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324 G. KALLIANPUR, D. KANNAN AND R. L. KARANDIKAR

1. INTRODUCTION AND SUMMARY

The present paper is a continuation of the study of Feynman integrals
undertaken in Kallianpur and Bromley [//]. A major theme of that paper,
not taken up here, was the idea of using analytic continuation in several
complex variables to define Feynman integrals for different classes of
integrals. The purpose of the present work is two-fold: (1) To define sequen-
tial Feynman integrals by means of finite dimensional approximations
and (2) to establish the existence of both analytic and sequential Feynman
integrals for a wider class of integrals than the Fresnel class considered
in Kallianpur and Bromley or in Albeverio and Hgegh-Krohn [11] []].
The latter results will be collectively referred to as Cameron-Martin for-
mulas because of their formal similarity to problems of equivalence of
Gaussian measures. A special case of the Cameron-Martin formula was
given in [/2]. Both the analytic and sequential Feynman integrals and the
Cameron-Martin formula will be investigated in this paper at the level
of generality adopted in [/1], namely for classes of functionals on abstract
Wiener and abstract Hilbert spaces. ‘

A special feature of the paper is the definition of the analytic Feynman
integral for classes of functions on a Hilbert space H. This is done by the
use of finitely additive Gauss measure on H and the introduction of the
« m-lifting » map. These ideas, together with preliminaries on abstract
Wiener spaces are discussed in Section S. Section 3 is devoted to theorems
on analytic Feynman integrals. All the results pertaining to sequential
Feynman integrals are given in Section 2. These include the Cameron-
Martin formula for integrands in ¥%H) and for the class %4B) of functio-
nals on abstract Wiener spaces.

In Section 5, we specialize the theory to Feynman path integrals and
briefly indicate how the solution of the Schrodinger equation can be
represented as a Feynman integral either on a Hilbert space of paths or
on the space of paths of the Wiener process. The results of Section 5 (except
possibly for subsections (d) and (e) and the remarks in (e)) are not new and
are included as an application of the theory of the earlier sections and
also to enable the reader to appreciate the physical background that
initially led Feynman to his integral [6]. Moreover, while making Feyn-
man’s arguments rigorous in this section, we have tried to adhere as
closely as possible to his original approach as described in his book with
Hibbs ([7], Chapter 3, especially Sections 3.5, 3.6 and 3.11).
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FEYNMAN INTEGRALS 325

The relationship of our paper to other work in this area is discussed in
Section 6. Sequential definitions of the Feynman integral have appeared
in a very recent Memoir by Cameron and Storvick [3] and in papers by
Truman and Elworthy and Truman [/5] [5a] [5b]. These papers deal
with a Hilbert space of paths, the RKHS of the Wiener process and define
a sequential Feynman integral based on polygonal path approximations.
Cameron and Storvick confine their investigation essentially to what we
call the Fresnel class over C[0, ¢] and hence their results cannot be applied
to any problem involving unbounded potentials. Elworthy and Truman,
on the other hand, give a version of the Cameron-Martin formula for their
sequential integral on J#, in their paper [5 a]. Since this paper was written,
we have seen a copy of a recent paper by Elworthy and Truman, « Feynman
maps, Cameron-Martin formulas and anharmonic oscillators », [5b]
kindly sent to us by the authors. In it, a Cameron-Martin formula is esta-
blished for Feynman path integrals. Theorems 3.2 and 4.2 of our paper
may be regarded as generalizations of this result. Qur definition of the
sequential Feynman integral is also connected in some respects with
Tarski’s [/4] and is alluded to in Section 6.

As a final comment it may be useful to summarize some of the special
features of this paper:

(1) In the literature on Feynman integrals—and we refer here not to the
work of physicists but to theoretical investigations (e. g., in much of the work
of Cameron and his co-workers)—Wiener measure and Wiener space
provide a basic setting for the analytic continuation procedure. The present
paper sheds some light on the role of the RKHS of Wiener space in the
various definitions of the Feynman integral. In fact, our work shows that
the basic definition is that of the integral on a Hilbert space (any separable,
real Hilbert space H) and that the part played by Wiener space and Wiener
measure is secondary. As a consequence, the use of a (finitely additive)
Gauss measure on Hilbert space enters the problem in a natural way and
provides a probabilistic setting for Albeverio and Hgegh-Krohn’s theory.
The results of Sections 3 and 4 extend the latter to a larger class of inte-
grands, viz. to 9%H). Definitions of analytic Feynman integrals for H are
given directly (via m-lifting maps). Section 4 provides a sequential Feynman
integral theory in the set-up of [/].

(2) The definition of the sequential integral is given in terms of arbitrary
sequences { P,} of finite dimensional orthogonal projections converging
strongly to the identity in H. This generality makes the proofs of the main
theorems somewhat harder but has wider applicability even for the case
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326 G. KALLIANPUR, D. KANNAN AND R. L. KARANDIKAR

H = s, the RKHS of the Wiener process over C[0, ¢t]. For example, in
the latter case, it makes it possible for us to rigorously establish the Feynman
integral also via approximation by finite Fourier sums. To the best of our
knowledge this approach, already known to Feynman ([7], p. 71-73), has
not received as much attention in the mathematical literature as his other
idea, viz. analytic continuation.

(3) The work of the present paper shows that the Feynman integral
can be obtained no matter how it is defined, by means of a very general,

single limit finite dimensional approximation procedure, set forth in Theo-
rem 4.3. '

2. PRELIMINARIES: ABSTRACT WIENER SPACES
AND m-LIFTING MAPS

The basic notions of abstract Wiener space, measurable norm and « m-
lifting » map are due to L. Gross (see [8] and the references given there).
We briefly summarize them below for the reader’s convenience.

Let H be a real separable infinite dimensional Hilbert space with inner
product (., .) and norm | . |. Let £ be the set of all orthogonal projections
on H with finite dimensional range. For Pe 2, let

%p = { P"'B : B a Borel set in Range P }

¢=_J¢%.
P

A cylinder measure is a finitely additive nonnegative measure on (H, %)
such that its restriction to %p is countably additive for all P € #. The cano-

nical Gauss measure m on H is the cylinder measure on (H, %) characterized
by

2.1 jei“"h‘)dm(h) — e~ V2Imi?

and

Let || . || be a measurable norm on H, i.e. for every & > 0, there exists
P, e # such that for all P L P,, Pe %, we have

m{heH:||Ph||>¢} <s.

It can be shown that H is not complete with respect to || . ||. (See [/3]).
Let B denote the completion of H under || . || and let i denote the natural
injection. The adjoint operator i* maps the strong dual B* continuously,
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FEYNMAN INTEGRALS 327

one-to-one, onto a dense subspace of H* (which is identified with H).
By a well known result of Gross, the induced measure mi~ ! on the cylinder
sets in B is indeed countably additive and hence extends to a countably
additive measure v on %-the Borel o-field on B. The pair (H, B) is called
an abstract Wiener space and v is called the abstract Wiener measure.

d
IfH = { feCl0,1] : f absolutely continuous, f(0) = 0,—d—Jtie L2 [0, 1]}

with the inner product

(MR (df
(fis 1) = j <—dt—>.<-dt—>.dt,

then the uniform norm on H is measurable and in this case B is Cy [0, 1]
and v is the classical Wiener measure on C, [0, 1]. The concept of measu-
rable norm and abstract Wiener space is due to Gross. See Kuo [/3] for
forther details.

We will briefly describe the integration theory on (H, 4, m). We now
fix a CONS {e;} of H, such that e;e B*, for all j. For he H, xeB, let

n

lim Z(h, ejej(x), if the limit exists,

ji=1
0 otherwise .

2.2) (h, %)~ =

Let L:H — Z(B, %, v) be defined by
L(h)(x) = (h, x)™ .

Then L is a representative of the weak distribution corresponding tomi. e.,
for hy, h,, ..., heH and A a Borel set in R,

2.3) m{h: (b, (W) eA} =v{(L(hy), ..., L) EA}.

For a proof that (2.3) holds, see [11]. For a cylinder function f on H
given by -

2.4 (1) = ¢((hy, h), ..., (h, B)),

where h;e H and ¢ is a complex valued Borel function on R¥, we denote
by R(f) the random variable ¢((hy,x)", ..., (I x)~) on (B, 4%,v). We
extend this mapping as follows:

DEFINITION. — Let £(H, €, m) be the class of complex valued continuous
functions f on H such that the net {R(f-P):Pe2} (P, <P, if
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328 G. KALLIANPUR, D. KANNAN AND R. L. KARANDIKAR

Range P, < Range P,)is Cauchy in v-probability. Further, for f e #(H, €, m),
let

(2.5) R(f) = })in; in v-probability R(f - P).

The mapping R will be called an « m-lifting ».

DEFINITION. — Let

PV, G, m) = {fez(H,fg, m) - ﬁ R(f)|dv < oo}
and for fe %Y (H, %, m) and Ce¥, define

2.6) j fdm = JR(IC) R(f)dv.

ReEMARK 1. — In the above definition we have taken (B, 4, v) as the
« representation space » for the weak distribution L and for the m-lifting.
Other linear probability spaces can also be chosen leading to Feynman
integrals of different classes of functionals. This point will be taken up
in Section 5.

We will now introduce the Fresnel class #(H) of functions on H. This
class plays an important role in the later sections. Let .#(H) be the class
of all countably additive complex measures on Borel subsets of H with

finite absolute variation. Let #(H) be the class of all functions f of the
form

2.7 fhy) = jei"'"‘"d#(h)

for some pe . #(H). #(H) is the Fresnel class of Albeverio and Hgegh-
Krohn [/] and has been discussed also in [/7].

The next result shows that #(H) = #'(H, %, m) and gives a representa-
tion for R(f) for f e #(H). For convenience we will use the following
notation throughout this paper. Let E be a vector space and let 6 : E — .
For 1 > 0, we denote by 6* the function 0*e) = 6(1~ /%), ecE.

LemMMA 2.1. — Let f € #(H) be as in (2.7). Then f e £'(H, €, m) and
R(f) = F, where F is given by

2.8) F(x) = J ™" du(h), xeB.
H
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Further, for A > 0, we have

(2.9) R(f)=F* forall1>0.

Proof. — Fix pe #(H) and let f be given by (2.7). Continuity of f
follows from the Dominated Convergence Theorem for u. For Pe 2,

(f < P)hy) = f(Ph;) = Jei(h’l)h‘)d#(h) - j Ty
From the definition of m-lifting for cylinder functions, it follows that

(2.10) R(f o P)(x) = J P19 du(h) .

Using Fubini’s theorem
2.11) JIF(X)—R(f *P)(x)|dv(x) < J JIei""’”‘)~—e""""’NIdV(X)d |l (h)
B H JB
< J J |1—e P27 dv(x)d | | (h),
H JB
where | 1| denotes the total variation measure for u. For ¢ > 0, let

(2.12) u(o) = J |1 — e |1/ /2ne~>dy .
R

Since the distribution of L(h — Ph) under v is normal with mean 0 and
variance |h — Ph|?, we have from (2.11) and (2.12),

(2.13) JBIF(X)—R(fOP)(X)IdV(X)SJu(lh—PhI)dlul(h)-

Since u(c) — 0 as ¢ — 0and u is bounded, the Dominated Convergence
Theorem for | x| implies that

{JlF(x)—R(foP)(x)ldv(x)} - 0.
B Pe®
Hence
(2.14) R(f)=F.
From the definition of (h, x)~, it follows that for 4 > 0,
(h, Ax)~ = AMh, x)~ = (Ah, x)~.
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Hence

fith) = fe“""'"dm(h)
and

Fi() = Je“"wm(h)
where u; e #(H) is defined by

pi(B) = w(A!?B).
Hence invoking (2.14) for f* u* F* we get
R(f% = F*. O

REMARK 2. — The same calculations as above also give us the following
result. If P, 5 I, P,e 2, then

(2.15) R(f*oP,) — R(f% = F*in Z!(B, %, v).

(Here P, 5 I means P, converges strongly to I).

We now wish to evaluate the m-lifting for a wider class of integrands
on H which correspond, in physical problems, to certain unbounded
potentials such as the anharmonic potential. In the latter context and
for the RKHS of the Wiener process the class was introduced by Elworthy
and Truman and also by Ph. Combe et al. [5] [4].

Our immediate aim is to establish Proposition 2.4.

LEMMA 2.2. — Let A be a trace class operator on H and let P,e 2 be
such that P, 5 L. Then, || .||; denoting a trace norm, we have

(2.16) | P,AP, — A|l; —» O.
This is a well known result. For a proof see Gross ([8], Corollary 3.2).

LemMA 2.3. — Let A be a self adjoint trace class operator with eigen-
values { o, } and corresponding eigenfunctions { ¢, }. Let u(h) = (h, Ah),
heH. Then, for all A > 0, u*(H, €, m) and
2.17 R(u*) = v*

where v is given by

n

(2.18) v(x) = lim Zcxk [(ew x)~ 17 if the limit exists,
=1
=0 otherwise .
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Proof. — Since we can write A = A, — A_ where A, and A_ are self
adjoint, positive trace class operators, we have u(h) = u,(h) — u_(h) where
uy(h) = (h, ALh). It suffices therefore, to prove the result for a self adjoint,
positive, trace class operator A with eigenvalues { o; } and corresponding
eigenfunctions { e;}. Accordingly set u(h) = (h, Ah) = || Bh||> where the
self adjoint, Hilbert-Schmidt operator B is the square root of A. Now
Theorem 2 of Gross [8] can be applied to u and it follows that R(u) exists.
Furthermore, Corollary 5.3 of [8] implies that R(u) = ”11210 in v-probability

R(u o P,) where P, e 2 is any sequence converging strongly to the identity.
Choosing P, to be the orthogonal projection onto span { e, ...,e,} it is
easy to see that R(u) = v is given by (2.18). Note that the above limit is

finite v-a. s. since the series E a; converges. If we now fix 4 > 0, we have

=1

1 1 1
u*h) = Eu(h) and so R(u*) = ER(u) =70 From the definition of (e}, x)~

1
it follows that ;lv(x) = vX(x) and we have R(u*) = v*. O
We will henceforth use the more suggestive notation (x, Ax)™~ for v(x).

PROPOSITION 2.4. — Let ue #(H) and A be a self adjoint trace class
operator on H. Let g, G be defined by

(2.19) g(h) = 200 f e dy(h,)
H
and
2.20) G{x) = ei/z""A"rJ et du(h) = A9 F(x), say.
H

Then for 1 > 0, we have
(2.21) R(g" = G*
and further if P, > I, then
(2.22) R(g*°P,) » G* in LB, 4%, v).
Proof of Proposition 2.4. — If 1 >0, g*h) = eiul(h)f’l(h) and (2.21)
follows from the multiplicative property of R. Next for Pe 2,
R(g*=P) — G* = 2

Vol. 21, n°® 4-1985.
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and A
SR@P) Ly

(2.23) jIR(g“P)—G’lldvsI#HJIe2
B B
+J|R(f‘°P)—F*|dv,

B
where | u; | is the total variation of the complex-valued measure U, intro-
duced in Lemma 2.1. The integrals on the R. H. S. of (2.23) converge to
zero as P — I along £ by the dominated convergence theorem. We can,
in fact, replace P by P, in (2.23) and take the limit as P, -5 I. This proves
(2.22).

3. ANALYTIC WIENER AND FEYNMAN INTEGRALS

a) Integrals on abstract Wiener space.

Here we recall the definition of analytic Wiener and Feynman integrals
given in [//] and obtain a « Cameron-Martin » type formula for the ana-
lytic Feynman integrals. (For a special case, see [12]).

DEFINITION. — Let F be a measurable complex-valued function on B
such that

() JHA) = |F(A~2x)dv(x) exists for all real A > 0.

(if) There is an analytic function J¥ on Q = {xe ¢ :Rez > 0} such
that J§(4) = Jg(A) for real A > 0.
Then we will define #%(F) = J¥(z) and call .#Z the analytic Wiener integral
of F over B with parameter z.

If zLir_anﬁ(F) exists for some g real, we will denote the value of this
zeQ
limit by I¥(F) and define it to be the analytic Feynman integral of F over B
with parameter q.

If F and G are functions on B such that F = G a.s. v, then it does not
imply that Jg(4) = J5(4) for all 4 > 0 and thus F = G a.s. v does not
imply that #%(F) = #%G). (See [1/] for a discussion on this point). These
considerations lead us to the definition of s-equivalence of functions on B.
Given two complex valued functions F and G on B, we say that F = G
s-almost surely if for each o > 0,

v{xeB:F(ax) = G(ax)} = 0.
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It is easy to see that Ji(4) and Jg(4) exist simultaneously and coincide if
F = G s-a. s. For a function F on B, we will denote by [F ] the equivalence
class of functions G which are equal to F s-a.s.

We will now introduce the Fresnel class #(B) of functions on B.

F(B) = { [F]: F(x) = j 0™ du(h), pe M (H) }

As is customary, we will identify a function with its s-equivalence class
and think of #(B) as a class of functions on B rather than as a class of
equivalence classes.

For py, pu,€ #(H), let p; = u, denote the convolution of p; and u,.
Also let || 4 || denote the total variation of u € .#(H). Then .#(H) is a Banach
algebra. If for f e #(H) given by (2.7), we define || f ||o = || # ]|, then it
can be easily seen that #(H) is a Banach algebra and that the mapping
i — f (u, f related by (2.7)) is a Banach algebra isomorphism between
A(H) and & (H).

It is shown in [/1] [3] that #(B) is also a Banach algebra with the norm
IFllo = |l # || and the mapping p — F (y, F related by (2.8)) is a Banach
algebra isomorphism.

The following result gives an evaluation of the analytic Wiener and
Feynman integrals for F e #(B). This result is taken from [/]/] and the
short proof is included here for the sake of completeness.

THEOREM 3.1. — Let Fe #(B) be given by

3.1) F(x) = J &m0 du(h), pe M(H).

Then for all zeQ, the analytic Wiener integral #(F) exists and

1

(3.2) Fi(F) = J e =" auiny.

H

The analytic Feynman integral I{F) exists for all geR, ¢ # 0 and

(3.3) I4(F) = Le_ 5" hy

Vol. 21, n° 4-1985.



334 G. KALLIANPUR, D. KANNAN AND R. L. KARANDIKAR

Proof. — By Fubini’s theorem, we have
(3.4 JA) = j je“hf‘”xfdmh)dv(x)
B JH
- J j ¢ 0" dn(x)du(h)
H JB

1 2
= Je_ﬁlhl du(h) .
H
Let

3.5) J;(z)zje‘le“zdu(h), 2eQ—{0), O={zeC:Rez>0).

H

Then J#(1) = J(A) for real 1 > 0 and by the dominated convergence
1 2
theorem, J§(z) is continuous in Q — {0 }. For each he H, e =" is ana-

1

. — -1k .

lytic in Q so that Je 2 dz = 0 for every rectifiable closed curve C
C

2

in Q. Since |e * " | < 1forzeQ,asimple application of Fubini’s theorem
and Morera’s theorem give the analyticity of J¥(z). The proof of (3.3) is
immediate. O

The classes AY(H) and A%B). For a real number g, g # 0, we denote by
AY(H) [resp. AYB)] the class of functions g [resp. G] given by (2.22) [resp.
(2.23)] for some pe.#(H) and some self adjoint, trace class operator A
on H such that the bounded inverse (I + 1/qA)~ ! exists.

Recall that for a self adjoint trace class operator A with eigenvalues
{a;}, the Fredholm determinant of (I + A) (denoted by det(I + A)) is
defined by

(3.8) det (I + A) = H(l + )

and the Maslov index of (I + A) (denoted by ind (I + A)) is the number
of negative eigenvalues of (I + A), i.e.

3.9 ind(I+A)=#{j:1+0a;<0}.

With this notation, we have the following result on the analytic Feynman
integrals for the class ¥4B). (See also [12]).

THEOREM 3.2. (Cameron-Martin formula for analytic Feynman inte-
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grals). — Let A be a self adjoint trace class operator on H such that
(I + 1/gA) is invertible (g€ R, g # 0) and let F € #(B). Let

(3.10) G(x) = exp { i/2(x, Ax)~ } F(x).
Then the analytic Feynman integral I4G) exists and

L1+ 1/gm) by

(3.11) 14G) = |det(L + 1/gA) |- 12 2 ™7 f e D duhy
H

where p is related to F by (3.1). We will give a proof for g = 1. The proof in
the general case is similar.

Proof. — Let ¢; be the eigenfunctions and «; the eigenvalues of A. Let
¢ = (€, x)~ and h; = (€;, h). Clearly, £ ;7 < oo a. s. and hence we have

R0

(x, Ax)~ = Zajéf <oo  sas.
i=1
Now,

r —

(G.12)  Jo() = | GG~ 2x)dv(x)

r . o
_ |: j eﬁzla,-f, RN h’é’dv]du(h)
JHLJB

_1/2 mz, v+ ih;

" dy:|d,u(h)
since (&) is a sequence of independent standard normal random variables
on (B, v). To evaluate the infinite product, use the fact if Re b > 0 and
¢ is real, then

62

(3.13) 1//2n J e~ l2brievgy, — 1/pli2e 2

In this formula and in the sequel, for a complex number z = re”, r real
positive — 1 < 0 < &, z%/? will denote the number \ﬂem/ 2 where /r is
positive square root of r. Using (3.13) in (3.12), we get

1 02

“ o .—1/2 752’?1‘(14’%)
(.14) JG(A)={H< —7’>} Je duh).

Observe that since A is trace class, | o;| < oo and hence the infinite
product and series appearing in (3.14) converge absolutely.
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By renumbering the o; if necessary, assume 1+4a;<0 for j=1,2, ...,
m=Ind(I+ A)and (1 + a;) > 0 for j > m + 1. Choose é > 0 such that

o;j¢ [—1—0, —1+ 0] for all j. This can be done because o; # — 1
for all j and |«;| — 0 asj — oo. Let

@ =Qu{zeC:Rez=0,|1+1Lz|<5}.
For ze Y, let

m

(3.15) Aiz) = n(Z)”Z, (z — i)™ 172,
ji=1
B o\ 12
(3.16) Ay(z) = ‘I (1 — _J>
Z
j=m+1
and X
[ —1pmp, 2
(3.17) As(z)= | e T dp(h) .
JvH

We will first show that A;, A,, A; are continuous functions on Q' and
analytic in Q.

Since w — (w)'/2 is an analytic function on ¢’ = {re” :r>0, —n<f<n}
and for ze Y, z, z — i€ ¢, A,(z) is continuous on Q' and analytic on Q.

ia_ -1/2
Now, let 1 + uj(z) = (1 S for zeQ', j > m and
y4

Q) ={zeQ:0<1/ro<|z|<ro}.
It is easy to see that for some constant K,, we have
[(1+w) 2 —1]<Ko|w| for wef, |w|<1/2.

Since %2, | o;| < o0, | ;| — 0 and hence for fixed ro, there exists a j,

io;

such that for j > j,, ze Q/, we have |— | < 1/2 and hence
zZ

(3.18) lufz)| < Koro | o

for all j > jo, ze Q. Thus, £, ., |ufz)| converges uniformly on Q.
Since Q' = U 2,9, this implies that

Ay(z) = ]_[ (1 + a;(2)

j=m+1
is continuous on Q' and analytic in Q.
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As for Aj(z), first observe that for he H fixed, the series

2
(3.19) —12 Z N b, 2)
z — i
j=1

converges uniformly on Q, for all r, > 1 and hence for all he H, ¢(h, z)
is continuous on €’ and analytic in Q. Also, it is easy to see
that Re (¢(h, z)) < 0. The dominated convergence theorem now implies
that As(z) is continuous on €’ and Morera’s theorem along with Fubini’s
theorem shows that As(z) is analytic in Q.

Thus, J&(z) = A1(2). Ay(2). As(z) is continuous on Q' and analytic in Q.
It is easy to see that J&(4) = Js(4) for real A > 0 and hence (by definition)
1(G) exists and

(3.20) 1X(G) = J&(— ).

Now,

1)1/2
3.21 —
( ) Ay(—1) = H (—i— i )1/2
H o in/4
= - sincel +a;<0
1 + a |1/2 &

j=1
m

— <n|(1 + OC]-) |—1/2e*i1r/2 ind(l+L)>,
_oo

(3.22) Ay(— i) = H A+ a;) 12

j=m+1

= |(1+ocj)|‘1/2, asl+ij20,
j=m+1
and ©

(3.23) Ay(— i) = |e 17 Z L/

—i—iu;

= e““Zh%/(l + o))du(h)

j=1
~

= |e izt hg )
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Thus,

(3.24) L(G) = 1“(1 + o) du(h). 0l

~12 —%‘ind(HA) 7§<h,(1+A>“1h)
e e ”
H

b) Integrals on Hilbert space.

We now define analytic Feynman integrals for functions on H. Suppose

f:H — (€ is such that for all real A >0, f*e %' (H, %, m). For real
A >0, let

(3.25) K, (%) = j frdm.

DEFINITION. — Let f be such that there exists an analytic function K}(z)
on Q such that K¥(4) = K /(%) for real 2 > 0. Then we define K*(z) to be
the analytic Gauss integral of f over H with parameter z and denote it
by SUS).

Further, if for ¢ real, the limit

(/) = tim 7%/)

zeQ

exists, we define I4f) to be the analytic Feynman integral of f over H
with parameter q.

REMARK 3. — Suppose f is such that there exists an F : B —» € with
the property
R(f*) =F*

for all real 4 > 0. Then, it is easy to see that for all 1 > 0,

JHA) = K4(4)

and hence I4F) exists if and only if I%(f) exists and in that case both are
equal.

Now Lemma 2.1, Theorem 3.1 and Remark 3 give us the following
results.

THEOREM 3.3. — Let f e #(H) be given by (2.7). Then for z € Q, #%(f)

exists and .

F4S) = Le'k‘“zdu(h).
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Further, for all g real, g # 0, I f) exists and
(3.26) sYf) = f e " dulh).
H

Also, Remark 3, Proposition 2.4 and Theorem 2.2 yield the Cameron-
Martin formula for g e %4H).
THEOREM 3.4. (Cameron-Martin formula). — Let pe .#(H) and let A

1 -1
be a self adjoint trace class operator such that <I + - A> exists, (g€ R,
g # 0). Let q

(3.27) glh) = ¢ Ah)f " Pdp(h,).
H

Then Ig) exists and is given by

det (I + éA) _l/ze‘i;j“do+;A)Je‘2;("’(”;">l"> du(h).

H
4. SEQUENTIAL FEYNMAN INTEGRAL

(3.28) Iig) =

a) On Hilbert space.
In this section, we define the sequential Feynman integral and prove

an analogue of Theorem 3.4 (Cameron-Martin formula) for the same.
Let f :H — ¢ be such that for all Pe 2, for all real A > 0,

|yl

where m = dim PH and (e}, .. ., ¢},) is an orthonormal basis for PH and
then for ze Q define

o[ TLASe)

Observe that (4.1) implies that the integral appearing in (4.2) is a proper
integral.

@.1) Ry dé < o0
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DEFINITION. — Let f satisfy (4.1) for all 1 > 0 and Pe 2. Let q#0
be a real number. Suppose that

lim J(z,, B,)
exists for all z, - — ig, z,e Q and for all P, 5 I, P,e 2. Then we define

the limit, easily seen to be independent of { z, }, { P, }, to be the sequential
Feynman integral of f with parameter ¢ and denote it by I S).

REMARK 4. — It is easy to see that (4.1) is equivalent to
4.1y f*Pe LYH, %, m)

and further that J(4, P) = K r.p(4). Also, Morera’s theorem and Fubini’s
theorem imply that if (4.1) holds for all 1 > 0, J #(z, P) is analytic on Q
and thus

(4.3) Jidf o P) = Kinz) = Iz, P).

So, the sequential Feynman integral can equivalently be defined as
(4.4) I(f) = im 5(f - P,)

for z, - —iq, z,eQ, P, > 1, if the limit in (4.4) exists for all such {z.},

(P}

REMARK 5. — The sequential Feynman integral 1% f) can be regarded
as an integral of the function f(h)e'™"” with respect to a « uniform » (com-
plex valued) measure &, normalized such that the integral of e“* js 1.
Of course, such a measure does not exist and hence this indirect definition.

Many authors prefer the notation J e4"* f(n)P(h) (or some variant of
this) for IXf). In physical problems, it is useful to think of Ii(f)
as « Je"q"'lz f()D(h). »

We now show the existence of 1 for the classes #(H) and %%H) and
obtain the Cameron-Martin formula for the sequential integral.

THEOREM 4.1. — Let f € #(H). Then for g # 0, I4(f) exists and is equal
to I3(f), ,
~ kP2

4.5) I4(f) = 14f) = f e duh),

where f is given by (2.7).
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Proof. — Let P, > P. Let u, = poP, '. Then
(4.6) S oByh) = Jei(h,hl)d#n(hl)

and hence by Remark 4 above and Theorem 3.3, for ze Q

1

4.7 IeP) = Fif o P) = f e =" dpu iy = J e =™ aun.

Now, if z, - — ig, z,€Q; then Rez, > 0, and hence by the dominated
convergence theorem,

— 5 |hP?
@.8) lim J(z,, P,) = Je 2 duh).

Thus I f) exists and (4.5) holds. O
THEOREM 4.2 (Cameron-Martin formula). — Let g € ¥4H) be given by
%(h, Ah) .
(4.9) gh)y =e*  f(h)

1
where A is a self adjoint, trace class operator on H such that (I + AA>
is invertible and f e #(H) is of the form 4

(4.10) fh) = Jei"‘"")d#(hx), pe #(H).
H
Then I¥(g) exists, equals I%g) and has the value

ot (1 N 1A> -1/26‘%‘ind(l+$A)je—%(h(ﬁréA)»lh)du(h)‘
q

H
Proof. — We will prove the case g = 1. The proof for general q is similar.
Let P,e?, P, 5 I Let A, = PAP,, u, = po P, L. Then

4.11)  I¥g) =

Loam[
(4.12) goB(hy=e"" Je"""'“dun(hl) .
nOw if
ky,
4.13) Ah = E(h, ef)
ji=1
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where o] are the eigenvalues and e’} the eigenfunctions of A,, then proceeding
as in the proof of Theorem 3.2, it is easily seen

k

T @7 (-
JE(Z, P) = H m e ( ’)dﬂn(h) .
J

Jj=1

Fix z, - — i, z,eQ. Then

(4 14) Jf(Zm Pn) = an-bn
where .
(za)'?
(4.15) a, = Z ——(Zn — iac;?)”z
ji=1

and o

PSS Lt
(4.16) b, = |e e = 5) . ()

(he;

Y UL
= |e G =) d(h) .

We will now show that a,, b, have limits and evaluate them.

Let o; be the eigenvalues of A, enumerated such that 1 + a; <O for
j=1,...,m;1 4+ a;>0forj>m+ 1and m = ind (I + A). (Recall that
1 + a; # 0 for all j, as I 4+ A is invertible.) Since A, — A is trace norm,
we can rearrange { o} b j=1,...,k, such that

4.17) linm of = o, uniformly in j.

Also, A, — A in trace norm implies that ||A,|l; — ||A]l; i.e.

(4.18) '}i}gZ[oﬁ =Z|ajl<oo.

We claim that (4.17) and (4.18) imply that

(4.19) lim Z||oc;?l—la,~ll=0-
j=1
For this write
(4.20) [t | = Tl | = [ | + foy] = 2[a| A [0
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and use dominated convergence theorem and (4.17) to get

@.21) , };%Zm;e“m”:zm”.

Now, (4.18), (4.20) and (4.21) imply (4.19). Using usual arguments it
can be shown that (4.19) implies

4.22) Jim [sup 2|a,|]

Now write

(4.23) | a, = H(1 + ul)

where
(Zn)l/z lO(J -1/2
W=—"" _——1=|1-— —1.
T (2 — io)? Z,

(Here we have used that if Re z; > 0, Rez, > 0, then (z12,)Y? = z}/*.23/2)
Now, (4.17), z, - — i and |o;| — O implies that there exist ng, jo such
that for n > no, j = jo,

" <, ] < 12
J

4.24) ‘

n

and hence for n = no, j = jo,

(4.25) |ut| < K;.

— "
%1 <K, K. |
V4

n

where K, K, are constants such that

(4.26) H1+w| 2 —1|<K,|w| for|w|<12
and ‘
4.27) _Z <K, foralln.

Now (4.25) and (4.22) give

4.28) ’}irg[suleu7|]=0
j=k
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Also, (4.28) and the Inequality

H(l + uf) — l/s e
. i=k
1mply

(4.29) ,3‘}?0 sgp[ﬂ(l + uf) — 1] =0.

i=k

Now, (4.29) and the usual arguments give

(4.30) ,,hjg H(l + u;?) = ”(1 + u;)
Jj=1 ji=1
where
(= i)
Uj = lim 4" =

\.
e (=i =)l
Forj<m, (1 + ;) <0 and thus

—irn/4
.31) =1+, 12 °

P I+ 0|12 emin2

and for j > m, (I + o) >0 and thus
(4.32) up=11+4 a;|712,
From (4.23), (4.30), (4.31) and (4.32) we have

(4.33) lim a,,:e*""/'*"'"H”(lﬂL%)
J=1

For heH and n>1, let

-1/2
] = ,det(I—‘-A),-l/ze—in/Z.ind(hLL).

- n

(Bh, €7
¢m=—w2-~

Zy — ia)’

SO that
b, = f e“’"(h)du(h).
We claim that for all heH,

4.34) $ulh) = (h) % _ Zi(h, A+ A) ).
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To see this, let

kn
Ph, &) i
Pih) = — 1/22((_"1.’—_3’1_1‘,?) = —%(h, I+ A,)"1h).

Now,

1

Zy —dof — 0 — Qo

Z, + i
§ |2 + i o

io}
|%|<1—;QU+“ﬁ

asn — oo, since z, —» — i. In fact in view of (4.24), this limit is uniform
in j. Let LHS of (4.35) be less than ¢, for all j, where &, — 0. Then

kn

(4.36) | ¢uh) — )| < &, Z(P,,h, ) <e&l|lPh|> >0 asn - .

Jj=1

(4.35)

Also, A, — A in trace class implies that
4.37) IT+A) -1 > (I+A)'~1

in trace class (see Lemma XI.9.15, Dunford and Schwartz [I6]) and
hence ¢p(h) — ¢(h). This and (4.36) imply (4.34). Since z, € Q, it is easily
seen that

Re(¢,(h) <0
and hence

le®)| < 1.

Thus, from the dominated convergence theorem and (4.34),
i(h, I+ A) h

(4.38) b, — J e?Wdy(h) = f e 2 du(h).

Now, (4.33) and (4. 38) imply that J (z,, P,) converges to the RHS in (4. 11).
Thus, I;(g) exists and (4. 11) holds. Also, in view of (3.28), I}(g) = IX(g). O
We now consider sequential Feynman integrals.

b) On abstract Wiener space.

Suppose F : B — ( is such that
4.39) R(f*) = F* forall A> 0
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for some f e Z(H, €, m). For Pe 2, define F, by
(4.40) Fp =R(f-P).

By the definition of the R-mapping for cylindrical functions, it can be
checked that

(4.41) R(f*oP)=F} forall A> 0.

Now, F} converges in v-probability to F* and thus for each 4, { ¢ } is a
finite dimensional approximation to F*. Suppose that the analytic Wiener
integral #(Fp) exists for all Pe 2 and further assume that for all z,e Q,
z, = —iq, (@ # 0) and for all P, 5 [, P,e 2, the limit

(4.42) lim #2(F ) = 1F)

exists. Then we define I{F) to be the sequential Feynman integral of F
with parameter g.

It is easy to see in view of Remark 4 that
JdEp) = I(z, P)

and hence I4(F) exists if and only if I4( /) exists (where F, f are related by
(4.39)) and then both are equal.

Thus, Lemma 2.1 and Theorem 4.1 imply that for Fe #(B), I4F)
exists and is equal to I4F). Also Proposition 2.4 and Theorem 4.2 imply
that for G e %9B), I4G) exists and is equal to I%G).

REMARK 6. — The equality of the ‘sequential and analytic Feynman
integrals can be viewed as an approximation result for the analytic Feynman
integral in the following sense: Let ge %4H), z,eQ, z, - — ig and
P, 5 1. P,e 2. Then

(4.43) Ii(g) = lim #5(g - P,).

Similarly, for G € %(B) given by (2.21) and P, as above let G, be defined by
4.49) G, (x) = e‘("’P"A"""VJ eEM du(hy.
H

Then, for z, - — ig, z,€Q we have

(4.45) 14G) = lim #(G,).

In (4.43), #in(g - P,) can be evaluated explicitly as we have seen already.
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Using these observations, we can give a formula for analytic Feynman
integrals for the % class involving a single limit and proper integrals.
We state this result as a theorem for future reference.

THEOREM 4.3. — Let g € %4 H) and G € ¥%B) be given by (2.22) and (2.23)
respectively. Let { e, } be any complete orthonormal basis in H and let
z,€Q be such that z, - — ig (say z, = — ig + 1/n). Then

(4.46) Ii(g) = I{(g) = IIG) = I{(G)

(] TSy e

From now on, we will drop the suffix « a » and « s » from I4 and I¢ when
the integrands belong to the class & or %4

5. APPLICATIONS TO FEYNMAN PATH INTEGRALS

a) Feynman path integrals and the Schrodinger equation.

Feynman’s fundamental idea was to show that the solution of the Schro-
dinger equation of Quantum Mechanics (for a single particle of mass m)

oy h?

5.1 ih—=—-—Ay+V
©-1) ot 2m v v

¥(0, x) = P(x)
can be expressed as

27 Gtsyeas - £ [ Vots

(5.2) Y(t, x) = f 5 L oty

(@) =x
where the integral is carried over a suitable space of paths and 2(y) is a
uniform « measure » on the space of paths normalized so that

I Gt)ds
J f D) =1.

() =x

h
In (5.1) above, A is the Laplacian, # = — where h is Planck’s constant
and V is a suitable potential. 2n ,
For simplicity, let us consider the one dimensional case. In (5.2), let us
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write X(s) = y(t — s) — x, so that X(0) = 0 and y(s) = X(t — s) + x), to get

i r;le(xlS})zds _ ;;'rV(X(z — §) + x)ds
0

(5.2 (K, x) = J ehb

X(0)=0

.PX(@) + x)P(X).

Assuming that the « paths » y have finite kinetic energy, we get that X e #,,
where #, is the real separable Hilbert space of functions X : [0,t] — R

. dX
with X(0) =0, X= =€ L2[0, t] with the inner product
s

(5.3) MbXﬂ=JX@WMM&
0

Then (5.2) can be rewritten as

i J"V(X(t — 8) + x)ds

(5.2 Yt x) = J ER bt oX(t — 5) + 0)D(X)

Xed#,

and in view of Remark 4, the integral appearing in (5.2) can be regarded
as a Feynman integral with parameter g = m/h of the function g, , defined by

i J.lV(X(t — 8+ x)ds

(5.4) gAX)=e "h BX() + x)

over the Hilbert space s, Thus, Feynman’s idea can be expressed as
follows: The solution to the equation (5.1) can be represented by

n
A

(5.5 (e, x) = I< >(gt,x) ,

where g, . is given by (5.4).
Let the potential V be given by

(5.6) V(x) = ax*> + bx + ¢ + ~[ei"”dul(y)
R
and let ¢ be given by
(5.7) Px) = jei"yd#z( ¥)
R

where u,, u, are complex Borel measures on R with bounded variation.
Assume that ¢ e L%R). Then, it can be shown that g,, e %%#,) (with
q = m/h) and ¥ defined by (5.5) is a (weak) solution of the Schrodinger
equation (5.1) (see [/] [15]). We will not give a proof of this assertion.
We just remark that i defined by (5. 5) can be computed using our Cameron-
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Martin formula (Theorem 3.3 and 4.2) and then we can proceed as in [/]
or [15] to show that ¥ is a solution to (5.1)f

In (5.7) above, the solution to the Schrodinger equation was represented
as an integral over the path space J#,-which happens to be the RKHS
of the Wiener measure. We now show that instead of #,, we can take the
path space to be C, [0, ¢ ]-the space of real valued continuous functions X
on [0, ¢] with X(0) = 0.

For Xe #, let || X|lo = sup | X(#)|. Then || . ||o is a2 measurable norm

O0<s<t

on #, and the completion of #, under || . [lo is Co [0, t]. (See Kuo [/3]).
For V, ¢ satisfying (5.6) and (5.7), let
i

(5.8) G, (X) = exp <— . fV(X(t — 5+ x)ds)¢(X(t)+x), X eCol0,1].

Then, it is easy to see that G{, is a continuous function on C, [0, ] for all
A > 0and its restriction to #, is g/ . Thus we have by Theorem 6.3 in [13])

(5.9) R(gh) = G&, forall 2> 0,

where R is the « m-lifting » (see Section 2). Hence, by Remark 3,

(5.10) I(g.x) = I{(G..x)

and thus the solution i to the Schrodinger equation can also be represented
as

(5.11) Y(t, x) = 1N(G, ;).

In other words, the solution to the Schrédinger equation can be represented
as a Feynman integral of a functional over either 2, or Co[0, ].

In most of the physical literature on Feynman integrals, H is taken to
be #,—the RKHS of the standard Wiener process with paths X e C[0, t]
with X(¢) = 0. We have used J#, instead of #, so that the representation
(5.6)-(5.7) is similar to the Feynman-Kac formula.

b) Feynman integrals on the RKHS of the pinned Wiener process
and the Green’s function for the Schrodinger equation. ‘

According to Feynman, the Green’s function G (or the fundamental
solution) for the Schrodinger equation (5.1) is given by

(5.13) G(t + s, b, 5,a) = G(t, b, 0, )
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_ and _
(5.14) Git, b, 0, a) = j " g(x)
Xel',X(0)=a
X@)=b

where the action functional

t t .

S(X) = fL(Xs)ds - f ["5‘ (X(s)? — V(X(s»}ds,
0 0

L being the Lagrangian and I is the ensemble of all possible quantum

mechanical paths with finite kinetic energy and 2(X) s a « uniform measure »
on I' with the normalization

(g, R\~ 12
(5.15) J SIS @(X)=<2m’t—> .
m
Xel,X(0)=X(1)=0

Here I" = { XeTl' : X(0) = a,X(f) = b} is not a linear space (unless
a = b = 0) and thus we cannot use our definition of Feynman integrals
directly for the integral appearing in (5.14). Ito [9] has given a proof
of (5.14) (for a class of potentials V) by directly defining Feynman integrals
over I'” via an isometric mapping between I'" and a Hilbert space.

We shall proceed somewhat differently and follow Feynman more closely.
If one regards the path X of a quantum mechanical particle which is at
position at a time t = 0 and at position b at time t = ¢ as a random path
which deviates in a random fashion from the classical path X (i. e. the path
it would follow under the laws of classical mechanics), then it is natural
to write X = X + Y, Y being the random deviate and write the integral
in (5.14) as an integral over Y.

In his book [7] with Hibbs, Feynman has included a brief discussion
of this point of view with special emphasis on the case of the harmonic
potential.

Let V(x) = %wzx2 so that the action S(X) is given by
m [ A
SX) = — J (X2 — 0*X3)ds.
2 Jo
Since the classical path X satisfies
X, + o*X, =0,
it can be easily checked, using integration by parts, that

(5.16) S(X) = SX) + S(Y).
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Since 2(X) is a « uniform » measure, 2(X + Y) = 2(Y), Feynman
argues that

(5.17) J A g(x) = J A Vg0y) = ™ J e Mg(y)

XeI' YeI'o YelI'o

in view of (5.16), where I, = {YeI' : Y(0) = Y(t) = 0}. It is a simple
exercise to show that the first factor on the RHS in (5.17) equals

imw
(5.18) exp I:————« ((a®> + b*) cos wt — 2ab)].
2h sin wt

We now show that the second factor can be expressed as a Feynman
integral as defined in Sections 3 and 4, and can be evaluated using the
Cameron-Martin formula (Theorem 3.4 and 4.2) and that G given by
(5.13), (5.14) is the Green’s function for the harmonic oscillator.

Let #,, be the RKHS of the pinned Wiener process on [0,t] i.e.
Ho,={YeH, :Y(t) =0} Then, as sets #,, = I',. Let
o 3 wZL'(Y(s»lds

(5.19) g(Y) =
Then

i i m
+8(Y) Y PR
eh — 62 h

2(Y).

We shall regard Feynman’s heuristic integral

(5.20) Jeéw’g(Y)= J e%‘%’Y'Zg(Y)@(Y)

Yelp Ye#o,:

. _ ARG
as the integral given by <27tit —) I'"/(g) in view of Remark 5 and the
normalization (5.15) m

We now show that g e 944, ;) and evaluate 1%(g) (with ¢ = m/h) using
Theorem 4.2. We adopt a method used by Ph. Combe et al. in [4] for
the case of J#,.

Define a bilinear form &/ on #,, by

(5.21) ALY, Y2) = w2J‘tY1(S)Y2(s)ds.

It is easy to see that o/ is continuous and symmetric and hence
2 (Y1, Yz) = (Y1, AY,)
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for a symmetric bounded operator A. It can be checked that the eigen-
2t2

values of A are —— forn = 1,2, ... and hence A is a trace class operator.
n°n

Let A; = — gA. Then
t
(Y, AY) = — qwzj (Y(s))*ds
0

and hence

g(Y) — ei(Y,AlY) .

nm 1
For t # o (I + ~A1) = (I — A) is invertible and hence ge %%#,,)
q o

and by Theorem (4.2)
1
det<I+~A1>
q .
Minda- A
— [det( — A)["12e 2™ Y
2.2 |-1/2 _infot
[[ 1o st
n=1 n°m
~12 _infet
e 2["]

t t .
where [9-] is the largest integer less than 2 Finally combining (5.17)-
T T
(5.22), we have

Y2 _ Tind(l + 1A,)
2 q

(5.22) IYg) = e

[ee]

sin wt

wt

(5.23) Git, b,0, a)

m 1/2
- <2nith> ' (

maw

wt

12 _E[(Bf] fs(i)
) e 2Ll eh

12 infor ;
e 2["]_exp[ﬂ—{(a2+b2)cosa)t—2ab}
2h sin wt

sin wt

2mih sin wt

2.2
which is the Green’s function for the Schrodinger equation when V(x)=

(See [9]). The Maslov index does not appear in the expression (111) obtained

T
by Ito in [9]. This is because he considers values of t < — The Maslov
1)

index is also missing in the expression given in Feynman-Hibbs [7, Chap-
ter 3].
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¢) Polygonal approximations on path space.

As pointed out earlier, one important consequence of the equality of
analytic and sequential integrals in ¥ is that the analytic Feynman integral
can be written as a limit of finite dimensional integrals. When the under-
lying Hilbert space is s, these approximating integrals can be taken to
be integrals over « polygonal paths ».

Let us fix a partition I, = {0 < t§ <t < ... <tk =t} of [0,¢] and
let

(5.24) PK(s) =

1 f
—— | Wu)_, du.
/tg — t’;_ S t; i

Then it is easily seen that for i # j, ¢} and ¢* are orthogonal and | ¢¥ | = 1,
i=1,...,m. Let P* denote the orthogonal projection onto span
(9%, ..., ¢k,). Then it is easily seen that for X e #,

SNV /X(F) — X(
(5.2 (P9 = f 2(%)1@)“?_1,151@
;-1

0

X() ~ X(3-.)

— (s—1t_y) for &, <s
th— ik,

J

IA

t

which is the usual polygonal approximation of X for the partition { % }.
It can be checked that if &(m,) = sup |t — t*_; | tends to zeroask — oo,
Jj

then P* 5 I Let us fix such a double sequence { % }.
Then for g e 44 #,), we have by the definition of the sequential integral,

1/27 me o e
(5.26) 1%g) = lim [(—j—) ] f <> é@?)exp(— % E@)dé
k— o T RmMk 2
i=1 =1

where z;€Q, z, - — ig.

Here, Z7x, ;¢ is a polygonal path which is equal to Z}_, &(t¢ — ¢%,)'/2
at t = t} and linear elsewhere. Thus, for g € ¥4 #,), the Feynman integral
of g can be obtained as the limit of « proper » integrals over polygonal
paths. The same is true for ge 94 #, ) as P* given by (5.25) is also an

Vol. 21, n° 4-1985.



354 G. KALLIANPUR, D. KANNAN AND R. L. KARANDIKAR

orthogonal projection on #,,. Of course, in this case ¢¥¢ #,, and we
have to choose a different basis for P{# ).

d) Fourier series approximation of the Feynman path integrals.

In the sequential path integrals defined by Cameron and Storvick and
by Elworthy and Truman [3] [5] only the sequence of projections on
polygonal paths on #, or J#, are considered (see (b)). Theorem 4.3 enables
us to choose other sequences { P, } that lead to interesting approximations. -
For example, fix the complete orthonormal system {e,}, where

er) = f =

—~——sin - in #,, and define P, to be the orthogonal projection

with range, span { ey, ..., e, }. In view of Theorem 4.3, for any g € ¥4+ ;)
I%(g) can be calculated using { P, }. With this choice of { P, }, Theorem 4.3
makes rigorous Feynman’s ideas of an alternative method of evaluating
path integrals using « Fourier series » (see [7], page 71 where the integrand g
of (b) is considered).

¢) Remarks on the m-lifting approach.

In Section 2, the m-lifting R(f) has been defined as a random variable
on the abstract Wiener space B associated with a measurable norm || . ||
on H. It will be recalled that R has been defined in terms of (h, x)~ which
itself has been defined to be a Gaussian random variable on (B, v) with
zero mean and variance |k |2

Besides the examples of (H, B, v) already considered one could take (i)
B = CJ0,¢] and v to be a general Gaussian Markov process and (ii) B to
be the space of continuous functions x(ty,7,), (71, 72)€ [0, 1] x [0,1;]
and v to be the 2-parameter Wiener measure (sometimes also called the
Yeh-Wiener process). It would appear that the former problem would lead
to Feynman integral representations of solutions of other types of Schro-
dinger-like equations. At present, we do not know of a physical motivation
for studying problem (ii) in detail.

We have defined m-lifting in such a way as to facilitate comparison of
our results on Feynman integrals for integrands on Hilbert space with
analogous results for classes of integrands on abstract Wiener space. Our
interest in abstract Wiener spaces as a « ground space » for functionals
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for which Feynman integrals can be defined is due principally to the
following reasons: (1) A great deal of effort has been devoted to the analytic
continuation approach based on Wiener integrals ; (2) The formal connec-
tion between Feynman’s representation of the solution to Schrodinger’s
equation and the so-called Feynman-Kac formula; (3) The observation,
apparently due to Feynman (which might have inspired most of the Wiener
space approach) that the quantum mechanical paths may be compared
to the irregular paths of a particle performing Brownian motion.

The m-lifting approach seems to make clear, however, that the Hilbert
space is the basic path space rather than Wiener space of any sort. It is
possible, indeed to extend our definition of m-lifting to enable us to define
Feynman integrals for functionals of Gaussian whité noise which may be
conceded to be even more « irregular » than the paths of Brownian motion.
We outline this procedure without going into details.

Take H = L*[R!). The canonical Gauss measure on H is then called
Gaussian white noise. Let us write ( , ), for the inner product in H. Let
& = #(R) be the space of rapidly decreasing functions regarded as a
countably Hilbertian nuclear space with semi-norms || y||, such that

Ivllz = :’zoj(l + u?)?| y(w) Pdu, (p=0, 1, ...), y¥ being the jth

order derivative of y.

Then &’ the strong dual of % 'is also a nuclear space (but no longer
metrizable). For convenience let us write Q(y, y') = (y, ¥')o for y, y e &£.
By the Minlos-Bochner theorem, there is a unique (countably additive)
Gaussian probability measure v with covariance kernel Q (the « white
noise » measure) on (&', 4(¥’)) where 4(&’) is the o-field generated by
the cylinder sets { xe %" : [{y1, x>, ..., { VX ]€B}, B being a Borel
set in R, y,, ..., ype &. It is well known that & is | . |,-dense in L%(R)
and we have the following continuous imbedding ¥ = L%R) = &’. For
any he L%(R) we now define (h, x)~ exactly as was done in Section 2,
taking { e; } = & to be an orthonormal basis in L*(R) and { ej, x ) to the
evaluation of the functional xe %’ at e;. For any continuous, complex-
valued function f on L%(R) the definition of R(f) is now obvious with (B, v)
replaced by (&, v). Thus the entire theory of analytic Feynman and sequen-
tial Feynman integrals can be transferred to functionals defined on (&”, v).
Theorems 3.1 and 3.2 immediately apply to classes #(&’) and 94¥”’)
whose definition is analogous to that of #(B) and %%B) and the solution
to the Schrodinger equation can be represented as a Feynman integral
over <.
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6. CONNECTIONS WITH SOME RELATED WORK

1) Relationship to Cameron and Storvick’s papers.

We now turn to some recent work of Cameron and Storvick. In [2],
they have given a definition of the analytic Feynman integral on Cj|a, b],
the space of continuous functions x : [a¢, b] — R vanishing at a. In their
latest paper [3], Cameron and Storvick have introduced a sequential
definition of the Feynman integral in apparently a more general setting
than [/5]. The main result of [3] establishes the existence of this integral
for integrands belonging to two classes S and S* which are closely related
to the class S of [2]. We shall now discuss in some detail the relationship
of ‘Cameron and Storvick’s work with the approach and results of the
present paper. Before we do so, however, two general comments seem
to be in order: (i) The integrands in [3] are functions on domains contained
in C[a, b] or on the RKHS of v-dimensional Wiener process. Even for
this case, while the sequential integral defined by Cameron and Storvick
deals only with polygonal approximations, the application of our results
permits other kinds of finite dimensional approximations. One typical
and important special case of the latter, as pointed out in the preceding
section, leads to a rigorous justification of the « Fourier series » method
of approximation alluded to in Feynman and Hibbs. (ii) All the integrands
considered in [3] belong to the Fresnel class (as will be seen later)—except
for an example of a cylinder function (see Sec. 2) which can be treated
easily in our set up. The Fresnel class cannot be used when unbounded
potentials are to be considered (see example of the harmonic potential
of the previous section). For this purpose, we need to consider the classes
%%H) and 94B) for which a Cameron-Martin formula has been proved.

To relate their work with our present work, let us assume, for simplicity,
that v = 1 and [a, b] = [0, 1]. Let # be the RKHS of the Wiener measure
on C, [0, 1]. Then, as observed in Section 5, (i, #, Cy [0, 1]) is an abstract
Wiener space (there, # was denoted by s#;). The analytic Feynman

anf 4
integral, J F(x)dx in the notation of [2] coincides with I¥F) in our

notation for the choice (H,B) = (o#,Cy[0, 1]). In fact, the definitions
themselves coincide. See Kallianpur and Bromley, and Johnson [/1] [10]
for the relationship of this definition to that of Albeverio and Hgegh-
Krohn [/] when F belongs to the Fresnel class.
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Let us begin by recalling Cameron and Storvick’s definition of sequential
integral, again for the case v =1, [q,b] = [0, 1] for simplicity.
The sequential Feynman integral of a functional F on Cy[0, 1], denoted

sfq
by J F(x)dx, was defined in [3] as

sfq 1
(6.11) J Fx)dx=lim C,.j exp(—fsz | X(5,T1,, z:)|2dt)F<X(.,nmé»d«:
Rm™n 0

where I, ={0=t5 <t} < ... <tp =1} is a sequence of partitions
of [0,1] such that &TI,)= max [t} —1f}_| - 0; 2z, > —i
1<j<my,

€n = (22—">7H3~"2 (t; — t;_1)"Y2 and for éeR™, X(.,TI,, &) is the poly-
[

gonal path given by X(0, IT,, &) = 0, X(¢, I1,{) = &; and linear in each
of the intervals [¢}_4, t7]; 1 <j < m,. (It is required that the lim in 6.11
exists for all z, - — i, §(I1,) —» 0 and is independent of the sequences
{2} {TL}).

It is easy to see that for all IT,, & X(., IT,, &) belongs to # and thusin (6.1)
above, we can replace F by f, its restriction to 5. Indeed, denoting by P,
the orthogonal projection on # given by (5.25), we have

X(., I, & e Py (5F).

Also, if (¢7, ..., #},) is the orthogonal basis for Py, (#) given by (5.24),
then it is easy to see that

nmy

6.2) X(., M, €)=Zf—__—é—)—3 7 (60 = 0)

i=1
and

N (€ — &)

T

1 -
6.3 j IX(, T &) Pt = | XC Ty &) [ =
(4]

j=1

Thus, substituting & = (&; — &;-4).(t7 — t}-;)""* in (6.1) (with &, = 0)

and recalling that f = F|,, X(., I, &) e #, we get (using (6.2), (6.3)),

that the integral appearing on the RHS of (6.1) is J{z,, Pp,) (see (4.1)).
Thus their definition can be rewritten in our notations as

sfq
(6.4) j F(x)dx = lim J(z,, Pr,)
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if the limit exists forall z, — — i, { I, } such that §(T,) — Oand f = F | .
Thus it is clear that in the definition of the sequential integral of F, the
values of F outside 5 do not play any role. Also it is easy to see that

sfq
©.5) J F(&d¢ = 1i(f)

if the latter exists, where f = F |,. These remarks show that the sequential
integral of Cameron-Storvick is really an integral over # and not over
Co [0, 1]. (The authors of [3] themselves seem to have realized this. See
note at the end of Section 3 and the counterexample in [3]).

In [3], Cameron and Storvick have shown the existence of and evaluated

anfq
the integral J F(&)dé for FeS, where (in our notation)

S = {F (F(Q) = Jexp (i(n, O~ )dun)s-a.s., pe MA )}-

As has been pointed out in Johnson [/0] and Kallianpur-Bromley [/7],
the evaluation of this integral follows immediately upon observing that
S is, in fact, the Fresnel class

S = F(Co[0, 1]).

As regards the sequential integral, they have shown its existence for
Fe S, where

S={F:9(F) - ¢;2(F)2#  and for some ue.4(¥)
F(n) = Jexp (i(n, n")du(n")  for all ne # }.

It is clear that S essentially coincides with #(#’) and the existence of
the sequential integral for Fe S follows from our result (Theorem 4.1),
the proof of the latter being quite elementary and short.

In addition to S and S, Cameron and Storvick introduce yet another
class of integrands S*, the motivation for which seems to be to get a class
of functions F on CJ0, 1] such that the restriction f of F to J# contains
all the « information » about F (or in other words uniquely determines F)
so that even though their definition of the sequential integral involves

only f, the integral can be called « the integral of F ». The class S* is defined
as

S* = {F : Ju e A (H) such that F(¢) = J 97 du(n), s-a.e. &
H
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and
Fn) = Je“"’""d,u(n') forallne # }

I
For F e S*, we have for all A > 0,
(6.6) R(f*) = F*

where f = F |, and thus for F € S*, we have

sfq
(6.7) j F(§)d¢ = I(F).
Col0,1]

Thus, for F € S*, the Cameron-Storvick definition does give the « right »
answer, but that is because (6.7) holds and the fact remains that their
definition of the sequential Feynman integral of F over C, [0, 1] really
defines the sequential Feynman integral of f = F |, over J#.

We feel that though the analytic Feynman integral on C[0, 1] can be
defined without any reference to the RKHS # of the Wiener measure,
the abstract Wiener space structure (i, #, C[0, 1]) and the m-lifting R
are crucial for the definition of a sequential Feynman integral over CJ[0, 1],
as indeed they are for the general theory developed in this paper.

2) Elworthy and Truman [5].

These authors have given a sequential definition of the Feynman integral,
not for an abstract Hilbert space, but for the Hilbert space #, of paths.
They use polygonal projections P, of the form (5.25). For a function f
on H, they first define the Feynman integral of the finite dimensional
functional f o P,, denoted by #,(f) as an appropriate improper integral
in [/5] and oscillatory integral in [5]. Then the Feynman integral of f,
F(f) is defined as the limit (if it exists) of #,(f) as 6(P,) — O.

Their definition for the class %'(H) can be stated in our notation as
follows:

gn(f) = zlj’miJf(z’ Pﬂ:)

zeQ
and

F() = lim F):

The above definition involves a repeated limit and as a consequence does
not yield a formula like (4.46) that evaluates the Feynman integral as a
single limit of proper Lebesgue integrals.
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3) In [/4]. Tarski has given a sequential definition for an abstract
Hilbert space which is closer in spirit to our sequential definition. His
definition can be roughly described in our notation as follows: If

(6.8) Tj(2) = lim J(z, P)
and
(6.9) (f) = lim J(z)

exist, then define I%(f) to be the Feynman integral. He states (6.8) in a
different form:

6.8y J(z) = lim J/(z, P,)

where { P, } belongs to a « determining » class. (6.8)" can easily be seen
to be equivalent to (6.8). However, this is not his precise definition. It is
more complicated, and it is such that the formula

I"( f) — ell2iq(a,a)lq(e—iq(..a) f())

is built into the definition.

Observe that the limit in (6.8)’ is taken along increasing sequences { P, }
in a « determining class », and thus in the case when the underlying Hilbert
space is the space of paths J#, or #,, the polygonal approximation to the
Feynman integral may not be valid. Even if the determining class consists
of all increasing sequences, the polygonal approximation will be valid
for only successively finer partitions.

Since Tarski’s definition also uses a repeated limit (see (6.8) and (6.9)
above) like that of Elworthy and Truman—though in the reverse order—
the same remarks apply to Tarski’s definition as well.
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