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ABSTRACT. — In the paper we investigate the large deviations and the
asymptotic expansions as n — oo for the distribution of the number of
times a recurrent random walk with integer values hits the point r up to
time n. '

REsuME. — Dans le présent article sont étudiées les grandes déviations
et les expansions asymptotiques en supposant que n — oo pour la distri-
bution du nombre de visites de la marche aléatoire récurrente a valeurs
entiéres au point r en n pas.

Mots-clés : Random walk, local time, distribution, large deviations, asymptotic expan-
sions.

1. INTRODUCTION AND RESULTS

In the paper we consider the asymptotic behaviour as n — oo of the
distribution of the number of times a recurrent random walk hits the point r
up to time n.

Let { £ }i2, bei.i. d. random variables, E¢; =0, E¢ =D, o(t) =E exp (it&,).
We shall assume that ¢, have an integer values and | @(t) | = 1 if and only

k n
if t is a multiple of 2x. Let vo = 0, v, = ZC,, o(n,r) = zﬂ{r}(vk). Here
1=1 k=1
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64 A. N. BORODIN

and in what follows 14(-) is the indicator function of set A. The function
@(n, ) is the so called local time of the random walk v, at point r for n steps.

The local time of Brownian motion w(s) (Ew?*(s) = Ds, D > 0) is a
jointly continuous process t(t, x) that satisfies

j t(t, x)dx = J Ta(w(s))ds ,
A 0
for all t > 0 and any measurable set A a.s.
Denote by [a] the integer part of a. It is known [2] that the two-para-

meter process t,(t, x) = n~2¢([nt], [x\/z ]) converges weakly as n — oo
to Brownian local time {(t, x). In particular

Pt (L, x) <y) - P{(1,x) < y). (1.1

It seems to be of interest to give a more detailed description of the asymp-
totic behaviour of P(t,(1, x) < y). In the paper we consider the large devia-
tions and the asymptotic expansions for the distribution of t,(1, x). To
solve these problems we apply the saddle-point method. There are a greate
variety of works using this method for solving different asymptotic problems
of probability theory. We do not dwell on the history of this question since
one can find it in [4] and in monographs [5] [/0]. For x = 0 an optimal
rate of convergence in (1.1) was reported in [/]. For arbitrary x as a con-
sequence of « Strong invariance principles for local times » [3] we have
an estimate Cn~'*Inn.

Since the problem of asymptotic behaviour of the distribution of {,(1, x)
is symmetric with respect to the replacement x & — x, & o — &,
I=1,2,..., we consider only non-negative x. In view of the lattice cha-
racter of the objects involved in the consideration, x, y later will be such

that x = [x./n)/\/n y = [y/nl//n.

THEOREM 1.1. — Let &, satisfy Cramer’s condition
Eexp(a|é|) < oo, a>0. ©)

Then there exists ¢ > 0 and a power series

ux, y) = z Haaxy'

k+1=23
k120
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ON THE DISTRIBUTION OF RANDOM WALK LOCAL TIME 65

convergent for | x |<e, | y|<e, such that for 0<x<en'?, n= 12 y<enl/?

2D _ (x+Dy)2
P{t(l,x)=y}= /Ee 2D MENIINI(] 201+ x +y)), (1.2)

REMARK 1.1. — The coefficients py,; for k, | < m + 2 are determined
by the first m + 2 moments of £; and by the numbers

5 1 (~ 1 (2 )P“
P 2n ) (L= gs)tt \Ds?

2p+1

1
_ +)! PAVARSS
B g2 Y P .]) B2 Is
[ p'j! D

with 0 < p < (m — 1)/2, where B are defined from the equality

(p(s) — 1 + Ds?/2y = s”(Zﬁﬂs’ + o(|s |’"“)>. (1.3)
I=j
REMARK 1.2. — Let u = E&3. Then

L) H 2 1
ux, y) = (x + Dy) 6_D,3x+ bo—%—i y+ ...,
and

x3 x
Hx,0) = 5 l(ﬁDl ,2>,

where A(z) is well-known Cramer’s power series (see, for example, [9],
Ch. 7, §2).

THEOREM 1.2. — Let condition (C) be satisfies. Then there exists ¢ > 0
such that for 0 < x < en'?, 0 < y < en'/?

D (® _ (x+Dv)?
P{t(l,x)=y}= /—-J e P dpe™ VRN 4 nT 201+ x4+ y))
T Jy

(1.4)
where u(x, y) is the same power series as in theorem 1. 1.
THEOREM 1.3. — Let for some 0 < d < 1 and integer m = 0
E|& "2 < 0. (1.5)

Vol. 23, n® 1-1987.



66 A. N. BORODIN

Then there exists ¢ > 0 such that forn™ 1% < x < en'?, n™ V2 < y < en'/?,
P{t(l,x)=y}

2D _ (x+Dy)2 o
= E e 2D oum(x/v/n,y/\H) { E n_k/ZP,%(x, y)

k=0
+ n—(m+5)/20(1 4 xmto + ym+6)} + e—DYZ/Ze"um(O,Y/v’ﬁ)

m

x {Zn""’zQi(y)(x\/)" "Oa(x/n) + n~ 201 +y"‘+")}, (1.6)

where | Opu(v) | < Chu|v| 7% and pn(x, y) is some function, which can be
represented for | x| < ¢ |y| < ¢ in the form

X, Y) = Z Xyt + O] x [mH2+8 4 | y|mr 2t

3<k+lsm+2
k120

and for 0 < y < en'/?

P{t(1,0)=y}

2D -2 \
I et zenum(o,y/ﬂn){Zn—k/ZR;(y)-q-n‘"‘*"”20(1+y'”+‘5)}. (1.7
n

k=0

Here and later P, Qf, R{. j = 1.2. ..., are some polynomials of degree
at most k, Py = Q) = R) = 1, and the functions O(-) depend on &, m,
and the distribution of &;. :

THEOREM 1.4. — Let condition (1.5) be satisfied. Then there exists ¢ > 0
such that for n=Y? < x < en'/?, n~ 12 < y < enll?

P{t(L,x)>y}= "”m(x/v"Wf){ [— j ZdeE ~k2p2(x, y)
ﬂD x+Dy

k=0
(x+Dy)2

te T(Z —k/ngk(x’ y)—l—n_('"f‘s)/z()(l +x3m+6+y3m+6)>}

k=1

m—1

Dy2
Te 2 ommlOy/VA) { Z =G+ DIZR2(y)(x \/ﬁ)’f’f 1 *me,%,k(x\/ﬁ)
k=0 + n—(m+6)/20(1 + ym+5) }, (18)
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ON THE DISTRIBUTION OF RANDOM WALK LOCAL TIME 67

for 0 < y < en'l?

2D
P {1 0>y}—e"“m<°”’{/ j ‘D"”Zdvz “H2PY(y)

+e—w2/2(Zn-szk(mn-<m+6>/20(1+y3m+"))}, (1.9)

and for n= 1% < x < ent/
m

P{1(1,0=0} = | = J 2"dv+j ‘2"°dv2n"/2Ps*k(x>

+e 2D<Z —k/Zng(x)+n—(m+6)/20(1+x3m+6)>

m—1
! Z’” D2 )Ry IO(1), - (1.10)
k=0
where | 00,(v) | < Clu|v|7% j = 2,4, and p,(x,y) is the same function as

in theorem 1.3.

REMARK 1.3. — The coefficients at x*y' in the decomposition of y,(x, y)
coincide with those for u(x,y) and the polynomials P{, Qi, Pi, Qi
j=23,4, and R, j = 1,2, are determined by the first k + 2 moments
of ¢, and by the numbers b, with 0 < p < (k — 1)/2. The way of construc-
tion of u,(x,y) and of the polynomials is described during the proof.

2. PRELIMINARY RESULTS

Denote yx, () = Eexp (ivo(n. r)). Then

- . iv fnl Tvi=r
Kno0) = 1+ ) E[(nr — e 7]
k=1 "
_ w X Vv=r
=1+ (" - 1)ZE[ﬂ{Vk=r>e
k=1
=1+("— I)ZP(vk = n-r0(0) - 2.1

k

it

1
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68 A. N. BORODIN

For any complex | z| < 1 define

0 oe]

gr(z) = Z ZkP(vk = r)> lv,r(z) = ZZ"Xn,r(v) .

k=0 n=0
From (2.1) it follows that
lho(z)=(1—2)" (" +(1 —e®)go(2))*, 2.2
Lf2)=(1=2)" (1 +(e” = Dg2)e” + (1 —e™)go(z)) 1), r#0. (2.3)
Since [, {z) is analytic in | z| < 1 then for O<e<1

2mi

1
Xn,r(v) =5 J z70* l)lv,r(z)dz .
lz]=¢

Applying the inversion formula one obtains

1 (= _.
P(p(n,0) = q) = ¥f e My, o(v)dv
21 )

_ LJ dz J‘ wdw
@ = = 22" o 1+ (@ — 1)go(2)”

For sufficiently small z the point wy = 1 — 1/go(z) will lie inside the circle
| w| < 1. By the residue theorem

widw 1 \¢ 1
= 2mi{l— — ) —, 2.4
me+@—nmn ”« ng@@ @4

and, consequently, for sufficiently small ¢

Blotn. 0) = g) — 1 [ <1 1 )a dz 2.5)
P =D " 0 )z U 202 go@e N = 2) ’
In view of the fact that

1 widw B 9 P o —
2mi(1 — z) ,m|_1m;)—zz (¢(n,0) = q)

n=0

the left-hand side of (2.4) is analytic in | z| < 1. The function go(z) is ana-
lyticin | z| < 1 also and thus it has for any 6 > 0in |z| < 1 — & at most
the finite number of zeros. Then by the uniqueness of analytical continua-
tion the equation (2.4) holds for all |z| < 1 and go(z) #0 if |z| < 1.
Moreover for any O e [— =, n)

lim_ go(z) # 0 (2.6)

z—el®
lz| <1
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ON THE DISTRIBUTION OF RANDOM WALK LOCAL TIME 69

because if it is not the case then passage to the limitin (2.4)asz — % leads
to a contradiction.

D
Using the assumptions ¢(s) = 1 — 552 +0(s?), s - 0,

lo(s)| < 1 if se[—mn]\{0} 2.7

we can choose A > 0 so small that the open domain U restricted by the
contour consisting of the line segment (1, 1 + Ae'™*), the large circular arc
(center 0) from 1+ Aei™* to 14 Ae™™* and the line segment (14 Ae™ "4, 1),
has no common points with the curve 1/¢(s), s€ [—=, n]. By the inversion

formula we have . )
n e_lrs
=— —ds.
9 = o f (=9

Hence the function g,(z) is analytic in the open domain 2.

Now we should distinguish the conditions (C) and (1.5). If &, satisfies
Cramer’s condition (C) we set Y(t) = ¢(it). Then (t) has an analytical
continuation to the strip |Rez| < a. If &, satisfies only (1.5) we set
Y(t) = @, (it), where for some positive A

m+2
-k k

. 'S
Om(s) = E[e* s, 1<a)] + z k—!E[émuémAﬂ-

k=0

In this case the function y(t) is analytic in the complex plane. The cons-
tant A will be chosen according to the property: for any p; > 0 we can
choose A such that

sup | @(s) — @m(s) | < p1. (2.8)

se[ —n,n]

Moreover one can prove that forany 0 < p<m+2and se [—7, n]

/4 i3

d m+2—p+4
yE: o(s) — @(pm(s) = § Omp(S), 1 Opl(s) | < C,pppp . (2.9
Consider the equation
z = 1/y(1). (2.10)

Since (1/y(t)) l;=0 =0 and (1/y(t))”" |;=o = 0 then for any sufficiently
small A > 0 there exists such p > 0 that for any z, |z — 1| < A, equa-
tion (2.10) has in | t| < p exactly two solutions [6, Ch. 4, § 7]. They can
be constructed as follows. Let

D
n(t) = t/(1 = 1y(@)/e?, 7'(0) = \/; n(0) = —

Vol. 23, n° 1-1987.
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70 A. N. BORODIN

and (u) be the inverse function to 7(f), v'(0) = /2/D, t”(0) = 2u/3D>.
Under condition (1.5), m = 0, we have u = E[{31(¢,1<a,]- In other cases
p = E&3. Then the solutions of (2.10) are given by

t+(z) = (/1 —z),. t_(z2) =1(— J1 — 2).

i
Here \/— =./|w|exp (2 arg cu>, — n < arg w < 7. Define the contour

consisting of the line segment (1,1 + Ae'™*), the large circular arc (cen-
ter 1) from 1 + Ae™* to 1 + Ae™™* and the line segment (1 + Ae™ ™4 1).
Let M be the open domain restricted by this contour. It is easy to prove
that we can choose A so small that for any zeR, z # 1,

Ret_(2) <0, Ret,(z)>0. 2.11)

Note that above A was chosen so that the set 9t has no common points
with the curve 1/o(s), se [— =, ]

LemMMA 2.1. — There exists such y > 0 independent of A that for any
real v and t satisfying 0 < 3|t]| < |v —t| <y holds

D
| @ulv) — @ut) | >§|v‘ t?.

This lemma is easily proved with the help of application of Taylor’s
formula, and we omit the proof.
- Tmsigns 11 5
Let 7,(5) = o + |s|e ¢ ", Since Rn > gn then one can choose
p3 > 0 so small that y(s)et_(M) for all e [— p3,0] and |s| < ps. For
ce(0,A) let (@) =min{s:|T(s)|=1+0,5s>0},

e ()y=min{|s|:|T,6)| =1+ 0,5 <0}, T,5) = 1/F(pa(5)) -

Now one can choose ¢ and «, so that for all ae [x;, 0] and se [— &~ (), ™ (a) ]
holds I,(s) e M. In addition by the choice of ¢ and a; one can obtain that
for all ae [o;,0] the inequality 6’1\/ e*(x) < ¢ /0 where ¢; and c,
are some positive constants, be valid. This can be done in view of the relation
1 1 3
L(s)= W —(Do+O(faf))se 7" 4 <D+0(1a| +[ss?e
Where there is no ambiguity, we shall denote ¢ " () and & () by &. Denote
the large circular arc (center 0) from T, (¢*(x)) to I'(— & (2)) by C,().
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ON THE DISTRIBUTION OF RANDOM WALK LOCAL TIME 71

Let &(a) be the open domain restricted by the contour consisting of I',(s),
se[— &e] and C,(a). It is clear that S(a) = S(0).

It will be proved that go(z) - o0 as z — 1, ze &(0). Then in view
of (2.6) and the fact that go(2) is analytic in A we can choose ¢ so small
that go(z) has no roots in &(0). Thus the integrand in (2. 5) is analytic in S(0)
and we may therefore deform the contour in (2.5) into 0&(a)=T, + C,(a).
Consequently

1 J . 1 )“ dz 5 1
om0 =9 =0 660:)( o) gy 4

Analogously to (2.12) from (2.3) for r # 0 we obtain

q—1
P(<p(n,r)=q)—iL6”<1— 12)) gDz g>1, (2.13)

T 2mi ol gi2)z" (1 —2)
_oe ! _&  dz
P((p(n,r)_O)_%J;e(a)(l go(z)>z"“(1—z)‘ (219

From (2.12)-(2.14) using the equation P(p(n,r)=q)=1— ZP((p(n, r)=k)

one can find =

1 1 \? dz
P((P(na 0) = q) = —2; J;G(a) (1 - go(z)> ot 1(1 _ Z) (2 15)

and forr # 0, g > 1
1 / 1 \21! d
P(o(n,7) > q) j 842) (1 ) 216

- % os(@) 8o(2) B go(2) Z"H(l —2)

Now we shall prove that if g < enand ¢ s sufficiently small then the integral
along C,(a) in (2.13) is O(e ™) for some v > 0. It is majorized by

LV e
dz|. .17
<1+|go(z)|> @l @1

Since go(z) # 0 for ze C,(0) then sup |go(z)| ! < C,. Using the expres-
sion for g,(z) we obtain 2eCo(0)

(2ne)~ 11 + O')_"lJ‘

Co(0)

n

1
sup | g,(z)| Sz—J sup |1 — zo(s)| 'ds < C.

zeCys(0) T J—n zeCs(0)

Here and in what follows C with or without indexes stands for different
constants. Denote t=g/n. Choose 1, so small that (1+¢)/(1+C,)*>1+0?
for 1 < 7o. Then for © < 7, we have the following estimate for (2.17)

CC2Q2n(l + C,)o) 11 + 0?)™" < Ce ™.

Vol. 23, n® 1-1987.



72 A. N. BORODIN

The same estimate is true for the integrals along C,(x) in (2.12) and (2.14)-
(2.16).

Denote y, = { y,(s) :s€ [— e (), e ()] },

L(0) = g(/y@), U@ =1 — 1/go(1/§(1)) -

It is clear that L,(¢) is defined for tet_(N). In the integral (2.13) taken
over I', we make the change t = t_(z) of the variables. For the integral (2. 13)
taken over C (o) we use the estimate stated above. Then for r # 0

1 j (U@ (@)"L () (1)

Plp(n.n=g=—-— . Lo(O(Lo(t) = DY) — 1)

dt+0(e™™). (2.19)

Analogously
L[ (U(0)y'(t)
Plon0)=a) = = | Towo =1
_ L[ wororv
2mi J,, Y@ —1

dt + Oe™™), (2.19)

P(p(n,0) > q) = dt + O(e™™), (2.20)

and forr # 0,9 > 1

1P (U ()L (1) .
P(cp(n,r)>q)A—2—ni o= DO dt+0(e™™), (2.21)

e L L@\ ow'® .
P(p(n,r)=0)= 2ni£u<1 Lo(t))—( l//(t)_l)dtJrO(e ). (2.22)

3. PROOFS OF THEOREMS 1.1, 1.2

Let us construct the analytical continuation of function L(t) from t_(N)

to the ring 0 < |t| < &, for small ¢,. The point t = 0 is the pole of the
first order.

If t e t_(9) then by (2.11) the equation

() = Y(1) (3.1)

hasin (|v| < p) » (Re v < 0), where p is defined earlier, the unique solution
v = t. For some 0 < y < a, where a is taken from condition (C) consider
the rectangular contour L =L; +L,+L;+ L, L;=[—in ix]
L, =(in,in —y), Ly = [ix — y, — in — 7], Ly = (— in — 7y, — in). In view
of (2.7) we can choose ¢; and y, 0 < &, <y so small that for |t| < ¢

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



ON THE DISTRIBUTION OF RANDOM WALK LOCAL TIME 73

the equation (3.1) inside the contour L has the unique solution v = t.
By the residue theorem

rt

J Ldv = — 27cie—
L) — Y Z0%

Since the function e™(Y(t) — Y(v))~! is periodic with period 2zi then the
integral along L, + L, is zero and
ll/(t) in erv
L) =— ———dv
O= 2 ) ¥0 — v
rt t t in—7y rv
_ 9 v . (3.2)

Vo) 2mi Joiny Y(E) — Y(v)
For 0<3|t|<|v—t| <y, if y is sufficiently small, [y (v)—y(t)|=Clt—v|*
Then taking into account (2.7) we may choose 0 < &; < y so that for
vel[—in —vy,in —y]and |t]| < g

(v) =y | = d (3.3)

for some d > 0. Thus the integral in the right-hand side of (3.2) is ana-
lytic function in |t] < é&;.

Consider the question how we can calculate the coefficients in a power
series expansion about ¢t = 0 for function Ly(z). We should find the expres-

sion for
in—y dv
I, = _in_y~——*(1 EEEEE p=012 ...

Let L’ =L, + L3 + L,. Then using Cauchy’s theorem obtain

dv in 1
L= | s = | Gt — A0 Jav— dv, (3.4
’ L(l—w(u))l’“ J_,-n<(1—¢(v»"“ f”“”)” Lf”(”) b G4

where f,(v) is chosen so that the integrand in (...) is analytic function
inside the contour L. Moreover f,(v) must be chosen such that the last
integral in (3.4) can be easily calculated. Let us prove an auxiliary propo-
sition.

ProposiTION 3.1. — For any B, G, L = G — B and integer N > 0,
p=0

N
1 1 (p+i)! (LY (LN (N4j)! BV N7
pF1 T Gprl 1 \g/) T\ 171 \G - 6:9)
B G plj! \G B /. NI \G

rpe =0

Vol. 23, n° 1-1987.



74 A. N. BORODIN

Proof. — Equation (3.5) for N = 0 is almost obvious. We suppose that
(3.5) holds for some N and every p = 0 and show that it then holds for
N + 1. Using the formula, which is easily proved by induction on s

Z(p A _(p+1+9)!
1! (p+ 1!s!”’

s=0, p=0, (3.6)

and (3.5) for N = 0 we have

N p
11 D (LY e D! 1 1
BP*1  GP*1 it \G N!j! G/*N-p| Groit1
j=0

Jj=0

P N+1

L 1 1 T (p+j)! (LY
T8/, GFipriE | [ T Gt it \G

k=0 j=0

L>N+2 L (N+j)!i<B>s+N+l—p}
+<§ /4 Nyt /\G ‘

J= s=J

Changing the order of summation in the last sum and again applying (3.6)
we obtain (3.5) for N + 1.

Setting in (3.5) B=1— ¢(s), G = Ds?/2, N = 2p + 1 and using the
decomposition (1.3), m = 2p + 1 one can verify that the function

2p+1

1 _ L o _ 1-2(p+1) (P + ! el
1~ ooy (Ds2> Zs ) ”< )

— i=1

is integrable. Finally substituting v = — is in (3.4) we find

p+1
I, =2nib, — i<D> 22p + 1) 1g72p- 1
2k

14
+ ))! PAALAE
“2 Y Qp— k) 4 ) ipzen-r Y PR (2
p'Jj! D
k=1 j

Jj=1
2p+1

(2 +)! 2\re
-7 —_p—!j—!_ﬂj(2p+l) B . (3.7)
1
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So we have
Lo = — — — =~ 4 ho 4 3.8
0 D: #°D 6D* @ 7 3-8)
Hence
U® =1+Dt+ Dby —— - )2y (3.9)
° oD 6D? :

Define H(t) = tln U(t) + In y(t) + pt, where B = r/n. Here and later
Inw=h|lo|+iargw, — < argw < 7.
Consider the saddle-point equation

dH
— = 3.10
5 (3.10)
. dH . . .
Since — is analytic function in the variables (f, , t) in a small neighbour-
di , dH PH
hood of the point (0,0,0), — =0, — = D, then the
dt B=t=1=0 dt p=1=1=0

equation (3.10) has (see, for example, [8], Ch. 1, § B, Th. 4) in some neigh-
bourhood of the point (0.0) the analytical solution
to = to(B, 1) = Z ZYkzﬁkT" Joo=0. (3.11)
k=0 1=0
The function H(z) for t e R! is real, therefore t, will lie on the real axis.
Taking into account (3.9) one can find

1 4 :
D 2D D 6D

The fact that t, is a multiple of (f + D) one can prove as follows. It is

sufficient to set § = — D in (3.10) and to prove that in this case the equa-
tion (3.10) will have the solution equal to zero. Using (3.9) we obtain
(B+Dr)? i n 2 1) }
H(to)=— ——+— D T bo—m———=|+...p (3.13
( 0) 2D +(ﬁ+ T) 6D3 :B+ 0 TCZD 7 T ( )
H(t0)=D+ X o (e D? (20— - — 2 1) et (3.14)
D 3D* #’D

We now proceed to the proof of (1.2). Denote H, = H"(t0)/2,
Y (L (t)e™"
Lo(t)(Lo(t) — 1)W(t) — 1)’

Making use of (3.2) we receive

b(t) = — b,(0) = 2D.

b.(t) = 2D + t6,, 10,] < Ce 2,
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From (2.18) it follows that for some 1 > 0

nH(to)

2mi

P(o(n, r)=q)= J " MO~ D, (t)dt + O(e™™)
Yto

enH(to) to+ic
- { f " MO~HODp (di+ Ofe™™) } +0(™). (3.15)
Yy to—ie

Here we apply Cauchy’s theorem and simple estimates for the integrals
along Iy = (y,,(e), to + ie), I = (to — i&, yo( — #)):

<Ce™, i=1,2. (3.16)

j en(H(t)—H(to))br(t)dt

1

This estimate is due to the fact that in the definition of y,(s) the angle of
the slope was chosen such that it belongs to (n/2, 3%/4) or to (— 3n/4, — n/2).
Using Taylor’s theorem we have

to+ic &
J e"HO—HEDp (1)t = ij e~ MHas*+OUsPNp (s + t4)ds
1

o—ie —&

&

= 2Dij e ™1 4 O(|s| + | to |)ds + j e "20(n | 5 |%)ds

-z —&

1 t 27D 1
= 2Di< —n—+ O<—+ | 0|>>=2i n—(l +O<—+B+r)>.
\ nH, n \/; \ n ﬁ
Combining this with (3.15), (3.14) and letting r = xﬁ, q= yﬁ, we
obtain (1.2) for x # 0. If x = 0 we should use the formula (2.19) instead
of (2.18). Here, in the saddle-point equation (3.10), one should take f = 0
and set

bo(t) = — ¥/ (OLoW(1) — 1)1 .

To prove theorem 1.2 for x # 0, y > 1/ﬁ we start from (2.21). Simi-
larly to the previous case we have

P(p(n,r)=>q)

g"Ht0) to+ic
= { J e"HOHEN_2/r O(1))dt+ O~ 2™ ) } +0(e™™)
t,

2mi 0— it

- enH(tO){ =2 8 e s o + E e_"H282/20< et >d8+0<—1_>}
2n— —¢ is+t0 —¢ |15+t0| ﬁ
e"“""’”‘” e B o } (3.17)

= — e 28° e N .

T —© iS+t0 \/;l
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Further

o] 0
-— J e nHas? —_ dS = — 2t0 J e nHas? % = 27'[6’"“2'% j ef"zlzdv.
o is+tg o tot+s VZnHa|to|

Let

0

R(x) = @’/ZJ e Py, (3.18)

X

The following formula is well-known

k—1
R(x):Z(— 1)f(2’);4.f1)”+Rk(x), k=12..., (3.19)
j=0

2k — DN .
where | Ri(x) | < TP From (3.19), k = 1, we obtain
B Y I ly —z|
|R(z) — R(y)| = Ri(x)dx|= || (xR(x) — Ddx | < .
v v lyllzl

Then applying (3.12), (3.14) and the estimate 1/R(y) < C(1 + y) we have

n 1
R(/2nH; |ty |) = R(\/%(B + Dr))(l + O(ﬁ +p+ r>>

Now from . (3.17) it follows that

2 n(p +Dr)? 1
P(o(n,r)=q)= Ji "Ml 2D j _ e™"2dy <1 +o<-— +ﬁ+r>>
T N Jn
D _ (BJ/A+ Do)
= /j e D dpem Bl +n71/20(1+\/;l(ﬂ+ 7))).
T nt

This is the required relation (1.4) if one let r = xﬁ, q= yﬁ.
Let us verify (1.4) for x # 0, y = 0. From (2.22) we derive
L[ YOLOV
2ni ), Lo@W(®) — 1)

This relation is similar to (2.21) when t = 0 and so it can be treated ana-
logously. Note only that in this case the saddle-point equation

P(o(n,r) > 0) = + O(e™™). (3.20)

d =0 3.21
Ztg(t)~ s ) (' )
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where g(t) = In y(t) + ft, is coincide with that for limit theorems for large
deviations for sums of i.i. d. random variables (see [9], Ch. 7, §2). Thus
if ¢, is a solution of this equation then

P B\
gty) = — D + ‘D—3ljll<m>,

where A(v) is the so called Cramer’s series.

4. PROOFS OF THEOREMS 1.3, 1.4

Consider the asymptotic behaviour as t — 0, t et_(9) of the function
L.(t). Let
L) e

+—.
Yty (o)
LEMME 4.1. — Let condition (1.5) be satisfied. If tet_(N) and |t] < ¢
for sufficiently small &, then
a) forallp>=0

Dy(t) =

dP
— Dt
2o 2

sup < C(1 + |t 17ptd), 4.1

b) for 0 < p < m — 1 there exists the limit

)4

hm— D,(t) = DP(— 0), 4.2)
which for r # 0 can be represented in the form
DP(— 0) = rP*17m0,,(r), | 0pp(r) | < Cppi ™2 (4.3)

REMARK 4.1. — The coefficients DY’(— 0) are determined by the first p
moments of £; and by J,, I < p where J; are defined in (3.4), 3.7).

Proof. — Let

Vi) =

in re

(4

27 ) WO — )

1 in 1 1
2 - rv _ d
Dr =5 Je (wm-qo(iv) wm—w(v)) !

It is clear that L,(t) = y(e)(V,(t) + D2(1)).
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Let y be the number defined in Lemma 2.1. In view of (2.7) and (2.8)
one can choose A so that for all se [— n, — y] U [y, 7] and some # > 0
holds | @m(s)| < 1 — 25n. By (2.11) there exists such p, > O that for
tet_(M)u {0} the equation (3.1) has in (Jv| < pa) N (Rev < 0) the
unique solution v = t. Let Dp%/16 < 5. Choose &a, 0 < €4 < pa, so that
for |t| < &a holds |1 — ¥(t)| < Dpa/16. Then applying Lemma 2.1 we
obtain that for ve [— iy, — ipa] U [ipa,iy] and || < e,

D D D
(@) =¥ | =11 =) | -1 —!//(t)|>§Pfx—‘Pi=—pi-

16 16
In addition one can choose p, so small that for 0 < 3|t < |v —t| < pa
holds |¥(t) — Y(v)| = D|t — v|*/8. Here t and v is not necessarily real
as it is in Lemma 2.1. Let y, > 0 be such that the rectangular

[=iva ipal+(pa, (= Dya) + [ = Dya, —((+1Dpal+(= G+ Dya, —iva)
belongs to the circle || < pa. Let

L' = (im, iya] + (iya, (0 — Dya) + [ — Dya, — (i + 1)pal
+ (= (@ + Dya, — iya) + [— iya, — in].

By the inequalities obtained above we have that for |t| < g5, t€t_(N)
and v € L’ the function y satisfies (3.3), where the constant d may depend
on A. By residue theorem

yv

e 1 e

. —_— dv. 4.4
VO 2mi e v — v “4

Vr(t) = -

From the formula of differentiation of the composition of functions
[7, p. 33] it follows that

dar ;
AU Y) ' = Z(lﬁ'(t))" Z Cu () — Y@) ™1, (4.5)

k<IS(k+p)/2

where Cy,(t) is a product of derivatives of function y(t). Denote the second
term in the right-hand side of (4.4) by D}(¢). The relation (4.5) together
with (3.3) imply that the function D}(z) satisfies conditions (4.1), (4.2)
for all p. To prove (4.1) for the function D?(t) we should again use the
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formula of differentiation of composite functions and then to estimate
the integrals

in v)— o(iv) | dv p+k
szltlk . - Ilp(ll)+l(p( )L T ngép, k<11+l2< T
—in [ W(O—Y @) [ [W()— @(iv)|

Here the factor |t |* is due to the fact that y’(t) ~ Dt.
Next we shall need the following estimates. If A, is sufficiently small
then for all tet_(M), ve [— iAs, iAL],

D D
| ¥(t) — oliv) | >Z|t2 — 0?1 Y(t) — Y(v) | ZthZ - v*|. (4.6
Indeed, taking into account (2.9) we can write
qo(iv)~lﬂ(t)=(v—t)[%(v+t)+0(ltl”"+|v+t|”")}+0(|vl“"). “.7)

Since t € t_(N) then there exists such n > 0 that

Ret < —n|Imt| 4.8)

and, consequently, |v + t| = |Ret| > |t|n//1 + n*. This and (4.7) yield
the left-hand side inequality in (4.6). The right-hand side one is proved
analogously. Applying (2.7), (2.8), (2.9) p =0, and (4.6) for all suffi-
ciently small r we have

n ‘S|m+2+éds 7/|t| |u|m+2+6du

Fk<C|t|"J

—____~<Ctm*1—p+6 _.
i |t2+sz|(p+k)/2+2 = | | — |t2/|t|2+u2 |(p+k)/2+2

This proves (4.1) for the function D?(t). Relations (4.2) is due to these
estimates also.

To obtain (4.3) we note that in view of (4.5) the coefficients D®)(— 0)
depend only on the first p moments of £; and of the expressions

K. = j e nivydv — J el — ()", I<p2, (4.9
—in L
where for brevity we let n(v) = (1 — @(iv))"'"! — (1 — Y(v)) "'~ 1. Since
¢(n) = ¢(— m) then integrating in (4.9) by parts N times for r # 0 we
obtain

K, = (;#{J‘m e"’d—Nn,(v)dv - J e'”d—ll(l — W(v))_’"ldu}.
dv L dv

r —in
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Dividing the interval [— im, in] into two parts [— i/r, i/r],
[ im, in\[— i/r, i/r] and again applying the formula of integration by
parts we have

(__1)N i ru d~ 1 s ~ir
K, = T _i/re W r]l(U)dU+ ; [e '11(17) |i/r/

4 i AR AN+ .
— ro d w” _ (1— 11y . .
(Lr + ‘ﬁ N )e AN 1 mv)dv+ J;,e p (I—y(v) U:I } 4.10)

The last integral is bounded in view of (3.3). To estimate other terms we
need the estimate
N

d
d—ﬁm(v) < Cly|m2-N-2t+e, 4.11)
v

To prove it one should apply the formula (3.5) with N = 0, B = 1 — ¢(iv),
G =1 — Y(v) and then verify that for 1 <[, + I, <]

& (gliv) — )
o (1= () (L — Y@=

This, in turn, can be done with the help of the formula of differentiation
of composite functions, (2.9) and the estimates (4.6), t = 0. The worst
estimate in (4.11) will be for [ = p/2. Then lettingin 4. 10)N=m — 1 —p
it is easy to conclude that | K, | < CrP~m*179,

To prove Remark 4.1 one should substitute in (4.9), with r = 0, the
expression for the second integral defined by (3.4), (3.7).

As a consequence of Lemma 4.1 we have the function U(f) has m + 1
bounded derivatives for tet_(NM), | t| < & Moreover there exists the limit
lim Uit =UP(-0,0<p<m+1and

< Cyn—2-N-20itb)+s

U™+ | < CR™L, | U3 | < CrP2. (4.12)

Here and later simbol (p) means the derivative of the order p. Consider
the saddle-point equation (3.10) provided that condition (1.5) is satisfied.
We may consider (3. 10) as a real-valued equation because the functions U(z),
Y(t) have the real values for real t. We shall solve (3.10) in two steps. First
consider the equation f = — Y/(¢)/y(t). Since Y(t) is analytic function
and y”(0) = D, this equation for all sufficiently small f has the solution

Hp) = Zakﬁ", g, = —1/D. 4.13)
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Let
U@ | ¥'() __Uew'® _ U
=g (t)[w(r) th ] KO= "o 0~ v
Then L(t(f5)) = 0. Now we consider the equation
T = L(t) 4.14)

in a small neighbourhood of the point #(f). For tet_(RN), | t| < ¢, in view

of (4.12), K(#) has m + 1 bounded derivatives, S(t) has m bounded deriva-
tives and

K™D | < C27Y, |S" ()| < C?d, j=1,2. (4.15)
Since | L'(¢(B)) | = 1/2 for all sufficiently small 8, the equation (4.14) has

a solution I(t) and
p—1

o\ (D —1+9)! 1 (LU D))\
1P(7) = T HE(ﬂ—U = > . (4.16)

where the summation is carried out over all non-negative integer solutions of
the equation k;+2k,+ ... +(p— 1)k, ;=p—1land s=k; +ky+ ... +k,_;.
By Taylor’s formula

3 s l(k)(O)‘L'k J‘t l(m+ 2)(0)(,[ _ v)m+1
l(r)—Z AR R martr et 4.17)

In view of (4.15), (4.13) and (4.16) the worst component of the remainder
of this expansion is estimated by

T |L("'+2)(I(U))||’C _ v|m+1 . " . .,
L (m + 1)! d < Cr L(Il(v)l Y+ BlIv) P~ 2)dv

< Cr"‘“Jt((ﬁ + v’ + B(B + v’ 3dv < CT"H (B + 19).
0

Again applying Taylor’s formula we find that for 1 < p < m + 1

m—p

LA+p(—Q Km+ 1)y _
LOXt(B)) = Z#( (B) + (_%_)?)(t(ﬁ))m+ 1=p 4 O 1P+

1=0
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The last two equations together with (4.17), (4.13) and (4.16) imply

to = l7) = Z Pt + O(Bmi*e 4 gmt1td)  (4.18)

1<k+ism+1

So t, is the solution of (3.10) and the coefficients y,; coincide with those
in (3.11).
Let h(t) = tIn U(t) + ln y(¢) and

m+1
ty =tolg=0 = zyoﬂl + O(T" 179 (4.19)
=1
be the solution of the saddle point equation
dh
—_— = 0
dt
Letting a(t) = Y(t)(Lo(t)(Lo(t) — D(W(t) — 1))~ %, a(0) = 2D, we can repre-
sent (2.18) in the form
P(p(n,1)=q)

= i J ™ Oq()dt — if "D (Dt ()dt +O(e™™). (4.21)
2ni J,,, 2n

Yty

(4.20)

Consider the first integral in the right-hand side of this equation. Denote
it by I,. Applying Cauchy’s theorem and the estimates analogous to (3.16)
along Iy = (7,,(e), 1o(e)); 12 = (o — €), 71,(— ¢)), We obtain

e"HEo)

o= —— U OB g(1)dt + O(e™™) } (4.22)

Yto
1 t (m+2)
For brevity write H, = H®(t,)/k!, a, = a®(to)/k!, e = %. By
virtue of (4.12) and Lemma 4.1 (m +2)!
m+1
H(t) — H(to) = ZHk(t — to)* + et — to)""?

k=2

+ O(lt — to " (|t + [t 1) + |t — 10 ]?), (4.23)

a(t) = Zak(t —to) + Ot — to["(It1° + |0 7). (4.24)
k=0
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Let f,; be the coefficient before v” in the decomposition
m+1

1 C B J
B,(v) = f<2akuk><2Hku" 2 4+ emv"‘> .
j!

It is clear that f,; = O for j > p. Expanding the exponential function by
Taylor’s formula, we obtain

m
J e"‘““)'““o”a(t)dt:j (= 10? an(t—to)”ij(t——to)dt
Yto Yto

=0

£

+f e_,,H252(1—!12)/20(|5|"'(|S|6+ [to1%)
—&

+n|s" (|5 P+ (o) + s2)+ [ns? 1" smt Dyds,  (4.25)

where # is taken from (4.8). Applying to the first integral in the right-
hand side of this equation Cauchy’s theorem and the estimates analogous
to (3.16) along Iy = (p,(e)s to + i8), I = (to — ie, yi(— €)) we find

m
enHo ig o
I,= 5 {J ™22 njvszmj(v)dv+n~mO(n—(1 +6)/2+(ﬁ+’6)1 +5)}
Tl —i : /
‘ j=0 21
enHo 0

= {j e~ mHs? E Zfztj(—l)l+jS21(n82)de

C2n —w

0sI<m/2 j=0

+n—(m+1+5)/20(1+(\/ﬁﬁ)1+5+(\/}[)1+5)}
o 21 ;
1+ j .
fal=1) Jr(l+1+1/2)Wz

0<I<m/2 j=0
+n'("’+1”)/20(1+(ﬁﬁ)l+5+(ﬁr)1+6)}- (4.26)

Next taking into account (4.12) and Lemma 4.1 we have that for
O<p<s<m+1

e
21

m+1—p
1 HE (= 0) +(lnt//(0))""”’ m+2-p
»T k! T m+2-p'°
k=0
+O(|to " 1P to 1P + 13)) (4.27)
m-—p
1N\ a*"(=0) , m—p+ s
a = —— O "), (4.28)
k=0
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Hence one can derive that
m— 21
Suj= Zczjt’6+0(|to|m_luu(ﬂtola‘i‘ lto]' %), 0<j<2L (4.29)

k=0

Setting f = x/\/ﬁ, T = y/ﬁ from (4.26)-(4.29) and (4.18) we deduce

NPD - (x+Dy)? i -
IO _ E e 2D enum(x/ﬁl,)’/x/i) { Zn-k/ZP;(x, y)

k=0

+n RO 4 x4 gL (4.30)

Consider the second integral in the right-hand side of (4.21). Denote it

by I,. Let a(r, t)= —D,(O)a(tW'(t), h=h®(t,)/k!, alr)=a®(r,t,)/k!. Then

using the analogy of (4.24) for a(r, t) with ¢, instead of ¢, it is easy to under-

stand that I; will have the expansion (4.26) with h, instead of H, and

g2i; instead of f;;, where g,; is the coefficient at v in the decomposition
m+1

_l‘ <Z ak(r)v"> ( z ht*2 + 0™t 1>j )
Jj!

By virtue of Lemma 4.1

m-—p

1 1
afr) = — z — gk, — )k + O(| 1, ["P+Y).
p! k!
k=0
Note that a®(r, — 0) = 0. Since h, has for p > 2 the same decomposition
H
as P m—21
s Z AP + Ot " 2 e 1y P [ 1),

k=0

0<j<2l, where |0;(r)| <Cuyr =%, Oo00(r)=0. Setting f=x//n, 1=y//n,

we obtain
m

—Dy2/2
I = S v { Zn"" 2QEN/nx) "0l 1)

27'5\/; = + n—(m+5)/2o(l + ym+6) } ,

where | 0, (v)| < Cpi | v] 7% Now (4.21) jointly with the expressions for
I, and I, imply (1.6). Equation (1.7) can be derived in a similar manner
from (2.19).
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Now we pass to the prove of Theorem 1.4. To prove (1.8) set
C) = p()(Lo(®) — D) — 171, CO) = —2.
From (2.21) it follows that

P(o(n,r) = q) = zimj ™0~ 1C(1)dt
- ;—J "D (OC(t)t ™ 1Y/ (t)dt + Oe™™). (4.31)

Letting C(t) = C(0) + (C(t) — C(0)) we obtain that it is sufficient only
to consider the integral
[=— 1 e"MOr =14y
7 Sy,

Indeed for m > 1 the second integral in (4.31) is treated analogously to I,
because the limit D()Ct/(t)t ' — — 2DD,(— 0) exists as t — 0,
tet_(M). The distinction of this case consists in the fact that the analog
of 0yotr) is not equal to zero. The integral

~ 1
I, = — j e"™MO(C(t) — C(0))t~ Ldt
2ni J,,,

is similar to 1,. The case m = 0 is special. For it we obtain

enH(to)

| To| =

J en(H(t) ~H(to))(C(t) — C(O))t —14t + 0(0— 1/2e— nl)
Yto

11

Q"H(m) © _Dv? i——msignv
<o—m| e ° | /nto + |v]e ™ P~ 1dp 4+ O(c~12e™")
7140) —

CenH(to)
< —~n~6/2—(1 + x° + 7).
As to the integral I, analogously to (4.25) we have

+1
e"H(to) ) . nJ' . &
I=— . t*lenﬂz(t'—to) ._'(t_tO)ZJ ZHk(t_tO)k—z
i Yeo [ J:

j= =

€
+en(t—to)"ydt + f e 2O (0| s " (1(| 512 + | 1o |2) + 57)
e E" signs

|~ ds].

+ 2T s Y |t + | sle
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The last integral has an estimate
n~(m+6)/20(1 +(\/;ﬂ)1+5+(\/ﬁr)1”).

The previous one we break into two integrals. The first of them does not
contain the term t~! and can be calculated similarly to (4.26). The distinc-
tion is only in that the decomposition of type (4.30) will have a polynomial
of degree at most 3k at n %2 The second one is

m . m+1 .
n’ ; J
ZT(— t0)2]<ZHk(_ to) 2 + e~ to)"') J L
j oJ' k=3 70
o =

Using Cauchy’s theorem with the contour of integration
Vo T I+ (to +ie", to —ie7) + 5.

where [} = (y, (6" ), to + ie¥), I, = (to — ie",7,(— &), and the estimates
analogous to (3.16), we obtain

et —nHyv?
J t_le"HZ('—‘“)zdt=ij dv+O(c™12e™)
Yeo U+t0

—&

© —nHyv2
= iJ‘ dv+O(c™ e "= —i /2aR(\/2nH, | ty|)+ O~ H?e™ "4,

— o il)+t0

where R(x) is the function defined by (3.18).
Since R”(x) < C, then by Taylor’s formula

m

R(z) = R(zo) + Z(R(ZO)PI}(ZO) - Q§—1(Zo)) +O(lz -z 1.

k=1

Here and later Pj, Q}, j = 1, 2, 3, are some polynomials of degree at most k.
Applying (4.18), (4.27), one can find

R(y/2nH; | to0])

:R<\/:’;(ﬁ+ Dr)>+ Zn_"/z[R<\/%(ﬂ+ Dt)>P§k(ﬁﬁ, ﬁt)

k=1

+ QA8 /1) 40 RO B (),
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Taking into account the fact that

Z"_: (— to)* (ZHk(— to) % + en(— to)"'>j
j:OJ. k=3
— an/ngk(\/;ﬁ’ \/21)4_ n~m+a20(1 +(\/;‘B)3m+5+(\/;n.)3m+6)’

k=0

and substituting f = x/ﬁ, T = y/ﬁ, from the relations obtained above
one can deduce (1.8).

The proof of (1.9) proceeds along similar lines. The initial equation here
is (2.10).

To prove (1.10) rewrite (3.20) in the form

1
P(p(n,r) > 0) = ij e™OC(t)t~ dt

V2
1
- —f "D (C(H)E Y (Hdt + Ofe™™),
2mi J,,

where

C(t) = YOLoB)() — )7, CO) = -2,

and t, is the solution of the equation (3.21). This relation is very similar
to (4.31), with ¢ = 0, and can be treated analogously.
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