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ABSTRACT. — We consider the two-body Schrodinger operator for a neutral
pair of particles in two-dimensional space with a constant magnetic field.
The two particles interact through a potential. We prove absolute continuity
of the spectrum under several different assumptions on the potential. These
assumptions cover both the Coulomb and the Yukawa potential. We discuss
some explicitly solvable models.
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RESUME. — Nous considérons I’opérateur -de Schrédinger d’une paire
neutre de particules bidimensionnelles soumise a un champ magnétique
constant. Les deux particules intéragissent par I’intermédiaire d’un potentiel.
Nous démontrons que le spectre est absolument continu sous plusieurs
conditions sur le potentiel. Ces conditions sont satisfaites par les
potentiels de Coulomb et de Yukawa. Nous considérons quelques modeles
explicitement solubles.
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388 A. JENSEN AND S. NAKAMURA

1. INTRODUCTION

We consider the Schrodinger operator for a neutral pair of particles in
two-dimensional space with a constant magnetic field. This operator is
given by

H = 2171(1)1 — eA(2))” + ZLmQ(py +eA)’ +Viz-y), (1)

acting on " = L*(R*)). Here (z,y) € R* = R x R?, m;, j = 1,2
denotes the masses, e the (positive) charge, p, = —id, the momentum,
A(z) the vector potential, and V' the interaction between the pair. The
magnetic field B = rotA(z) is assumed to be constant. In this paper the
spectrum of H is studied.

It is well-known that the spectrum of the one particle Hamiltonian
3 (Pz—eA(2))? on L2(R?) consists of the Landau levels {2 (n+1) |n =
0,1,2,...}. The spectrum is pure point and infinitely degenerate. Hence,
if we take V' = 0 in (1.1), then the spectrum of H is also pure point and
infinitely degenerate. Physically this corresponds to the classical motion of
the particles in the constant magnetic field in two dimensions. If we further
assume that the total charge is zero, which will be done throughout the
paper, then the particles might be able to move freely in the magnetic field.
Thus we arrive at our problem:

QUESTION. — Is o(H) absolutely continuous, if V % 0?

The answer is yes for a fairly large class of potentials, including decaying
potentials of Coulomb and Yukawa type, and growing potentials, i.e.
V(z) — o0 as |z] — oo. These results are described in detail in Section 3,
and then some solvable models and extensions are discussed in Section 4.
In Section 5 we give some results on the analogue of effective mass in
our model.

We expect to find absolutely continuous spectrum partly from analogy
with the corresponding classical system of two particles with charges e in
a constant magnetic field. The classwal equations of motlon admit solutions
of the form (&(t), #(t)) = (t7,d + tv), where ¥ and d are chosen such the
Lorenz force on each particle et x B cancels the force from the potential
—VV(+d). This cancellation is easily shown to take place for e.g. the
Coulomb interaction V = —e? /|Z — 9], and in both dimension two and
three, in the latter case 7 and d are vectors in the plane orthogonal to B.
See [11] for discussion of the problems this type of motion causes in the
study of the many-body problem.
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NEUTRAL PAIR IN A CONSTANT MAGNETIC FIELD 389

By analogy with solid state physics one could call the pair with the
interaction considered here for an exciton. See [1, page 626ff] for a
discussion of excitons.

One may ask whether there exist non-constant potentials such that the
spectrum of H is not purely absolutely continuous. We have not been able
to answer this question. It seems to be a non-trivial question in inverse
spectral theory.

The idea of the proofs is the following: We follow the argument of
Avron, Herbst, and Simon [2] to separate the center of mass motion. This
yields a family of operators K (£), ¢ € R?, where £ is the total pseudo-
momentum. We show that each K () has purely discrete spectrum, and
the eigenvalues depend analytically on £. Then we use an analogue of the
Floquet-Bloch theory for periodic Schrodinger operators to show absolute
continuity of the spectrum of H. The key element of the proof is to show
that the eigenvalues of K ({) are non-constant with respect to {. We give
several conditions on V for this property to hold, thus obtaining positive
answers to the question above.

The proofs give more detailed information than mentioned above. For
example, if V is a non-trivial potential, such that V(z) < 0 for all z € R?,
V(z) — 0 as |z] — oo, and ||V||p~ < eB/my, then in the case m; = my
the spectrum of H consists of an infinite sequence of non-overlapping
intervals (bands), with the right endpoints at eBk/my, k = 1,2,....

Finally some remarks on results in the literature. We refer to [5, 6, 7,
14] for general results and references on magnetic Schrodinger operators.
Recently there has been considerable interest in the many-body Schrédinger
operator with a constant magnetic field in space dimension three (for each
particle), and several results on the scattering theory have been obtained
by Gérard and Laba, see the review paper [11] and references therein. The
problem considered in this paper seems not to have been treated before.

2. NOTATION. PRELIMINARY RESULTS
We study the operator
H = Hy+V = = (po—eA@)*+ 5 —(p,+eA(y)) +V(a—), (2.1
2mq 2my
on H = L*(R*), where we write (z,y) € R* = R2xR? and z = (21, 3),

and for the momentum operators p, = —i9, = (—i0;,,—i0,,), etc. We
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390 A. JENSEN AND S. NAKAMURA

assume the magnetic field is constant with value B > 0, and use the
Coulomb gauge, so the vector potential is given by

Az) = g(—mQ,xl). (2.2)

To state our assumptions on the potential V' we recall the definition of the
Kato class K5 in dimension 2: V € Ky, if V € L (R?) and
nm( s [ _ (~Togle =DV (w) i) =0

le—yl<r

710 zER?

Throughout the paper we suppose that V satisfies the following (rather
weak) assumption.

AsSUMPTION 2.1. — V' is a real-valued function, decomposed as V =
Vi —V_, Vi >0, such that Vy € L} _(R?), and V_ € K,.

Under this assumption it is well-known (see for example [14]) that H is
defined as a quadratic form on Q(Hy) N Q(V, ), with C§°(R*) as a form
core. Thus H is well defined as a self-adjoint operator on H. If furthermore
V e L (R?), then C°(R*) is an operator core for H.

Since H describes a neutral pair, the center of mass motion can be
removed. Let

k=p: +eA(z) +py — eAly) (2.3)

denote the total pseudo-momentum, which is the generator of the magnetic
translation group. For a neutral system the components commute, i.e.
[k1, k2] = 0, which can be verified by direct computation. On the other
hand, it is well-known (and easy to verify) that k¥ commutes with H.
Thus {H, kq,k2} form a commuting family of self-adjoint operators, and
therefore can be diagonalized simultaneously, see [2, 8]. In order to carry out
concrete computations, we introduce an analogue of the Fourier transform
corresponding to k. Let us write

2=z -y, wz%(m+y). (2.4)
Then k is written as
k= p,+eA(z). (2.5)
Generalized eigenfunctions of this operator are given by
Ye(z,w) = e (EeAE) ¢ e R2, (2.6)
and this leads to the definition of the transform
(@1)(€) = 5 [ €A 1z w) o (2.7)

Annales de ’Institut Henri Poincaré - Physique théorique



NEUTRAL PAIR IN A CONSTANT MAGNETIC FIELD 391
LEMMA 2.2. — ® is a unitary operator on L*(R*) and satisfies
Bp,d ' =€ —eA(z), Owd = —p, (2.8)
B(p, — eA(w))® ! =p,, 0207 = 2. (2.9)
Moreover,

PHO ! = 1 +l§—eA(z) 2+L< - l§-|-(3A(z))2-l-V(z)
T am \ P2 T2 2my \P* 7 2 ( )
2.10

This Lemma follows by simple computations. Note that the expression
(2.10) depends on the choice of gauge. Now in ®H®~! the variable {
appears only as a parameter, hence we can write

<3 53]
— n 2 4 — 2 2 .
H= /R K(¢)d¢é on L*RY) /R L?(R?)d¢, (2.11)

where the operator K (&) is given by the right hand side of (2.10), acting
on L%*(R?). Since

1 . 1
eA(z) — 36 = eA(z+B) with S = gg(—ﬁz,&), (2.12)
we can translate K (&) to get
K(€) % K(B) = 5 (b — cAG)F + 3o +eA(:) + V(z = ).

(2.13)
where = denotes unitary equivalence. We first consider the spectrum of
the free term

Ko = %ml(pz —eA(2)) + 2—;;2(172 FeA()?  (2.14)

LEMMA 2.3. — The spectrum of Ky is discrete, and is given by

eB 1 eB 1
U(KO) = {;{;(nl“‘ '2-> + m—2(n2+ 5)

with multiplicities. Furthermore, Ko has compact resolvent. The ground
state is simple and given by the Gaussian wave function Yo(z) =
exp(—(eB/4)z?). In general, the eigenfunctions have the form

¥n(2) = ha(z) exp(—(eB/4)2%), (2.16)

where h,(2) is a polynomial in z.

Ny, No € No}, (215)

Vol. 67, n® 4-1997.



392 A. JENSEN AND S. NAKAMURA

Proof. — Let v = eB/2 and let

1, _ ) . .
a1 = {7 (e, +ips) — v (21 + i)}, (2.17)
1, _ . . :
az = 5{7 1/2(pz2 + sz]) - z’yl/z('zZ + Zzl)}‘ (218)
Then it is easy to show that
eB ([ , 1 eB( . 1
K, = o (alal + 5) + s (a2a2 + §>, (2.19)

and {a},ax}, j = 1,2, k = 1,2, form a commuting family of creation-
annihilation operators, i.e. for j = 1,2, k = 1,2,

laj,a;] = 0k, [aj,ax] =0, [a},a;] = 0.

Thus we learn from standard arguments that the spectrum of K is given

by the right hand side of (2.15), with multiplicities. Then it is clear that K

has compact resolvent. The ground state is given by the solution to
a'ij:Oa Jj=12,

and these lead to

(ij + 7;’}’2]‘)7,/)0 =0, .7 =1,2.

The solution is the Gaussian function (up to a constant), and thus the ground
state is simple. Then the eigenfunction corresponding to the eigenvalue

eB 1 eB 1
— i+ +—n2+=), m,ne >0,
mi 2 Moy 2

¢n17n2 = C(O‘I)nl (a;)n2¢07 c> 07

which is of the form (2.16). O

Let {E,(c0) |n € N} denote a non-decreasing enumeration of o(Kj),
with repetition according to multiplicity. We note that
eB

Ez(OO) — El(OO) > m > 0. (220)

is given by

We also note that for m; = my the distance between distinct eigenvalues
is eB/my. If my # mo, and m; /ms is rational, then the distance between

Annales de IInstitut Henri Poincaré - Physique théorique



NEUTRAL PAIR IN A CONSTANT MAGNETIC FIELD 393

distinct eigenvalues is bounded from below by a positive constant. If m; /ma
is irrational, then the distance can be arbitrarily small for » sufficiently large.
The following expression for K will be useful in subsequent computations.
Let = = m% + L denote the reduced mass, and L3 = 21p., — 22p., the

m2

third component of angular momentum. Then
1 e?B? eB (1 1
Ky= —p’>+ —224+ —| — — — | Ls. 2.21
0 2mPZ+ 8m + 2 (mz ml) 3 ( )
This formula can be rewritten as
1 e2B?
Ko = —(p, — €A(2))? 2 2.22
0= 5 (b — EA()* + S (2.22)
where B ) )
—e—=e<—————), M = mq + mo. (2.23)
m m; M

3. ABSOLUTELY CONTINUOUS SPECTRUM FOR H

In this section we give our main results on the spectrum of H given
by (2.1). The spectrum is shown to be purely absolutely continuous under
several different assumptions on V. The idea of the proof is similar to
the Floquet-Bloch theory for periodic Schrodinger operators. We will show
that the family of operators { K ()} is analytic with respect to &, and each
operator has compact resolvent. If we can show that the eigenvalues are
not constant with respect to £, absolute continuity of the spectrum of H
follows. For this purpose we introduce the following assumption.

AsSUMPTION 3.1. — V satisfies Assumption 2.1 and one of the following
three conditions:
(A) V(z) = 0as |z| = 0o, V#0, and V(2) <0 for all z € R?
(i) V(2) — 0 as |z| — oo, and for each o > 0 there exists R > 0
such that

V(z) > e " forall |2| > R. (3.1)

(i) V(2) — oo as |z| — oo.

THEOREM 3.2. — Let V satisfy Assumption 3.1. Then H has purely
absolutely continuous spectrum.

This Theorem is proved in a series of Lemmas. We begin by noting that
each K (&) has purely discrete spectrum.

Vol. 67, n° 4-1997.



394 A. JENSEN AND S. NAKAMURA

LEMMA 3.3. — Let V satisfy Assumption 2.1. Then K (€) has purely discrete
spectrum for each £ € R2, and the resolvent is compact.

Proof. — We use the unitarily equivalent expression K (§) = Ko+V (-—/f)
from (2.13). This operator is defined as a quadratic form, hence

QKo+ V(-—B)) = QKo+ Vi(-— B3)) C Q(Kp). Thus we have, using
Theorem A.1,

l‘n(K0+V+(' - ﬁ))

= sup inf (Y, (Ko + V(- = 8))¥)
@lyeesPr—1 YElP1ren 1]t
wEQ(Ko+Vyl—B). [¥lI=1
> sup inf (¥, Kotp)
PlyensPn—1 bElPLy en—1lt

YEQ(Kp), llvll=1

= E,(o0)

where p,(A) denotes the nth singular value of the operator A. It follows
that Ko + V. (- — ) has purely discrete spectrum, since alternative (a) in
Theorem A.1. holds. Now V_ is K+ V(- — f3)-form-bounded with relative
bound zero, hence Ko+ V(- — 3) has compact resolvent and purely discrete
spectrum, see [13, Theorem XIIL.68]. [

In order to apply Theorem A.5, we fix one parameter {», or equivalently,
B1. The nth eigenvalue of K (&) is denoted E, (&) (repeated according to
multiplicity). We note that under Assumption 2.1 K (¢) is an analytic family
of type B (see [9]), thus the next result is well-known.

LEMMA 3.4. — Let £€° € R2 If E,(£°) is a non-degenerate eigenvalue,
then there exists § > 0 such that for |& — €| < 6§ E,(&,89) is
analytic in &1. If E,(€°) is a j-fold degenerate eigenvalue, i.e. we have
En_1(€%) < E (€% = ... = Epyj—1(£°) < Eny;(&°), there exist § > 0
and j analytic functions f1(&1),. .., f;(&), such that

{En(&,fg), .o '7En+j—1(§1»£g)} = {fl(&)? s 7fj(£1)}

for all & with & — &) < 6.

Thus we can relabel the eigenvalues FE,,(£) to get a family with each
function analytic in the &;-variable. These analytic functions are denoted
E.(6), hence {E,(&)|n = 1,2,...} = {&.(§)|n = 1,2,...}, for each
¢ € R2. In order to apply Theorem A.5 we need to show that each &,(€)
is non-constant. For the cases (i) and (ii) in Assumption 3.1 we use the
following property.

LEMMA 3.5. — Suppose that V satisfies Assumption 2.1 and V(z) — 0 as
|z| — oc. Then for each n, E,(§) — E,(c0) as |¢] — oc.

Annales de I'Institut Henri Poincaré - Physique théorique



NEUTRAL PAIR IN A CONSTANT MAGNETIC FIELD 395

Proof. — We use the representations (2.13) and (2.22) here. The proof
is based on the cut-and-paste technique (or geometric perturbation theory),
where we decompose R? into two pieces. Let x € C°°([0, 00)) be a smooth
cut-off function such that 0 < x(r) < 1 for all » > 0, and

1 ifr <1,
X(T)‘{o if r > 2. (32)

We choose another smooth cut-off function x € C°°([0,00)) such that
x(r)? + x(r)? = 1 for all + > 0. Let

xr(2) = x(|2|/R), xr(z)=x(]z|/R), for R>0 andall ze€ R

Furthermore, let

_[V(z=p) if|z[ < 2R,
Wrs(z) = {0 if |2| > 2R, (3.3)
Ly s =Ko+ Wrs on L*(R?). (3.4)
and
Lhp = o (0. - EAG)P + S0 max{ B2, 1o} + V(= ). (35)
R’ﬁ_2mpz eA(z oM ax , |2 2 . .
We write
Lrp=Lps® Ly, on L*(R?) & L*R?). (3.6)

The map Jr : L*(R?) — L?(R?) @ L?(R?) denotes the isometry given by
Tre(2) = xr(2)p(2) ® Xr(2)p(z) for p € L*(R?).
Then we can approximate K () by J5Lg gJg. It is easy to see that

(K(B)— ) =Jp(Lrp — Q) " r+ Jh(Lrs — Q)" Tr(K(B) =€)~}

(3.7
with T = Lg 3Jr — JrK (). A simple computation shows that for ¢ > 0
ITr(Ko+¢)"?| < CR™', R>0, (3.8)
where C' is a constant independent of R. Now we note that
e?B?
szﬂ > Wi R*-C, forallR>0andf € R?, (3.9)

for some constant C' > 0, due to the (p, — éA(z))?-form-boundedness of
V_. Note that the form bound is independent of /3.

Vol. 67, n® 4-1997.



396 A. JENSEN AND S. NAKAMURA

Let F,(R, () denote the nth eigenvalue of L1 . If R is sufficiently large,
the inequality (3.9) implies that F,(R, () is the nth eigenvalue of Ly g.
But then (3.7) and (3.8), together with the Riesz integral representation for
the projection onto the eigenspace, imply that we have

|Fu(R,8) — En(B)] < CR™! (3.10)

for sufficiently large R, independently of 8 € R2. We take an arbitrary

€ > 0 and fix R so large that the right hand side of (3.10) is less than /3.
Now the same arguments can be applied to the case V = 0, which we

denote by = co. On the other hand, it follows from the definitions that

ILks = Lrooll € sup [V(z=p)| < sup  [V(2)].  (3.11)
j2I<2R |=12181-2R

As a consequence of these observations we get

|Fn(R, B) = Fo(R,00)| < sup  [V(2)]. (3.12)
|=12|6]-2R

and the right hand side converges to zero as |3| — oco. We choose by > 0
so large that the right hand side of (3.12) is less than ¢/3 for |3| > bo.
Then we have

+ | Fou(R, 00) — Ey(00)]
<e

for |8 > b. O

LeMMA 3.6. — Let V satisfy Assumption 3.1-(i). Then for each £ € R?,
n € N, we have E,(§) < E,(c0).

Proof. — We use the Poincaré Pringiple, Theorem A.2. Let ¢; denote
the jth eigenfunction of Ko, and let X, = span{@1,...,pn} C L?(R?).
We have for any ¢ € &,

(0, K(B)p) = (0, Kop) + (0, V(- — Be)
< Bn(o0)llell® + (0, V(- = B)e)
< En(o0)[lell?,

since due to (2.16) the zero-set of ¢ has measure zero, and by assumption
V £ 0.
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Since X, is finite-dimensional, we have

max (¢, K(B)p) < En(0),

PEXy, |lpll=1
and the claim follows from the Poincaré Principle. [

Lemma 3.7. — Let V satisfy Assumption 3.1-(ii). Then for each n € N
there exists by > 0 such that E, () > E,(c0) for any 3 with |3| > b,.

Proof. — We use the notation from the proof of Lemma 3.5, and try to
estimate the difference F, (R, () — E,(f). If we use the Agmon method
for exponential decay estimates, we can show that for any v < eB/4,

|[Fa(R, B) = En(B)| < Ce™™. (3.13)

The proof is standard, and will be omitted, see for example [3, 4]. In
the same manner we can obtain

|Fo(R, 00) — En(00)| < Ce %, (3.14)

with the same constant C' as in (3.13). On the other hand, we can change
the definition of Wg g slightly to obtain the estimate (3.16) below, namely,
we let

V(z—p) if
WR,ﬁ(Z)z{R(j P) " tiigg (3.15)

We take [ with || = 4R and use the assumption (3.1) such that we have
V(z—-p0) > emOBR) = o=36aR’ g, |z| < 2R,
if R is sufficiently large. Hence, we also have
Wrs > e—36aR2,

and ‘
Fu(R,B) — F,(R,00) > ¢~36aR" (3.16)
We then choose a so that 0 < 36 < v < eB/4. We get
= |Fa(R,00) = Ep(00).
> e—36¢:zR2 _ 206—7}?2
> 0,
if R is sufficiently large. O

Vol. 67, n® 4-1997.



398 A. JENSEN AND S. NAKAMURA

ReEMARK 3.8. — In the proof above we use (3.1) from 3.1-(ii) for
o < eB/144, but this is not optimal. In fact, we can show a < eB/8
is sufficient by modifying the proof (which then becomes somewhat
complicated).

LEMMA 3.9. — Let V satisfy Assumption 3.1-(iii). Then for each n € N
we have E,(3) — oo as |B| — oo

Proof. — Choose R > 0 such that V(z) > 0 for |z|] > R. Let
Xr denote the characteristic function of the set {z||z| < R}, and let
Xr = 1 — xr. We decompose V =V, + V5, = xgV + ¥rV. Then V; is
(p.—€A(z))*-form-bounded and V5 > 0. Moreover, due to 3.1-(iii) we have

e?B?
2M

inf (Vg(z -B)+

|z|2> — 00 as |f] - o

Thus we obtain as quadratic forms for some constant ¢

1

K(9) = (-~ 246D + Vilz - 9)) + (Vale - )+ Sl
e?B?

2M

Zc+irzlf (Vg(z—ﬁ)—l- |z|2) — o0 as || — oo.

It follows that each eigenvalue of K (3) diverges to infinity as |3| — co. O
Proof of Theorem 3.2. — We write

= : ( / @K(sl,éz)dsl)dfz -/ " R(e) des

I?(m—/@ff(s &)de, on L*(R x R?)
2‘_ 1,62 1 .

where

For each fixed &; each eigenvalue of K(&;,&) is (locally) an analytic
function of & by Lemma 3.4. By Lemmas 3.5-3.7, 3.8 each eigenvalue
cannot be constant in £, hence all conditions in Theorem A.5 are satisfied.
Thus K (&2) has purely absolutely continuous spectrum for each &;. Then
H is also purely absolutely continuous, by Theorem A.3. O

For the interval near the bottom of the spectrum of H we can show
absolute continuity under different assumptions on V.

AssuMPTION 3.10. — Let V' satisfy Assumption 2.1, and further V(z) — 0
as |z| — oo, and V(z) > 0 for all z € R

Annales de I'Institut Henri Poincaré - Physique théorique
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THEOREM 3.11. — Let V satisfy Assumption 3.10. Then inf o(H) = E1(00),
and there exists A > E1(o0) such that [E1(00), A| C o(H), and H is
absolutely continuous on [Ey(00), . ‘

Proof. — It suffices to show that the function F;(£) is not constant.
Note that Fj(oo) is non-degenerate by Lemma 2.3. We again use
the representation K () together with (2.22). Since V > 0, we have
Ey(B) > Fy(00) for all 3 € R% Now let us assume E(3) = Ey(o0) for
some (. Let ¢ be a normalized eigenfunction of K () corresponding to
the eigenvalue E;(3). Then

Ey(00) = E1(8) = (¢, (Ko + V(- = 8))¢)
> Ey(o0) + (4, V(- = B)¥),

and hence (¢, V(- — 3)¢) < 0. Since V(z) > 0 for all z, this implies
1 = 0. Therefore we have E;(¢) > Ej(oco) for all £ € R?. Together with
Lemma 3.5 this implies that £ (&) is non-constant. The result now follows
as in the proof of Theorem 3.3, if we note (2.20). [

We now give two results which require more restrictive assumptions on
the potential. The proofs will only be sketched.

ASSUMPTION 3.12. — Let V' satisfy Assumption 2.1, and furthermore
V € CY(R?) such that for some v € R?, |v| = 1,

(v-VV)(2) >0 forallz € R (3.17)

THEOREM 3.13. — Let V satisfy Assumption 3.12. Then the spectrum of H
is purely absolutely continuous.

Proof. — We only outline the proof. The detailed arguments are similar
to the arguments in Section 5. Let B, € R? and let F(8;) denote one
of the eigenvalues of K (), which is assumed to be regular in a small
neighborhood of [y. Let T' denote a circle centered at E(f3;) with a

sufficiently small radius, such that no other eigenvalues are on or inside I
for all # with |8 — (o] < 6. Let

PO = 57 $(C- K(a)

Let ¢ € L?(R?), such that P(83y)) # 0. Standard arguments from
perturbation theory then give us the formula

(P(Bo), (v- V. V(- = Bo)P(Bo)¥)
(¥, P(Bo)v) .

(v-VsE)(Bo) = -
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It follows from the assumption (3.17) that E(p) is not constant close to
Bo. This argument can be applied to all eigenvalues and almost all values
of 3. The proof is then concluded as above. [

ASSUMPTION 3.14. — Let V' satisfy Assumption 2.1. Assume there exist
constants V) € R, VY # V°, and v € R?, |v| = 1, such that

V(iz=tv) = VY as t— +oo

uniformly in z on compact subsets of R2.

THEOREM 3.15. — Let V satisfy Assumption 3.14. Then the spectrum of H
is purely absolutely continuous.

Proof. — The proof is based on the geometric perturbation theory and is
a variant of the proof of Lemma 3.5. We briefly comment on the changes
necessary. We define

_ [ V(z—tv) if |z| <2R,
Wre(z) = {0 if |z| > 2R, (3.18)

as a replacement for (3.3) and introduce

_ VD if 2] <2R,
Wrteol2) = {0 if |2| > 2R.

Using (3.18) we let
L}g,t =Ko+ Wg,
and define
Li oo = Ko+ W 1o

With these and other obvious modifications the arguments in the proof
of Lemma 3.5 can be repeated. We note that the eigenvalues of L, ,
satisfy F,,(R,+00) — E,(00) + V} as R — oo. Similar arguments apply
in the case t < 0, with an obvious change in the definition (3.19) and
the final result is

Eo(tv) — En(c0) + V2 as ¢ — oo,

Since V_E # VO, we see that each eigenvalue is non-constant, and the proof
is completed as above. [J

Finally we note for later use the following result.
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PROPOSITION 3.16. — Assume V real-valued, V € L*°(R?) with
eB
max{mi, ms}’

and V(z) — 0 as |z| — oo. Then the ground state E\(§) of K(§) is
non-degenerate for all ¢ € R2.

[Vilz~ <

Proof. — Standard arguments from perturbation theory show that
|En(§) — En(00)| < [V

for all n € N and all £ € R?. This estimate together with the assumption
(3.20), Lemma 3.5, and (2.20) yield the result in the Proposition. [

4. SOLVABLE MODELS AND SOME EXTENSIONS

In this section we discuss some explicitly solvable models, and we give
some extension of the results in the previous section.

We first consider the case where we add an external constant electric field
E € R?\ {0}. For V = 0 we get an explicitly solvable problem, and in
general for bounded V' we show that the spectrum is absolutely continuous.

Since the two particles have equal and opposite charges, we have without
potential the Hamiltonian

Ho(E) = %mlm —eA(x))* + ﬁ@y +eA(y)? +eB - (z—y), (4.1)

which fits into the framework of Section 2, and we can carry out the
decomposition as above. This argument also shows that Hy(E) is a well-
defined self-adjoint operator. We state the result in the §-formulation, see
(2.13), and use the form (2.22). We have

®
Ho(B) = | Ko(E.5)dp, (4.2)
.
where '
Ko(E,B) = ——(p. — 6A(=))? + 5202 4 B 5 — e
ol &, —2mpz z 2MZ el -z—el -3
1 e?B? oM \° M
- z_NA 2 il T 2 .
2m(p eA(2))* + Wi (z+eBQE) 232E eE -
M
=K1(E)—EE2—6E-,@. (4.3)
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The spectrum of K;(E) can be found explicitly, since this operator
is unitarily equivalent to K, (see (2.22)) via a magnetic translation.
This observation was also made in [15], where scattering problems in
space-dimension three were considered.

We conclude that Ko(E,() has compact resolvent. The spectrum is
given by

T(Ko(B,0) = (Fal(o0) = 52s B —eB-Alne N}, (44)
where E,(00) is a non-decreasing enumeration of the eigenvalues of K, as
in Section 2 . Obviously, each eigenvalue is non-constant in 3. Furthermore,
each eigenvalue covers R as (3 varies through R?. Repeating the arguments
in Section 3, we conclude that Hy(F) has purely absolutely continuous
spectrum equal to R.

This explicit result can be generalized as follows.

PropoSITION 4.1. — Let V' € L°(R?) be real-valued and let E € R?\ {0}.
Then the operator

H(E) = o (pa = eA@)+ o (py +eAQ) +eB-(1=9)+ V(z 1)
(4.5)

has purely absolutely continuous spectrum equal to R.

Proof. — As above we have

52
)= [ K56

with M
K(E,B) =K (E)+V(z-p8) - @EQ —eE-f.

Since K;(FE) has compact resolvent and o4(K;(F)) = {E,(o0)|n €
N}, and since V' is bounded, the operator K;(E) + V(z — 3) has compact
resolvent. We write

od(K1(E)+V(z—p)) = {F.(8)|n € N}.
Standard perturbation theory yields

|En(00) = Fn(B)] < |IV[|= (4.6)
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for all n € N and all 8 € R% Thus K(F, /) has compact resolvent and
its eigenvalues are given by

Using (4.6) we see that the eigenvalues are non-constant in 03, and cover
R as [ varies through R2 Thus the spectrum of H(E) is absolutely
continuous and equals R. [

REMARK 4.2. — One can also apply Theorem 3.15. Under the assumptions
V € C*(R?) and E - VV(2) + E? > 0 for all z € R? we conclude that
the spectrum of H is purely absolutely continuous. We should also add a
condition that allows us to define H (E') (see (4.5)) as a self-adjoint operator.

Let us now consider the particular case V(z) = cg2?, the harmonic
oscillator potential. We also include an external constant electric field £,
but this time we allow E to equal 0. We take

(py+eA(y))*+eE-(z—y)+co(z—y)?,
(4.8)

H(E,c) = 2%711(;035—614(917))2 21

and decompose as above
®
H(E,Co) = K(E,Co;ﬁ)dﬂ.
R?
Some straightforward algebraic manipulations give
1 _ w? 2M 1 2
K(E,co;8) = 5 (p: — ¢A(z 2))* + ( + -—( ekl — cOﬂ)>

e2 B2 2 1 22
+ 2( eE COﬂ) '—ZeE

CoWy Co

22 /1 2 1e2E2
:Kl(c0)+iw2 (—eE—cO[}) -t (4.9)

oW 460

where w? = e>B? + 2Mcy. The operator K;(co) is unitarily equivalent
to the operator
2

1 . w
5= — 8A(2))" + i (4.10)

via a magnetic translation. Therefore K (co) has compact resolvent. The
operator in (4.10) is quadratic in p, and z. It is well known that its spectrum
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can be computed explicitly, see for example [12] for details. One finds that
the eigenvalues of K(FE,cq;3) are given by

1 1 2 52 B2 1/2 :B
F"l,“?(ﬁ) = Zn—(nl + _> l:(4mw0 + ¢ ) + e_

2 M 4 2
e D[ (et @B Y2 B
om\ 2" 2 M 4 T2
e?B?2 (1 2 2R
C ([ ZeE - - . .
+ Cowg (26 coﬁ) o (4.11)

They are obviously non-constant in .
We state the results as follows.

PRrOPOSITION 4.3. — Let E € R? and let cy > 0. Then the operator H(E, cy)

given by (4.8) has purely absolutely continuous spectrum o(H(FE,cq)) =
[€o, 00), where

~ 1/2
o L (s EBN_ 108"
2m M 4 4 ¢y
with ) . ,
w2 = 2B + 2Mcy and — = e(_ - __),
m mq ma

Proof. — The proof follows from the explicit formula (4.11) for the
eigenvalues and arguments as above. [

REMARK 4.4. — Since V(z) = cgz? + E - z satisfies Assumption 3.1-
(iii), we know from Theorem 3.2 that the spectrum of H(FE,cp) is purely
absolutely continuous. Lemma 3.9 further implies that the spectrum is a
half-line. The above result gives an example where the bottom can be
determined explicitly.

5. EFFECTIVE MASS

In this section we give some results on the analogue of effective mass
computation for periodic Schrddinger operators. Here we study the effective
mass for the bottom of the spectrum. Namely, we look at the Hessian matrix:

= (ae,)

» 4L,3 =12,
£=&o
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where E;(€) is the lowest eigenvalue of K(§), and & is the minimal point
of E1(£). By the definition, (e;;) is nonnegative. If (e;;) is strictly positive,
the inverse of the eigenvalues are called effective masses, by analogy to
periodic Schrédinger operators, see [1] for the physics background and
[10] for some rigorous results. These values are expected to dominate the
long-time behavior of the the time-evolution of states with energy near the
bottom of the spectrum.

Example 5.1. — Let V(z) = cpz?. Then, taking £ =0, n; =0, np =0
in (4.11) and using (2.12), we find

1 mw? 2B\ ¢
E1(5)=%<4—]\70+ 4) +w_%£2’ ¢ eR?,

where w? = €2B? + 2Mc,. Thus (e;;) is given by (2cowy 26;;), and the
effective mass is w3/(2cp).

In the following, we study the properties of (e;;) and give a sufficient
condition for the strict positivity of this matrix, i.e., the finiteness of the
effective masses. Without loss of generality, we may suppose & = 0.
Moreover, we suppose

ASSUMPTION 5.2. — E(£) is non-degenerate for € € R>.

A sufficient condition for Assumption 5.2 is given by Proposition 3.16. As
before, we always suppose Assumption 2.1. We use the following notation:
1 is the ground state of K (0), i.e., K(0)y = E;1(0)y with ||9|| = 1. P(§)
is the projection onto the ground state of K (&):

P(&)= - f (¢ — K (&) dc,

T omi

where I' is a sufficiently small circle around E;(€). If £ is in a small
neighborhood of 0, it is easy to see that

(K©PEW, ¥)

B =50y, 9

We write

F&) = (P, ¥); 9() = (K(PE)y, ¢); Q=1-P(0).

LeEmMaA 5.3

eij = (06,0, K(0))y, )
- 2(Q(QK(0)Q — E1(0)) ' Q(8, K(0)), (3¢, K(0))y) (5.1)
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Proof. — For the sake of simplicity, we set F;(0) = 0 without loss of
generality. By differentiating £ (£) f(§) = g(&), we obtain

(O, 0, Ev) f + (0¢, E1)(¢, f) + (Og, E1)(0e, f) + E1(0e,0¢, f) = 0,0, 9.
Noting F;(0) = 0 and 0¢E1(0) = 0, we learn
¢, 0¢, E1(0) = O, 0, 9(0).

By direct computations, we see that the right hand side is given by

0c,0%,9(0) = (06,06, K}, ¥) + 5 f (06, K)(C — K) (06, K)o, zz))%

dg

+—7( (06, K¢~ K) 00 K 1)

where I' is a small circle around 0. Then we use

(€= K(0)™" = ¢'P(0) + (¢ - K(0)7'Q,

and the claim follows by simple computations. We note that each term in
the right hand side of (5.1) is symmetric in ¢z and j. O

In order to compute the right hand side of (5.1), we employ the following
expression for K(¢):

KO = (e + V() + 5 (Sp—eAl) +26) . (62)

where m and € are given at the end of Section 2, and

€

a=1- (g)z e (0,1].

It is easy to see that

0K (0) = %(Epz - eA(z)),

1

We set

h = —l—p% +V(z), F=info(h).
2m= ~

LEMMA 5.4.

H(e —ed Z>)1”H m(E(0) - F) (5.4)
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Proof. — By direct computations, we have

(o —ea@)u] = (o (Cpe —ea)) v )

((K(0) — h)y, )
< ((K(0) = F)y,1) = E1(0) — F,

=
2m

and the claim follows. O
By (5.3) and (5.4), we learn

E(0)-F
< ——
0K )9l < 1/ =5
On the other hand, it is easy to see
QK (0)Q — E1(0))H|| < (E2(0) — E1(0)) .
Combining these with Lemma 5.3, we obtain our main result of this section:

THEOREM 5.5. — With the notation introduced above,

(eiy) = ﬁ(hxz - 4(%)) (5.5)

holds in the operator sense on C?, where 195 is the 2 by 2 unit matrix.
The proof is a straightforward computation, which we omit.

COROLLARY 5.6. — If 4(E1(0) — F') < E3(0) — E4(0), then (e;;) is non-
degenerate, i.e., the effective masses at the bottom of the spectrum are
finite.

In particular, if m; = my, then € = 0, and we have a simpler picture.
Namely, K(0) is given by

K(0) = (g%pg +V(2) + (%)—Zz?.

Hence, by the Courant-Weyl principle, the discrete eigenvalues of K (0)
converges to those of h as B — 0. If, moreover, F is discrete in o(h), then

lim E5(0) = inf(o(k) \{F}) > F = lim E:(0).

Thus we have
lim O = F
B—0 F5(0) — E1(0)
These imply the following:

=0.

COROLLARY 5.7. — Suppose my = ma, and suppose F is discrete in a(h).
Then (e;;) is non-degenerate if |B| is sufficiently small.

Vol. 67, n® 4-1997.



408 A. JENSEN AND S. NAKAMURA
A. AUXILIARY RESULTS

This appendix contains the precise statement of some results needed in
our study, and in a few cases outlines of proofs.

A.l. Min-max and max-min

For reference we state precisely the min-max and max-min principles
used in our study.

We recall the following result for quadratic forms from [13]. It is there
called the min-max principle. Here we prefer to follow [16] and call it the
Courant-Weyl principle.

THEOREM A.l. — Assume H is self-adjoint and bounded below. Let

pn(H) = sup inf (¢, Hy)). (A.1)
Plyey Pl VELPLon 1]t
$EQUH), llwl=1
Then for each fixed n either

(a) there are n eigenvalues below the bottom of the essential spectrum,
and pi,(H) is the nth eigenvalue (counted with multiplicity)

or
(b) un(H) is the bottom of the essential spectrum.
An alternative formulation is what in [16] is called the Poincaré principle,
and for consistency one could call it the max-min principle.

THEOREM A.2. — Assume H is self-adjoint and bounded below. Let

pn(H) = inf = sup (¢, Hep).
dim Xp=n lell=1

Then the alternative in Theorem A.1 holds.

A.2. Results on decomposable operators

In this part of the appendix we give some results on the spectrum of
a decomposable operator. The results are well-known and are stated here
for easy reference.

THEOREM A.3. — Let (M,u) be a o-finite measure space and let
T = f]i T(m)du(m) be a decomposed self-adjoint operator on H =
/ f; H'du(m). Then the following results hold:

(i) For any bounded Borel function F

S5
F(T) = [ P@(m)dum).

1
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(i) A € o(T) ifand only if for all e > 0 u({m |o(T(m))N(A—e, A+¢)
# 0}) > 0.

(iii) A € 0pp(T) if and only if p({m | X € op,(T(m))}) > 0.

(iv) Let INo(T(m)) C 0.(T(m)) for a.e. m € M, where I C R is an
interval. Then I N o(T) C 0,.(T).

Proof. — For the results (i)—(iii) we refer to [13, Theorem XIII.85]. For
(iv) we note that the proof in [13] can be localized to the interval I. [

DerNITION A4. — A function f : R — R is said to be piecewise
strictly monotone, if there exists a partition R = Ujen/; into disjoint
intervals whose endpoints have no finite point of accumulation, such that
the restriction of f to each I; is strictly increasing or strictly decreasing.

THEOREM A.S5. — Let T = fIiB T(m)dm be a decomposed self-adjoint

operator on the space H = fff H'dm. Assume
(1) For each m € R T(m) has compact resolvent.
(2) For each m € R and n € N T(m)y,(m) = E,(m),(m).
(3) For each n € N the function m — E, (m) is bounded, and piecewise
strictly monotone, and furthermore the piecewise inverse is Lipschitz
continuous.
(4) The map m +— ,(m) is measurable, and for each m € R
{thn(m)|n € N} is an orthonormal basis for H'.

Then T' has purely absolutely continuous spectrum.

Proof. — The proof is a variant of the proof of [13, Theorem XIII.86].
We outline it for the sake of completeness. Define
Ho = {9 € H|p(m) = f(m)pu(m), f € L*(R)}.
The subspaces H, are closed, pairwise orthogonal, and due to
assumption (4)

v
n=1

Furthermore, H,, C D(T) and T(H,) C H,. Let ¢ € H,, ¥(m) =
f(m)yn(m). A computation shows that [|¢)||% = ||f||z2). Thus U, :
Y — f, Uy : H, — L?*(R) defines a unitary map.

Let T,, = U,TU,; . Then a computation shows that
(T f)(m) = En(m) f(m).
Thus 7, is multiplication by the function F,, which satisfies the

conditions in assumption (3), and therefore has purely absolutely continuous
spectrum. [
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