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ABSTRACT. — Let H, be the harmonic measure of the e-sphere in a

" in terms of the gradient

. . . . H,—
Riemannian manifold. We compute 1111{)1 ‘ 3
€

. £
of the Gaussian curvature.

REsuME. — Soit H, la mesure harmonique de la sphére du rayon ¢ d’'une
variété riemannienne de dimension deux. On exprime liln(;l (H, — Ho+)/e?
. r . r . &
en fonction de la dérivée de la courbure gaussienne.

1. INTRODUCTION

Let (M, g) be an n-dimensional Riemannian manifold with Brownian
motion process { X, t > 0}. According to the Onsager-Machlup for-
mula [3], the « most probable path » is that of a classical particle in a
conservative force field whose potential energy is one-twelfth the scalar
curvature. This suggests that the « most probable path » follows the nega-
tive gradient of the scalar curvature. The purpose of this note is to make
this precise in terms of the harmonic measure of a small sphere. For tech-
nical reasons we restrict the discussion to surfaces. The technique follows
the method used to study the mean exit time [/].
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40 M. A. PINSKY

2. NOTATIONS AND DEFINITIONS

Let (M, g) be an n-dimensional Riemannian manifold. We use the follow-
ing notations:
M,, is the tangent space at me M.

B.,.(¢) is the ball of radius ¢ in M with center at me M.

B,.(e) is the ball of radius ¢ in M,, with center at 0 € M,,.

exp,. is the exponential mapping (which is defined on all of M,,, in case M
is complete; otherwise it is a mapping) from B,(e) to B,(e) for
sufficiently small ¢ > 0. .

®, is the mapping on functions defined by

(P.f)(expm £x) = f(x) ;

®, maps from C*(B,(1)) to C*(B,,(¢)) for sufficiently small ¢ > 0.
A is the Laplace-Beltrami operator of the Riemannian manifold:

1 9 L of " —1hij
M=o <J§g” a—> where  g¥= (g7 g =det(gy)-
g 0Xi Xj

The following result, which will be used repeatedly, was proved in [/].

PROPOSITION 2.0. — There exist second order differential operators
(A5, A, Ay, ...) on C*(M,,) such that for each N > 0 and each fe C*(M,,)
N
2.1 O IAD, f = 2A_,f + Zszjf+ OEN* 1) 10).
j=0

A; maps polynomials of degree k to polynomials of degree k + j. In any nor-
mal coordinate chart (x,, ...,x,) we have

n azf
2.2 A_,f= —
2-2) of : : ox?
i=1
n 52 n 6
(2.3) Ao f=(1/3) § Rigjpxaxs f —(2/3) PiaXa —f
6x,axj axi
ia,jb=1 ia=1

Here R, is the Riemann tensor and p;; = Z R;,j. is the Ricci tensor at
me M.

a=1
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ON NON-EUCLIDEAN HARMONIC MEASURE 41

Let (X,, P,) be the Brownian motion process with infinitesimal gene-
rator A. For each m e M let T, be the exit time from the geodesic ball B,,(¢).
In case n = 2 we introduce geodesic polar coordinates (r, 8) by x; =r cos 0,
x,=rsin . The coordinate formulas for the first three operators become

¢ 10 1 &2

2.4 A ,=—+-——+——
@.4) 2 6r2+r8r+r2692
Ko/ 0 0?
2.5 A= ——|r— ——
@-3) ° 3 (V or 592>
N S
2.6 Ar=—-(K 0+ K,sinb)| —— ———
(2.6) 1 (K cos 8 + K, sin )[4 ™ 6602}
r é
- (K 0 — K, sin 0)| — —
(K, cos 1 Sin )[12 60]
. . K
where K is the Gaussian curvature and K, = K(m), K; = a——(m),
dK i
K, = " (m). This computation is carried out in the Appendix, Sec. 5.
X2

3. STATEMENT OF RESULTS

To study the harmonic measure we let f'e C*(S,), a smooth function
on the circle. Extend fto R?\ { 0 } by making f constant along rays through
the origin. Equivalently f can be thought of as a function on M,,\ {0}.
Then @, f is a smooth function on M\ { m } which is constant along geo-
desics eminating from m. The harmonic measure operator is

Hsf(x) = Ex { (q)sf)(XTg) } &> Oa X € Bm(g) .

THEOREM 3.1. — When ¢ | 0 we have
4 3

H,f(m) = j / (0)[1 - % (VK up ) }w(d 0) + 0(e%)

where o is normalized Lebesgue measure and { VK, uy >=XK, cos 0+K, sin 6,
—r<0<m

Proof. — We follow the perturbation method introduced in [/]. Let
u; € C*(B,,(1)) (i = 0,2, 3) be defined by

(3.1) A_juo=0 Uo |8y =

Vol. 21, n® 1-1985.



42 M. A. PINSKY

(3.2 A_su; + Aoug =0 Uz |oB1y =0
(3.3 A_juz + Ajug =0 uz |1y =0

The proof depends on the following three lemmas:
Lemma 1. — ug(0) = J f(@)w(db).
LEMMA 2. — u,(0) = 0.

1 T
LemMA 3. — u3(0) = — o j (K1 cos 8 + K, sin 8) f(0)o(d 0).

Proof of Lemma 1. — uy is \the solution of the classical Dirichlet problem
in the unit disc. thus

o= JL,, (1 +7r2—2rcos(0 — ¢) f(@)(dd).

In particular uy(0) = Jn f(P)w(do). O

Proof of Lemma 2. — Equivalently we write u, as a Fourier series
uo = Ay + Z r"(A, cos nd + B, sin n0).

n=1

Thus

KO 2 .
Agug = — 3 (n* + n)r(A, cos né + B, sin no).
n=1

o)

This isa sum of homogeneous polynomialth,,. By Lemima 6.3 of [/] we have

0

1 (" !

u,(0) = z (—+5§ j h,(0)w(d 6). But from the orthogonality relations for

n —x
1

the functions (cos n6, sin n8), all of these integrals are zero, hence u,(0) = 0.

|

(Note: The above depends on the fact that Ayu, is a harmonic function
which vanishes at the origin. This may also be seen from the relation

2K
A_Ag — ApA_, = — TOA_Z applied to u,.)
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Proof of Lemma 3. — We have

r2 5 r 82 N + n nz
Tar gar = /" \aTg) (Ancosn0+B,sinnb)
1

r Oug N wiif P .
12E_Zr <ﬁ> (— A,sinnf + B, cos n0),
1

Referring to the formula (2.6), we see that

n n?
Ay = — Z (4 + E)rHl(Kl cos 0+K, sin 0)(A, cos n0+ B, sin n6)
1

— Z (%)r"“(K2 cos 8 — K sin 0)(— A, sin nf + B, cos nf)
1

O

a sum of homogeneous polynomialé Z h,. By Lemma 6.3 of [/] we have

1 T 2

0) = _— h(0)(d8). But from the orthogonality relations

u3(0) E(k g jﬁ (0)(d 0) g y
2

of Fourier series all of these integrals are zero except for k = 2,i.e.n = 1.

This gives

1 1\ 1
uz(0) = — < + 6) P(K1A1 + K,B,)/2

4
1\ 1
- (ﬁ) Z{(Ksz + KAy)/2

1
On the other hand f(0) = Ay + Z(A" cosnf + B,sinnf) and thus
1

m 1
f f(O)K, cos 0 + K, sin O)w(df) = 5(K1A1 + K;B,).

: | [ ‘
We have proved that u3(0) = — EJ‘ f(O)K; cos 8 + K, sin B)w(d 0) as
required. O o
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To complete the proof of the theorem we appeal to Proposition 2.0
with f = uy + &%u, + &%us ; thus

D, AD(ug + 2uy + us) = & 2A_ Uy + e2u, + 3uy)
+ Ag(ug + €%uy + 3us)
+ eAy(up + e%uy + e3uz) + 0(e?)
= 0%,
where we have used the defining relations (3.1)-(3.3). Hence AU = 0(¢?)

where U = ®,(uo + &%u, + £3u3). Noting that U = @, f on 0B,,(¢) we have
that for any x e B,,(¢) by Dynkin’s formula

H.f(x) = E,.U(Xx,)
- UW) + E, re AUX,)ds
= U(x) + 0(84)0.
Setting x = m we have U(m) = uo(0) + &%u,(0) + &3u3(0) from which the

result follows. O

4. COMPARISON
WITH THE NON-STOCHASTIC MEAN VALUE

The mean-value operator of a Riemannian manifold is defined by

J (@.f)do,
Se

j 1do,
SE

where o, is the surface measure on the e-sphere S, and fis a smooth function
on the unit sphere. We have the following result.

M. f(m) =

THEOREM 4.1. — Whene |0

T 3

M, f(m) = f f(B)[l - f—2< VK, 1y ]w(d@) + 0Y).

Proof. — From the method of Gray and Willmore [2], we have

Lf
M,f =2
of L1
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where

ILf= J F(O)G(e, 0)d0 .

] . 83 4
Using the expansion G(g, §) =¢— — K, — Al (K cosf+ K, sin 0)+0(e3)
we have 6 12

3 T 4 (r
I, f=<s— %Ko)j f(0)d6 — % J F(O)XK; cos 04K, sin 0)d6 +0(:").

In particular

"3
Ll = 27:(.3 - %K0> + 0.
Thus

LI_ 1™ sl 1 83(K 0 + K, sin 0) |d0 + 0(*
Ia—l_% . ) ) 1 cos 0 + K, sin 6) + 0(%)

which was to be proved.

CoroOLLARY. — If H, f(m) = M, f(m) for every meM, ¢ > 0, fe C*(S?),
then (M, g) has constant curvature.

M,f—H,f -5 (* ‘
Proof. — We have lim —fs—f =5 J VK, up > £(0)(db).
€ 8 -

If this is zero for all f, then Ky = K, = 0, i. . VK(m) = 0, and hence K
is constant.

5. APPENDIX. COMPUTATION OF A_,, Aq, A,

In geodesic polar coordinates we have
1 0
(gij) = 0 G? G = G(r, 0)

5 1 A 16G6+16 16)
(5-1) “ca\la)TGaw\ca)
0?2 G, 0 1 0* Gy, 0

"%’ T Ga TG Goe

The Jacobi equation connecting the metric with the curvature is
(5.2 G, +KG=0, G(0™, 6)=0, G,0",0)=1.
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In a neighborhood of m, we can write
(5.3) K=K, + r(K, cos § + K, sin 0) + 0(r?) rl0).
This yields
3 4

G =7 ==Ky 1 (K005 0-+Kysin 0)+0(%)  (r10).

Performing the indicated operations, we have

G _1_rg —ﬁ(K cos 0 + K, sin 0) + 0(r3)
G r 3 ° 41 ?

1 1 KO r . 2
§=ﬁ+7+g(K1cos6+K281n9)+0(”)
Gy

- é(K1 sin 6 — K, cos ) + 0(r?).
Substituting in (5.1) and equating coefficients of r yields (2.4)-(2.6).
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