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On the completeness in three body scattering

by

Kalyan. B. SINHA, M. KRISHNA and Pl. MUTHURAMALINGAM
Indian Statistical Institute, New Delhi-110016, India

ABSTRACT. — A time dependent proof of asymptotic completeness for
the three body scattering in Quantum Mechanics is given when the pair
potentials behave like (1+|x|)™27° at oo. Also some local singularity
is allowed for the potentials.

REsUME. — On donne une démonstration « dépendant du temps »
de la complétude asymptotique pour la diffusion a trois corps en Méca-
nique Quantique lorsque les potentiels & 2 corps se comportent en
(I + | x|)~?7*alinfini. On permet des singularités locales de ces potentiels.

§ 1. INTRODUCTION

The completeness of the three particle scattering has been studied by
Fadeev [/], Ginibre and Moulin [2], Thomas [3], Mourre [4] and more
recently by Hagedorn and Perry [5] using time independent methods.
A simplified account of some of these methods can be found in [6]. On the
other hand Enss [7] has given some ideas about the time dependent method
of obtaining completeness in three body scattering. Here we use some of
Enss’s ideas and give complete proof for the case when the pair potentials
behave like (1+|x|)727% ¢ > 0as|x| — oo and admit some local singu-
larities.

In Section 2 we give some two body results which are needed in later
sections. Theorem 2.6 is essentially new. Sections 3 and 5 contain two pre-
liminary results—the local decay and low energy results respectively.
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80 K. B. SINHA, M. KRISHNA AND PL. MUTHURAMALINGAM

Asymptotic evolution of observables for the three body total group is
developed in Section 4 using the results of Section 3. Finally in Section 6 all
these together are used to prove the main theorem on completeness viz.
Theorem 6.1. The appendix contains a generalisation of Theorems 2.5
and 2.6 when the potential behaves like (1 + | x| )~17¢at co. However,
our proof of Lemma 3.6 restricts the final result (Theorem 6.1) to the
2 + e-case only.

We use the notations of Chapter 16 of [6] and work in the relative
Hilbert space #,., ~ L{R?"), v > 3, after removal of the centre of mass.

If x; and y, denote respectively the pair distance and the distance of
the centre of mass of the pair d from the third particle then we set p; and k,
to be the momenta canonically conjugate to x, and y, respectively. Thus
we have in LAR?") ~ L%(R},) ® L*(R},), (d = 1,2, 3) the free Hamiltonian

1 1
Ho= (E vap? + 3 nak3 ) for y4, na > 0, the cluster Hamiltonian H*=Ho+V,
3

and the total Hamiltonian H = Hy + z V, where V, is the pair potential

d=1
1
for the pair d. We also write hf = 3 yap3, h* = h$ + V, and E? = Ortho-

gonal projection onto the point spectral subspace of he. Also W ® 1,

H ® 1, EY® 1 on L3(R?") will be denoted by h?, hf, E* respectively. Now

we define the unitary groups V, = exp [— itH], U, = exp [— itH,], and

U¢ = exp [— itH?]. Then the wave operators are defined as

Qf = slim VXU!E!,  QF = slim VU,  and Qf = slim V¥U?
t 0

Lndes -+

It has been shown in Chapter 15 of [6] that these strong limits exist under a
very general class of assumptions on Vy. It is well known (see [6]) that R(Q7)
(= Range QF) and R(Qg) are pairwise orthogonal and that

3
Z ® R(QF) @ R(QF) = #u(H), 1.1
d=1

the absolutely continuous spectral subspace of the total Hamiltonian H.
The problem of completeness is that of proving the equality in (1.1). This
is achieved in Theorem 6. 1.

We also denote the couple (x,, y4) by Q and write Q?=y; 'x3+n4 ' y3.
Note that y7!x3 + 7 'y? is actually independent of d. Then a simple

1
calculation shows that for the dilation operator A = Ei[Ho’ Q?] on

1
L%R?) we get A = A, + Aj where A; = y (%4°pa + pa-xq) and

Annales de IInstitut Henri Poincaré - Physique théorique




ON THE COMPLETENESS IN THREE BODY SCATTERING 81

1
Af = 4_1( Vi ka + kg ya). Also [A, Hy] = iH,. By F(M) we mean the charac-

teristic function of the set M as well as the associated multiplication ope-
rator in the appropriate Hilbert space.
In order to facilitate the application of the results of Section 2 to Sec-

tions 3-6, we make the following canonical transformation, without expli-
1 1 1 1

citly mentioning it, viz. xj = yzix,,, Vi = Na2ya, Po = ydip,,, ki = ngk,,. In
1 1
such a case we get H, =3 (p#? +ki?), H'=Ho+ V{yixl), Q*=x7 +yi, etc.

Note that under such transformation the linear relation between x, y., X4,
ya(c # d) remain invariant.

Throughout this article K will denote a generic constant and O for
the « big O » notation.

§ 2. SOME TWO BODY RESULTS

In this section we shall collect some known results and prove some
new ones for two body systems as a preliminary to three body calculations
later. Throughout this section we shall denote by h(hg) a typical two body
total (free) Hamiltonian respectively. The first theorem is about the com-
pleteness and some spectral properties in a class of two body problems.

1
THEOREM 2.1. — Let hy = 3 p%, h=ho+V act on L%R") (v > 3) and

suppose that
1
i) (1 + x*°V is hy compact for some & in <§ , 2] and

1

ii) (ho + 1)"'[A, V](ho + 1)~ ! is compact where A = Z(p-x + x-p).

Then

a) the continuous spectrum o (h) = [0, c0). The wave operators
Wy = f;llim exp [ith] exp [—ithy] exist and are complete i. e.

Halh) = R(w+) = Rw-).

b) the singular continuous subspace #,(h) = {0},

¢) the eigenvalues of h can accumulate only at 0 and any nonzero eigen-
value is of finite multiplicity,

d) h does not have any eigenvalue in (0, c0),
e) if A < 0 is an eigenvalue for h with eigenvector e then

exp (\/A4, | x|)e(x)e LAR*)  foreach A, in [0, — ).

Vol. 41, n° 1-1984.



82 K. B. SINHA, M. KRISHNA AND PL. MUTHURAMALINGAM

Proof. — See either of [8] [9] [10], for (a) and (b); [11] or [12] for (a),
(b) and (c); [13] for (d) and (e). Q.E.D.

REMARK 2.2. — By commutation rules between p and x one can easily
verify that V(ho + z)~}(1 + x?)°is compact (respectively bounded) whenever
V(1 + x*)°(ho + z)~* is compact (respectively bounded) for any ¢ > 0.

LEMMA 2.3. — Let hq, h, V be as in Theorem 2.1 and y € C§(R). Then

i) Il (1+x)? [W(ho) —¥(h) 11l < 0,
i) || F(]x|> o) [Who)—w(h)]|| <K(l+or)"?* forany a>0.

Proof. ). — Let y < inf o(h). Without loss of generality we can assume
that Yy e CQ(y, 00). Let y(4)=(A—c)~! for A > y with ¢ < y. Then y(h)=(¢ - x)(h)
for Yoy ! =¢@in CZO,(y—c)~ ') where o denotes the composition of
functions. Clearly (h—c)~! and (ho—c)~ ! are bounded self adjoint ope-
rators with their spectra in [0,(y—c)”!]. Note that

Y(h) — Yiho) = ol((h — )™ — @l(ho — 071

Let @ be the Fourier transform of ¢. Then by the functional calculus
and fundamental theorem of calculus we have

b= || (1+x2[@((ho— )~ H—p((h—c) ]Il
= H f dl&(l)J du(1+x2 exp [—i(h—p)(ho—i)~ (1 +x7)7?
© (04X (ho—) V(h—o) exp [—iuth—o) ]|l
< Kjdll @) | f dull (1+x2 exp [—iA—piho—c)  J(1+x2) %]

In the last step we have used Remark 2.2. By commutation rules and inter-
polation theorem we see that

(14 1x]) exp [—ir(he—0) 11 +]x])~° =01 +1r])’) for 0 in [0,2]
and so b < oo proving (i),

ii) is an easy consequence of (i). Q.E.D.

LemMA 2.4. — Let p e CF(R)

i) If % b = sup supp ¢ with b > 0 and ¢, a are positive constants with
b + ¢ < a then
| F(| x| > at)exp (—isho)p(ho)F(| x| < et) || < Kn(1+1)™™
for0<s<tandN=12,....

Annales-de I Institut Henri Poincaré - Physique théorique



ON THE COMPLETENESS IN THREE BODY SCATTERING 83

1
i) If 3 b* = inf supp ¢ with b > 0 and c, a are positive constants with
¢ + a < b then

IF(| x| < at) exp (—itho)p(ho)F(| x| < ct) || < Kn(1 + )™
forO<tandN=1,2,....
Proof. i). — Heuristically
exp (=isho)F(| x| < ct) exp (ishy) = F(| x—ps| < ct).

We compute the lower bound to the gap between the regions | x'| > at
and | x| < ct after evolution as follows:

| x"—(x—ps)| = | X" |—(|x|+s|pl)= [a—(b+c)]t since s<t.

This only motivates the result. A rigorous proof of this uses the method
of stationary phase and the positive operator valued map developed in
[10] or [12].

ii) The proof is similar to that of (i). Q.E.D.

THEOREM 2.5. — Let hg, h, V be as in Theorem 2.1 with é in (1,2].
Then for a, b, ¢ as in Lemma 2.4 (i)

i) |IF(l x| > a(t+s)) exp (—ish)p(h) exp (—itho)F(| x | < c(t +5)) ||
" =Q [(1+t+s)"20+1] for 5t>0,
i) Emf ds||F(| x| > a(t + s))
7o exp (— ishyp(h)exp(— itho)F(| x| < c(t+8)) ||=0.

Remark. — A proof of related result even when V(x) ~ (1+|x|) 7% 6> 1
has been given by Enss in [/4]. See the appendix for an alternative proof.

Proof. i). — By triangle inequality we have

M(s, t) = | F(| x| > a(t+5)) exp (—ish)p(h) exp (—itho)F(| x| <c(t+s))l
< [IF(| x| > a(t +s)) [o(h) — (ho) ] |l
+ || F(| x| > a(t+s)o(hy) exp (—ish) exp (—itho)F(| x | < c(t+59)) || .

Using Lemma 2.3 (ii) and the formula

exp (—ish) = e~ sho—j J dre” oy ik
o

Vol. 41, n° 1-1984.



84 K. B. SINHA, M. KRISHNA AND PL. MUTHURAMALINGAM

we have that

M(s, t) < O[(1+t+5)"%°]
+ [1F(| x| > al(t + s))e(ho) exp [— it + s)ho JF(| x| < ct + 9)) ||

+rdt||F(lx| > a(t + s))
0

@(ho) exp (—itho)V exp [—i(s—t)h] exp (—itho)F( | x | < c(t+5)) ||
<O [A+t+5) 214+ O [(1+t+5)7N]

+ j de || F(| x | > a(t +))@1(ho) exp (—itho)F( | x | < c(t +5)) |l
. 1 (ho+ )™V || [l exp [—i(s—)h] exp (—itho)F(| x | < c(t+s)) |
+ L dt || F(|x|> a(t+s))@1(ho) exp (—itho) || |IF(|x|> c(t+s)(1+x?)7?|.

I 1+x*)(ho+1)7'V || || exp [—i(s—1)h] exp (—itho)F( | x | <c(t+5)) |l

where we have used Lemma 2.4 (i) and taken ¢(1)=(1+ A)p(1). Observe
that ¢; e C(R) with supp ¢, =supp ¢, use Lemma 2.4 (i) and the condi-
tions on the potential to get the result

M(s, 1)< O [(1+t+S)‘2"]+KJ‘sdr[(1+t+s)‘2"]s Ol(l+t+s)720%1],
0

ii) Follows from (i) since 6 > 1. Q.E.D.

The next theorem obtains an estimate similar to that in Lemma 13.3
of [6] with total evolution group exp (—ith) replacing the free group.
For this we extend the ideas of [15]. The reader is also referred to [/6] and
[5] where similar estimates are obtained. In [5] time-independent analytic
methods are used for a similar class of short range potentials. On the other
hand in [/6] only smooth long range potentials were considered for which
the present method is inadequate.

THEOREM 2.6. — Let h be as in Theorem 2.5 with the potential satis-
fying furtheg more: .
(1 + x7 (he + )XV + i[A, V])ho+ 1)~ (1+x3) " is bounded.
Then for ¢ € C§(0, o0) and ¢ € R,
i) I[(A+i)" exp(—ithp)XA+1) "' |=O[A+]t))'],
i) ||(A2+1)7! exp (—ithyp(h)(A%+1)"! || <K(1+]|¢t])~2**
foreache > 0,
iii) ||(x2+1)"*exp (—ith)ph)x®+1)"* || <K (1+]t])~2*
foreach p’ with O<p <pu<1

REMARK 2.7.i). — The condition on V in Theorem 2.5 implies as in

Annales de I’Institut Henri Poincaré - Physique théorique



ON THE COMPLETENESS IN THREE BODY SCATTERING 85

1 1

" Remark 2.2 that (1+x2)2 (ho+ 1)~ "V(ho+ 1)~ X(1 + x?)2 is bounded. Thus
the above condition is really one for [A, V] and roughly speaking for v=3
it contains potentials V such that Ve L>%R3) and V(x) ~ (1+x2)~? as
| x| — oo.

ii) A simple calculation as in Remark 2.2 shows that in the above condi-
tion on V, the operator hq can be replaced by h. Thus as in [/5], Lavine’s
smoothness result [17], [/8] implies that

J de| < exp (—ith)p(h) £,(V +i[A, V]) exp (—ith)p,(h)g > |
- <KI[fI llgll 2.1

where ¢4, @, € C§(0, 00). In all this we also have to take note of Theo-
rem 2.1 (d).
iii) By the conditions on the potential it is easily seen that

(1+x%) 7" ho+i) *1+A?) and (1+x%) " '[(h+i)"? —(ho+i)~ 1)1+ A?

are both bounded. By interpolation we get that (1+x2)~*(h+ l) 1+ A2
is bounded for w in [0, 1].

iv) The results of Theorem 2.6 remain true if V=V, +V, with V, satis-
fying the hypothesis of the theorem and V, such that

1
Vi) | + [ x-VVi(x) | + [ x V(x-VV)x) | = Ol + x?)~*] for >
Proof of this is given in the Appendix.

Proof of Theorem 2.6. i). — As in [15] we have as a quadratic form on
Dom A nDom h
[A, exp (— ith)] :
= thexp (— ith) — J dsexp [— i(t—s)hJ(V+i[A, V] exp(—ish) (2.2)
0 .

An application of (2.1) to the second term on the R. H. S. of (2.2) yields
the required result.

it) Clearly we can find ¥, y in C§(0, 00) such that ¢(h) = hy(h)x(h) and
then we have from (2.2) that
HA*+1)" ' exp (—ith)p(h(A2+ 1)1
= (A?+1)""Y(h) { A exp (—ith)—exp (— ith)A } x(h(A?+1)!

t
+ L ds(A>+1)" "y(h) exp [—i(t =RV +i[A, V]) exp (—ish)y(h)(A2 + 1!
= Il +1 2. (2 . 3)
Since (A +1) " "y(h)A(A +i)and (A +i)Ay(hYA%+ 1)~ ! are both bounded,

Vol. 41, n° 1-1984.



86 K. B. SINHA, M. KRISHNA AND PL. MUTHURAMALINGAM

an application of result (i) shows that ||I;||=Q[(1+|t])"*]. On the
other hand, »

t 1,
I sfds{n A2+ )7y +i) exp [—ilt=9h)1+x7) 2 |

0
1 +x2)56(h+i)‘ YWV4+i[A, V(h+i)~ (1 +x2)56 I

N (1+x?) 2 exp(—ishih+ A2+ 1)1 ||

t
< KJ ds(1+]t—s|)"'1+|s]) ' <Ky(1+][t])" log(1+]t]).
0 1 1
In the above result we have replaced (1 + x?) 20 by (1+A?) 2’ [see
Remark 2.7 (iii)] and applied the result (i). This together with (2.3)
proves (ii).
iii) This follows from (ii), by interpolation and an application of
Remark 2.7 (iii). Q.E.D.

§ 3. LOCAL DECAY

The existence and inter-twining properties of Q7 and QF imply that
R(Q;") and R(Qg) are subspaces of #, = #(H) [the continuous spectral
subspace of H] and are pairwise orthogonal. We set

HE = %C@{Z(BR(Q})@ R(Q7F) }

By Hunziker’s Theorem [6,18] we get o/(H) < o.(H) = [X, o0) where
T = min { inf o(H%): d }. We next define the set of thresholds of H and
two dense linear manifolds 2% in #Z.

DeriNiTION 3.1. — The set of thresholds of H is

T = {4 : A is an eigenvalue of h’ for some d } U {0}
and

9*={fe %}:(p(H)fzf for some ¢ in C§((Z, 00)—T) with 0<¢p <1}

By Theorem 2.1 (c) the set T is a closed countable set. Also since all
the four range subspaces as well as #, reduce H we get that #°* reduce H.
Hence 2* are dense subspaces of #.* respectively.

For any bounded continuous complex valued function ¢ on R we shall
S

write &+(@) = Sligtn S_IJ dto(t), whenever the limits exist.

- o]
0

The next theorem states that any state in #* asymptotically moves

out of a region localised in any of the pair distances x;.

Annales de I’ Institut Henri Poincaré - Physique théorique



ON THE COMPLETENESS IN THREE BODY SCATTERING 87

THEOREM 3.2 (Local decay). — Let V, be as in Theorem 2.5 for each d.
Then )

E+(IF(Ixg] <r)V,f1)=0 forf in #* andr in 0, o).
We need a few lemmas first.
LEMMA 3.3. — Let V, be as in Theorem 2.1 for each d and ¢ € C§(R).
Then (1+x3)~*[@(H) — o(H?)] is compact for each u>0.

Proof. — We can assume that 4 < 1. Asin Theorem 1.1 of [19] it suffices
to show the compactness of (1 + x3)™*[(H—z) "N — (H~2z)"N]for somez <X
and N = 1,2,3, ... By induction this is if

() (1+x) ™ H-2™N1+x2)*=[(1 +x3)THH —2) " (1 +22)H N
and (1+x3)™H* — 2)™1 + x3)*
are bounded for N = 1,2,... and (ii) (1 +x3) " *[(H—z2)"1—(Hi—2z)~ 1
is compact. It is easy to verify (i). For (i) we have

(1+x3) ™ [(H' 2" —(H—2)"1]

= Z (1+x3)"#H'—z)~ (1 +x3) "1+ x2PV,(H—2)"!
a¥d

The result follows from the compactness of (1+x3)"H —2)" (1 +x2)
for a # d and the boundedness of (1 +x2)°V(H—2z)"1. Q.E.D.

REMARK 3.4. — In the following lemmas we shall use the fact that
V{(H?+i)"}(1+x2)’ is bounded whenever V(1+x2)’(H?+i)~ ! is bounded.
This can be derived exactly as in Remark 2.2 by using the commutation
rules and the hypothesis on V.

LEMMA 3.5. — Let V, satisfy the hypothesis of Theorem 2.1 for each d.
Assume that ¢ e C¥((Z, o0) — T) and y e C3(—o00,0). Then,

i) Q@ - 1)‘//(hd)(P(Hd)(1 + x3)"2F (A7 = 0) is compact,
it) & (VL YRDYH)1+x3)72V,f> =0 forf in #*.
Proof. — We prove (i) and (ii) for positive sign only.
i) By Theorem 2.1 (a) and (c) there exist eigenvalues 44, ..., A, < 0 of ¢
of finite multiplicity such that y(h?) = Z Y(4;)E3, where E4, is the pro-
j
Jection onto the eigensubspace of eigen-value 4;. Thus the result trivially

follows if (QF —1)E{p(H)(1+x3)"*F(As > 0) is compact where A < 0
is an eigenvalue of 4* and Ef is one dimensional projection < e, Ye.

Vol. 41, n° 1-1984.



88 K. B. SINHA, M. KRISHNA AND PL. MUTHURAMALINGAM

We have,
(@1 — DB4oHE(AS > )1 + x3)2

= z iJ dsV*V.E4(H +1)~ 'UEdp,(H)F(A; = 0)(1 + x3)~2
0
c#*d

-y J " a1 (3.1)
0
c#d

where ¢,(H) = (H? + i)p(H?). It is easily seen that V.EYH? + i)t is
compact so that I s) is compact for each s. It is clear that I, is norm

continuous in s. The result will follow if J ds || I48) || < co0.
By Remark 3.4 we get 0

1 Ta(s) Il < 1 V(HE+ 1) (1 +x2P 1| 1 (1+x2) °E4US@,(H)F(As 2 0)
< K14y (1+x2)ESI 11 (1+yd)™°

‘ 1 1
exp (— 3 iskﬁ)(m(l + —2—k§>F(A} > 0) ll (3.2

Since (1+ y3P <K (1+x2(1+x3)° and since
(1 + 2B < [1(1 + xdellzllell; < o

by Theorem 2.1 (e) we get that the first factor on the R. H. S. of (3.2) is
finite. The second factor is of O[(1+5)~2°] by using the results of [9].

1
Since 6 > 3 we conclude ds || I.48) || < o0.

0 .
ii) Writing B = y(h?)p(H*)1 + x3)~2 and using intertwining relations
we get that

&+ (VL BV

— &, (V.f,(1-QF )BF(AF > OV, /> +8&, C UXQ)* £, BF(A; = O)V.f>

+ &, (V.f,(1—Q;)BF(Az <O)V,f> .

+&. (F(As <OUNMYQHYQa * £, (L+x3) VoS > (3.3)

By (i) and an application of Wiener’s Theorem [20] the first and third
term of R. H. S. of (3.3) are 0. Since f € #." we get that (Q4)*f= 0. For

1
the fourth term note that s;_ljm F(A7 < 0)exp| — 3 itk}) =0 by [II].
Thus (ii) is proved. Q.E.D.

Remark. — In the lemma above, the factor (1 + x7)~* plays no role.

Annales de I Institut Henri Poincaré - Physique théorique



ON THE COMPLETENESS IN THREE BODY SCATTERING 89

However if we do not invoke the boundedness of (1 + x3)E4 by Theorem
2.1 (e), then this factor is useful. In fact, it is enough to note that

L = V.y(h*)H* + i)~ (1 + x7)~2 is compact and L(1 + x3)° is bounded.

LEMMA 3.6. — Let V, be as in Theorem 2.6 for each d. Assume that
0> 1, yeC(0, 0) and @eCF(Z, ©)— T). Then

i) (QF — Dy)e(H?)(1 + x3)~2 is compact
ii) Ex AV, Y(h)pH)1+x3)"2V,f>=0 forf in #*.

Proof. — As usual we prove only for the positive sign.

i) Asinthe proof of Lemma 3.5 (i) it is enough to show J‘w ds||1.4s)|| <oo
for ¢ # d where I.,(s)= V}V.UlpH*W(h*)(1+x2) 2. 0
For this, writing ¢,(1) = (1 + i)p(4) we arrive at
I Tea(s) Il < | V(H+0) (1422 |- 1 (14 x2) 2 exp (—ish®)p(h) 1+ x3) 2 ||
(14 x3) @ (H)1+x3) 72|
While V(H?+i)"*(1+x?2)* is bounded by Remark 3.4, the boundedness
of (14x3)*@(H*)1+x3)~? can be inferred by a calculation similar to

that in Lemma 2.3. Thus expanding exp (—ish?) as in Theorem 2.5 and
putting ¥ ;(4)=(1+i)¥(1), we have

l Teals) Il < KNI (14x2) 7% exp (—ishg)(1+x3) 72 || || (1+x3)*p(h*Y1+x3) 2|

s _1
+ KIJ de {||(1+x2) % exp [ —i(s—)h§]J(1+x3) 2‘SII
0

1

15 15 -1

(1 +x3) V(' +0)7 (1 +x3) 1 11(1+x3) 2 exp (—ichWn(hY1+x3)721l }

(3.4

Proceeding as in the proof of Lemma 16.3 [6] and replacing L>-esti-

mates by L?-estimates, it follows that for y > 1 there exists u’ in (1, )
such that

I (14 x2)~* exp (—ish§)(1+x3) 7 || < K (1 +52) 7. 3.5

The second factor in the integrand in (3.4) is finite by Remark 2.2. Since

V¥, € CH(0, o0) we can use Theorem 2.6 (iii) for the third factor in the
integrand of (3.4) which together with (3. 5) yields that for some ¢’ in (1, §),

I Las) || < Kp(1 + [s])7% + K3J di(l+ 7)) A+ [s—7|)77
<Ks(1+|s])7?.
This completes the proof of (i).
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ii) By Theorem 2.1 (a), OF = Q¥ * + Qi so that R(Q§) = R(QF)OR(Q:)
and hence QF* f = 0 for all fe #; respectively. Thus

£ (VLWL + XDV
= &0 (Vs (1= 00 WP + x3)2Vef >

Now the result follows by (i) and Wiener’s Theorem [20]. Q.E.D.

LEMMa 3.7. — Let V, satisfy conditions of Theorem 2.5 for each d and
¢ € C¥((Z, 00) — T). Then there exists Y; € C¥(R) with y; = 1 in a neigh-
bourhood of 0, 0 < ¥, < 1 and ¥, in CF(0, o0) such that

1
i) llfl(h")[l - '//2<§ k.‘f)]qo(H”) =0,

i) (QF - l)wl(h“)npz(% k,%)(l +x3)”2F(A§ 2 0) is compact,
iii) &, (V. S, W) e(HY1+x3) 2V, f>=0 for f in #.*.

1 1
Proof. i). — Let supp ¢ = (— 0, — 3 a2> V] <§ a?, b) for some b, a> 0.

Choose ay, a, > 0 such that a® > a? + 243. (We shall impose further
restrictions on ay, a, in the proof of (ii)). Choose ¥4, ¥, in C3(R) such that

1

1, 2
supp Y1 & —531,501 , 1 =1on

1 1 1
(—Zaf,‘—‘af) 0<y,<1; supp t//zg[iag,oo> and ¢,=1 on [d3, b].

1
Then it is easily verified that l//l(h‘)tl—npz(i kﬁ)]qo(H") =0.
ii) (For positive sign only). As in the proof of Lemma 3.6 (i) it is enough

to show that ds || Las) || < oo for ¢ # d, where
0

La(s)=V*V,(H?+i)~ 1(1 + xcz)'i(l +xf)_".
UXH + i)n/zl(h")zlzze kﬁ)(l +x3)2F(A} > 0).

1 .
We observe that (H? + i)l//l(hd)l//2<§ kﬁ) is a linear combination of terms

1 .
of the type |p3(h")z//4<§ k},") where /3 and i, have same support properties

as |, and ¥, respectively.
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So using Remark 3.4 the result follows if f dsJ.4s) < oo for ¢ #d
where 0

1
T =1 (142) 080w 312 )1 + )R = 0,

Now using the resolution of the identity,

1=F(| x| = 1)+ F(| xal < ¢s5, | ya| > €28)+F(| ya| <c,9)
we have for all ¢;, ¢, > 0
TedS) <N (A+x2) 721 11 F() x4 ] > 1)U Ya (RN 1+ x3) 2 .

://46 kg)F(A,-,L > 0) “

+ 1l (1 + xf)—aF(deI <c¢ys, | Yal > 9|l
Uzws(h%(% k.%)(l +x3) 2F(Ad = 0) “

1
+ 11 (L + X2 yy(h) | “ F(]ya| < Czs)Ug'//4<5 k,%)F(Ai >0) ”
' I(1+x3)721 (3.6)

Clearly for ¢ # d we have Xe¢=PeaXa+ 0.4y With p 4, 6., real and nonzero.
Set p=max { | p,|:c#d} and o=min{|oy|:c#d} so that p, ¢ > 0.
Now choose ay, a,, ¢;, ¢, such that a?> g2 +2a}, a;<cy, pey<oc,,
¢z < a,. With this choice of constants apply Theorem 2.5 (i), and results
of [11] respectively to the first and third terms of R. H. S. to get

Lwdsllch(s)||<oo for c#d.
iii) (For positive sign only). Put
B = |//1(h")x//2<% k3>(1+x3)-2, C=(1+x3)(EY1 + x3) -2
so that both are bounded operators. We have observed in the proof of

Lemma 3.6 (i) that (Q;)*f= 0 for f in #.". So we get using (i), for f
in A, that

&+ {Vefs Ui (h)p(HY1+ x3) 72V, >
=8+ (Vif, (1= )BF(A$ > 0)CV, /> +& , (V£ (1 —Q7)BF(A; <O)CV,f >

— (1 ~
+&8. (FAi < O)U:’l//z<5 kf)(QJ V£ (BB 1+ x3) 72V, f .
Now the result follows as in the proof of Lemma 3.5 (ii). Q.E. D.
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Proof of Theorem 3.2 (For positive sign only). — Clearly it suffices to
show &.(]|(1+x3)" 'V, f1)=0 for f in the dense linear subspace 2* of
#.F. For fin 2% choose ¢ in C((Z, 0)—T) such that 0 < ¢ <1 and
oH)f = f. For this ¢ choose ; as in Lemma 3.7, y, in C§(— o0, 0),
Y3 in C&(0, 0) so that (Y, +y,+y3)h")e(H?)=¢p(H?). Then we have

I (14+x3) 'V f1IP =< Vo, [p(H) — o(H) (1 +x3)" VoS>

3
; Z VL U AL+ 33) 2V,
i=1

Now the result follows by Lemma 3.3, Wiener's Theorem [20],
Lemma 3.5 (ii), Lemma 3.6 (ii) and Lemma 3.7 (iii). Q.E.D.

§ 4. ASYMPTOTIC EVOLUTION
OF SOME OBSERVABLES

The local decay result now allows us to imitate the two body methods
in the asymptotic evolution of A and Q? in the three body case with one
difference viz, all the statements are to be made for vectors in J#,F (except
(iii), tiv) of Theorem 4.1).

THEOREM 4.1.

i) ts;lim V¥ exp (—iuA/t)V,f = exp(—itH)f foru in R,f in #,
il s:lim VEY(A/V, f =Y(Hew) S fory e CER), fe HeE,
iii) ¥v-lljm V.f=0 for fe#(H),
iv) ts;lgrm F(|x4| <r)V.f=0 forr in(0, ), fe #* ®R(Qs),
v) f;h)rm V*U,exp (—iuA/t)UFV,f=f foru inR, feAdr*,
vi) 's-lim V*U, exp (—uQ*~ HUFV,f=f foru=>0,fe HE,
vii) - s-lim VEU(] QI/1 e DUFVf = Y(0)f
for each bounded continuous function ¥ on R and fin #*,
viii) ’s-litm F(|Q| > a|t|)U¥V,f=0 for each a>0 and f in HE.

Proof. — We prove the results only for the positive sign.

i) Since @* is dense in #," we can assume fe 2. As in the proof
of Theorem 2.5 [21] it suffices to verify the conditions (i), (ii), (iii)
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ON THE COMPLETENESS IN THREE BODY SCATTERING 93

of Lemma 2.10 [2]]. The verification of the first two are obvious. For the
third one we easily get

IH+D)™ {(VEAV— AT =Bl < st fll+@+s)
Z(H-S)_IJ de || (H+i)"" { Va+i[As, Val } VoSl
0
d

For each fixed s, the R. H. S. of the above inequality goes to zero ast — oo

1
since (H+1)™"' { Vy+i[A4 V4] } (H+i) (1 +x§)76 is bounded and since by
_1

L,
Theorem 3.2 &.(||(1+x3) *> V{H+i)f||)=0.
ii) Follows from (i) as in [27].

iii) If fe R(Qg) @ Z @ R(Q) the result is obvious. So we can assume

d
fe A, and by density fe 2*. Then choose ¢ in CP(R — {0} ) such that
0 < ¢ <1 and ¢(H)f = f Then we see that s;_ljm o(A/t)g = 0 for every g

and by (ii) that .st-lim [1—@(A/t)]V,f=0. So we get v:);lim V. f=0.

iv) On R(Qg) the proof is easy. On #," we can go back to the whole
set of computations in the proof of Theorem 3.2 and prove the required
result using (iii).

v), (vi), (vii) are proved similarly as in Theorem 2.11 of [21].

viii) Follows easily from (vii). Q.E.D

§ 5. A LOW ENERGY RESULT

In the next theorem we shall prove that the evolved states in 2* with
small enough kinetic energies of any pair, asymptotically vanish in the
remote past or distant future.

THEOREM 5.1. — Let V, be as in Theorem 2.6 for each d. Let f ¥ € 2*.
Then there exist constants ay(f ) = af > 0 such that

dim [ F(] pal < af)Vef * 1| =0.
For the proof we need a few Lemmas.

LEMMA 5.2. — Let fe #* and ¢ e CP(R). Then for each d

i) s-lim [p(H) — (H")]V.f =0,
i) s-lim [p(H)—g(Ho)IV.f * = 0,
iit) s-lim [o(hd) — (h)IV.f* = 0.

Vol. 41, n° 1-1984.



94 K. B. SINHA, M. KRISHNA AND PL. MUTHURAMALINGAM

Proof. i). — By Theorem 4.1 (iv) it suffices to show that
lim || [(H) — @HYIF(| x| > r, ¢ =1,2,3)|| = 0.

This is done by using Theorem 1.1 of [/9].
ii) The proof is similar to that of (i).
iii) Follows from Theorem 4.1 (iv) and Lemma 2.3 (ii). Q.E.D.

LemMA 5.3. — Suppose V, satisfies the hypothesis of Theorem 2.5
for each d. If f* € 2* then there exists Y, 1 in C§(R), depending on f
with ¥, + = 1in a neighbourhood of 0,0 < 4 + < 1, such that, for each d,

Jim 183 = (V.S 1| = 0.

Proof. — (For positive sign and for a fixed d only). For fin 9 * choose ¢
in C¥((Z, o0) — T)such that 0 < ¢ < 1and ¢(H)f = f. For this ¢ choose a,
ay, ay and Yy, Y, as in the proof of Lemma 3.7 (i) so that [after writing

1 . .
HY = h? + %kﬁ:l we get l/ll(hd)[l—l//2<-2- kf)](p(H") = 0. Then using this
relation and Lemma 5.2 (i), (iii) we get,

n = lim || (QF — Dy (H)V.S

~ 1
< ,ll.m ‘(Qf - 1)‘//1(}"1)‘//2(5 k.%)sz”
~ 1
< tlll'g (Q; — 1)(//1(11‘1)!//2(5 kg)UtF( | Ql < Clt) for each c1 > 0.

In the last step we have used Lemma 4.1 (viii). Expanding f!,;* -1,

0

it is clear that the result follows if }im J dsI.4s, t) = 0 for ¢ # d where
- 00 0

|

F(|Q| < eit)=F(|Q| < clt)F(Ixgl <ext, [ yal < cat) (5.1

La(s, t) =

VCU‘ilh(h")l//zG k.?)UtF( QI < eat)

Since Q2 = x? + y3 we have,

Let /3, Y, be as in the proof of Lemma 3.7 (ii). Then using (5.1) and

9]

Remark 3.4 the result follows if tlirgj dsl.4s,t) = 0 for ¢ # d where

0

Jed(s, t)=U (1+xf)—6Ugl//3(hd)i//4<% k,%)U,F( [x4] < ety | yal < est)

Annales de IInstitut Henri Poincaré - Physique théorique



ON THE COMPLETENESS IN THREE BODY SCATTERING 95

As in the proof of Lemma 3.7 (ii) we have for each e,, e, > 0 that
Jedls, 1) K F(| x4 | > ey(t +5)) exp (— ish?)y 3(h)
exp (—ithQ)F(| xa| < ¢y(t+9)) ||
+KII+xD)7F (| x| <eyt+5), | yal>eat+9) |
1 1
+ KIIF(] ya | <es(t+5)) exp [—Ei(sﬂ)kf]!/u(E kﬁ)
F(lysl <ee+9) . (5.2)

Now let p, ¢ be as in the proof of Lemma 3.7 (ii). Now choose the constants
1, A1, Ay , €1, €5 such that c; +a; <ey, pe; <oe,, e,+c¢; <a,. Then apply
Theorem 2.5 (i), the relation pe; <ge, and Lemma 2.4 (ii) to the first.

a0

second and third terms of R. H. S. of (5.2) to get limf dsJ.4s,t) = 0.
t=w o Q ED

Proof of Theorem 5.1. (For the positive sign only). — For fin 2% let
be as in Lemma 5.3. Then using (Q;)*f = 0 and Lemma 5.3 we have

Iim || /v, (V.S 12 = lim <V, (1 = G ), (R)V,f > = 0.

Now the result follows since y, + = 1 in a neighbourhood of 0. Q. E. D.

§ 6. COMPLETENESS OF THREE BODY SCATTERING

Here we shall show that 2* = {0} leading to o/, = {0} by density.

THEOREM 6.1. — Let the two body potentials V; satisfy the conditions
of Theorem 2.6 for each d with § > 1. Then

i) the singular continuous spectral subspace #,(H) = {0},

it)  Ho(H) = z ® R(Q7) © R(Qq) = 2 ® R(Q:) ®R(Q).

d d
First we need a lemma.

LEMMA 6.2. — For each d let (1+x3)°V,(h§+1)~* be bounded for some
1
o> 3 Let y,€ CP(0, 0), 0 < ¢4 < 1. Then there exists some B > 0 such
that.

-0

tot x

lim “(Q% - l)ﬂl//a(hﬁ)UzF(lQl <Bltl)
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Proof. (For positive sign only). — We first note that for any o > 0 there
is some f > 0 such that

HF(lmsat)ZF(lleﬁt).

c

Then we note that the result will follow if tlim J dsl, s, t) = O for each a
- 00 O

and some « > 0 where
V, l_[ t//,,(h‘{))UH, H F(|x.| < at)
d

c

Ia,a(S, t) =

Since ¥, € C§(0, o) by Lemma 2.4 (ii) there exists a, > 0 such that

Il (1+x2)~% exp [—i(t +s)h§ J(h6 + i)W BE)F(| Xa| < ctalt +5) | [= O [(t+5)"*’]
(6.1)
Now choose o« = min {a,:a}. Then

L8, ) < | Va(h8+1) ™ H(1+22)° I ‘

(1+x2)7° H Ya(h8)(1+x2)
1(1+x2)7% exp [—i(t+s)hE 1+ i)y hO)F(| x| < ot + ) Il

The first factor of R. H. S. is bounded by hypothesis whereas the second

0

that tllIBL dsl, s, t) = 0. Q.E.D.

is easily verified to be bounded. Now using (6.1) and noting & > % we get

Proof of Theorem 6.1 i), ii). (For positive sign only). — By (1. 1) the Theo-
rem will follow if 2* = {0}.

Letfe 2% with || f|| < 1. Choose ¢ in C§((Z, o0) — T)such that0<¢p <1
and ¢(H)f = f. For this f let af be as in Theorem 5.1. Now choose
"~ in C§(0, oo) such that

<p(Ho)S{ZF(IPaI£aI)}+Hl//a(h‘é)- (6.2)

d

By Theorem 4.1 (viii) Lemma 6.2 and intertwining relation we get

lim < V.f, H w,,(h‘{))V,f> =0. (6.3)
d
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Now by (6.2) we get

IA1* < lim { (Ve [o(H)—o(Ho) [V, ) + Z( VL F(pg | <o)V S

d

(s}

= 0 by Lemma 5.2 (ii), Theorem 5.1 and (6.3) .
Thus 2% = {0} proving the result. Q.E.D.

Remark. — The hypothesis 6 > 1 is necessary only in our proof of
Lemma 3.6 and not explicitly in others. However, since Lemma 3.6 is
essential for proving the chain of results starting with local decay (Theo-
rem 3.2), we state the final result (Theorem 6.1) for 6 > 1 only.
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APPENDIX

We shall use the notations of section 2 here.

THEOREM A.1. — Let V = V; + V, with V, as in Theorem 2.6 and V, in C3(R") such
that | D*Vy(x)| < K1 + | x|)7#~1* for some § > 1 and for all multi-indices of length
|| < 3. Then all the conclusions of Theorem 2.6 are true.

Proof. — We shell write V, V,, V,, W, for —V=V+i[A, V], —V,=V;+i[A, V,] and
W, = exp (—ish).

i) It is clear from the hypotheses that V satisfies the smoothness result (2.1) and thus (i)
follows easily.

ii) Choose ¥, x in C§(0, o0) such that h%y(h)y(h)=¢(h) and compute:
[A, Y(W)A, W, ]x(h)] = t[A, hy(h) W, x(h) + thy(h)W, [A, x(h)]

+ [A, W(h) f dsW,_,V, W, x(h)] +(h) f dsW,— i [A, V; W, x(h)
0 ()

T

+ [A, Wl)]f dswt—s{]lwsx(h)""//(h)\[\ dsW,- VW, [A, x(h))
0 0

+ thy(h) [A, W,1x(h) + y(h) | ds[A, W,_, 1V, W, x(h)
t 0
+ n//(h)J dsW, -V, [A, W, ]x(h), (A.1)
and °

(A241) ' {L.H.S. of (A.1) } (A? + 1)~*

9
= Z(A2+1)-1 {jth term of R.H. S. of (A.1) } (A2 + 1)"1. (A.2)

ji=1

Norm of L. H. S. of (A.2) is clearly bounded in ¢ and by (i) so are the norms of the first
and second terms of R. H. S. of (A.2). As in [/5] the norms of the third and fourth terms
of R. H. S. of (A.2) are bounded by (2.1) whereas using (i), the norms of the fifth and the
sixth terms are O [log(1 + | ¢])]. Now we have,

Sum of the seventh, eighth and ninth terms of R. H. S. of (A. 1)

= ﬁh’«p(h)w,x(h)uhwh)J dsW, -V, W, x(h)
0
+ thy(h) j dsW, -V, st(h)+l//(h)f ds(t — s)hW, -V, W, x(h)
0 0
+ t,l/(h)j ds JHdrw,_s_,flwﬁ,wsx(h)Jr.p(h) J dsW, -V, shW  x(h)
0 0 0

+ Y(h) f‘ dsw,_V, j ) dtW,_ VW x(h). (A.3)
o 0
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Sum of third, fourth and sixth terms of R. H. S. of (A.3)

= 2th|p(h)f dsW,_ VW, x(h) + ip(h)W, f dssdi(ws*\?lw,)x(h)
0 0 S

= 2zh¢(h)J dsW,_ VW, x(h) — 2thy(h) f dsW,_ .V, W, x(h)
(] 1]

+ ity()\V, W, y(h) — iw(h)f dsW, -V, W, x(h)
0

= 2thy(h)[A, W, 1x(h) — 262h*Y(h)W, x(h) — 2thl//(h)f dsW,- V, W, (k)
0

+ itV W, y(h) — iwh)f dsW, -V, W, x(h) . (A.4)
()

Substitute (A.4) in (A.3) to get,
Sum of seventh, eighth and ninth terms of R. H. S. of (A.1)

= — oM)W, + 2thy(h)[A, W, ]x(h) + ity(h)V, W, y(h)

- iw(h)f dsW, VW, y(h) — thy(h) f dsW,—,V, W,x(h)
0 0

+ w(h)J dsj _sd-cW,_s_f/(h+i)‘1W,(h+i)\71Ws (h)
0 0

t

+ .p(h)f dsWt_,\71(h+i)r deW,_(h+1) ' VWy(h), (A.5)
0 0
and

(A*+1)"' {L.H.S. of (A.5)} (A2 + 1)1

N
= Z(Az-l-l)'1 {jth term of R.H.S. of (A.5)} (A2 + 1)"1. (A.6)

j=1
By (i) the norms of the second and third terms of R. H. S. of (A.6) are bounded in t while
the same is true for the fourth term by (2. 1). The norm of the fifth term is of O [log (14| ¢])]
by the boundedness of (1+]x|)h+i) 'Vy(h+i)"*(1+|x]|) and by (i). An easy calcula-
tion using the commutation rules and the properties of V; show that (h +i With+i)" Y1+ x])

is bounded. This together with (i) shows that the norms of the last two terms are
O [{log(1 +|£]) }?] So we get,

A + DT Wip)A> + )71l = O [1 + {log(1 + | £])}?]

leading to the desired result.
iii) Follows as in Theorem 2.6 (iii). Q.E. D.

1
THEOREM A.2. — Let hg, h, V be as in Theorem 2.1 with § > — and let ¢ be as in Theo-
rem 2.5. Then the conclusion (ii) of Theorem 2.5 is valid.

Proof. — We set W = exp (—ithy) and W, = exp (—ith). First we note that by
Lemma 2.3 (i) and the hypotheses on V, one has

IE(I x| > ar)Vie(h) — o(ho)] Il < K(1 + r)~%. A7
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b? such that

1
Let ¢, € CP(R), 0< ¢, <1, ¢, =1 on the support of ¢ and sup supp ¢; = 3

by +c+e <a for some ¢ >0. We also set

R (R O G = O () ) SRR
s=Flx|>{c+ N e |(s—t;)+ a—ﬁ(t+tj), j=12,...,N—-1,

N being a positive integer to be determined later.
Then by (A.7) we have for some ¢’ > 0,

(s, t) = || F(| x| > a(t+s)Ws@(hWF(| x| < c(t+3) I
< OW+9717) + I F(Ix] > alt+9)9:(ho)Wp(WIF(| x| < c(t +3))

<O ((t+S)"—")+KJ Il F(|x | > a(t + )W, @1(ho)(1 = Fy) || dt,
0o

s—1y

+ j dty || F(| x| > a(t +5),W? (pl(hO)VFIW“q)(h)W?F( [x] <t + ).
0

Repeating this operation N — 1times and using Lemma 2.4 (i) at each stage we get

A1) <Ot+s)™17%)

+ f dty .. dty_y || F(| x| > a(t+ )W, @1(ho) VEL WS — 1, 01(ho)
Osin-iSeshss VF, ... V- W, o(WWOF(| x| < c(t+9) ||

It can be easily seen that the integrand above can be bounded by (1+|t+s|)”2*""1
so that if we choose N > 1 + (26 — 1), we have the estimate

s, 1) < O +|t+s])"*7®)  for some g > 0. Q.E.D.
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