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ABSTRACT. — Let E be a completely regular topological space.
Mitoma [9], extending the classical case E = R, has recently introduced
the Skorokhod topology on the space D([0, 1]: E). This topology is inves-
tigated in detail. We find families of continuous functions which generate
the topology, examine the structure of the Borel and Baire o-algebras
of D([0, 1]: E) and prove tightness criteria for E-valued stochastic processes.
Extensions to D(R™": E) are also given.

REsuME. — Soit E un espace topologique complétement régulier.
Ftendant le cas classique, Mitoma [9] vient d’introduire récemment la
topologie de Skorokhod sur l'espace D([0,1]: E). Nous examinons en
détail cette topologie, donnons des familles d’applications continues
engendrant la topologie : nous étudions la structure des tribus de Borel
et de Baire de D([0, 1]: E) et démontrons des critéres de tension pour les
processus stochastiques. Nous terminons par des extensions & D(R*: E).

INTRODUCTION

The space D([0,1]: E), where E is a separable metric space, being a
model of various physical phenomena, has been a point of interest of
Probability Theory since the fundamental paper by Skorokhod [I2].
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264 A. JAKUBOWSKI

Recently Mitoma [9] has introduced the Skorokhod topology on the
space D([0, 1]: E), where E is a completely regular topological space. This
paper is devoted to the study of the Skorokhod topology just in this case.
In particular, it is proved in Sec. 1 (Theorem 1.7) that the Skorokhod
topology is the coarsest topology with respect to which all mappings of
the form

f:D([0,1]: E) - D([0,1]: RY)
@10 = £, te 0,11,

are continuous, where f:E — R! is continuous.

In Sec. 2 we consider the problem when Borel subsets of D([0, 1]: E)
are equal to cylindrical subsets of D([0, 1]: E). A simple « permanence »
theorem (Theorem 2.1) and some sufficient conditions for the cylindrical
subsets to be Baire subsets of D([0, 1]: E) (Theorem 2.5) as well as several
corollaries are given.

Section 3 contains « weak » tightness criteria for families of Borel measures
on D([0, 1]: E) (Theorem 3.1). Here « weak » means that the problem of
tightness of a sequence {X, },n Of E-valued stochastic processes with
trajectories in D([0, 1]: E) can be reduced to tightness of real processes
{f(X,)}nen» where f:E — R! is continuous, plus uniform concentration
in probability of trajectories of processes { X, },sy on subspaces D([0, 1]:
K) < D([0, 1]: E), where K is a compact subset of E.

In Sec. 4 the results for D([0, 1]: E) are extended over the space D(R " : E4).

Measurability properties of the Skorokhod spaces and, especially, weak
tightness criteria, are examined in Sec. S in a few examples.

1. THE SKOROKHOD TOPOLOGY
ON D([0,1] : E)

Let (E, 7) be a topological Hausdorff space. Denote by D, (E, t)=D([0, 1]:
(E, 7)) the space of mappings x: [0,1] — E which are right-continuous
and admit left-hand limits for every ¢ > 0 (in topology 7 !). One can prove

1.1. PropoSITION. — Let xeDy(E, t). Then the closure of the set
{x(t)|te [0,1]} is compact in (E, ) and coincides with

{(x(t)|te[0,11}u{xt—)|te[0,1]} W

If (E, t) is a metrisable space, each element x € D, (E, ) has only countably
many discontinuities. This is not so in the general case:
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ON THE SKOROKHOD TOPOLOGY 265

1.2. ExaMPLE. — Let E = (RY! with the product topology t,.
Consider the mapping

[0,1]5¢ > (x(5,.): [0,1] —» RY)€E
x(t, u) = Ip, 1o(t).

Clearly x € Dy(E, 7,) and it is easy to see that the set of jumps of the ele-
ment x Is uncountable:

(e (0 1]]x(0) # x(t—)} = (0,1]

(by definition x(0—) = x(0)). [ |
Now assume that (E, 1) is a completely regular topological space. Then
there exists a family { d; };; of pseudometrics on E such that

1.1) Vapeedia di(a, b) > 0.
(1.2) Vi jadka max(d;, dj)< di

and open balls in pseudometrics d;, i €1, form a basis for the topology t
(see [4]).

Following Mitoma [9], one can define on D,(E, ) a completely regular
topology by considering pseudometrics

(1.3) di(x, y)=inf max (sup | A(t) — t|, sup di(x(Ut)), W) iel,
JeA te[0,1] te[0,1]

where A is the set of strictly increasing continuous functions A: [0, 1] — [0, 1],
A0)=0, A(1)=1.

It is easy to see that the family {2,- }ia satisfies the conditions (1.1)
and (1.2), hence open balls in pseudometrics { d; }ia form a basis for a
completely regular topology on D,(E, 1), called the Skorokhod topology
on D,(E, 7). We shall see that this topology does not depend on the parti-
cular choice of pseudometrics ! d; ;..

1.3. THEOREM. — Let the family { d; j;o of pseudometrics on E satisfies
the assumptions (1.1) and (1.2). Let T be the topology on E generated by
the family { d; },q .

Then the Skorokhod topology on D(E, 1) defined by pseudometrics
{ d }ia depends only on the topology t on E.

We will divide the proof into two lemmas.

1.4. LEMMA. Letp,= 0=l <t <...<lg, =1l.ne s bea
sequence of partitions of the interval [0, 1]. Suppose that | p, | e is normal, i.e.

(14) |pn|_ max |tnk—[nk l| - 0.
1<k<k,

Vol. 22, n° 3-1986.



266 A. JAKUBOWSKI

and define the mappings T, = T(p,): D1(E, 1) — D1(E, 1) by the formula

x(tnk) if te [tnk9 tn,k+1)a k=0, 1’ cees kn_1

(1.5) T.,(x)(t)={x(1) if t=1.

Then

i) for every xeDy(E, 1) and i€l, Zli(T,,(x), x) = 0, ie T(x) - x in
the completely regular topological space (Dy(E, 1), { d; }ia)-

il) for each n, the set T,(D{(E, 1)) = Dy(E, 1) is homeomorphlc with B!
equipped with the product topology.

iii) The set UT,,(DI(E, 1)) is sequentially dense in Dy(E, 7).

neN

Proof. — i) Follows by suitable adjusted Lemma 1, p. 110, [3], and
implies iii), easily. ii) is an immediate consequence of the definition (1.3)
of pseudometrics d;, iel. n

1.5. LemMA. — Let {d; }iq and {{;};., be two families of pseudo-
metrics on E satisfying (1.1) and (1.2). Let the topology T generated by

{ d; }ia be coarser then the topology ¢ generated by { {; } jcy-

Then obviously D, (E, 1) > Dy(E, 0)
1B, 1=

and the topology on Dy(E, 6) generated by pseudometrics (T, ) ey is finer
than the topology induced from (D4(E, 1), { d; }ia)

Proof. — Observe that for every partition p,,
T(pn)(Dl(Es T)):T(pn)(Dl(E: 0)) = Dl(Ea T) a DI(E’ O—) y

By Lemma 1.4 iii) and the property (1.2) of pseudometrics (Zii)ieﬂ , it suffices
to check that for each x, of the form

a[k fOl’ te[tk,tk+1), k=0,1,2,...,N—13
Xolt) =
a, for t=1.
where 0 = 1y < t; < ... <ty = l,and for cach i€, and ¢ > 0 the d;-ball
S(xo. &) = { vED(E, 1] dilxo. 1) < ¢}

contains a certain o-ball.
Let for k =0.1.....N. j el be such that for some n, > 0, m <&,

{aeE |dlu,.a) <o) = taslb J(d,a)<ne,-
Letn = 12}}2N . and j be such that {; > Jnax G- If
z€S,(x0, 1) = { z€D4(E, 0) | {j(x0,2) <7},
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ON THE SKOROKHOD TOPOLOGY 267

then there exists A€ A such that sup |A(t) —t| <#n < ¢ and
1e(0.1]

sup. A1), ol1)
oo —max( max ( sup {(z00)), a)) {(z(1), an)) < 7.

O<EkSN=1 “teln,tic41)

Inparticular, sup di(z(At)), a,) < &k =0,...,N—1landd;(z(1),a;)<e.

telti, i+ 1)

Hence S,(xo, ) = Si(x0,¢). M
Let us note some immediate consequences of Theorem 1.3 and
Lemma 1.4.

1.6. PROPOSITION. — i) The continuous mappings f : [0,1] —» E form
a closed subset C([0,1]:(E, 1)) of Dy(E, 1) and the Skorokhod topology
on C([0, 1]: (E, 1)) coincides with the usual compact-open (or « uniform »)
topology on C([0, 1]:(E, 1)).

il) Dy(E, 7) is separable iff (E, 1) is separable.

iii) Dy(E, 7) is metrisable iff (E, 1) is metrisable.

iv) If (F, t 0 F) denotes the subspace F < E with the topology t " F
induced from (E, 1), then the Skorokhod topology on D(F, © n F) coincides
with the topology induced on D(F, 1 " F) by the Skorokhod topology on
Dy(E, 7).

V) If G is an open subset of (E, 1), then D (G, t n G) is an open subset of
Dy(E, 7). Similarly, if F is a closed subset of (E, t) then D(F, t n F) isa closed
subset of Dy(E, 7).

vi) If & = D, (E, 1) is compact, then there exists a compact subset K < (E, 7)
such that A4 < D{(K, 1 n K).

vii) All compact subsets of D(E. t) are metrisable iff (E, t) has this property.

Proof. — i) The compact-open topology on C([0,1]:(E, 7)) is simply
the complete regular topology induced by uniform pseudometrics

(1.6) di(x,y) = sup di(x(1), (1)), iel,
te[0,1]

where { d; };q is an arbitrary family of pseudometrics on (E, 7) generating
the topology 7. The arguments quite similar as in the metric case (see [3],
p. 112) show that the pseudometrics d; and d; are equivalent when restricted
to C([0, 1]: (E, 7).

ii) Follows from Lemma 1.4 iii). For the proof of iii) and iv) see Theo-
rem1.3.

) Let G be openin (E, 1) and let x, € D{(G, 7 n G).

By Proposition 1.1 the closure X, of the set { xo(f) |t € [0, 1] } is compact
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268 A. JAKUBOWSKI

in (G, T n G). Since G is open one can find a pseudometric d; and ¢ > 0
such that { aeE | di(a, Xy) < ¢ } = G. So necessarily S7.(xo, &) = Dy(G, 1~ G).

Observe that arguing in the same way one can prove that the sets
G,O = {x|x(t)e G in some neighbourhood of ¢, }, t, € [0,1) and
G, = {x|x(1)e G} are open in D,(E, 7). Let F be closed in (E, 7). Then
[Dy(F, 1 F)] = U (F<),, is open.

toe[0,1]
ri) Let ¥ be compact in Dy(E, 7). Let K = UE. We have to show
xe X"
that K is compact. Take any covering of K by open sets : K = U G,. By

aeA
Proposition 1.1 we know that for each x € £, there exists a finite number

of the sets G,: G, (x), Guyixps - - -» Gupuimy» SUCh that X < U G- Consi-

1<ism

der open sets of the form G,,= U G,, where Ay is a finite subset of A.
We have xeAg
H < U Di(Ga,, TN Gay) -
Ap=A
Ao-finite
By v) and the compactness of %" one can find a finite sequence A, A, . . ., A,

of finite subsets of A such that %" is covered by the sum of D{(G,,, T N Gy)).
But this implies that K = |_J¥ < ) Gn = U |_JG.. The state-

xeX 1< j<n 1<j<n aeAj

ment vii) follows from i), iii), iv) and vi). ]
The next theorem is based on the essential property of completely regular

topological spaces and seems to be the most interesting application of
Theorem 1.3.

1.7. THEOREM. — Let (E, t) be a completely regular topological space.
Suppose that the familyF = { f: E — R} of continuous functions on (E, 1)
has the following two properties:

(1.7) F generates the topology T on E .
(1.8) If f,gelF, then f+ gelF.

_ Then the Skorokhod topology on D\(E, 1) is generated by the family
F={f|feF} of mappings f:D|E.1) - D,(RY) of the form

(1.9) [/(0)]) = f(x(e)).-
where f belongs to [F.
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ON THE SKOROKHOD TOPOLOGY 269

1.8. LeMMA. — Let (E,, 13) be a completely regular topological space.
Consider a family { f;: E; — (Ej, t,) }ia which separates points in E,.
Denote by t; the topology on E, generated by the family { f; }.

Then the Skorokhod topology on D(E,, t,) is generated by maps

{ fio : Di(Eq, 1) = Dy((E2)™, (12)'°) Fioet, toinie
of the form

(1.10) [ A1) = (Filx())icr, € (B .

Proof. — The product topology on (E,)" can be defined by the pseudo-
metrics
1o, /(@i)ieres (Bi)iery) = m'fllx ojldi, b;).
L€lp

where the family { {; };., of pseudometrics on E, determines the topo-
logy 7,. So the topology t; on E; can be defined by the basis consisting
of all open balls in the pseudometrics dy, j(a, b) = (i, i( f1,(@), f1,(b)).

Now. it is sufficient to see that

{yeDy(E. 1) dyy j(x, y) < &}
= {fl“rl e Dl((E:)I“A(T:)I”)l :|.,A/(:~ S < e } . | |
By the above lemma, if the family F = { /:E — R'} generates the

topology 7 on E, the Skorokhod topology on D,(E, 7) is generated by all
« vectors »

Dy(E, )3 x = [(/i(x()) ..., fu(x(.)): [0, 1] — R™]eD;(R™),
where f1,/f2, - .,fm€F. The final reduction follows now from the fact
that the Skorokhod topologyv on D,(R™) is generated by the mappings

L:DyR™ - D;RY), 1<k<m,
(—b
lj+lk:D1(Rm) - Dl(Rl), l<]<k<m,

where [,: R™ — RY, I(ay, a,, - . ., a,) = a. Indeed, if x, — x, in D{(R™)
then

(1.11) Bi(x) = L(xo),s 1<k<m
—— —
I + Ix,) = 1 + Lixo), 1<j<k<m,

since I, 1 < k < m, are continuous.
Conversely, suppose that (1.11) holds. If x,, » xq then { x },.y cannot
be relatively compact.
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270 A. JAKUBOWSKI

1.9. LeEMMA (A version of Lemma 27.3 [/],seealso Lemma 5.2 [6]). —
Let K be a compact metric space. A subset A < D(K) is not relatively
compact if and only if at least one of the following three conditions is satisfied.

(1.12) There exist
a) a sequence { x,} < A’
b) te[0,1]
c) three sequencest « s, <t,<u, — t
d) elementsa # b # ¢ of K

such that x,(s,) — a, x,(t,) — b, x,(u,) = c.
(1.13) There exist

a) a sequence {x,} < A
b) two sequences0 < s, <t, - 0
c) elements a # b of K.

such that x,(s,) — a, x,(t,) — b.

(1.14) There exist
a) a sequence { x,} = A
b) two sequences1 > t, = s, — 1
¢) elementsa # b of K

such that x,(s,) — a, x,t,) — b. ]

Observe that all x, take values in some compact subset K = R™, provided
(1.11) is fulfilled. Hence we can apply Lemma 1.9.

Suppose that for some subsequence { x, } of { x, } the condition (1.12)
is satisfied. In particular, for all k, 1 < k < m,

(1.15)  Lxu)sw) = L@,  Len)te) = Lb) L)) — h(e).

If for some k, L(a) # W(b) # li(c), then we get a contradiction with the
relative compactness of { [y(x,) }. Hence for all k, Iy(a)=1,(b) or I(b) = L(c).
Since a # b # ¢, we can find j and k, such that

li(a) # 1j(b)(= Ij(c)) and (I(a) = )lb) # Iic).

Hence (I; + L )a) # (I; + L)) # (I; + L)(c) and writing down the conver-
gence (1.15) for I; + I instead of I,, we get a contradiction with relative

compactness of [; + li(x,). Similarly one can eliminate the conditions (1.13)
and (1.14). Hence x, — Xxo. |
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ON THE SKOROKHOD TOPOLOGY 271

2. MEASURABILITY PROBLEMS IN D([0,1] : E)

Let (E, 7) be a completely regular topological space and let X = (X,)c10.1
be a stochastic process with values in E, i. e. a family of measurable mappings

X, (Q, #,P) - (E, %), te[0,1].
where (Q, &, P) is a probability space and % denotes the o-algebra of

Borel subsets of E.

Suppose that all trajectories of X belong to the space D(E) (here and

in the sequel we drop the symbol 7 of topology, for 7 is fixed). Then X
considered as a map

X:(Q, #,P) - DE)
is measurable, if D,(E) is equipped with the g-algebra %p,r generated
by simple cylindrical subsets of D,(E). Recall that
2.1) %o,m = o(n, (%) te[0,1])
= o((n,.. ,)” (Be)®" | t1, .. t,€ [0,1),meN)

where for Ty = {t1,t5, ...,tn} = [0,1], the projection nr,=m,,,,
Dy(E) —» E™is defined by

,,,,, tm *

2.2) Trg(X) = (x(t1), X(t2), - . ., X(t)) .

In the case E = R', a remarkable equality €p,r:) = %p,r:) holds (see [3],
Th. 14.5) and it is reasonable to ask which spaces E behave similarly to R*,
1.e. which of them preserve the equality

(2.3) Cv,®) = Bo,E) -

We shall prove several results in this direction.

2.1. THEOREM. — i) Suppose that (E, 1) has the property (2.3). Then
every subspace (Eq, T 0 E,) of (E, 1) has the property (2.3).

i) If every finite product space ﬂ (E;, ;) composed of the elements
1<is<m

of a sequence {(E;, 1;) }icn has the property (2.3), then this property is
fulfilled also for the infinite product H(Ei, ;).
ieN
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272 A. JAKUBOWSKI

Proof. — Let E, < E. By the property iv), Proposition 1.6, of the Sko-
rokhod topology, %p,&, = %p.® N Di(E1), and by the definition of
o-algebras ép, ) and €p,&,) Gp,&) = €p,@® N Di(E;). Those two equalities
prove the part i) of Theorem 2. 1.

In order to make the proof of ii) more concise, consider the following
lemma.

2.2. LemMA. — Let (E, 1) be a Hausdorff topological space and let the
topology t be generated by a family of mappings { f;:(E,7) —» (Ei, ;) }ia-
1) For crery subset A < F.

(2.4) Az(\ﬁﬂh@)

I:—%Ei]le
where A denotes the closure of A and for a finite subset 1, = | the map
fi,:E — ﬂEi is defined by

ielp

(2.5) S1(@ = (fi(@)icr, -

ii) If the family { f; }ia is countable, then the c-algebra of Borel subsets
of E is generated by « finite dimensional » Borel subsets:

(2.6) By, = a((flo)_‘(%’n&) | Iy < 1, I,-finite)

iii) If the family { f; }ia is countable and, in addition, for each two ele-
ments f;and f, of the generating family, there exists an element fy,€{ f; }ia
such that f; and f can be factorized by continuous mappings and f,,:

fj:gjmofma ﬁc=gkm°fm>

where g;, E,, — E;and g,,: E,, — E, are continuous, then the structure
of Borel subsets of E can be described in especially simple way:

(2.7 Be = o((f)"(Be)lich). WA

Now, since the topology of the infinite product is generated by projec-

tions f;: HEi — Rj, je N, the Skorokhod topology on D1<|_[ E,~> is

ieN
generated by mappings (see Lemma 1.8).

F.= f{1,2 ..... m;3D1<HEi> - D1< H Ei)a me N.
N P

ie 1<ism

ieN
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ON THE SKOROKHOD TOPOLOGY 273

By Lemma 2.2 iii), the Borel os-algebra in Dl(]—[ E,-> is generated by

the o-algebras iy

F‘p;;l(’@[)]( I E,)) = E;l((g[)l(‘ ﬂhpw))« meN .

On the other hand. a similar consideration applied to the g-algebra v,
vields

Cpr1e) = o(m) ' (@pys) 1 1e [0, 1))
= o((n) (S b (B 7 ) | tE [0,1], meN)
= o(F, 1((61)‘( 1 E.-)) |me N).
Hence the generators of #y, ([1g) and € ([1g) are the same. ]

2.3. ReMARK. — It follows from Lemma 1.4 iii), that the property
(2.3) implies

(2.8) RBen = (Bp)®"  forevery neN.

By Lemma 2.2 ii), (2.8) is equivalent to Bgo = (Bg)®*.

Let E = R! with discrete topology. Then %y ® %y is strictly contained
in %g«g- Hence (2.3) may fail even in case of metric spaces.

If E is a separable metric space, then it is homeomorphic to a subset of R®.
From Theorem 2.1 immediately follows

2.4. CorROLLARY. — The property (2.3) is fulfilled for separable
metric spaces.

It is well known that for a metric space E, the Borel o-algebra in E coin-
cides with the Baire g-algebra generated by all continuous functions. In

the case when such a coincidence can be verified, one can prove at least
one inclusion in (2. 3).

2.5. THEOREM. — i) Suppose that in E the Borel and the Baire o-algebras
coincide: A
2.9) Be = o(C(E: RY)).

Then the simple cylindrical subsets of D(E) are Baire subsets of D,(E),
in particular,

(2 10) (ng(E) = O'(fo T, l fe C(E. Rl), te [0, 1]) (e '@D1(E) .

Vol. 22, n°® 3-1986.



274 A. JAKUBOWSKI

ii) Suppose, in addition, that Bgn = (Bg)®", ne N. Then every continuous
Sunction on Dy(E) is 6p,&)-measurable, i. e. Gp, ) coincides with the Baire
g-algebra of subsets of D;(E):

(2.11) o, = o(C(D4(E): RY)).

Proof. — Let fe C(E:R') and e [0, 1]. The function for, is a super-
position of the countinuous mapping f: D{(E) - D,(R!) (see (1.9)) and
the {t }-projection 7,:D;(R!) - R' which is measurable. Hence
fom, = T, [ is Baire-measurable on D,(E). This proves i).

Now, take any continuous function f:D;(E) - R'. In notations of
Lemma 1.4, for every nor.aal sequence { p, jn.en Of partitions of [0, 1],

S = lim [fT(p)I¥),  xeDy(E).

Hence it suffices to verify, that fo T(p,) is measurable with respect to
(ng(E)' Let Pn = {0 =l <tn<...< tnk" = 1} and let

h:T(p)(Dy(E) - E&*D

be the natural homeomorphism between these two spaces (see Lemma 1.4
ii)). Then .

feT(pa) = foh™ " omy,
where foh™1:E®*1D  R!is continuous and 7,y = M,g1,,

[f o T(p)] HB") = ngpho(foh™ ) 1B
< np (BETY) = np Y (Be)® ) < Ep,p)

provided %p. = (Br)®" for all ne N. [ ]
By assuming a more special structure of E one can use Theorem 2.5 ii)
to derive the stronger property (2.3). Here two examples are presented.

2.6. COROLLARY. — Suppose that the space (E, 1) has the following
two properties:
(2.12) Compact subsets of E are metrisable.

(2.13) There exists a sequence {K, },.n of compact subsets of E
such that for every x € D{(E) one can find K, containing the set
Xx={x(t)|te[0,1]}.

Then E has the property (2.3).

2.7. LeMMA. — If E is g-compact and every compact subset of E is
metrisable, then every compact K < E is a Baire subset of E.
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Proof. — Let E = UK,,, where K, are compact in E. For each ne N,

neN
let { fux }xev be a sequence of continuous functions on E, separating points
in K,:
Vapex,Iken fux(@) # fulb) .

a#b

If the sequence { gm }mev €xhausts the sum U{ Jfu | ke N}, then it sepa-

neN
rates points in E. Now, consider a Hausdorff topology v’ on E generated
by the sequence { g, }men- Clearly, compact set K in (E, 1) is also compact
in (E, 7’), hence is measurable with respect to the g-algebra generated
by the sequence { g,} = C(E:R?). Thus each compact subset of (E, 1)
.is a Baire subset of (E, t). [ ]
In order to prove Corollary 2.6 we will see that

(2.14) the Baire and Borel g-algebras in E coincide,

(2.15) Ben = (Bg)®" forevery ne N,
Then we will apply Theorem 2.5 ii) and show that

(2.16) in D4(E) the Baire and Borel o-algebras coincide.

Let A be a Borel subset of E. By (2.13) A = U A n K, where for each
neN

neN, AnK, is a Borel set in K,, hence by (2.12) a Baire subset of K,.
Now A n K, is also a Baire subset of E by Lemma 2.7.
The statement (2.15) follows immediately from o-compactness of E
and the equality
(Bp) N K" = (B 1 K)®"

which is fulfilled by (2.12) for every compact set K < E.
The statement (2.16) can be proved quite similarly as (2.14) provided

the decomposition D(E) = UDI(K,,) (given by (2.13)) is known and

neN

D,(K) is a Baire subset of D,(E) for every compact K < E. But

DK = () wK)

teQn[0,1]

where Q is the set of rationals, and in Theorem 2.5i) we have already
verified that under (2.14) the cylindrical set 7, }(K) is a Baire subset of
D,(E). |
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2.8. COROLLARY. — For each je N, let the space E; has the properties
(2.12) and (2.13) from Corollary 2.6. Then following the line of the proof
of the preceeding corollary, one can check, that every finite product
E; x E, x ... x E,, has the property (2.3). By Theorem 2.1 ii), the

infinite product H E; has the property (2.3), too.

JjeN
3. WEAK TIGHTNESS CRITERIA

~ The aim of this section is to prove tightness criteria for probability
measures on D(E).
Recall that a family { y; };q of probability measures on a topological

space (E, 1) is tight, iff for every ¢ > 0 there exists a compact subset K, = E

such that wK,) > 1 — ¢ iel.

3.1. THEOREM. — Let (E, 1) be a completely regular topological space
with metrisable compacts.

Let F be a fumily of (’onrinuous'_functions on E. Suppose that:
(3.1) [ separates points in E
(3.2) T is closed under addition, i.e. if f, g€F, then f+ geF.

i) A family { w; }ia of probability measures on By, is tight iff the follow-
ing two conditions hold:

(3.3) For each ¢ > 0 there is a compact K, = E such that

(DK, > 1 — &, iel.
(3.4) The family { w; }iq is F-weakly tight, i.e. for each feF the family
{ io(f)"! }ia of probability measures on D{(R") is tight.

ii) If the family { p; }iq is tight, then it is relatively compact in the weak
topology.

Proof. — The part ii) is true in general case: for families of measures
on completely regular topological space with metrisable compacts (we
know by Proposition 1.6 vii) that compact subsets of D;(E) are metri-
sable provided E has this property), see [/3], Th. 2, § 5, or [7], Th. 6, §4.

Let us consider the problem of necessity in part i). The condition (3.3)

follows from Proposition 1.6 vi). Tightness implies also (3.4) due to the
two following facts:

— for every feC(E:R'), f is a continuous mapping of D,(E) into
D,(RY) (see Theorem 1.7),
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— the image under a continuous map of a tight family of measures is
tight again.

In order to prove the sufficiency of conditions (3.3) and (3.4), let us
establish two simple topological lemmas.

3.2. LEMMA. — Assume that E and F are as in Theorem 3.1. Then
for every compact K < E there exists a countable family Fx < F satisfying
(3.1) and (3.2) when restricted to K.

Proof. — If F¢ satisfies (3.1), then finite sums of elements of Fx form
a class Fg satisfying (3.1) and (3.2). Hence we have to prove only that for
every K one can find a countable separating subfamily of F.

Consider the compact space K x K. Let (a, ))e K x K, a # b. By (3.1)
there exists f e[F such that f(a) # f(b).

Let U(a, b, f) be a neighbourhood of (g, b) of the form V x W, where
aeV,beW: f(V)n f(W) = ¢. ThenAnV x W = ¢,if A={(a,a)|aeK }.
K x K\Ais a separable metric space, and the family { U(a, b,f)|(a, b))e K x K }
covers K x K\A. Hence there exists countable subcovering { U(ay, by, fi) }ren-
The family { f; }en Separates points in K. ]

3.3. LemMA. — Let K be a metrisable compact. Suppose that a countable
family T of continuous functions on K satisfies (3.1) and (3.2). Then a
closed subset A~ <= D(K) is compact if and only if the set f(A') is compact
in D{(RY) for each feF.

Proof. — Only relative compactness of 4" remains to be proved. For this
we apply Lemma 1.9 in the same way as in the proof of Theorem 1.7. ]
Now, the proof of the sufficiency of (3.3) and (3. 4) is immediate. Let & > 0.
Let K be such that
wi(D1(K)) > 1 — g/2, iel.

Given K, let ¢ be a countable subfamily of F satisfying on K the condi-
tions (3.3) and (3.4) (Lemma 3.2). Denumerating the elements of Fy we

obtain a sequence { fi Jxen. For every ke N, let ¢, be such a compact
in D,(RY) that

e () NAH) > 1 — /241, el

Then the set A" = Di(K) mm(ﬁ)—l(fk) is compact by Lemma 3.3
and has the property keN

M(A)> 1 —¢ el
Hence the family { i Jier is tight. n
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4. THE SKOROKHOD TOPOLOGY ON D(R* :E)

According to our convention D(R*:E) (or simply D(E)) will denote
the space of mappings x: R* — E, which are right-continuous and have
left limits in every t > 0.

In the case E = R!, Lindvall [8] has defined the Skorokhod topology
on D(R') as the topology generated by mappings

r: DRT:RY) — D([0,n + 1]: RY), neN,
where

(4.1) raX)t) = ga(t).x(t),  te[0,n + 1]
and
if te0,n]
gn(t) = { .
—t+n+1 if tenn+1].
Since the generating family is countable, D(R') is metric and separable
(and even topologically complete).

When E is a linear topological space, Lindvall’s ideas are applicable

without any change. It is not so in the general case and we suggest to proceed
in the following way.

Let d be any pseudometric on E. By d, we will denote the pseudometric

on D([0, s]: E) defined by the formula (1.3) (where the interval [0, 1]
is replaced by [0, s]).

Let the map g,: D(R*: E) —» D([0,s+1]:E) be defined as:

(4.2) qs(x)(t) = {

x(t) f 0<t<s
x(s) if s<t<s+1.

Fix x and y in D(E) and consider the function
(4.3) R 55 > diilafv), a0) = Cx ).

Clearly, it is an element of D(R* : R"), hence is Borel measurable. Define
(4.4) fix, y) = 0[ e”* min (1, {{(x, y)ds .

{? is a pseudometric on D(E) and Proposition 4.1 below shows that the
convergence of sequences in (¢ is just the « Skorokhod convergence ».
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4.1. PROPOSITION. — Let { X, }nen be a sequence of elements of D(E).
Let {* be defined by (4.4). Then for some x € D(E) the convergence x, 7 X
holds if and only if there exists a sequence { Jn tnen = A ={A:R* - R |1
is increasing, continuous, M0)=0, At) - + o© if t — + 0 }, such that
for each te R* '

4.5) sup | A(s) —s| = 0
0<s<t
(4.6) sup d(x,(4a(s)), X(s)) = 0.
0<s<t

Proof. — The conditions (4.5) and (4.6) imply that for every seR™
with the property d(xgs), x(s—)) = 0, we have the convergence g(x,) — g,x)
in (D([0,5+1]:E), dy,). The distance d(x(s), x(s—)) may differ from 0
at most in countably many s, hence by the Lebesgue dominated theorem

{(x,, x) = 0.

Conversely, suppose that {%(x,, x) — 0. It suffices to find an increasing
sequence { Sy tmey = R™, s, ~ + 00 such that (¢ (x,, x) = al(qsm(xn),
45, (%)) =2 0,meN.

In fact, we shall prove much more, namely that 74x,, x) — O for each
point of continuity of x with respect to d.

Suppose that for some s with the property d(x(s), x(s—)) = 0 we have
{4x,, x) - 0. Then we can find a subsequence {n’} = {n} such that

4.7 (4 x,,x) <y forsome n>0.

But {{,(x,, xX) — O in measure u (where u is the standard exponential
distribution on R™) so one can choose a subsequence { n” } = {n’} such
that {{)(x,+, x) — O p-a.s. Hence there exists s’ > s such that {%(x,, x) — 0.
Consequently (%(x,..x) — 0 which contradicts (4.7). ]

4.2. REMARK. — During the preparation of this paper the author
has been aware of the paper [10] by G. Pages, in which another way of
metrisation of D(R™ : E) (E-Polish space) has been introduced. One may
easily adopt the technique of [10] to get new « Skorokhod » pseudometrics
on D(R* : E). It is evident that both the approaches are equivalent.

Similarly as in Sec. 1., one can define the Skorokhod topology on D(R* : E)
as the completely regular topology induced on D(R* : E) by a family of
pseudometrics { (% };;, where {d; };o determine the topology on E and
satisfy (1.1) and (1.2).

Just the same way as Theorem 1.7 one can prove
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4.3. THEOREM. — i) The Skorokhod topology on D(R*:E) does not
depend on the particular choice of the family {d; }ia.

ii) If F is any family of continuous functions on E, generating the topology
on E and closed under addition, then the Skorokhod topology on D(E) is
generated by the family { f | feF}, where, as previously,

[:D(E) - DRY. [f(0]0) = f(x(r). W
Repeating the proofs from Sec. 2, one can obtain Theorems 2.1 and 2.5
for DRR" : E).
Although it seems to be evident, we cannot prove that D(E) has the
property %) = Gp if and only if By, ) = 6p, ). Here is a partial result
in this direction.

4.4. PrROPOSITION. — Suppose that E is a linear topological space.
If Bp,xy= €p, &) then the same is true for the space D(E).

Proof. — It is based on Lemma 2.2 iii) and uses the fact that the topo-
logy of D(E) is generated by a countable family { r, },. [ ]

4.5. REMARK. — Let F < E be any subset of E. Then D(F)=D([0, t]: F)
is a subset of D,(E). But D,(F) can also be interpretated as a subset of
D(E) = D(R*: E), namely the set of those x e D(E) which take values
in F when restricted to [0,t]: Vo<s<:X(s) € F. The latter case will be used
below and in Sec. 5.

We end this section with tightness criteria in D(E).

4.6. THEOREM. — 1) For E and F such as in Theorem 3.1, a family
{ 1 }iar of probability measures on By, is tight iff the following two condi-
tions hold:

(4.8) Foreacht > 0and ¢ > 0 there is a compact subset K, , < E such that
m(D(K, ) > 1 —¢ i€l
(4.9) The family { p; }iq is F-weakly tight.
ii) If the family { W }ia is tight, then it is relatively compact in the weak
topology. [ |

5. THREE PARTICULAR CASES

Let E be a linear topological space. Denote by E’ the topological dual of E.
For the sake of brevity we introduce a special type of E-valued stochastic
processes.
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A weakly measurable stochastic process is a family X = (X;);cg+ of
mappings X, : (Q, #,P) - E such that for each yeE’, the family
{{X, ) hier+ is a real stochastic process.

If a weakly measurable stochastic process X satisfies additionally:

a) for almost all w € Q the trajectory

X(w) = R* 3t — X, (w)eE)
belongs to D(R* : E), .
b) the « weak distribution » of X, i. e. the probability measure induced

by X on (D(E), (| y € E’)), admits a unique extension to a probability
measure on Ao e).

then we say that X has a distribution on D(E).

A family { X'}, of weakly measurable stochastic processes with dis-
tributions on D(E) is weakly tight, if for each y € E’, the family of real sto-
chastic processes { { X', y > },q is tight on D(R?). This definition of weak

tightness is just the E’-weak tightness of distributions of processes intro-
duced in Sec. 3.

I. E is a real separable Banach space.

In such a case the weak measurability of X,:(Q, #) — E implies the
Borel-measurability (see [2]) and a weakly measurable stochastic process
is a Borel-measurable mapping into D(E)-see Corollary 2.4. Hence its
« weak distribution » is simply its distribution.

In limit theorems for Banach space-valued random variables the « linea-
rized » notion of tightness, called flat concentration, is more useful than
the usual tightness. We shall adopt this notion to Skorokhod spaces in
order to get weak tightness criteria for stochastic processes in Banach spaces.

Let|| . || beanorm on E. For any subset F = E, F¥(F*') denotes the (closed)
e-neighbourhood of F:

Fe={beE||la—bl| <& forsomeacF}
Fol = F°.

5.1. THEOREM. — The family {X'},q of stochastic processes with
distributions on D(E) is tight if and only if it is weakly tight and flatly concen-

trated, i.e. for every t > 0 and & > 0 there exists a finite-dimensional
subspace F < E such that

P(X' e D,(F) >1—¢, iel.

Proof. — Given Theorem 4.6, the proof of Theorem 5.1 follows comple-
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tely along the line of the proof of Theorem 4.5 on p. 24 of [2]. Indeed,
it suffices to check only that weak tightness and flat concentration imply

(4.8).i.e. .
P(X'eD(K,,) > 1 — ¢, iel,

for some compact K, , < E.
Let F,, n € N be finite-dimensional subspaces of E such that

P(X'e D,((F,)**""") > 1 — g/2"*1, iel, neN.
Moreover, let r > 0 be chosen so great, that (by weak tightness)
P(3(X") e D([~r,r])=P(X'e Dy ([=r,r]) > 1—¢/2m, i€l

I<k<m,
where { yi, ¥2, .. ., ym } = E’ satisfy

E'={yeE |ylp, =0} @span { yi, 2, ... Vm }-

Koo = YES?" T () (= rr)

neN 1<ksm

and observe that by Lemmas 4.4 and 4.3, p. 23-24 of [2], the set K, ,
is compact. Moreover,

Set

PX'eD(K,,)>1—¢ iel,

since D,(ﬂ Aj> = mD,(Aj) for arbitrary family { A;};c,. ]
Jey jed
From the proof it is clear that in the sufficiency part of Theorem 5.1,
the assumption on weak (or, more precisely, E’-weak) tightness may be
replaced by D-weak tightness, where D is an arbitrary total and closed
under addition subset of E’.

5.2. CoroLLARY. — Let H be a separable Hilbert space with the inner
product { ., .>. For an orthonormal basis { e, }en in H, define the functionrg:
H — R* by

rlzl(x)z Z <xaek>23 NEN
KENF1

Let D be a total and closed under addition subset of H.
Then the sequence { X"}, of stochastic processes with trajectories in
D(H) is tight iff it is D-weakly tight and for every ¢ > 0 and t > 0

Jim lim sup P(r(X"(s)) > ¢ for somes, 0 < s < t) — 0. [ ]
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II. E is the topological dual of a Frechét nuclear space.

Here we are going to look at Mitoma’s result [9] from our general point
of view.

Let ® be a Frechét nuclear space (see [/1]).

Let || . ]Iy < || .ll2 < ... be an increasing sequence of Hilbertian semi-
norms defining the topology on ®. Denote by (®,, || . ||,) the Hilbert space
arising by completion of the quotient space ®/|| . ||, and by (®_,, || . ||-,)
the topological dual of (®,,]| . ||,). After obvious identification, @’ is
a subset of @ and @’ = U @,

peN

@’ will be always equipped with the strong topology f (hence (®;) ~ @
by reflexibility of ®). Note that the topology induced from @ onto @’
is strictly weaker than the Hilbert topology (®”,, || . ||-,). But on compact
subsets of (D, || . ||-,) both topologies coincide.

Moreover, for every me N there exists n > m such that the canonical
mapping iy,,: ®, —» @, is nuclear. Hence the conjugate imbedding

ik . ’ ’
im - (D,m - (DAn

is also nuclear. We will use this fact in the proof of

5.3. PROPOSITION. — i) For each teR™ there exists a decomposition

D(@) = (_JDiK,)

neN

where for each n, K, is compact both in ®} and in (D, || . ||-,) for some
p = p(n) (i. e. an element x € D(?’) is « locally Hilbertian »).
ii) @ has the property (2.3), i.e. Bp,@ = €, @)

By Proposition 4.4 also Bpw) = Cpay

Proof. — Let x e D(®'). For each se [0, t], x(s) is a continuous linear
functional on the complete metric space ®. The family { x(s)|se [0,¢]}
is pointwisely bounded

sup [{x(s), o> < + 0, pe®,
0<s<t
hence by the Banach-Steinhaus Theorem, it is equicontinuous on @, i.e.
there exists me N and R > 0 such that
sup sup |<{x(s)p>|<1
0<s<t ||lo||m<R
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or sup || x(s)]l-m < /R =C < + 0.

0<s<t
Hence each x € D(®’) belongs to a set of the form
K,n=1{ae®||lall-n <N}, meN, NeN,

D(®) = U U Dt(I(T,N) .

meN NeN

and

Let m be fixed. There axists n > m such that the identity imbedding i} ,:
(D, 1l - o) = (D, 1l - |l=y) is nuclear, hence K, 5 as an image of
the bounded set under compact operator is pre-compact in (®_,, || . ||-,).

The part ii) follows then by Corollary 2.6 (all compact subsets of @’
are metrisable, since the space ® separates points in ®" and is separable
itself). ]

Note that by similar arguments one can prove Borel-measurability of
weakly measurable stochastic process with values in @’.

5.4. REMARK. — In the proof of Proposition 5.3 we have used the
compactness of the operators i,, ,: ®, — @, only. In the sequel the nuclea-
rity of i,, is unavoidable.

5.5. THEOREM (Mitoma [9]). — A family { X'}y of stochastic pro-
cesses in D(®') is tight if and only if it is weakly (i. e. D-weakly) tight.

Proof. — By Theorem 4.6 and the compactness of i, : ®_, — D,
it suffices to prove only that for each ¢ > 0 and ¢t > 0 there exists me N
and N e N such that

P(X'e D/(K,n) = P(sup [ X(S)l-n<N)>1 -2, iel,

O0<s<t

provided the family is weakly tight. But we cannot make it better than
Mitoma [9] did (see also Fouque [5]).

III. E is the topological dual of the strict inductive limit
of a sequence of Frechét nuclear spaces.

Let ® be the strict inductive limit of a sequence { ®, },.y of Frechét
nuclear space. Then @’ is isomorphic with a subspace of the product

space Hd); (see [I1]). From this representation of @', Corollary 2.8

neN
and Theorem 2.1 i) one can derive the equality Zpe,) = épe) -
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Moreover, it follows from the previous case, that any ®’-valued weakly
measurable stochastic process is a Borel-measurable stochastic process.

Suppose that a family { X'}, of stochastic processes with distribu-
tions on D(®’) is weakly tight.

Let m;: ﬂ ®, — @} be the natural projection, je N. By Theorem 5.5,
neN
the family { 7;0 X'}, is tight in D(®) for each je N, i.e. for each ¢ > 0,
t>0and jeN there is a compact K; c @’ such that

P(7;o X' e D(K,) > 1 — &2, iel.

Hence we have for every iel

P(Xiem(ﬁj)_l(D,(Kj) = D,(HKj>> >1—¢.

Now, applying Theorem 4.6 we get

5.6. THeorREM (Fouque [5]). — Tightness in D(®’) is equivalent to
®-weak tightness. [ ]
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