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REsuME. — Cet article aborde le probléme de transformer une martingale
forte de carré intégrable, adaptée a un processus de Wiener, { M,, ze R3 },
en un processus de Wiener a deux indices, au moyen d’'un changement
de temps. Concrétement on donne des conditions suffisantes sur une
famille de régions d’arrét { D,, ze R% } pour que { M(D,), ze R } soit
un processus de Wiener.

On étudie en détail les changements de temps pour le processus de
Wiener a deux indices et on caractérise les familles de régions d’arrét
déterministes transformant un drap brownien en un autre. On donne aussi
une extension des résultats aux processus a n indices.

SumMAaRY. — This paper studies the problem of transforming a two-
parameter square integrable strong martingale { M, ze R% } adapted to
a Wiener process into a two-parameter Wiener process by means of a
time change. Concretely, sufficient conditions are given for a family of
stopping sets { D,, ze R% } for { M(D,), ze R%2 } to be a Wiener process.
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148 D. NUALART AND M. SANZ

We treat in detail the particular case of changing time for the Wiener
process obtaining some characterizations of all increasing families of
deterministic stopping sets which transform a Brownian sheet into another
one. An extension of these results to n-parameter processes is also developed.

1. INTRODUCTION

This paper studies the problem of transforming a two-parameter mar-
tingale into a two-parameter Wiener process { W_, ze RZ } by means of a
time change.

It is well known that, given a one-parameter continuous martingale
{M,, teR, }, there exists a family of stopping times { T, te R, } such
that { My, te R } is a Brownian motion. For multi-parameter processes
there is no immediate extension of this result because we do not have
a good generalization of the concept of stopping time.

In [2] R. Cairoli and J. B. Walsh showed, through an example, the
limited usefulness of stopping points to treat the problem of transforming
two-parameter martingales. Indeed, they exhibit a two-parameter Gaussian
strong martingale { M, ze R2 } so that for any deterministic time change
of the form z — T(z), where I is a mapping of R% onto itself, the process
{Mr), z€ R% } can never be a two-parameter Wiener process.

The basic aim of our work is to study this problem using the notion of
stopping set, introduced in [3] and [4]. In section 2, given a square inte-
grable strong martingale { M, ze R% } adapted to a two-parameter Wiener
process, we set up conditions for an increasing family of stopping sets
{D,, zeR% } for { M(D,), ze R3 } to be a Wiener process; and a method
to construct these families is given.

The third part is devoted to the characterization of all increasing families
{D,, ze R% } of stopping sets which transform a two-parameter Wiener
process into another one. Finally, an extension of these results for n-para-
meter processes is given in section 4.

We thank Prof. J. B. Walsh for having suggested these problems to us.

Next we introduce the basic notation.

R2 will denote the positive quadrant of the plane with the usual ordering

(s1, 1) < (85, t5) if and only if 51 < 5, and t, <t,.
(s1, t;) < (S5, t,) means that s; < s, and t; < t,, and we will write
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CHANGING TIME FOR TWO-PARAMETER STRONG MARTINGALES 149

(55, ty) A (55, t) if sy <5, and t; > t,. If z; « z,, (24, z,] denotes the
rectangle { ze R3/z; « z < z, }, and R, denotes the rectangle [(0, 0), z]
for every ze RZ. Let us represent the Borel o-field of R3 by # and the
Lebesgue measure on # by m.

Let W = { W, ze R% } be a two-parameter Wiener process in a com-
pleted probability space (Q, &, P), that is, a Gaussian separable process
with zero mean and covariance function given by

E{ W, Wy, } = (51 A sy)(ty A ty).

1t1

{#.,zeR} } will be the increasing family of o-fields generated by W; that
means, #, = a(W,, { < z) completed by the null sets of #. Moreover, for each
(s, )e R2 we will consider the following increasing families of o-fields

Let E, be the set {(s,))eR3/s=0o0rt=0}.

An Z,-adapted, integrable process M = { M,, ze R3 } is a martingale
if EM,,/#,,) = M,, for all z; < z,, and it is a strong martingale if M, = 0,
when ze E;, and

E(M(z1> Zz]/le, \ 3-;222) =0,

zy = (51, ty) and z, = (s, t5).

2. STOPPING SETS
AND CHANGING TIME FOR STRONG MARTINGALES

Following [3], we introduce the notion of stopping set.

DEFINITION 2.1. — A stopping set D(w) is a map from Q to the subsets
of R? satisfying:

i) The process { 1p(z), ze RZ } is progressively measurable. (In par-
ticular it is measurable and adapted).

ii) For all w € Q such that D(w) # ¢ we have D(w) is closed, and z € D(w)
implies R, < D(w).

We will say that D(w) is a bounded stopping set if there exists z, such
that D(w) = R,,, for all we Q.

If D, and D, are stopping sets, then so are D; n D, and D; u D,.

To each stopping set D such that E(m(D)) < oo, we can associate the
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150 D. NUALART AND M. SANZ

random variable W(D)= J 1p(z)dW, and the o-field %, generated by the

R%
variables { W(D N R,), ze R% } together with the null sets of %.
Let Ly be the class of all #,-adapted and measurable processes
¢ = { ¢, zeR3Z } such that j E(¢(2)*)dz < oo, for all zoeR2.
Rz
Let L3w be the class of all processes i = {W(z, 2'), z, 2 € R} } satisfying
i) Y(z, z'; w) is measurable and &, ,-adapted,
ii) Y(z, z’) = 0 unless z A z’,
iii) for all z,e R2 J J E(W(z, ')})dzdz’ < .
z0uRzg

R
For processes ¢ € Ly and € L%, the stochastic integrals J O(2)dW,
R:zo

and J J Y(z, 2')dW,dW,. can be defined (see [/]). We need the follow-
RzpJRzg

ing results (see [4]) which determine conditional expectations of such
stochastic integrals with respect to the o-field Zp,

PROPOSITION 2.1. — Let D be a stopping set and let ¢ € L, ¢ € La.
For all zoe R% we have

E(L ¢(Z)sz/97D> =L ¢(2)1p(2)dW. . 2.1

E( j j e z')dwzdw,,/%>

=L J E(Y(z, 2')/Fp k., N2 1p(Z)dW.AW,. . (2.2)

These formulae are still true if we take stochastic integrals of processes
integrable over all R2.

Stopping sets have properties which are analogous to those of stopping
times for one-parameter processes.

1. If D, = D,, then &}, ¢ %y,

2. For each stopping set D with E(m(D)) < oo, the random variable
W(D) is #p-measurable.

3. Fp,nFp, = Fp,~p, and Fp V Fp, = Fp,0p,

4. If D is a stopping set and ¢ is an #,-measurable random variable,
then 1p(z)* ¢ is Fp. g -measurable.

For the proof of these properties see [4].
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CHANGING TIME FOR TWO-PARAMETER STRONG MARTINGALES 151

A stopping set D will be called simple if there exists a partition of R%
into rectangles (z;j, z;+; j+1] and sets A;;€ &, such that

D(w) = U(Zija Zit+ 1,j+1]1A,-,-(w)'

These rectangles will be closed if z;; € E,.
For each stopping set D there ex1sts a decreasing sequence of simple

stopping sets { D,, ne N} such that D = mD (see [3]). Moreover,
Fp = m‘/D (see [4]).

Let M ={M, zeR% } be a square integrable strong martingale. There

exists a process ¢ € L% such that M, = | ¢(z)dW, (see [I]). For each
Rt
stopping set D such that j E(1p(2)¢p(2)*)dz < oo we can consider the
R}

random variable M(D) = J 1p(z)¢p(z)dW,. Our purpose is to find a family
R2

of stopping sets { D, ze R } such that { M(D,), zeR% } is a Wiener
process.
First, we establish several lemmas in order to reach the main result.

LEmMA 2.1. — If the family of stopping sets { D,, ze R3 } satisfies
the property

D, nD,,=D,,,., foral z,z,eR%, (2.3)

then, the associated family of o-fields { #p_, ze R% } is increasing, and

for all (s, t)eR?%, the o-fields #P, = \/9",)“ and #3, =\/.¢Dm
20 a20

are conditionally independent, given %,

Proof.—Foreach o > sand t > t we know (see [4]) that the o-fields &,
and #,, are conditionally independent given #y_.p , = %p,,. This fact
leads immediately to the statement of the lemma. O

Lemma 2.2. — If M = {M_, zeR3 } is a square integrable strong
martingale and { D,, ze R% } is a family of stopping sets satisfying (2.3),

and such that f E(1p, (2)¢*(2))dz < oo for all (s, t)eR3, then { M(D,), zeR? }
R3
is a strong martingale with respect to the family of o-fields { #p, ze R3 }.

Vol. XVII, n° 2-1981.



152 D. NUALART AND M. SANZ

Proof. — If (s, t) < (5", t') let us write
M(D)(s, 1), (s', t')] = M(Dy,) — M(Dy) — M(Dy;)) + M(Dy) .

To show that E(M(D)(s, t), (s, t))/%p, V Z5,) =0, it suffices to
verify

EM(D)((s, 1), (s, t'))/Zp,. V Fp,) =0 for all g=2s and t>t.
Using (2.1) and the fact that #, _V %y, , = #p,_,p,, We have
E { M(D)(s, 1), s/, 1))/ Fp,. V Fp,. }

= J;;¢(Z){ Ip,. (2) = 1p,(2) = 1p,(2) + 1p(2) } 1p,.op,(2)AW.

= L: H(2) { 1p,,0p.(2) = 1p,.(2) — 1p,.(2) + 1p(2) }dW,=0. []

LEmMa 2.3. — If M, = f ¢(z)dW, is a square integrable strong mar-
Rst
tingale and { D., ze R% } is a family of stopping sets satisfying (2.3) and
|

such that sup U let(z)(ﬁZ(z)dzl < oo for all (s, t)e R?%, then
o | Jra

{M(Dst)z - j 1 (2)(2)2dz, Fp,, (s, ) RS }
R}
is a martingale.

Proof. — Notice that M(Dj)? —j 1p,(2)¢(z)*dz is an integrable,
R2

4

Fp,-adapted process due to property 4 of stopping sets.
The two-parameter 1td formula (see [6]) applied to

M(D,) = j o, ()PIW.
claims '

M(D,)* = 4 M(D;, N R,)" 1p, (2)p(2)dW;

RZ

+2 J j 1p, (2)1p, (2)P(2)P(2" ) AW, AW.. + j lp, (2)p(z)dz . (2.4)
R2 JR2 R2?
The second term on the right is square integrable because of condition

sup < 0
w

J Ip, (2)$(z)*dz
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and by (2.2) is a %}, -martingale. Indeed, if (s', t') < (s, t), we have
E{J J 1Ds,(Z)lDs,(Z’)¢(Z)¢(Z’)szsz»/97Ds,t,}
R2 JR2

=f J Ip,. (2)p,, (2 )P(2)P(z')dW AW, ,
since R JRE

E { IDS,(Z)IDst(z,)(b(z)d)(zl)/g;DsmnRzV:» } : ler,/(z)lem(Z,)

= 1p,(2)1p,. (2)P(2)P(Z) ,
due to property 4 of stopping sets.
The first term of (2.4) is square integrable because

EJ (M(Dy, N R))1p, (2)(2))dz
k3

< E sup M(D;, " R,)? j Ip (2)P(2)%dz|| < .
- R? )
By a local property of stochastic integrals we have, a. s.,
MDD, N R,) 1p,(z) = M. 1p_(2), (2.5

for all ze R2.
Then, the first term of (2.4) also defines an #, -martingale as follows
from (2.1):

E( JR . M(D,, » Rz)lDs:(2)¢(2)sz/wa>
= E(LZ leos,(2)¢(2)dwz/?o,,.> = L M.1p,. (2)p(2)dW,
= LZ M(Dy N R)1p,., (2)p(2)dW. ,

using (2.5), and bein+g s, )< (s 1. 0O

THEOREM 2.1. — Let M= | ¢(2)dW., ¢ € L%, be a strong martingale,
Rst

and { D,, ze R% } a family of stopping sets verifying properties (2.3) and
J Ip, (2)p(z)’dz = s-t, forall (s,t)eR%. (2.6)
R?

Then { M(D,), ze R% } is a two-parameter Wiener process.

Proof. — Let { #,, ze R% } be an arbitrary increasing family of o-fields
verifying the following condition : the o-fields & and #7 are conditionally
independent given %, for all ze R2.

Vol. XVII, n° 2-1981.



154 D. NUALART AND M. SANZ

An extension of a well known result of P. Lévy, obtained by E. Wong
for two-parameter strong martingales, states that if {M,, Z.,zeR% }isa
continuous strong martingale and { M2 — st, (s, t)e R } is an %,-mar-
tingale, then M. is a two-parameter Wiener process.

Thus, we only have to prove that M(Dy,) is a continuous process, taking
into account the preceding lemmas. From Cairoli’s maximal inequality
we deduce that

E{  sup IM(D,) — M(D.) |* }
z,2'el(s,),(s + h,t + k)]
<4-E{ sup IM(D.) — M(Dy) I* }

ze[(s.t),(s + h,t + k)]

<4:2%E {J (Ip,,,.il2) — 1Dﬂ(z))2¢2(z)dz} =4-2%hk + ht + ks).

R3

For each ¢ > 0 and (s, )R let B(s, 1) = { zeR%/[|(s, 1) — z|| < & }.
We have

P{ sup |M(D, — M([D,)|> "} < 4-2%e!2, forall (s,t)eR

zg
z,z2'€B g(s,t)

because z, 2’ € B(s, t) implies z, Z’ e [(s — ¢, t — &), (s + & t + ¢)].
Taking ¢ = 1/n* and using the Borel-Cantelli lemma we find that

sup  |M(D,) - M(D,)| < 1/n, for n>=n,, a. e

z.2'#By a(s.t)
Thus. u. c.. for each n > 0 there exists § > 0 such that

S, IM(D) = MD:) | <7,
z—z'|| <6

z,z’eRZO

and, therefore, M(D,) is continuous. |

“We can prove the existence of such a family of stopping sets for a parti-
cular case.

PROPOSITION 2.2. — If ¢?%(s, 1) is an increasing function of s, such that
f @*(s, y)dy = 20Vs, then there exist families of stopping sets { D,, ze R? }
0

with properties (2.3) and (2.6).

Proof. — Fix (s, t)e R2 and consider the function

fix, w)=inf{y'/f¢2(x,y;w)dy> r},

defined for 0 < x < s.

Annales de I’ Institut Henri Poincaré-Section B



CHANGING TIME FOR TWO-PARAMETER STRONG MARTINGALES 155

Then, define D,(w) as the closed hull of
(6 )0<x<s0<y< filx,w) }. 2.7

{D,, zeR% } is a family of stopping sets satisfying (2.3) and (2.6).

Indeed, since ¢3(s, t; w) is increasing in s, fi(x, w) is decreasing for
all weQ and D,(w) verifies ii) of Definition 2.1 for all (s, t)eR?% and
weQ. If 0 < x < s we have

{(% Y)eDy0)} = {0/0 < y < filx', w); for all X' < x}eF,,,

due to the continuity of the family { #,, zeR% }, and this implies the
progressive measurability of { 1p_(z), ze R% } in view of the remark after
Proposition 2.1 of [3].

Conditions (2.3) and (2.6) can be easily verified. O

We can apply this result to an example studied by R. Cairoli and
J. B. Walsh in [2]:
1 if st<1
2 if st>1.

W@0={

In this case ¢? is increasing in s, and we have

t if xt<1,
= 1
e <t+—>/2 if xt>1.
X

The family of the corresponding stopping sets is

R if st<1

st

D, = 1
- Ry Y {(x, Y0 <y < <t + —)/2, 1/t <x< s} if st>1.
X

Then, { M(D,), ze R3 } is a two-parameter Wiener process, although
it is shown in [2] that { My, ze R} } cannot be a two-parameter Wiener
process for any transformation I' : RZ — R?%.

s

If condition J ¢*(s, y)dy = oo does not hold, then the stopping sets D,

0
given by (2.7) exist only for points z = (s, t) verifying

P{II¢2(S, ydy = t}z 1.
0

The following proposition states the local existence of the family D,
when the function ¢?(z) is smooth. It is clear form the next section that
these families will never be unique.

Vol. XVII, n°® 2-1981.



156 D. NUALART AND M. SANZ

PRroPoSITION 2.3. — Suppose that there exists a neighborhood V of (0, 0)

N2

. C

in R2, where Fd)—(z) <K< o, and ¢*(z) = a>0forall zeV, weQ.
x

Then, there exists a family of stopping sets { D,, ze R, } with proper-
ties (2.3) and (2.6).

Proof. — Let zo = (sq, t,) such that R,, < V, and syf, < a/K.
Generalizing the method used in proposition (2.2) we can consider a
decreasing continuous function f: R, — R, and define

i, o) = inf{y’/j‘y dx, y; wydy = Pt } , inf¢=0oc. (2.8)

| x
Let a(s) = inf{ x / J B(x")dx’ = s } inf ¢ = oo.
0
Define D, equal to the closed hull of
{0 <x<as)0<y < filx, 0) ). 2.9)

Then, if we can prove that f(x, w) is decreasing and finite for all ¢ < ¢,
and w € Q, the family D, will verify the required properties.
Set f(x) =a — Kx. Then f(s) <t for all s <sy and t < t,. From

f(x)
J ¢*(x, y)dy = (a — Kx)t, taking derivatives with respect to x, we
0]

obtain, for all (s, t)e R

92

S(x) 0 2
j ng,V + *(x, fNA(x) = — K.
0 X

Finally, the inequalities
1) 52 1
N
0 Ox 0

3. TIME CHANGE
FOR A TWO-PARAMETER WIENER PROCESS

0d?

Ox

dy < Kt,

imply f'(x) < 0.

Let {D., zeR; } be a family of deterministic stopping sets. That
means Dy, is a closed subset of R% containing (0, 0), and such that ze Dy,
implies R, = Dy, for all (s, t)e R?.

In this section we study all families such that { W(D,), zeR3 } is a
two-parameter Wiener process whenever { W,, ze R% } is.
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By Theorem 2.1 it is enough to suppose that the family { D,, ze R% }
verifies

D, nD,, =D,,,,,, forall z,,z,€R% 3.1

m(Dy) = s-t, forall (s,t)eR%. (3.2

Every family of stopping sets with these properties gives rise to an

isometry '
T:L*R3%, 8, m) > LR34, 8, m)
defined by T(lg,) = 1p..

Indeed, let us define T(1(,, ) = 1p,, — lp, — lb,, + lp,, and extend T
by linearity to all linear combinations of characteristic functions of rec-
tangles. By (3.1) and (3.2) T preserves inner products, so that it has a
unique extension to an isometry of L*(R%, %, m).

If Be 4, and m(B) < oo, T(1g) equals (m-almost everywhere) the charac-
teristic function of a Borel set which will be denoted by t(B). The trans-
formation 7 is an endomorphism of the g-field 2 which preserves Lebesgue
measure, that is,

T(Q B,,> = OI(B,,) , T(,,!JB’) = uT(Bn) )

m(B) = m(t(B)), for all B, and B in £.

R. Cairoli and J. B. Walsh showed (see [2]) that whenever D, is a rec-
tangle R,.), for all ze R3, then the function g : R2 — R? belongs to the
group % of transformations of R% generated by g.(s,t) = (t, s) and

1
gi(s, 1) = (lS, j t>, AeR,.

In section 3 we give an extension of this result for multi-parameter
processes.

PrOPOSITION 3.1. — Let {D,, zeR%3 } be a family of deterministic
stopping sets with properties (3.1) and (3.2). If D, is a rectangle for some
zo € R%, there exists g€ ¥ such that D, = Ry, for all z < z,,.

Proof. — Let D, = R,,, and g be a transformation of ¢ (which is unique
if it has the form g;) such that g(zo) = z,. Then, {g"Y(D,), zeR?% } is a
family of stopping sets having the same properties. We will denote it by
{D.zeR%}. We have D, =R,. The associated transformation
T: % — % (defined m-almost everywhere) maps the Borel sets of R,
into Borel sets of R, .

We will show that for all z < z,, D, is a rectangle. For all ¢ > 0 consider
the sets H. = {(s,1)eRy/s't =c}, and S, = {(s,)eR% /s t < c¢}.

Vol. XVII, n° 2-1981.



158 D. NUALART AND M. SANZ

For all (s, f)e R2 we have D, < S,,. For, if ze D, R, c D, and,
consequently m(R,) < s-t; then zeS,,

We also have D, nH,, # ¢. Indeed, suppose that D, nH,, = ¢.
Then, « = sup { x* y/(x, y)e D, } < s-t, and, therefore, the set G=R,,—S,
has positive measure.

7 is an endomorphism of the s-field of Borel sets of R, which preserves
Lebesgue measure, so it follows that

G < lim sup t(G), m-a. e.

We also have (i"G)n G = ¢, for all n > 0, since G NS, = ¢, but
1G < D, < S, (which is a consequence of the definition of «), and S, < S,.
And that leads to a contradiction.

Therefore, there exists a point (4, v)e Dy, N H,,, and we must have
f)st =R,

We define y : R,, — R,, by means of the equality D, = R, . Using
methods analogous to those of [2] we can prove that y is order-preserving,
and, therefore, it coincides on each H, with a transformation of 4. This
can only be the identity map or g,. Consequently, y = g, or y =1Id,,
and, therefore, for all z < z,, D, = g(D,) = R, or D, = Ry (o O

COROLLARY. — Let { W, ze R% } be a two-parameter Wiener process.
If { D, zeR,, } is a family of deterministic stopping sets contained in R,
and such that { W(D,), ze R, } is a two-parameter Wiener process, then
for all (s, tye R we have D, = R,,, where g = Id. or

g(s, t) = (tso/to, Sto/So) -
If we do not restrict ourselves to a rectangle R_, there exist, as we shall
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see, families of deterministic stopping sets { D,, ze R2 } satisfying pro-
perties (3.1) and (3.2) which are not of the form D, = R,,, g€ 9.
Notice that the set H = { ze R%4/D, is a rectangle } is closed and satisfies
ze H implies R, < H. Therefore, there exists g€ % such that t(A) = g(A)
for all A = H, but we cannot determine the transformation t outside H.
We will now study conditions under which there exists a continuous
function f : R2 — RZ such that D, = f(R,), for all zeR3.
Notice that every determlmstlc stopping set can be determined by

decreasing curve: if D= {zeD/3z’eD,z« 2’} the set L =D — D is
either the empty set, and then D is the union of two segments on the axes,
or it is a continuous curve { 6(t), te [0, 1]} such that, if ¢, < ¢, then
0(ty) N O(ty). The points 6(0) and 6(1) may be infinite ; H(0)e OY and
0(1) e OX if m(D) is finite. L will be called the stopping line associated to D.

For all (s,t)e R% we define D! = UDST, D} = UD,, These sets
clearly satisfy >0 730

zeD! impliess R,<=D!; zeD? implies R,c D?.

Moreover, D! n D} = D,, and D}, D? are closed sets. In order to show
this, choose a sequence z, in D! with limit z; z, is bounded, therefore,
there exists 7 such that z,e D,, for all n; so it follows that ze D, = D!.

Therefore, D! and D? are stopping sets. Let A! and A2 be the stopping
lines associated to D! and D?, respectively. Notice that these curves are
non disjoint, and their intersection, 1! N A2, is contained in the boundary
of D,,.

ProposITION 3.2. — Let {D,,zeR% } be a family of deterministic
stopping sets verifying (3.1) and (3.2). Suppose that, for all (s, t)e R2,
the curves A! and 47 intersect in a unique point, then, there exists an one
to one, continuous function f:R2Z — RZ which preserves Lebesgue
measure and such that D, = f(R,), for all zeR2.

Proof. — Define f(s, t) as the intersection of ! with A2. Let z, = (s,, t,)
be a sequence whose limit is z = (s, t). I s, # s and ¢, # ¢, the curves A},

Ay, A%, A%, intersect in four points and determine a compact set A,,, whose area
is the same as that of the rectangle determined by z, and z. This area goes to

zero when n tends to co. We have mA cAlni? so mA ={f(2)},
and, therefore, f(z) — f(2). n=1

Since 7 is one to one and order-preserving, it follows immediately that f
is one to one and f(R,) = D,, for all zeR2. It can also be shown that
©(B) = f(B) for all Be # and f preserves Lebesgue measure. O
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Conversely, if we have a continuous, one to one function f : RZ — R2%
which preserves Lebesgue measure and such that R, = f(R,,) if ze f(Ry),
then { f(R.), ze R% } is a deterministic stopping sets family satisfying (3.1)
and (3.2). Henceforth, we restrict our study to this kind of families.

The set # of such functions have semigroup structure with the compo-
sition as operation and contains 4. Each function f € # determines a set

H, = {zeR%/f(R,) is a rectangle } = {(s, )€ RZ/f,(s, t)- fls, )=s"1},

where f(2) = (fi(2), fo(z)); and we know that the function f coincides
on H, with a transformation of the group ¥, because of Proposition 3.1.
Let us consider the set

2 = {H < R%3/H is closed, E, = H, and ze H implies R, c H},
and for each He 2 let us write

Ha=1{ feH(z)=z YzeH and fi(s, 1) fuls, ) <1, V(s, )¢ H ) .

We have a partition # = U@ o #y For, if feA#, there exists ge %

He%
such that f coincides with g on Hy, and, therefore, g7 ' o f € #},.

Let He 2 be fixed and let o = sup s-¢; suppose 0 < a < 0. A necess-
(s,t)eH

ary condition for #}; to be non empty is that H n H, is a connected set.
Indeed, if f € #}, then H n H, is a connected set, since, given z,, z,e HNnH,,
we have R, UR,, = H. If G is the bounded connected component of
S, — (R,, UR,,), the properties of f imply that f(G)= G, and, there-
fore, f is the identity map on the segment of the hyperbola H, determined
by z, and z,.

Conversely, if H n H, is a connected set we may expect that #y # ¢,
and we will prove it when H is the rectangle R,;.

Besides, if « = 0, H = F (and, as we shall see, #g, # ¢.

The C'-class functions of the semigroup # are those functions

f(2) = (fi(2), f>(2)) such that f(s, t), or f(t, s) are solutions to the follow-
ing differential equation:

.z T _:1’

a-f—l <0, % <0
ot 0s
(2) f10, 1) = f5(s,0)=0.
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For example, if y(s): R, — R, is a C?-class function with y(0) = 0,
Y'(s) > 0 and Y"(s) = 0, then f(s, t) = (Y(s), t/{/'(s)) belongs to #. In the
case Y(s) = s, 4 > 0, we obtain functions of ¥ (*).

If Yy(s) =e — 1, f(s,t) = (e’ — 1, t-e"°) belongs to H#E,

Consider the functions

(s, 1) if 0<s<l
(e Ltet™ if s>1,

f(Sat)z{

(s, 1) if o0<e<1
(scet ey if t>1.

g(s, t) = {

It is easy to verify that f € #}y,, g € #y, where H; = { (s, )e R3/0<s<1}
and H, = {(s, )eR%3/0 <t < 1}. Consequently, f oge #y,,.

Let M,, = j $(z)dW,, ¢ € LY, be a strong martingale and { D,, zeR% }
Rsf

a family of stopping sets verifying properties (2.3) and (2.6). Then, by

Theorem 2.1, { M(D,), ze R% } is a two-parameter Wiener process. The

results obtained in section 3 imply that this family is not unique; for,

{ f(D.), ze R% } is another family of stopping sets with the same properties,

for each f e .

4. EXTENSION TO n PARAMETERS

The partial order in R, will be(sy, . . ., s,) <(ty, ..., t,)if s;<ti=1, ..., n
Let { W, te R} } be a n-parameter Wiener process, that means a separate
Gaussian zero mean process with covariance function

E{W;- W} = H(si At).
i=1
Let { Z, te R’ } be the increasing family of o-fields generated by W,
that is, #, = o(W,, t’ < t).
The following result gives a different proof and generalizes to n-para-
meter processes the Lemma 4 of [2].

PROPOSITION 4.1. — Let f :R% — R"% be a mapping such that

(*) The stopping sets D, = f{R,) of this kind coincide (for a fixed w) with the
stopping sets defined by (2.9), where ¢ = 1 and B(x) = 1/y'(y ™' (x)).
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{ Wyq, teR% } is an n-parameter Wiener process, then f has the form
f(sla RS Sn) = f(llss(l)’ RIS lnsa(n)) s

where 44, ..., 4, are positive real numbers with 4, ::: 2, =1and ¢is a
permutation of {1, ..., n}. The set of these functions is a group %.

Proof. — If T is the covariance function of the n-parameter Wiener
process, the function f verifies

I(s, t) = T(f(s), f(2)), for all s,teR% .

It can be shown, as in [2], that f is order-preserving, that is, s < t if
and only if f(s) < f(¢).

Define D, = R, for all te R".. Then { D,, te R’ } is a family of deter-
ministic stopping sets (for all teR", 0€ D, D, is closed and s < t implies
R, = D,) verifying

D, D, = D,,,, for all s, te R 4.1)
mDy) = sy ::: 8, for all s=(sy, ..., s,)ERL 4.2)

where m is the Lebesgue measure on the Borel o-field # of R”.

(4.1) holds because f is order-preserving, and (4.2) follows from
m(Dy) = I'(f(s), f(s)) = I(s, s).

This family { D,, t € R", } gives rise, as in section 3, to a transformation
1: B — A (defined m-almost everywhere) which preserves Lebesgue
measure and the set operations, and such that t(R,) = D, = Ry, for
all teR".

We will first prove that f leaves invariant the class of lines parallel to a
coordinate axis.

Given a point s = (s, ..., s,) denote by 5; = (sq, ..., S, ..., s,)eRYY,
and write s = (s;, 5;). Fix the coordinates of 5; and consider the line
{(6,5), 0 = 0}, then, the points { f(, 5;), 6 = 0} have all but one coor-
dinates equal. Indeed, choose ¢ > 0;thenf(5;) < f(s; + ¢, 3;), and, therefore,
the regions

Rj(s;+c.§,) - Rf(s,'.s"i) = T(R(Si+£.b_'i)) - ‘C(R(Shfi)) = T(R(S;‘+85i) - R(Sis§i))

are mutually disjoint because so are the sets R, 4.5 — Rs50. =1, ..., 1.
For each i = 1, ..., n, denote by &(i) the non constant component of
the points { f(c, 5;), 0 > 0}. We have to show that &(i) does not depend
on the point s.
Let t = (t;, ..., t,)€ R% be another point. For a fixed i, we want to
prove that the lines determined by { f(0,5), 0 >0} and f(s,7), 0 >0
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are parallel. It suffices to consider the case 5; < ;. Then, f(a,5) < f(0, T)),
for all ¢ > 0. Both lines given by { f(0,5), 0 >0} and { f(0,F;),0 >0}
are parallel to a coordinate axis, and they contain a set of different ordered
couples of points; therefore, they are parallel.
Let fi(s), ..., f,(s) be the components of f(s). For all 6, ¢’ > 0, we
have
fi(0,5) 122 fi(0,8) =S; 11t Sjm1°0 Sipq i Sy,

file',5) 222 fil0', 5)

Consequently, if all the components are positive,

/. .o
Sy 11 8-1°0 Sit1 +i Sy

fs(i)(o', 5) 0’ = fs(i)(al’ 5) 0,

and the quotient f,; (o, 5;)/0 is independent of ¢. Denote it by 4(s;). Then,
Lels) = AdS)si

Each coordinate A(S;)s; must not depend on the individual variations
of s; for j # i. Therefore, A(s;) is a constant, say 4;, and the Proposition
is proved. d

For a more general changing time of a n-parameter Wiener process
using a family { D, teR" } of deterministic stopping sets, all results of
section 3 may be properly extended. In particular, if the family satisfies (4.1)
and (4.2), { W(D,), te R", } is a n-parameter Wiener process and we could
develop an analogous characterization of such families of stopping sets.
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