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Ergodic theory for inner functions
of the upper half plane

by

Jon AARONSON

ABSTRACT. — The real restriction of an inner function of the upper
half plane leaves Lebesgue measure quasi-invariant. It may have a finite
or infinite invariant measure. We give conditions for the rational ergodicity
and exactness of such restrictions.

ABSTRAIT. — La restriction a la droite réelle d’une fonction intérieure
du demi-plan supérieur laisse la mesure de Lebesgue quasi-invariante,
et peut avoir une mesure invariante finie ou infinie. Nous donnons les
conditions pour l'ergodicité rationnelle et ’exactitude de telles transfor-
mations.

§ 0. INTRODUCTION

In this paper, we consider the ergodic properties of the real restrictions
of inner functions on the open upper half plane :

R ={x+iy:x yeR y>0}.

Let f : R** — R?* be an analytic function. We say that f is an inner
function on R?* if for A-a.e. x € R the limit lilr(r)l Sf(x + iy) exists, and is
y

real. (Here, and throughout the paper, A denotes Lebesgue measure on R).
Consider the limit lil%l f(x + iy) = Tx. This is defined A-a. e. on R. We call
y

this limit the (real) restriction of f,and will sometimes write thisas T = T(f).
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234 J. AARONSON

We will denote the class of inner functions on R%* by I(R?*) = I, and their
real restrictions by M(R). We note that f e I(R**) iff 9~ f@(z) is an inner
function of the unit disc, according to the definition on p. 370 of [9]

(where 0(z) = i(l A Z))
1 -z

The following characterisation of I(R**) appears in [6] and [/7].
fel(R?") iff

0.1 f(w)=aw+ﬁ+j

— o0

e o)

+ tw
du()
—-w

where o > 0, fe R and u is a bounded, positive Borel measure, singular
w.r. t. A. Since we shall be refering to (0.1) rather a lot, we shall denote
the class of bounded, positive, singular measures on R by S(R).

G. Letac ([6]) has shown that a measurable transformation T of R
preserves the class of Cauchy distributions iff either Te M(R) or

b d
— T e M(R). In particular, if dP,, ;(x) = —~————§—7 for a + ibe R**
and T = T(f)e M(R), then: (x —a) +
0.2) P,oT™' =P, for weR**

This equation shows that M(R) is a class of non-singular transformations
of the measure space (R, B, 1), and is therefore an object of ergodic theory.

Let feI(R%*) have a fixed point wye R**. By (0.2), T(f) preserves
the Cauchy distribution P, . It was shown in [/6], that if f is 1 — 1, then
T(f) is conjugate to a rotation of the circle, and shown in [15] that other-
wise, T(f) is mixing. We show in § 1 that if f is not 1 — 1 then T(f) is exact.

In § 2 we recall some well known facts about inner functions of R**.
The Denjoy-Wolff theorem (see [13], [/4] and [/8]) adapted to R** shows
that when studying the ergodic properties of T(f), for feI(R**) with
no fixed points in R?*, we may assume that a(f) > 1. In case a(f) > 1,
T(f) is dissipative, and when oa(f) = 1, T(f) preserves Lebesgue measure.

In § 3, we consider the case af) = 1. Here, the conservativity of a res-
triction T(f) is sufficient for its rational ergodicity ([/]) (ergodicity was
established in [15]). We also give sufficient conditions for exactness, and
discuss the similarity classes ([/]) of restrictions.

The ergodic theory of certain restrictions has been considered in [2],
(51 [7), [10}, [11], [15] and [16].

The author would like to thank B. Weiss for helpful conversations,

and G. Letac, J. Neuwirth and F. Schweiger for making preprints of their
works available.
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INNER FUNCTIONS OF THE UPPER HALF PLANE 235

§1. MIXING RESTRICTIONS
PRESERVING FINITE MEASURES

The purpose of this section is to prove

THEOREM 1.1. — Let f e I(R?*) and assume that f isnot 1 — 1. If f
has a fixed point w, € R%*, then (R, 4, P, T(f)) is an exact measure
preserving transformation.

ie. [ )T"®={4 R}modi.

n>1

Before proving theorem 1.1, we shall need some auxiliary results. The
first of these is Lin’s criterion for exactness of Markov operators (theorem
4.4 in [8]) as applied to our case. To state this, we shall need some
extra notation :

Let T e M(R), then (R, B, 4, T) is a non-singular transformation, and
so geL®(R, B, 1) iff goTeL®(R, B, ). We define the dual operator
of T, T : LR, B, ) > LY(R, B, ) by

JTh.gd,1=J h.goTdA  for hel! and gelL®
R R

If we write, for = a + ibe R**

dp, b 1
W= = e
then equation (0.2) translates to:
(1.1) Téo = bywy for T =T(f)e M(R)

Clearly, T is a positive linear operator, J Thdl =j hdA for he L.
R R

Lin’s Criterion ( for restrictions). — Let T = T(f)e M(R).
T is exact iff
(1.2) [|T"||, — O for every ueL!, j udA = 0. Here, and throughout,
R

[ully =f lu|dA.
R
We shall also need the following (elementary) lemma.
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236 J. AARONSON

Lemma 1.2. — If 0,eR?** and w, - weR?** then:

lld)wn - ¢w||1 -0

Proof of theorem 1.1. — We first show that f"(w) —» w, Voe R2,
where f!(0) = f() and f"* (@) = f(f"(@)). |

Let ¢: U=[|Z]| < 1] - R?* be a conformal map. Then g = ¢~ !f¢:
U — U is analytic, and g(¢(wo)) = ¢(w,). By the Schwartz lemma ([9]):
| g'(d(wg))| <1 as g is not 1 — 1. It is now not hard to see that

g2) > dlw)) VzeU,

and hence that f"(w) - w, YoeR?*.
Hence, by lemma 1.2

IlTnd)w_d)wo”l=||¢f"(w)_¢w0”1 - 0 for Q)GR2+.
We will now establish that
|| T"ull; - 0 for uelL!
with j udA = 0 which, by Lin’s criterion, will ensure the exactness of T.
R

Let ue L' with j udl = 0 and let ¢ > 0. By Wiener’s Tauberian theo-
. R

rem (see [12], p. 357), there exist a; ... ay, @y ... ay€@Q such that
. N
- Zaj¢aj+i <¢/2
1
j=1

Clearly, this implies that

;| < é&/2and so:

ll

i=1

N
T <u— zaj¢aj+i>

ji=1

(Z ](¢aj+z ¢wo> ”z }¢wo
Zw L T"a, i — b 11+ ‘Z

Since ¢ > 0 was arbltrary: || T"ul||, — O. O

T ll, <

<

ak

Z )¢a_,+l

<eg+o(l) ask—>o00 [
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INNER FUNCTIONS OF THE UPPER HALF PLANE 237

§2. BASIC CLASSIFICATION

PROPOSITION 2.1. [17]. — Let f e I(R?"). Then
f(ib) {a(f)=ae[0, ) as b —» oo (¢ as in 0.1)

ib y(f)elo, 0] as b 0.
M
oreover =y i (o) = ao
Proof. — From the representation 0.1, we immediately calculate that :

b 1— b2 (® td © 141
ey B _o 0 a7

ib ib ib

— o0

It follows from elementary integratibn theory that

— o a=af) as b > .
ib

To check the limit as b — 0, we « flip » f to get:
flo)= —1/f(- 1/w)
Since fel(R**), we have that

f:;b) - af)e[0, o) as b - o
but this decodes to:
—f@—) y(f) #e(o, o] as blO.

ib ~ o)

Now, if y(f) < co then, by 2.1:

0 1 2
W)=« +j ;t du(t)

- 0

Hence y(f) > a(f) with equality iff u = 0. O

PROPOSITION 2.2. — Let fel(R?*) and T = T(Y).
If a(f)> 1 then T is dissipative.

Proof. — Write f"(w) = u,(®) + iv,(w).

Vol. XIV, n° 3-1978.



238 J. AARONSON

From the representation (0.1), we have:

(= A+ P)du)
Vp41(0) = av (@) + v,(®) Lw m = 0D,

Hence v,(i) > o for n > 1, and

n _ v,(0) 1
o0 = (¢ — u)* + v}) = o™
Clearly

00

1
ET oi(t) < @D VteR

n=1

and so

zleT"<oo a.e. VAeB; MA)< O

n=1

ProposITION 2.3 (Letac [6]). — Let f e I([R?**), T = T(f).
If a(f)=1 then AT ! = A

Proof. — Let f(ib) = u(b) + iv(b) we have:

b b
?—»0 and E(B—)—’l as b - .

Hence, for AeB:
nbPy(A) — AA)
and
anf(lb)(A) i d A(A) as b — 0.
Slnoe Pib(T—lA) = Pf(lb)(A)’ we have that
AT 'A)=i4A) for AeB O

The next result is the Denjoy-Wolff theorem stated on R**, which
shows that if f e I(R%*) has no fixed point in R2*, then 3f € I(R?*) with
«f) > 1, and such that (R, @, 4, T(f)) and (R, B, 4, T(f)) are conjugate,
(and therefore have the same ergodic properties).

THEOREM 2.4. — Let f € I(R?*) have no fixed points in R**, and assume
that a(f) < 1; then

3! teR  such that (¢, f¢, ') > 1

Annales de I’Institut Henri Poincaré - Section B



INNER FUNCTIONS OF THE UPPER HALF PLANE 239

where
14+ tw

t—o

¢l(m) =
(Note that a(@g f do) = 1/%(f))-

1+2
Proof. — Let ¢(z) = i —z"

and has no fixed points in U. The Denjoy-Wolff theorem on U (see [/3]
or [14]) shows that 3! peT such that

p + gZ) p+Z\
(*) Re (;—??:‘(-i‘)') > Re (;——Z) VZeU

Then g = ¢ 'f¢p: U - U is analytic,

Now let t = ¢(p), ¥ =i Ptz

p—7Z

that ¢y ! = ¢, ! and hence that f =¢,f¢;7 L. Also, (*) means that

Im Y g(Z) > Im Y(Z) for Ze U, and hence Im f(w) > Im w for e R?*,
which implies «(f) > 1. [

If (¢, fp; ') > 1 for some ¢, then by proposition 2.2, T(f) is dissipa-
tive. If (¢, f ¢, 1) = 1, then, by proposition 2.3, T(¢,f¢; ') = & T(f)¢;
preserves Lebesgue measure. Hence T(f) preserves the measure v, where
dv,(x) = dx/(x — t)* The rest of this section is devoted to odd restrictions.

and f = ygy 'elR?"). It follows

(We say that a restriction T is odd if T(— x) = — T(x)).

LEMMA 2.5. — Let f € I(R**) and let T = T(f). The following are equi-
valent :

i) T is odd ii) Re f(ib) =0 for b >0
iii) f(— ®) = — f(w) for we R**

du(t)

iv) f(a))=<m)+j‘aO L+ 1o
e t—®

where u e S(R) is symmetric

Proof. — The implications iv) = iii) = i) and iii) = ii) are elemen-
tary. That ii) = iii) is because of the Schwartz reflection principle (see [9]).
The fact that for t > 0:

0
eit f(w) — j eitT(x) ¢w( x) d X

— 00

gives the implication i) = iii).
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240 J. AARONSON

We show that iii) = iv). Assume iii). It is evident that f = 0 in the
representation 0.1, so we have

© 1+t
f(w)=aw+J t+ cOd,u(t) where o >0 and peS(R).
o O

We must show that u is symetric. To see this, we first rewrite the equa-
tion v(— a + ib) = v(a + ib) (implied by iii)) as:

2.2) j.wdh,(t — a1 + *)du(t) = wabb(t + a)1 + £)dp(t)

29 o0

Next, we take g(f) a continuous function of compact support and let
gy(t) = ¢y x g for b > 0. It follows from (2.2) that

J g(— (1 + 2)du(t) = j &0 + £)du(t).
The symmetry of u is established by the (elementary) facts that
glt) —» g(t) as b >0

sup (1 + A)lgtl <o O
b>0

We denote the collection of those:inner functions on R?* satisfying the
conditions of the above lemma by I,(R?*), and remark that f eI, (R*")

1+ .
iff @'/ is an essentially real inner function of U. (Here 0(z) = i( — i >> .
THEOREM 2.6. — Let f el (R?*) and T = T(f).

If a(f) < 1 < y(f) then T preserves a Cauchy distribution. Moreover,
if wf(w) is not constant, then T is exact.

Proof. — If f eI, (R?*) then it follows from the lemma

0 2

1
Wf) = af) +j T dut).

0

Now since a(f) < 1 < y(f), we have that

© {1 t2
j —:2 du(t) >1 —a>0.

@
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INNER FUNCTIONS OF THE UPPER HALF PLANE 241

© 2
But J tlz—_:—%dy(t) 10 as b » oo so there is a by, > 0 such that
© 14 ¢2 . . . -1
J S5 du(t) =1 — o, i.e. fliby) = ibo, hence Py, o T™ = Py,
w 2+ b5
The result now follows from theorem 1.1. O
To illustrate the results of this section, we consider Tx = ax + ftan x
where o, f > 0. Here, «(T) = a, and y(T) =a + B.
If either « > 1, or o + B < 1, T is dissipative.
If « <1< a+ B, then T preserves a Cauchy distribution and is exact.
(This was established in [5] for « =0, f > 1).
The remaining cases (x = 1 and « + f = 1) are contained in the dis-
cussion of :

0

§3. RESTRICTIONS PRESERVING INFINITE MEASURES

In this section, we consider those restrictions preserving infinite measures
with o« = 1, or a(¢,f¢,; ') = 1 for some t.

We will see that for these transformations, conservativity is sufficient
for ergodicity and rational ergodicity ([I]), a stronger property (exam-
ple 1.2 in [I]). We then give sufficient conditions for exactness.

Firstly, we recall the definition of rational ergodicity. Let (X, B, m, 1)
be a conservative, ergodic, measure preserving transformation of a non-
atomic, o-finite measure space. We say that t is rationally ergodic if there
is a set A, of positive finite measure and K < oo such that

n—1 n—1
(B) j <ZIA 0 r")zdm < K(Zm(A ) 1:_"A)>2 for n>1
A

For a rationally ergodic transformation 7, we let B(z) denote the collec-
tion of sets with the property (B). It was shown in [/] that there is a sequence
{a,(r)} such that

n—1
1
EZm(A N 17*A) > m(A)? for every AeB(1)
" k=0

The sequence { a,(7) }, is known as a return sequence for t and the col-
lection of all sequences asymptotically proportional to a,(t)

(i.e. aa—(r) - ce(0, oo))

Vol. XIV, n° 3-1978.



242 J. AARONSON

is known as the asymptotic type of t and denoted by /(). It was shown
in [/] (theorem 2.4) that if 7, and t, are rationally ergodic transformations

which are both factors of the same measure preserving transformation,
then

(1)) = A1) (i. e. 3 lim “—"EL‘;e(o, oo)>.

a,(t,

We commence with the case a(f) = 1.

LemMA 3.1. — Let f e I(R%") be non-linear and let T = T(f),
o) = uw) + ivw) for n>1 weR2*,

If « =1 then T is conservative

Dn(@)

W VweR“.

Proof. — It will be more comfortable to work on the unit disc U. Accord-
14z .
ingly, we let M(z) = 0~ 'f0(z) where 0(z) = i( > Then M is an inner
— Z

;o
. +z
function on U. Let M(re®) — 1 as r — 1 a.e. Denoting Im <—-+—)
e+ z

by ¢.(0) and ¢,(0) df by dn.(6), we see that m, o~ ' = 7yPy, and this com-
bined with the fact that 9 !TQ = ¢ gives us that:

-1 _
M,o7T ——TCM(Z)'

So t is a non-singular transformation of (T, 1), and is conservative iff
T is conservative.

Let 7 be the operator dual to t, acting on L. Then 7q,(t) = gy,(t) and
T is conservative iff

00

(3.1) ZqM,.(z,(t) = 00 a.e. VzeU.

n=1

We next show that M*(z) - 1asn — oo Vze U. This will follow from

the fact that f(w) — oo asn — oo YweR?* which we now demonstrate.
From 0.1:

Un+1(@) = vy(w) + v,(w) 'L « — Un)2 n

O
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INNER FUNCTIONS OF THE UPPER HALF PLANE 243

Hence v, T v,,. It is not hard to see that if v, < 00, we must have | U, | — oo.
Hence M"(z) — 1.

Now choose ze U and let M"(z) = r,e%. We have r, — 1 and 6, — O.
Also:

1—r? 1-—r,
Imnz(t) = 1

—2r,c08 (0, — ) +r2 1 —cost
For t # 0. Thus:

as n — oo.

(3.2) T is conservative iff ZI — | M"2)| = oo VzeU.

n=1

The second condition is the same as
00

21 —IM"z)? =  VzeU.

n=1

Now if o = a + ibe R?**, then

2 4b
T+ b+ 1Y

From the definition of M, we have

1- M(w—i) L o) M)
w+i)|  Ufo)+@,+1? | (o)

THEOREM 3.2. — Let f € I(R%?*) be non-linear, T = T(f) and a(f) = 1.
If T is conservative then T is rationally ergodic, and

D () .
A(T) = {Z%} for every weR2?*.

Proof. — We first prove ergodicity, and here again, it is more comfor-
table to work on U. We prove the ergodicity of 7 (as defined in Lemma 3.1).
If T is conservative then by (3.2): —

00

Zl—lM"(z)|=oo VzeU.

n=1

w-—1i
1 —

w+i

as n — o O

Since M"(z) — 1, we must have that the points { M"(z) },», are distinct.
Now, let he N(U) (defined on p. 303 of [9]). If A(M(z)) = h(z) for all ze U
then by theorem 15-23 of [9], h must be constant. The ergodicity of
is deduced from this as follows :

Let A = T be a t-invariant measurable set and let

" do
uz) = j %:(0)1,6) 5

Vol. XIV, n° 3-1978.



244 J. AARONSON

Then v(M(z)) = v(z), ||veM"||, <1 Vn > 1, and v(re®) — 1,(6) a.e. as
r — 1. Now v can be regarded as the imaginary part of an analytic func-
tion FeH(U). By theorem 17-26 of [9] FeH'(U) < N(U) and
IFoM"[|y <A Vn2>1

Moreover : F(M(z)) = F(z) + ¢ where ceR.

Let F*(e'%) = 13111 F(re%), then F*(ze®) = F*(e%) + ¢. The conservati-
vity of t yields that ¢ = 0 (since the set [| F* | < M] has positive measure
for some M, and so every point of this set returns infinitely often to it

under iterations of © — an impossibility if ¢ # 0). Thus, F is constant
and hence also 1,(0).

We now turn to rational ergodicity. Let

by < | L@
CA ()
Since f™(w) — oo, it is clear that:
(3-3) b ()T () — 1

uniformly on compact subsets of R. Let

- 1
%w=2mmy

k=1

n—1
1 -
2Tk¢w - 1
a,(w)
k=0

uniformly on compact subset of R.

Now, since T is a conservative ergodic transformation, it follows that T
is a conservative ergodic Markov operator, and we have from (3.4), by
the Chacon-Ornstein theorem (see [3]) that:

From (3.3) we have that

(3.4

n—1
1 .
(3.5) ET"f —»j‘ fdi a.e. VfeLl
an(w) R
k=0
Hence a ()
®
Ja, » o st —— -1 for every weR>".
a

We will prove rational ergodicity of T by showing that bounded inter-
vals are in B(T).
Let A = [a, b] where — 00 < a < b < .

Annales de I’Institut Henri Poincaré - Section B



INNER FUNCTIONS OF THE UPPER HALF PLANE 245

Then 1, < c¢;
Hence, by (3.4), there is a C; < o s.t.
n—1
(3.6) lZTHA(x) <C, for n>1, xeA.
ank=0
This, combined with (3.5), gives (by dominated convergence)
n—1
3.7 alz/l(A NT7*A) —» A(A)?
k=0

To complete the proof that T is rationally ergodic, we show that:

1
2
(3.8) j(ZleTk)dugzclaf for n>1.
A

n—1 n—1n—1
2
j (ZIAOT"> dy < 22 MA AT A A T'A))
A k=0 k=0 1=0

n—1 n—1

= 2 J ETHA(M <2C, ¢ O
AnT 1A

We now turn to exactness. The following elementary lemma plays
a similar role to that of lemma 1.2.

Lemma 3.3. — If b, - oo, B, ~ b, and

— - 0 as n —» o
n
then

||¢an+ib.. - d)iB,.HI -0 as n —» .

THEOREM 3.4. — Let feI(R?*), T = T(f) and assume
Kaw
flw)=w + J 0

xt—o

then: T is exact, rationally ergodic and </(T) = {ﬁ }.

1
Proof. — Let L = max { v(R), v(R)*} and assume that K > 1 We

Vol. XIV, n° 3-1978.



246 J. AARONSON

write f*(w) = u,(w) + iv,(w). The assumption of the theorem means that

K t—u,
(3.9) Upp1 = U, + —K mdv(t)
k ()
wemntn | g

The first part of the proof of this result consists of deducing the asymp-
totic behaviour of u, and v,. For this, we assume that w = a + iL. where
aeR. The recurrence relations (3.9) show us that

v(w) =L for every n>1.

And this enables us to deduce the boundless of |u,(w)| as follows:
Not-ing that:

K t—u 1
[ geol 2!

—K(t—u) +U 2
we see that:

1
If u,>2K then —KSK—Esu,,HSu,,.
1
If u,<-K then u,Su,+1s—K+§sK
If u,<K then
K dv (K —u,)
<u,+K—-u, ——— < u, + ~vR) <K
un+1 u ( u)j_x (t—-u,,)2+vf ﬁ V()

If u,>-K then u,+1 = — K.

Hence |u(a + iL)| < |a|V* for n > 1.
The recurrence relations (3.9) now imply that v, — oo as n — oo and
hence

K dw(t)
domiton |

+ vﬁ(jx ___jd_"ﬁz__zy - 2W(R) as n > o

-K (t - un)2 + v,

Hence v,(a + iL) ~ \/2vn as n — 0.
Lemma 3.3 now shows us that for every ae R:

(3.19) T — diymsll > 0 as n > oo.
We now obtain exactness by Lin’s criterion by an argument similar
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INNER FUNCTIONS OF THE UPPER HALF PLANE 247

to that of theorem 1.1 (the rational ergodicity of T has already been esta-
blished, and its asymptotic type characterised, by theorem 3.2).

LetueLl,j udl =0,and ¢ > 0:

R

By Wiener’s Tauberian theorem, there are a, ... oy, @; ... ay€R such
that
N
u-—= zak¢ak+iL <ef2
k=1 !
Whence :
N
| Tmull, < T"(“ - Z“k‘hnm)
k=1 !
N N
+ T"Zak¢ak+iL _ Zakd)z 2vn “ Zakd) JETE

N

- Z P+ i
1

”T"““l <

N
+ Z“k” T"¢ak+il. — bizmll + ‘Z“k
* k=1

Zz

<&+ o(l) O

We note that the « generalized Boole transformation » (proven ergodic
in [7]) falls within the scope of this last theorem.

If we added B # 0 to f in theorem 3.4, we would obtain that for Im w
large enough | u,(w) | > c,n and v,(w) < ¢, log n(where f"(w)=u,(w)+iv,(w)).
The methods of lemma 3.1 would yield that T(f) is dissipative.

The following corollary follows immediately from lemma 3.1 and
theorem 3.2.

COROLLARY 3.5. — Let feI(R?*) and let T = T(f), f"() = iv,(). If
o(f) =1 then:

o)
. . 1
T is conservative iff Z — =
L)

and in this case, T is rationally ergodic with

n

1
T = { Z — } '
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Moreover, in case f e, and a(f) = 1: we have that v, - oo and so:

© 14
Ups1 — Uy = 20} J mdﬂ(t)

) © 1+ tZ 2 © )
+ vy mdﬂ(t) -2 (I + £%)du(t) < o0

—

"D L [T+ ) < oo
Vi <

Hence :

— o

which means :

a) T x T x T is dissipative
a,(T)

b) — ce|0, o) as n - o (in case T is r.e.).
N

These last two properties are held in common with the restrictions of
theorem 3.4, and with the Markov shifts of random walks on Z.

The following example does not fall within the scope of theorem 3.4,
(though theorem 3.2 does apply).

ExaMpPLE 3.6. — Tx = x + atan x is exact, rationally ergodic with

L
a,(T) ~ g for « > 0.

Proof. — Let f(w) = + atan @ and f"(w) = u,(w) + iv,(w). Then:

2 sin 2u,e*’"

Uppy = Uy, +

" et — 2cos 2uet + 1
and
+ 6’4U"
Uye1 = U, +
" " T et — 2c0s 2ue™ + 1
Whence : ‘
Up+1 — U, = atanh v, > atanh vy > 0
o) ’
v, ~ on as n - 0.
On the other hand:
eZU,.
[Uysy — U, | < m < 4ae” %" < 4ae”*™  for n large.

Hence u, — u,, and the argument that T is exact now proceeds identi-
cally to the last argument of theorem 3.4. O
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The following lemma will give examples of f e I4(R**) with a(f) =1
and T = T(f) dissipative, and also uncountably many dissimilar I e.
(see [I]) restrictions T(f) with f e I4(R**), a(f) = 1.

LemMA 3.7. — Let pe S(R) be symetric with

1
ox) =u(lt]| = x)~— where 0 <a<?2.
x

Let
© 1+ tw

du(t) and f"(i) = iv,.

f,(w)=w+j

- 00
Then: v, ~ cn'™ where ¢ depends only on a.

Proof. — We have
Vp+1 = (1 + F(v,))
where

0 1 2
F(b) = j S dut).

It is not difficult to see that

ﬂ( M(R) * xe(x)
F(b + 2% -1 ————d
O =" + A ’L @b
We first show that F(b) ~ % as o — o0
Let ¢ > 0, and M be such that
1 - 1
-—¢ < clx) < +e Vx> M
x* x*

Writing

b 0 xl-—-a
L = —d
w(b) L 2+ b2

we have that:

® xe(x)dx
(1 — e)Ly(b) = j o 1 b < (1 + e)Ly(b).
Now
©  xl-e 1 ® l=agx c
m(b) JM o2+ b2y X i JM/b T 2~ pive as b —-> o
where

B 0 xl—adx
) (62 +1)?
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Since ¢ > 0 was arbitrary and « < 2, we have that

F(b)~% as b - .

Clearly, v, — oo, hence:

Vae1 — th = 5[0 + Flv,)* — 1]
~ avZF(v,) as n — o
- oc as n —» o
Thus v, ~ (xcn)** as n - oo O
We now let T, = T(f).
By corollary 3.5:

If O<ax<l1 then T, is dissipative.
If I<a<?2 then T, is rationally ergodic and

{logn} if a=1
{(n*"1} if 1<a<?2.

A(T,) = {

If follows from theorem 2.4 of [I] that if 1 <oy < a, <2 then T,,
and T,, are not factors of the same measure preserving transformation.

THEOREM 3.8. — Let feI(R?*) and T = T({).
Suppose x, € R and f is analytic in a neighbourhood around x,,.
If Txo = xo, T'(x0) = 1 and T”(x,) = O then T preserves the measure v,

where dv, (x) = and is exact, rationally ergodic with asymp-

(x — xo)*’
totic type {ﬁ}
Remarks. — The conditions Tx, = x, and T’(x,) = 1 correspond to:

U, fP5') = 1. If, in this situation, T"(x,) # O; then T is dissipative.

By possibly considering g(w) = f(w + x,) — x, we may (and do) assume
xO = 0.

Proof. — Let °
flw)=ow + Za,,w" for |w| small.
Then " ©
1 1 o- flo w \
f@ o f@ f(w)"Z; e
- 0 as o —> 0.
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Hence ©
1 1
—_— =4 b,0" for |w]| small.
f@ o L
1
Let f(w) = — 1/f<— —).
w
Then : w©
(3.11) flw)=w +Zb,,(u‘” for |w| large,

n=1
say || > K and, since feI(R2*), af) =1:

® 1+ tw

t—w

(3.12) f(w)=w+ﬂ+j

— 0

du(t) where peS(R), feR

In order to prove the theorem by applying theorem 3.4, we will show

that ‘
(3.13) flw) =0+ J M)

ktl—w

where veS(R).

Firstly, let g(w) = f(w) — w. By (3.11):

— ibg(ib) — b, as b - o
But by (3.12):

— ibg(ib) = — ib(ﬁ _p? J‘w tdp(t)2>+ b J*oo _t@_(f)_

o 2+ Db o 2+ b?
N

Hence, we obtain, from the convergence of the real part, that
j (1 + t)du(t) < oo

and from the convergence of the imaginary part that:

© tdu(t
sz ﬁ%—»ﬁ as b — .

which convergence, when combined with the previous one, gives

jw tdp() = B

— o0
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Now, let dv(t) = (1 + t*)du(t), then ve S(R) and it follows easily that

(3.14) o) =0+ f .
wt—®
: © d L
Now, let h(a) = Im g(a + ib) = b j—m (t—%.By (3.1V1)gls uni-

formly continuous on compact subsets of [| | > K], and so hy(a) — 0 as
b — 0 uniformly on compact subsets of [|a| > K].

Let dQu(x) = hy(x)dx, then Q, = Py * v, and so Q,(A) —» v(A) for A
a compact set. If A is a compact subset of [| x| > K], then

WA) = lim Qy(A) = lim L hy(xX)dx = 0.

Thus v is concentrated on [— K, K] and (3.13) is established. O

The transformations T,x = ax + (1 — «)tan x for 0 < « < 1 fall within
the scope of theorem 3.9 (it was shown in [/]] that T, is ergodic). It follows
from asymptotic type considerations that the above transformations are
dissimilar to Tx = x + atan x.
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