve R™, v # 0, where Cov (X)

v* <Z + J xx*u(dx))v
R™

is the covariance matrix of X.
vil) If X and Y are independent, then

UX+ Y, Z 0 < UXZ 1)+ UY,Z, ).
viil) If X, converges in distribution to X, then

lim inf U(X,,, Z, ) = UX, Z, ) .

Proof. — We note that Lemma 4.2 of Chen [3] is true for any proba-
bility distribution y if D = ¢. By an application of this lemma, i) follows.
For ii), let g,= ng/(n* + g*)'%. Then g, — g pointwise, |g,| < n,
V*g,2Vg, < V*¢gZVg and | ASg,(x)| < | A%(x)|. So g, satisfies the condi-
tions in Lemma 3.1 and ii) follows. By letting g depend on one variable,
part iii) of Theorem (2) in [/ ] implies that each X; has an absolutely conti-
nuous component and this proves iii). To see that the distribution of X
may be singularly continuous, let m = 2, X; have the standard normal
distribution and X, = X;. Then by the Chernoff inequality,

2
Var [g(X)] < E[ag(X17X2) + ig(Xl, Xz)] < 2E|Vg(X) 2
0x, 0x,
for ge C'(R?) such that E[g(X)]* < co. The proofs of v)-viii) are easy
extensions of those of the corresponding parts of Theorem 2 in [/], and
are therefore omitted here. But we remark that for vii) and viii) Lemma 4.2
of [3] is used.
It remains to prove iv). Since

Elexp (t: Xy + ... + tXy)] < le [exp (mt;X))],
i=1

Vol. 23, n° 1-1987.



98 L. H. Y. CHEN AND J. H. LOU

it suffices to consider each X; separately. Abbreviate U(X, X, u) to U.
By taking g to depend. on one variable, we have

Var [¢(X)] < U { wE[g'(X)]* + EJ [A‘f"g(Xi)lzu(di)}

for ge CY(R)n L*(X;) and i = 1, ...,m. Let X/ be an independent copy
of X; and let W; = X; — X!. Then for g e C}(R), we have

Var [g(W;)] = E Var™ [g(W))] + Var [EXig(W,)]

< UE { BX [¢'(W)]* + BX: j [g(Wi = &) - g(Wi)]zﬂ(di)}

+U { w:E[EXg'(W)]* + EJ [EXig(W; + &) — Ex"g(Wi)]zu(dﬁ)}~
[Rm
This yields

(3.1) Var[g(W)]<U {2%15 [¢' (W) +E L _[8(Wi— &) —g(W)) 1*u(d?)
+EJ y [8(Wi+ &) —g(W)1* u(dd) }

By Lemma 4.2 of [3], (3.1) holds for ge CY(R) n L*(X;). By Jensen’s
inequality and Fubini’s theorem as in the proof of Theorem 4.3 in [3],
and then by a change of variable, (3.1) yields

(3.2) Var [g(W))]

< U{?.riiE [g(W)]* + EJ

0

[g'(W; + )12 [¢i(1) + d(— 1) ]dt}

where
&udé), t=0,
&z
ilt) = ‘
&<t
1 0
Let 0, = 7; + f xFu(dé) = t; + EJ [p:(t) + ¢i(— t)]dt and define Y;
R™ — o0

to be a random variable independent of W; and distributed as v; where

vi(dr) = 67! {Tiiso(dt) + % [¢:() + ¢i(— 1)]dt }

Annales de I’ Institut Henri Poincaré - Probabilités et Statistiques
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Then (3.2) may be written as

(3.3) Var [g(W)] < GE[g'(W: + Y)]?.

By ii) and induction, U< oo and the condition J (e —1)| & u(dé) < o0
Rm

imply that all moments of X; exist for i = 1, ..., m, which in turn implies
the same for W; for i = 1, ..., m. We now prove by induction that for
nzl,

(3.4 EW?" < (2n")(b;c;/a®)".
By a simple calculation, Ee®Y' = 6; l[r,-i + a‘lf ¢; sinh (aéi),u(df)] which
[Rm

is finite by virtue of the condition J (el — 1) | €| w(d¥) < oo, and so
b; = max (1, Ee®Y?). R

For the rest of the proof, we drop the subscript i for brevity, but will
pick it up whenever it is necessary to avoid ambiguity. Since EW? =2Uf<c,
(3.4) holds for n = 1. For n = 2, (3.3) yields

EW?" < (EW")? + cn®E(W + Y)2"

n—1

2n — 1
e a3 (2 ey

where we have used the fact that all odd moments of W vanish. By the
induction hypothesis
n—1
2(n—1 b\
(3.5 EW2"<(EW")2+anZ< (n2k )>(2k!)<é> EY20i-k-1)
a

cn2(2(n - Nbe)*™ 1 \ E(aY)Z(n—k-”

m2
<(EW™? + PRITESY Rin—k—1)")
k=0

<(EW")? + (2n!)(be/a?)"

202n—1)°
<(EW™? +3-12n!)(be/a?)".

Vol. 23, n® 1-1987.



100 L. H. Y. CHEN AND J. H. LOU

If nis odd, then EW" = 0. On the other hand, if n is even, then
4n*?(2n!) [(bc\"

— 2 <271@2n!)(be/a*y
In either case the right hand side of the last inequality in (3.5) is less than
(2n!)(bc/a®)" and (3.4) is proved. By Jensen’s inequality,

(EW")? < [n(be/a®)"? > = (n!)*(be/a®)'<

E l W |2n— 1 < (EWZn)(Zn— 1)/2n < (211 !)(bc/a2)(2n~ 1)/2 .

So for | t;] < (a®/byc;m?)'12,

= X
E exp (mt; | W;]) < Z (m Lt; ) (k + 1) !(b;c;/a?)?
k=0 '

= Z(k + DI(biem®/a®)? | 1| | < o0
k=0

This implies that E exp (mt;W;) < Eexp (mt;| W;|) < co0. As
E exp (mt;W;) = [E exp (mt;X;)] [E exp (— mt;X;)],

iv) is proved. Hence the theorem.

For the next theorem, let X, = (X, ..., Xum)* be a random vector
with mean vector b, and 0 < Var(X,;) < oo fori=1,...,m. Let £, be
an m X m positive semidefinite matrix and p, a measure on %(R™) such

that it has no atom at 0 and J | x |2u,(dx) < co.
[Rm

THEOREM 3.2. — Assume the diagonal elements of Z, + j xx* p(dx)
[Rm
are respectively Var(X,;), i =1,...,m. Suppose as n — oo, b, — b,

3, — X and | x Pua(dx) converges weakly to | x |*u(dx) where without loss
of generality u may be assumed to have no atom at 0. If U(X,, Z,, u,) — 1
asn — oo, then L(X,) converges weakly to the infinitely divisible distribu-
tion y whose characteristic function is given by (2.2) as n — oo.

Proof. — Since b, —» b and X, — X, the distributions of X,, n > 1
are tight. Hence it suffices to prove that every weakly convergent subse-

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques
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4
quences of { #(X,) } converges to y. Suppose X, 5 X.Then for g e C§(R™)

(3.6) Var [g(X)] = lim Var [g(Xy)]

n°— oo

< lim U(X"', Zn’a ,un')EMan,ﬂn/g(Xn')

n'—

= EM; ,g(X) .

By Theorem 3.1 i), UXX, Z, #) < 1. By Theorem 3.1 iv), { X% } is uniformly

integrable fori = 1, ..., mand so the diagonal elements of ¥ + J xx*u(dx)
Rm

are Var(X;), i=1,...,m where X =(Xy,...,X,)* It follows from
Theorem 2.1 that U(X, X, u) = 1 and so the distribution of X is y. This
proves the theorem.

4. MORE ON CHARACTERIZATION.
THE CONTINUOUS CASE

In Theorem 2.1, although the infinitely divisible distribution is charac-
terized by using the functional U(X, Z, p), the proof depends crucially on
the knowledge of the functions for which the inequality becomes an equa-
lity. One may therefore restate a special case of Theorem 2.1 as follows:
If the inequality E[g(X)]* < cE|Vg(X)|*> where Eg(X) = 0 becomes an
equality for g(x) = x;, i =1, ..., m, then X has the multivariate normal
distribution with zero mean vector and covariance matrix cl. This leads us to
the following question: If ¢ is given and the inequality E [g(X)]*> < cE|Vg(X)|?
where Eg(X) = 0 becomes an equality for g belonging to a given class of
functions (not necessarily linear), does this uniquely determine the distri-
bution of X? The objective of this section is to give an answer to this ques-
tion. We show that the answer is positive in some special cases but negative
in general.

As in Section 2, we reduce the problem to a system of first order partial
differential equations. But unlike that in Section 2, the method here is
more akin to a method of normal approximation due to Stein [6].

LEMMA 4.1. — Let I = (a, b) be an open (possibly infinite) interval. Let
X be a random variable taking values in 1, and y the distribution of X. Suppose
for all absolutely continuous functions g on 1 such that E[g(X)]* < oo and
Eg(X) = 0, there is a constant ¢ such that E[g(X)]* < cE[g'(X)]? and

Vol. 23, n° 1-1987.



102 L. H. Y. CHEN AND J. H. LOU

equality holds if g(x) = Y(x), where Y € C(D). If y(’ = 0) = 0, then X is
absolutely continuous.

Proof. — Decompose y into y = ou + (1 — «)v, where p and v are pro-
bability measures on I such that pu is absolutely continuous with respect
to the Lebesgue measure and v is singular, and 0 < o < 1. Let A be the
set of points of increase of v. Then

Var y(X) = cE[y'(X)]*
= C{Oﬂfl//’z(X)u(dX) +1 = a)J‘!ﬁ'z(X)V(dX)}

> cajlﬁ’z(X)#(dX)
= cE[y/(X)x(X)]* > Var y(X)

where the last inequality follows from the observation that y'I,. is a Borel

measurable derivative of . Hence we have (1 — a)fnp'z(x)v(dx) = 0. This
1

implies that either « = 1 or jw'(x)v(dx) =0. If Jx//’z(x)v(dx) = 0, then
1 1

Y’ =0 v-a.e., that is v(i)’ = 0) = 1. The assumption p(yy’ = 0) = 0 then
forces o to be equal to 1. In this case, y = u and is therefore absolutely
continuous with respect to the Lebesgue measure.

LEMMA 4.2. — Under the condition of Lemma 4.1, suppose further
that ' never vanishes on 1. Then the density function of X is given by

f—&/ﬁ) h $~ie (—ljf> djﬂisanidﬁ't
x = 1 a. e., where = Xp <) an " ndefinite

integral of £

I

Proof. — Let h be an absolutely continuous function on I such that
E[h(X)]* < 0. Put g = A(h — Eh(X)) + ¥, 1€ R in the inequality. By the
same argument as in the proof of Theorem 2.1, we obtain

E[W(X)nX)] = cE[y'(X)h'(X)],

or equivalently, Jx//(x)h(x) Sx(x)dx = cfw'(x)h’(x) fx(x)dx. In particular,

I

Annales de IInstitut Henri Poincaré - Probabilités et Statistiques



CHARACTERIZATION OF PROBABILITY DISTRIBUTIONS 103

when h(x) = (x — xo)l(x>x,) Where x, € I, the above identity can be rewritten
as

J Y(x)x — Xo) fx(x)dx = CJ V'(x) fx(x)dx .

Taking both integrals as functions of x, and then taking Borel measurable
derivatives with respect to x, on both sides, we have the following identity

j Y(x) fx(x)dx = c’(xo) fx(Xo)

b
for almost all x, w. . t. the Lebesgue measure. Let H(x) =J Y(y) fx(y)dy. We

observe that H is absolutely continuous and is a version of ¢y’ fx on I. Now

* Y(y) (" ¥(y)
! X d = —
M t//'(y)w(y)f (»My ¢t ¥'(y)

This implies H is differentiable everywhere on I and

H'(x) = — 1@ H(x).

cy'(x)
¥

1
Solving for H, we obtain a solution given by exp <— - J W) up to a multi-
c

plicative constant. It is now clear that fx = ¢ / J(Y) a.e., where J‘(IS is
1 1

H(x) =

H(y)dy

the normalizing constant to make fx a density function.

For the following theorem, let Q = I; x ... x I, where each I; = (a;, b;)
is an open (possibly infinite) interval. Let X = (X4, ..., X,,)* be a random
vector taking values in Q. For ;€ C!(I;) and ¢ > 0, define

~ 1 Iz
@ ” =W"P(‘zf J)

i

where jﬁ,‘ is an indefinite integral of —.

i i

THEOREM 4.1. — Suppose that there is a constant ¢ such that for all
ge CY(Q) with E[g(X)]* < oo and Eg(X) = 0,
4.2) E[g(X)]* < cE| Vg(X) |?

and that equality holds if g(x) = Y(x;) for i =1, ..., m, where ;e C(1)),
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i=1,...,m Assume that \; does not vanish on 1; for i =1, ...,m. Then

X is absolutely continuous with density function given by fx(x)= Hd)i(xi)
where ¢i(x;) = (x;) / f&.
I;

Proof. — By letting g depend on one variable, (4.2) and [/, Theorem 2 i)]
imply E [g(X;)]*> < cE[g'(X;)]? for all absolutely continuous g defined on [;
such that E[g(X;)]* < oo and Eg(X;) =0, i=1,...,m. By Lemmas 4.1
and 4.2, X; is absolutely continuous with density function ¢;. It remains
to prove that Xy, ..., X,, are independent. Let f e Ci(Q) and substitute
g =Mf — Ef(X)) + ¢; in (4.2) where 1€ R. By the same argument as in
the proof of Theorem 2.1, we obtain

0
(4.3) - E { PiXi) 5 S X) = YlXa) S (X)} =0

fori=1,...,m. For each i, let v; e Co(Q) such that j v:¢; = 0. The diffe-
l.

rential equation i

0
Cl//f(xi)a—x_ f00) — ¥ilx) f(x) = vi(x)

where f is defined on Q has a solution given by
J Ui(xla e Vs, xm)(}l(y)dy
4.4 flx) === —
Yilxi)di(x:)
b; -
J ViX 1, ey Vs ey X))@ Y)Y
‘m(xi)&’i(xi)

where the second equality follows from the condition J‘viJ)i = 0. Since
L

v; € Co(Q), we have f € Cy(Q) and hence f e C§(Q) by virtue of the equation

0
0x;

S ) = Wilx) f(x) + vi(x))/epilx;) -

Substituting (4.4) in (4.3), we obtain Evi(X) = 0. Now let u, h;e Cy(Q),
and let K; = K, = Q be two compact sets such that h;=1 on K;, h;=0 on K&,
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hiJ ug;
and 0<hl<1 on I<2_I<~1 and J‘h,(l),7é0 By letting Vi=u-— i , We
obtain Li hd)
Li

hl(X)J‘ u(Xh BRI SIS Xm)¢1(y)dy
@.5) Eu(X) = E ki

{J;hi(xla BERETS I Xm)¢t(y)dY}

Now let K, increase to Q. Then (4.5) yields

(4.6) Eu(X) = EJ uXy, Vs X))y -
I

By approximating functions of Cg(QQ) by those of Cy(Q), (4.6) also holds
for u e Cyg(Q2). Now take u to be a function of (xy, ..., x;)fori=1,...,m.
Then it follows that Xy, . . ., X,, are independent with joint density function

given by fx(x) = ]—Iqﬁi(xi). This proves the theorem.
i=1
By applying Theorem 4.1 to a number of inequalities, we obtain the
following corollaries.

COROLLARY 4.1. — Let y be a probability measure on B(R™). Then

. 2
¥dx) = (2rna?)~™? exp(— |2x| >dx if and only if the following inequality

0.2

holds: For geCYR™) such that J g’dy { oo and J

”
J g2dy < JZJ | Vg |?dy and equality holds if and only if g(x) = a*x
R Rm

for aeR™.

Proof. — Combine Theorem 4.1 with [3, Corollary 5.1].

gdy =0,

COROLLARY 4.2. — Let y be a probability measure on B(R"%) such that

Y0R%) = 0. Then y(dx) = [H(x,ﬂ)“"‘ ! /()“il"(oc,):l exp (—

l 2

x| dx, where
40

0,04, ..., 0n>0, if and only if the following inequality holds: For geC'(R"%)

such that J g%dy < oo and j gdy = 0, J g2y < BJ | Vg |?dy and
R R

R R g
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m

equality holds if and only if g(x) = z:ai(x2 — 4a;60) for ay, ...,a,eR.

i=1
Proof. — Combine Theorem 4.1 with [3, Corollary 5.5].

COROLLARY 4.3. — Let y be a probability measure on %([0, n]™) such
that y(0[0,]™) = 0. Then

m

I'(Z i i
4.7 P(dx) = [ﬂ ﬁl"zﬁi) cos?*~1 % sin2f:~1 %]dx ,

i=1
where a; > 0, f; >0 and A =ao; + B; for i=1,...,m if and only if the

following inequality holds: For ge C'([0,n]") such that J gy < o
[o,mm

and J gdy =0,
[0,np™

1
(4.3) J gldy < —j | Vg [dy
[0,n]m A [0,m]™

and equality holds if and only if

i %
g(x):Zai(cossz—I> for ay,...,a,eR.

i=1

Proof. — We first give a sketch of the proof of the inequality (4. 8) under
the assumption (4.7). Let Xj and X, be independent random variables
having the gamma distributions I'(e, §) and I'(8, 6) respectively. Write
X = (X;, X,)*. By [3, Corollary 5.3], we have for ge C'(R%) such that
E[2(X)]? < oo and Eg(X) = 0,

4.9) E[g(X)]* < 121&&-[ 0 g(X)] .
0 6xi

i=

Equality holdsifand only if g(x) = a1<x1 - g) + a, <x2 - g) fora,,a,eR.

Let Y, = X,/(X; + X;) and Y, = X; + X,. Then Y, and Y, are inde-
pendent, Y, has the beta distribution B(x, f) and Y; + Y, the gamma
distribution I'(4, ) where A=+ . Let feC*([0,1]) such that Ef(Y;)=0.
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Substituting g(X) = Y, f(Y,) in (4.9), we obtain, after some calculations,
1
(4.10) E[f(Y)]* < IEYI(I - YY) (YD)

which reduces to an equality if and only if f(y) = a( y — %) for aeR.

By suitable transformations in the spirit of [3, Corollary 5.5], (4.10) yields
the one dimensional special case of (4.8) under the assumption that
Y(dx) = ) cos® 1 sin26 12 g A martingale argument as in
T(a)I(B) 2 2

Chen [2] then extends it to the higher dimensions. Combining this with
Theorem 4.1, we prove the corollary.

We now give an example to show that Theorem 4.1 is false if the dimen-
sion of the class of functions g for which (4.2) becomes an equality is less

than the dimension of the domain Q even though other conditions of
the theorem are satisfied.

Example. — Let X; and X, be independent random variables with X,
distributed as N(0,1) and X, as N(0,0%) where 0 < 6> < 1. Then by
[3, Corollary 5.1], for g e C*(R?) such that E[g(X)]*> < oo and Eg(X) = 0,
E[g(X)]*> < E|Vg(X)|? and equality holds if and only if g(x) = ax, for
ae R. Clearly the distribution of X = (X, X?)* is not uniquely determined.

Remarks. — 1) In characterizing the distribution of X by the inequality
E[g(X)]* < cE| Vg(X)|?, suppose, in addition, the distribution of X is
given to be uniform on a bounded domain Q. Then the inequality becomes

1
J g2 < CJ | Vg |? where — is the first eigenvalue of the Laplacian A on Q
[+ Q c

in the Neumann problem, and the class of functions for which the inequality
becomes an equality is the first eigenspace. Furthermore, finding the distri-
bution of X is equivalent to finding the shape of Q. Hence the problem
of characterizing the distribution of X becomes that of determining the
shape of Q given the first eigenvalue and the « form » of the functions in
the first eigenspace of A on Q. This is analogous to the problem « Can one
hear the shape of a drum? » (see Kac [5]) where the shape of Q is to be
determined given all the eigenvalues of A on Q. The answer to this question
has been shown to be negative for dimension of Q greater than or equal
to 4 in both the Dirichlet and the Neumann problem (see Urakawa [7]).

2) In the case Q is an arbitrary open set and the class of functions for
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which the inequality becomes an equality is also arbitrary, the following
question remains unanswered: Under what conditions is the distribution
of X uniquely determined?

5. MORE ON CHARACTERIZATION.
THE DISCRETE CASE

In this section we consider a discrete analog of the problem in Section 4.
Let X = (X4, ..., X,)* be a random vector taking values in Z™ and let
pi(z) = P(X; = z). Define ¢; = (0, .. ., 1, ...,0) where the number 1 occu-
pies the i-th position. Suppose for g : Z" — R such that E[g(X)]* <
and Eg(X) = 0, we have

5.1) E¥)] < cEz [Ag(X) 2

and equality holds if and only if g(x) = yy(x;) for i =1, ..., m, where
each Y, :Z — R. We show that if Ay(x;) = ¥i(x; + 1) — Yi(x;) # 0 for
x; €7, then the distribution of X is uniquely determined and X,, ..., X,
are independent.

By the same argument as before, we have the identities

(.20 E { AY(X)f (X + &) — [A%(Xi) + i!/fi(Xi)Jf (X)} =0

fori=1,...,m, where f :7" — R and is bounded. By choosing f to
be the indicator function of { (xy, ..., X,,)€Z™ : x; = z }, (5.2) yields

1
(5.3) AYi(z = Dpi(z — 1) — [A!//i(Z) + ;%(Z)]pi(Z) =0.

1

Let a; be the supremum of the set of zeros of Ay; + — ;. It is easy to see
c

from (5.3) that — o0 < a; < c0. If ¢; > — oo, then py(a;) > 0 and

z

_Pi(ai)A'//i(ai) piky |7
CA PO H [Hmwi(k)} S

k=a;+1
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If ¢, = — oo, then p;(0) > 0 and
-

AYi(z)

cAyi(k) ’

2OAO) T [1 vilk) ]

(5.5 pdo) =

0
pi(0)A(0) [1 N Vi(k) ] s< 1

AYi(z) cAyri(k)

=z+1
L. 1
Note that (5.3) implies that Ay(x; — 1) and Ay(x;) + —,(x;) have the
¢

same sign for x; > a;. Without loss of generality we assume that a; > — oo
fori=1,...,m and that q; = — oo fori=m' + 1, ..., m.

Now let f be the indicator function of {(x}, ..., x,) e Z"
(x4, ..., x}) = (x1, - .., x;) }. Substitution of this in (5.2) yields a diffe-
rence equation whose solution implies that X; is independent of (X, ..., X;_4).
By induction on i, Xy, . . ., X,, are independent. Hence we have the following
theorem.

THEOREM 5.1. — Suppose the inequality (5.1) holds and equality is
achieved when g(x) = Yi(x;) for i =1, ..., m, where each ;7 — R. If
AY; never vanishes for i =1, ... ,m, then Xy, ..., X,, are independent and
their individual density functions are given by (5.4) and (5.5).

Combining this theorem with [3, Corollary 5.2], we have the following
corollary.

COROLLARY 5.1. — The random variables Xy, ..., X,, are independent
each having the Poisson distribution with mean 4 if and only if the following
inequality holds: For g : 7™ — R such that E[g(X)]? < oo and Eg(X) = 0,

E[gX)]* < /IEE:[Aig(X)]2 and equality holds if and only if
i=1

gX) = ailxy = A+ ...+ aplXm — )

foray, ..., a,eR

Added in Proof. — A. A. Borovkov and S. A. Utev pointed out an error in
the proof of Theorem 3.2 and gave a correction of it as follows: The uniform
integrability of { X2 } be proved by substituting g(x)=x; —kx;/(k* + x7)'/?
in the Poincaré-type inequality for X, instead of using Theorem 3.1 iv).
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