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SUMMARY. — Let { M"(t) },=1.,.... be a sequence of Hilbert space valued
continuous local martingales. We give a necessary and sufficient condition
for which { M" } is tight in C in terms of { { M" ) }. Using this result we
show the preservation of the local martingale property under the weak
convergence in C of { M"}.

Mots-clés : Continuous local martingale. Weak convergence.

RESUME. — Soit { M"(t) },—1,,,.. une suite de martingales locales conti-
nues a valeurs dans un espace de Hilbert. Nous donnons une condition
nécessaire et suffisante pour que { M" } soit tendue dans C a l'aide d’une
condition de tension sur { { M" ) }. A I'aide de ce résultat, nous montrons

que la propriété de martingale faible locale est conservée par la convergence
faible dans C.

1. INTRODUCTION

Let H be a real separable Hilbert space with inner product (,) and
{ €; }jes be an orthonormal basis of H. Consider a sequence { M"(t) },=1.2,...
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372 S. NAKAO

of H-valued continuous local martingales starting at 0, where the time
interval Iis [0,T] (0 < T < + o) or [0, + o). Denote by dia { M" ) (t)
the vector of all diagonal components of (< (M", ey), M", e;) > ().iers
where { (M", e,), (M", ¢,) > is the quadratic variational process of the
martingales (M", e;) and (M", ¢)) (cf. [3] [6] [9]). We then regard dia < M" )
as an ['-valued continuous process in case that H is infinite-dimensional.

Rebolledo [//] proved, using Lenglart’s inequality [8], that in case
of H = R the tightness in C of { M™(t) },=1.,,... and the tightness in C of
{dia {<M")(t) }p=1.2.. (= {{M">(t) },=1.2..) are equivalent to each
other, where C is the space of continuous sample functions. A main purpose
of this article is to show the above equivalence holds even if H is infinite-
dimensional (Theorem A in Section 2).

By applying Theorem A we show that any accumulation point of
{M"(t) },=1,2,... under the weak convergence in C is also a continuous
local martingale (Theorem B in Section 3). Moreover the continuity of
the mapping dia { ) under the weak convergence in C is stated in Theo-
rem C in Section 3.

In Appendix we give an elementary proof of Theorem A in case of H = R
which is best adapted to the situation where all the processes considered
are continuous and which is based on change of time.

2. TIGHTNESS OF {M"} AND {dia{ M")}

For a real separable Banach space E, set
Co(l, E) = {wiw:I — E,w iscontinuous and w(0) = 0 }

and we define the usual metric on Cy(I, E) (see [5]); that is, { w, } converges
to w if and only if { w, } converges uniformly to w on each compact interval
in 1. Let B(Co(I, E)) be the topological g-algebra of Cy(I, E). We denote
the space of all probability measures on (Cy(I, E), Z(Cy(1, E))) by 2(C,(1, E))
and endow 2(Cy(l, E)) with the weak convergence topology. Consider the
following subspace of 2(Cy(1, E));

Pl Co(lL E)) = [ Pe 2(Cy(L, E)): <), 1
is continuous local martingale for every f e E’ |,

where E’ is the dual space of E.
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For an orthonormal basis { e;};; of H, define the mapping ¢:

Co(Il, H) — Co(I, I*(J)) by
2.1) dw)(t) = (W(t), e;))jes  for  weCy(LH), tel,
where for p = 1.2
P if dimH= + o©
IP(J) = . .
R f dmH=d< + .
Then it is obvious that

2.2) ¢: Co(I. H) — Cyu(l. I*(J)) is a homeomorphism .
According to the mapping ¢. we introduce the mapping ®:

P(Co(L, H)) - 2(Co(I, I*()))
by

(2.3) OP)=Pogp™! for Pe2(Cy1, H)).
We have then by (2.2)
2.4 ®: 2(Co(I, H)) » 2(Cy(1, I*(J))) is a homeomorphism

and

2.5) ®:2,(Co(I, H) — 2,,(Co(1, I*(J))) isa homeomorphism.

We denote by w(t) = (W;(t));c; the sample path of Cy(L, I*(J)). Since the
process (dia ¢ w », P) = ({ W; ) )jc1, P) is a I'(J)-valued continuous process

for Pe 2,,(Cq(1, I(J))), we can define the mapping dia { »:
Zim(Co(L, P()) — 2(Co(L, I'())
in the following manner; for Pc Pm(Co(1, I2(I)))

(2.6) dia< P » = the probability measure on Cy(I, I*(J)) induced by

(dia { %>, P).
We get the following theorem about the tightness of a family of H-valued

continuous local martingales.

TueoreM A. — Let P, € 2,,(Co(I, H)) (x € A). Then the following three

conditions are equivalent to each other.

i) {P,;ac A} istightin CyI, H).
ii) {DP):xe A} istight in Cy(I, [*(J)).
iii) {dia{ ®(P,) >;eA} istightin Co(J, I'(J)).

Vol. 22, n° 3-1986.



374 S. NAKAO

As stated in the introduction Rebolledo [//] proved the above theorem
using Lenglart’s inequality in case of H = R. So we will prove the above
theorem in case of dim H = + oco. For this purpose we estimate the tail
behaviors of { ®(P,);ae A} and {dia{ ®(P,);xcA} uniformly in o€A.

Let K be a subset of I? (p = 1, 2). It is well known ([4]) that K is relatively
compact if and only if

sup | ¢llip < + 00
ceK

2.7 >
lim sup Zm,;v:o, where c=1(cy,¢p,...).

n= 0 ceK
B

Let I = [0,T] and Q, e 2(Cy(I, I?)) (x € A). Noting (2.7), it is easy to see
that { Q,; a € A }istightin Cy(I, I?)ifand only ifforany e > Oandi=1,2,...
there exist a compact set K < [? and §(i) > O such that
(2.8) sup Q. sup |wi(t)—wi(s)| <eg)>1—g, i=12 ...

acA

0<s,t<T

|s—t]<8(i)

and ,

2.9) sup Q,w(t) e K for any tel) >1—c¢,
2eA

where w = (W, w,, ...)e Cy(l, IP).

From now on we denote by W= (W, W,, .. .) the sample path of Co(I, I).
We prepare a lemma for the proof of Theorem A.

LemMa 2.1. — Let I = [0, T] and P, e 2,,(Co(L, I?)) (¢ € A). Then the
following two properties are equivalent to each other.

i) For any ¢ > 0 there exists a compact set K = [* such that
(2.10) f’,(fv(t)eK for any te)=1—¢ for acA.
ii) For any ¢ > 0 there exists a compact set K < /! such that
2.11) dia{P,>((t)eR  forany tel)>1—¢ for acA.
Proof. — We show that i) implies ii). Assume that (2.10) holds. Set
_ finf {tel; w(t)¢K }
TElT it { )1 =¢.
Since it holds that

sup EP=[[| dia { > (T A 9)[ln] = sup EP=[ || ¥(T A 7) 2]

acA acA
<suplcllz=p<+ oo,
ceK
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WEAK CONVERGENCE OF CONTINUOUS LOCAL MARTINGALES 375
we get by Chebyshev’s inequality

2.12) su}gf’a(ndia(ﬁz)(TAy)||,1>G)§ for G>0.

Q=

On the other hand it is easy to see that

(2.13)  lim sup Ega[z<v%m>(T A y)]g lim sup zc,z,, =0.
n— oo acA n—oo ceK

m=n m=n

Let { & },—1,,,.. be a sequence such that ¢, | 0 and z e, £ ¢/2. Then

r=1

in view of (2.13) forany r = 1, 2, . .. there exists n, such that
(2.14) sup EP“[Z W > (T A y)] <ég.

acA
Putting )

Qr={V°v€Co(L ); Z o Y (T A ) > sr},

we get from (2.14) .

(2.15) fg(U Q,) < z 6 < g2,

B r=1

We then set K:{c:(cl, Cy .)€ | elln £ 2B/, Z lem| £ e,

forr=1,2, ... }. Obviously K is compact and satisfies from (2.12) and
(2.15)

supl%({@;dia(@)(t/\y)ef( for tel})z1—c¢.

aeA

Consequently we get from (2.10)

sup f’a({v?z;dia<v$>(t)eK for tel})=1— 2.

acA

We can prove the implication ii) — i) in the same way as above. O
We now return to the proof of Theorem A.

Proof of Theorem A. — It is obvious that i) and ii) are equivalent to each
other. We show the equivalence between ii) and iii). We may assume that
I=1[0,T] and dim H = + oo. The Rebolledo’s result [Cor. II, 3.14 in
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[11]) implies that the condition (2.8) with { ®(P,) } instead of { Q, } is
equivalent to the condition (2.8) with { dia { ®(P,) ) } instead of { Q, }.
On the other hand we get by Lemma 2.1 that the condition (2.9) with
{ ®P,) } instead of {Q,} is equivalent to the condition (2.9) with
{ dia { ®(P,) > } instead of { Q, }. Consequently ii) and iii) are equivalent
to each other. The proof is completed. O

3. PRESERVATION
OF LOCAL MARTINGALE PROPERTY

First we show that any accumulation point of a sequence of H-valued
continuous local martingales under the weak convergence is also a H-valued
continuous local martingale.

THEOREM B. — Z,,(Cy(I, H)) is closed in £(Cy(1, H)).

Proof. — We may assume H = [ Let { lo),, } converges weakly to
lc)(f),, € Z,,(Co(1, 12)), f’ € 2(Cy(I, I?))). Denote by R, the probability measure
on Cy(l, I2) x Cyfl, I) induced by ((%, dia ¢ W > ), P,). Theorem A implies
{ R, } is tight. Therefore there exists a subsequence { n’ } such that { R, }
converges weakly to R. For N =1,2, ... set

on(W) =inf { t;¢ + || W(t) |l > N }.

For each i=1,2,...,81,82, ...,5,,t1,t2,...,t, < s <t and bounded
continuous function f on (%) x (I')%, we have

B.1) ER Dot A o) SO, - . o W(s,), WEL), - - - W(t,)]
= ER (045 A on) fOVS1)s - - -5 W(s,), WY, - . ., W(E)].

Since oy is R-a.s. continuous on
Coll, ) x Co(, 1) and  sup E* [t A on)?] < + o0,
the equality (3.1) holds with R instead of R,.. Therefore we have
PeZ(Col, ). [

Next we state a continuity property of the mapping dia< ) defined
by (2:6).

THEOREM C. — dia{ >: 2,,(Co(, 1?)) —» P(Cy(1, I')) is continuous.
Proof. — Within the situation of the above proof, we can show that
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(W# — W;, R) is a continuous martingale for any i = 1, 2, .. .. Therefore R
is the probability measure on Cy(I, P) x Cy(I, ') induced by ((w, dia ¢ w >), P).
This implies that { R, } converges weakly to R. Hence { dia { P, > } converges

weakly to dia { P ) and the proof is completed. O

Applying the above theorems, we can easily get the following remark
about the central limit theorem for a sequence of Hilbert space valued
continuous local martingales.

Remark. — Let V = (v;;); j-1,2,.. be a nonnegative definite, symmetric

0

real matrix such that Z vy < + oo and lo’we Pm(Co(1, 1?)) be a Wiener
measure such that the niean vector is zero and the covariance function
is ((t A s)v;;). Consider a sequence {f’,,}(f)"eg’lm(co(l, 12))). Then the
following two conditions are equivalent to each other.

i) { 1%,, } converges weakly to f’w in Co(I, ?).

i) {dia < 103,, > } converges weakly to the distribution of (vyt, vy,t, .. .)
in Cy(I, I') and for any i, j=1,2, ... and t > 0 { the distribution of
(Wi, W i) (), IO),,) on R } converges weakly to the d-distribution at v;;t on R.

Finally we note that such infinite-dimensional central limit theorem for
current valued stochastic processes are investigated by Ochi [/0] and Tkeda
and Ochi [5].

Vol. 22, n® 3-1986.
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APPENDIX

As stated in the introduction, in the case of H = R, Theorem A is proved by Rebolledo
as a consequence of a general Aldous theorem for right continuous processes and using
Lenglart’s inequality (cf. [7] [11]). The considered processes M" may be discontinuous and
only the limits of { M" } and { { M" > } are assumed continuous. The proof is quite heavy.
We give here a direct simple proof adapted to the special case of continuous processes.

LemMMa A.1. — Let M(t) (t€ [0, T]) be an R-valued continuous martingale defined
on an usual filtered probability space (Q, .#, P, #,) starting at 0 with E[M(T)*] < + 0.
For each finite partition A = {0 =5, <s; < ... <s, =T} of [0, T], set

-1
(A.1) IA(M, t) = z M(s;) { M(sj+1 A t) — M(s; A £)} 0=tT.

j=0

Then there exists a universal positive constant C such that

(A.2) E[ sup f M(s)dM(s) — 1,(M, 1) 2}
0<t<T 0
S4CE[(MY(TD)] + CE[{ M) (T)*]'"?E[{ M ) (T)?; Q¢]'/? for e>0,
where Q ={weQ: sup |M( w)— M, )| e}
i
and [A] =0$n]_1§13(_1(sj+1 - 5;).

Proof. — It is easy to see that the left hand side of (A .2)

T
= 4E[‘[ M(s) =M([s])?d { M) (S)} S4e’E[<K M YT)]+16E[ sup M(s)*<M > (T); ¢,
0 0ss<T
where [s] = s;fors; <5 <sj,,(j=0,1,...,1 — 1). Applying Schwarz’s inequality to the
second part of the right hand side of the above inequality, we get (A.2). O

LEMMA A.2. — Let M"(t)(n = 1,2, ...) be an R-valued continuous martingale defined
on a filtered probability space (Q, .4, P, .#") with M"(0) = 0. Suppose that there exists a
stochastic process M on (Q, .#, P) such that with probability one { M"} converges to M
uniformly on each compact interval. Further suppose that there exists a constant f > 0
such that sup E[|M"t)[**#] < oo (t > 0). Then M is a continuous martingale with

E[]M(t)|*"#] < = (t > 0) and satisfies

(A.3) lim E[ sup [<M">(1) = (M>(®)*]=0 for T >0.
n—x 0 T

<t=<

Proof. — It is obvious that M is a continuous martingale with E[| M(t) |**#] < oo (t > 0).
1t6 formula implies

M"(t)? = 2[ M*(s)dM™(s) + { M" > (1).
4]
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We then get from the assumption

-4 lim E[ sup | M) — M()* ] = 0.
T

<t<

For any finite partition A = {0 = 5, < 5, <

2
E[ sup ]
0<t<T

. < s =T} of [0, T] we have

j M"(s)d M(s) — j M(s)d M(s)

0

0
t 2
< 3E[ sup j M"(s)d M*(s) — 1,(M™, t) ]+3E [ sup |Ia(M", £)—TI,(M, 1) 2]
0<t<TlJo 0<t<T
t 2
+ 3E [OsupT j M(s)d M(s) — I,(M, t) ]=a,,(A, 1)+a,A, 2)+a,A,3) say,
<t< 0

where 15(M", 1) and I,(M, ¢) are defined in the same way as (A.1). Since {{ M" ) (T)?}

is uniformly integrable, Lemma A .1 implies that for any ¢ > 0 there exists a positive constant
& such that

an(A, 1) + a,(A,3) <e  for [Al <o, n=12...,

On the other hand it is easy to see that lim a,(A, 2) = 0 for any A. Therefore we have

T

Proof of Theorem A in case of H = R. — First we prove that iii) implies ii). Let M"(t)
(n=1,2,...) be an R-valued continuous local martingale with M"(0) = 0 defined on a
filtered probability space (Q,, ., P,, #7"). We assume that { { M"> } is tight in Co([0, + o0), R).
Then for any n = 1,2, ... there exist an extension (Q;, .#;, P}, J7) of (Q,, #,, P,, #7) and
a one-dimensional Brownian motion B"(t) on (Q, #;, P;, #") with B"(0)=0 such that
M"(t)=B*({ M") (1)). The tightness of {(B", {M")>)} implies the tightness of { M"}.

Next we prove that ii) implies iii). Let M"(¢) (n = 1,2, ...) be an R-valued continuous
local martingale defined on a filtered probability space (Q, #, P, #") with M"(0) = 0. We
assume that with probability one { M"(t) } converges uniformly on each compact interval.

It is sufficient to prove that { { M" ) } is tight in Co([0, T], R) (T > 0). For N = 1,2, ...
andn=1,2,... put

t

j M?(s)d M"(s) — j M(s)d M(s)

0 0

Combining (A .4) with (A.5), we then get (A.3). O

(A.5) lim E[ sup

0<t<T

inf{te [0, T];|M™t)| > N}
S{N) =
T if { }=¢.
It is easy to see that for any ¢ > 0 there exists N, such that
(A.6) PS,Ng)=T)>1—¢ for n=12....
Since { M"(t A S,(N)) } is tight in Co([0, T], R) for N = 1,2, ..., we have by Lemma A.2

that { { M" > (t A S,(N)) }is tight in Co([0, T}, R) for N = 1, 2, .. .. Therefore the tightness
in Cy([0, T], R) of { { M" > } follows from (A..6). O
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