
ANNALES DE L’I. H. P., SECTION B

R. BAFICO

G. PISTONE
G-convergence of generators and weak
convergence of diffusions
Annales de l’I. H. P., section B, tome 21, no 1 (1985), p. 1-13
<http://www.numdam.org/item?id=AIHPB_1985__21_1_1_0>

© Gauthier-Villars, 1985, tous droits réservés.

L’accès aux archives de la revue « Annales de l’I. H. P., section B »
(http://www.elsevier.com/locate/anihpb) implique l’accord avec les condi-
tions générales d’utilisation (http://www.numdam.org/conditions). Toute uti-
lisation commerciale ou impression systématique est constitutive d’une
infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AIHPB_1985__21_1_1_0
http://www.elsevier.com/locate/anihpb
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


G-convergence of generators
and weak convergence of diffusions

R. BAFICO

G. PISTONE

Istituto di Matematica Applicata del C. N. R. (*), Genova

Istituto di Matematica, Universita di Genova (*)

Ann. Inst. Henri Poincaré,

Vol. 21, n° 1, 1985, p. 1-13. Probabilités et Statistiques

ABSTRACT. - Let (Ln), L, be generators of diffusions in Rd. Let us assume
uniform ellipticity and uniform boundness of the coefficients of the

variational forms of the operators. Let be given a locally bounded
initial density po. If (Pn), P are the solutions of the martingale problems
with the given generators and initial law, then the sequence (Pn) in weakly
convergent to P if and only if the sequence (Ln) is convergent to L in the
sense defined by DeGiorgi and Spagnolo.
RESUME. - Soient (Ln), L, générateurs de diffusion dans R~, uniformément

elliptiques et avec les coefficients de la forme variationelle uniformément
bornés. Soit po une densité initiale sur R~ localement bornée. Si (Pn), P,
sont les solutions des problèmes des martingales avec les données prece-
dentes, alors la suite (Pn) est convergente vers P dans la topologie étroite
si et seulement si la suite (Ln) est convergente vers L dans le sens defini
par DeGiorgi et Spagnolo.

. 1. INTRODUCTION

Let be a sequence of second order elliptic partial differential
operators on the real d-dimensional space Let us assume that. the

(*) Via L. B. Alberti 4, 16132 Genova, Italy.
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2 R. BAFICO AND G. PISTONE

sequence is uniformly elliptic and that the coefficients of the varia-
tional form are uniformly bounded. Then the G-convergence of Spa-
gnolo [18] ] makes sense for the sequence (Ln)nEN; let L be the G-limit.

Let us assume that L are such that there exist solutions 

of the martingale problems (Strook-Varadhan [19 ]). Using a result in
Bensoussan-Lions-Papanicolau [4 ], one can readily show that (see prop. 2.1
below)

(here ~ denotes the weak convergence of probability measures and ~
denotes the G-convergence). The following question was asked to the
authors by prof. J. Cecconi : which sort of converse to (1.1) can be proved
in general, i. e. without any reference to a particular form of the operators ?
The present article gives in sec. 2 a set of assumption on the differential

operators under which the implication

can be proved for absolutely continuous and with locally bounded density
initial distribution The proof is given in sec. 4 ; sec. 3 contains some
results on the univariate laws of the diffusions.

Our method of proof is inspired by the idea of transformation of the
state space by Zvonkin [27 ] and uses strong results on elliptic and para-
bolic partial differential equations to show the tightness of the sequence 

2. NOTATIONS, HYPOTHESIS, AND PRELIMINARIES

21. Elliptic equations.

For each couple of reals 0  ~  A we denote by ~(~,, A) the set of
differential operators defined by 

.

(Notations as in Adams [2 ]).

, Annales de l’lnstitut Henri Poincaré - probabilités et Statistiques



3G-CONVERGENCE OF GENERATORS AND WEAK CONVERGENCE OF DIFFUSIONS

Each operator L E 2(À, A) can be written in non-variational form:

where

For each radius r &#x3E; 0 we denote by B(r) the open ball with center 0
and radius r ; function spaces on B(r) will be denoted briefly ~Vo~2(r), W2’q{r)...
and so on. 

’

Let be given

and consider the elliptic variational problem

where Ao &#x3E; 0 (Gilbart-Trudinger [9 ]).
For ease of later reference we list some regularity results for the problem

(2.5) which hold under the assumption (2.4) for given r, Ao &#x3E; 0.

W2,q-regularity (Chicco [6 ]).

De Giorgi-Nash bound (Gilbart-Trudinger [9 ]~.

Meyers bound (Meyers [15 ]).

Vol. 21, n° 1-1985.



4 R. BAFICO AND G. PISTONE

Maximum principle (Gilbart-Trudinger [9 ]~.

The stochastic representation of the solution of eq. (2. 6) will be discussed
in sec. 2.3 below. Let us remark that the property (2.7) does not follow
from (2.6) and the Sobolev’s imbedding theorems. In fact we will need
that the constant C 1 in (2. 7) depends only on the uniform norm of b and a,

N

and not on the norm of b . -

2.2. Parabolic equations.
Let be given

and let us denote by L* the formal transpose of L, i. e.

We will consider the following parabolic variational problem (Bensous-
san-Lions [3 ], Ladisenskaya-Solonnikov-Uralceva [11]) -

We will need later the following result.

Maximum principle (Ladiseskaya-Solonnikov-Uralceva [11 ]).

The stochastic representation of the solution of eq. (2.12) will be discussed
in sec. 3.

2.3. Stochastic differential equations.

Let R + = [0, + oo [ be a time interval and let us denote by Q the sample
space of continuous trajectories with values in Q has the usual polish

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



5G-CONVERGENCE OF GENERATORS AND WEAK CONVERGENCE OF DIFFUSIONS

structure and R denotes its Borel a-algebra. X denotes the canonical
process, Xc the coordinate projection, ~r the a-algebra generated by Xs,
s  t.

Let be given measurable real functions

We denote

and assume that the differential operator L defined in (2.2), (2. 3) belongs
to the class A) (2.1).
The martingale problem for the operator L has a unique solution starting

at 0), where ,uo is an initial probability measure on given by

where is the solution of the martingale problem starting at (x, 0)
(Strook-Varadhan [19 ]). Moreover there exists a Wiener process W on
(Q, PJJ, such that the canonical process X satisfies the following

. 

Ito’s equation

The stochastic representation (Friedman [8 ]) of the solution of the
elliptic equation (2. 5) follow under the assumption L E 2(À, A) from
the W2,q-regularity (2 . 6) and the generalized Ito’s formula (Zvonkin [21 ]
or sec. 3 below) : the solution u of eq. (2 . 5) satisfying (2.6), (2.7), (2 . 8) is
the J1o-unique continuous function such that

where denote the expectation with respect to and Lr is the exit
time from the ball B(r).

2.4. Convergence.

Let be given a sequence of stochastic differential equations of the

type (2.17). -
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Let us denote by L~, Ln, E the associated differential operators with nota-
tions as in 2.1 and assume

Let us consider an initial distribution ~o such that

and let us denote by Pn, n E ~1, the laws of the solutions of eq.s (2.19) with
initial law ,uo.
For each given

we can solve

PROPOSITION 2.1. - If

then

Proof - From the maximum principle (2.9) and the De Giorgi-Nash
bound (2.8) it follows that

(2. 26) { un is pre-compact in L2(r) (in fact, in C°(B(r)) .
The functionals

are bounded and P-continuous for each w E see Bensoussan-

Lions-Papanicolaou [4 ], so that (2.18), (2.24), (2 . 21) give

Finally (2.26) and (2.28) give (2.25).
As announced in the introduction, the type of convergence just proved

’ 
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7G-CONVERGENCE OF GENERATORS AND WEAK CONVERGENCE OF DIFFUSIONS

turns out to be equivalent to the G-convergence of Spagnolo [17]. For
ease of reference we adopt the following definition

Remark. The restriction given by an, a E W 1 ~ ~° in (2 . .1) is imposed
by the stochastic interpretation of eq.s (2.23) and by the method of proof
of the converse theorem in sec. 4. This situation is not satisfactory because
this restriction is not natural in the setting of the G-convergence.

. 3. PROBABILITY DENSITY

AND GENERALIZED ITO’S FORMULA

Let be given

and assume that P solves eq. (2 .17) with initial distribution with density Po.
Let

be the differential operator of eq. (2.17).

PROPOSITION 3 .1. Let p be the solution of the parabolic problem (2 .12).
Then for all t E [0, N ], p(t) is the unnor~malized conditional density of ~t
given ~ t  ir ~ ; i. e.

Proof - For each test function

we write

and observe that the set of all such functions is dense in

and there exists a constant C such that (Lions [12])

Vol. 21, n° 1-1985.
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Let us consider the functional 6 defined on a dense subset of by (3. 5) and

This functional is bounded because from (3.7) and (3.8) it follows

Then there exist by Riesz theorem

such that

In particular, using (3.5), (3.8), (3.11), it follows

It can be shown (Ladizenskaja-Solonnikov-Uralceva [77 ] and Lions [12 ])
that (3.12) is equivalent to the parabolic problem in eq. (2.12). Finally (3 . 3)
follows from the continuity of p from [0, N] ] to L2(r) and (3 . 8), (3.11).
The following two proposition, are simple consequence of prop. 3.1.

PROPOSITION 2. - For each q E [2, + oo ] there exist a constant c~ such that

Proof - From prop. 3.1, the maximum principle (2.13) and an inter-
polation argument.

PROPOSITION 3 . 2 (Generalized Ito’s formula). - If for q E [2, + 00] ]

then the Ito’s formula holds true for each

Annales de l’Institut Henri Poincaré - Probabilités et Statistiquc,



9G-CONVERGENCE OF GENERATORS AND WEAK CONVERGENCE OF DIFFUSIONS

Proof - If is a sequence of regular functions such that

each term of the Ito’s formula is convergent.

4. G-CONVERGENCE IMPLIES WEAK CONVERGENCE

Let be given stochastic differential equations of the type (2.10).

Using the same notations as in sec. 2 we assume

and

The probability measures that solve the problems (4.1), (4.2) are

denoted Pn, P.

PROPOSITION 4.1. - If (4.1), (4.2), (4.3), (4.4) hold true and

then

Remark. We could prove along the same lines a theorem with the
hypothesis (4.4) replaced by

where q depends on the Meyers constant 11 in (2. 8). The actual computation
of this constant do not seem to be practical, so we have turned to the
hypothesis of local boundness (4.4).

Proof of prop. 4 1. Let 0  r  r’ be a couple of rad ii and let v be

a test function v e ~(r‘). For each n let vn be defined as the solution of

Vol. 21, n° 1-1985.
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as in sec. 2 (the constant term in the equation belongs to Our

hypothesis is

From De Giorgi-Nash bound (2.6) and Ascoli-Arzela compactness
criterium, it follows

Let i be the exit time from B(r). The generalized Ito’s formula (Krilov [7~ ],
Zvonkin [21 ] or sec. 3) applies to the P n-semimartingale

and gives, using also (4. 7),

Now (4.9) implies that the sequence of processes in square brachets in
eq. (4 .11 ) is uniformly bounded and uniformly convergent to zero as
n - oo.

A consequence is that the limit laws of the sequence

do not depend on these terms.
Let us take a particular test function v such that

then

the laws (4.12) are the stopped laws

and the limit coincides with the limits of the laws of the sequence

The tightness of the sequence can be shown using the Abdons [1 ]-

Annales de l’Institut Henri Poincare - Probabilités et Statistiques



11G-CONVERGENCE OF GENERATORS AND WEAK CONVERGENCE OF DIFFUSIONS

Rebolledo [1 f ] condition. From our hypothesis the law ofXo is constant
and 9 is bounded, so we have only to consider the sequence of quadratic
variations. -

If N is a positive constant, and stopping times 03C4 1 ~ 03C42 ~ N are given
such that 03C42 - 03C41 = k is constant then from (4.16) and (4 . 3) it follows :

If ~ is the constant in Meyers bound (2. 8) and s &#x3E; 0, from (4 .17), Cebicov
and Holder inequality

The last integral can be evaluated with props. 3.1 and 3.2, giving

Now the tightness follows the bound (2.8).
The convergence (4.6) will now follow from the uniqueness of the solu-

tion of the martingale problem for the operator L with initial distribution po,
N N

see Strook-Varadhan [19 ]. In fact, if Pn is the law of yn and P is a limit
N N

point of the sequence (Pn)nEN then P solves the martingale problem for L
because

Vol. 21, n° 1-1985.
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is the uniform limit of a sequence of Pn-martingales, as shown in eq. (4.11)
and the subsequent remark.
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