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Universitd di Torino, Istituto di Fisica Matematica,
Via Carlo Alberto, 10, 1-10123 Torino, Italy

SuMMARY. — Dynamics of free and charged extended objects is formu-
lated in gauge invariant phase spaces derived from the geometric inter-
pretation of gauge fields obtained in an earlier publication [/]].

RESUME. — Nous formulons la dynamique des objets étendus neutres
ou chargés. L’espace de phases pour cette dynamique est invariant par la
jauge; sa construction est basée sur linterprétation géométrique des
champs de jauge obtenue dans notre article précédent [1/].

1. INTRODUCTION

Extended objects: strings and membranes, were introduced in an attempt
to solve certain problems in elementary particle physics. Space-time tra-
jectories of free extended objects are minimal submanifolds. Charged
extended objects interacting with gauge fields have also been considered.
A geometric interpretation of gauge fields was given in [//].

In the present paper the dynamics of free and charged extended objects
is studied as an example of a multisymplectic formulation of systems of
partial differential equations describing physical systems. The present
study is closely related to symplectic formulations of particle dynamics
and field theory. By multisymplectic geometry we understand the geometry
of k-cotangent bundles and related spaces.
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26 W. M. TULCZYJEW

Gauge independent dynamics of particles interacting with gauge fields
is formulated in reduced symplectic manifolds [3], [4], [S], [7], [I2].
Reduction of multisymplectic spaces has not been defined. Consequently
our formulation of dynamics of extended objects is based largely on analogy
with the dynamics of charged particles reviewed in Section 3. It is hoped
that the example of reduction considered here will help to develop a general
definition of reduction of multisymplectic spaces.

The kernel-index method of Schouten [6] is used in local coordinate
representations.

2. DYNAMICS
OF RELATIVISTIC PARTICLES WITHOUT CHARGE

Let X be the space-time of general relativity with a covariant metric
tensor

g:TX xTX - R 2.1
and a contravariant metric tensor
g :T*X x T*X - R. (2.2

The components of the two metric tensors with respect to a coordinate
system (x*), k = 0, 1,2, 3 will be denoted by g,, and g** respectively and
the associated metric connection will be represented by Christoffel symbols

1
r,)c.u = Egkv(a}guv + apgiv - avglu) . (23)
The phase space of a relativistic particle is the cotangent bundle P = T*X.
The cotangent bundle projection will be denoted by
n:P - X. (2.4

The symplectic structure of P is defined by the canonical 2-form w = dé,
where 0 is the canonical 1-form on P. Coordinates (x*) of X induce coordi-
nates (x*, p,) of P such that

0 = pdx*. (2.5)

The velocity space of a particle is the tangent bundle TX with the pro-
jection mapping
% TX - X. (2.6)
The projection of the tangent bundle TP onto P will be denoted by
7p: TP - P. 2.7
The part of the phase space P accessible to a particle of mass m is the
mass shell ,
C,=1{peP;g(p,p)=m"}. (2.8)
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GAUGE INDEPENDENT FORMULATION OF DYNAMICS 27

In coordinates (x*, p,) the mass shell is described by the equation
gippi=mt. 2.9

It is interesting to see that the mass shell determines completely the dyna-
mics of the particle. v
Let ,, denote the form w restricted (pulled back) to C,, :

w, =w|C,. (2.10)
Since the codimension of C,, is 1 the characteristic distribution
{weTC,;w Jw, =0} (2.11)

of w,, is 1-dimensional. Integral manifolds of this distribution are the phase
space trajectories of a particle of mass m. The characteristic distribu-
tion (2.11) can be written in the form

{weTP;rp(w)eCm, Igw o= ——zisz}, (2.12)
m
where M? is the function
M?2:P - R:p — g(p,p). (2.13)

In order to distinguish between particles and antiparticles we will orient
trajectories by restricting the Lagrange multiplier ¢ to positive values.
The infinitesimal symplectic relation [3]

Dfn:{weTP;rp(w)eCm, JerE > 0w Jo = —;sz} (2.14)
m

represents the dynamics of a particle of mass m in infinitesimal terms.
Lagrangian and Hamiltonian representations of D;, are discussed in [/0].
A curve

f:R > Pt f(t) (2.15)
is a parametrized trajectory of a particle if the image of its prolongation
f":R - TP (2.16)
is contained in D;,. Let .
x = f40),
(2.17)
P = fit)

be the coordinate expression of f in the coordinate system (x*, p,;). The
coordinate expression of the function M? is

M? = g*p,p,. (2.18)
The equation .
w_low=——dM?, e>0 2.19)
. 2m
with
df* o df, ¢

w= f(t) (2.20)

=it ox | di op,
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28 W. M. TULCZYJEW

is equivalent to the system
ar< ¢
it m
d_fi B & 5 (2.21)
dt 2m
e>0,

or the system
m df*
fl=;glx—7 8>Oa

dt
Df, _df; df”
ECL A N A
TR
Taking into account the mass shell constraint
gty =m (2.23)

R de df’"
& =G

dt dt’

The condition ¢ = 1 is usually imposed on the parametrization.

(2.22)
0.

we derive the relation

(2.24)

3. DYNAMICS
OF CHARGED RELATIVISTIC PARTICLES

Let {:Z — X be a principal fibre bundle. The base X of the bundle is
the space-time and the structural group G, is the additive group of real
numbers. The Lie algebra %, of G, is the algebra of real numbers. The
action of the structural group is represented by the mapping

y:RxZ - Z. 3.1
We denote by y, the mapping
Vs:Z = Z:z +— y(s,2). (3.2

The fundamental field corresponding to 1 € 4, will be denoted by W.
In addition to the gravitational field represented by the metric tensor
in X we have the electromagnetic field represented by the 2-form

¢ = —da, (3.3
where « is a connection form on Z satisfying
(W,a) =1 (3.4
and
Lwo=0. (3.5
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GAUGE INDEPENDENT FORMULATION OF DYNAMICS 29

The above conditions imply the existence of a 2-form F on X such that
¢ = *F. (3.6)

The form F represents the electromagnetic field in X.
We will use in Z adapted coordinates (x*, y) such that

0
== 3.7
dy
In terms of these coordinates we have local expressions
o = A (x")dx* + dy (3.8)
and
1
¢ = 3 (edx A dx?, (3.9)

where A,(x*) is the electromagnetic potential and
Fo(x*) = 0,A(x") — 0, A(x") (3.10)

is the electromagnetic field.
The phase space of a charged particle is the cotangent bundle R = T*Z
with the projection
p:R > Z, (3.11)
the canonical 1-form g and the canonical 2-form v = du. Coordinates
(xx, Vs P Q) SUCh that

u = pdx" + qdy (3.12)
will be used in R. Each element r € R is decomposed into the horizontal part
hor (r) = < W, r > a(p(r)) (3.13)

interpreted as the charge, and the vertical part
ver (r) = r — hor (r) (3.14)

representing the space-time momentum of the particle. We introduce
mappings

h:R - R:r—<W,r> (3.15)
and
v:R » P=T*X (3.16)
defined by
Cuv(r) )y = wry = w,ver (r) ), (3.17)

where u is a vector at {(p(r)), w is the horizontal lift of u and w’ is any lift
of u to T,,,Z. The number g = h(r) and the covector p = v(r) provide
convenient representations of the charge and the space-time momentum
respectively.

The action y of the structural group G, induces an action

7:RxR - R (3.18)
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30 W. M. TULCZYJEW

of G, in R. The mappings

7R > R:r > J(s,7) (3.19)
are determined by conditions
PO Vs =7Ys0p (3.20)
and
V=p. (3.21)
The generator of J is the vector field W satisfying
TpoW =Wop | (3.22)
and
Lwp=0. (3.23)

Mappings 7, preserve the decomposition of elements of R into their hori-
zontal and vertical components :

hor (Zs(r)) Vs hor( ) (3.24)
ver (7,(r)) = 7, (ver (r)).
Consequently
h(7(r)) = h(r) (3.25)
and
v(74(r) = ¥(r). (3.26)
We denote by
1. TZ - Z (3.27)
and
x : TR - R (3.28)

the tangent bundle projections.
The part of the phase space R accessible to a particle of mass m and
charge e is the submanifold

K. =K,nK,, (2.29)
where
K, = {reR; g((),v(r) = m*} (3.30)
and
K,={reR;h(r)=e}. (3.31)

In terms of coordinates (x, y, p,, q) the submanifolds K,, and K, are
described by equations

gUpe — qA)(Ps — qA;) = m? (3.32)

g=ce (3.33)

respectively. Trajectories of the particle in the phase space R are integral
curves of the characteristic distribution

{weTK,e;w v, =0} (3.34)

and
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GAUGE INDEPENDENT FORMULATION OF DYNAMICS 31

of the 2-form
Vime = V| Kpe (3.39)

In certain respects it is appropriate to consider integral manifolds of the
characteristic distribution as trajectories of the particle. These integral
manifolds are in this case 2-dimensional.

In order to prove integrability of the characteristic distribution (3.34)
we must show that K,, . is coisotropic [3]. Let M? and E be functions

M%2:R - R:r — g(v(r),v(r) (3.36)

and
E:R - R:r — h(r). (3.37)

Since
K, ={reR;M*r)=m?} (3.38)

and
K., ={reR;Er) =e} (3.39)

in order to prove that K,, , is coisotropic it is sufficient to show that the
Poisson bracket

{E,M?} (3.40)
vanishes [2]. From N
E=<(W, .
and the identity N W N G40
PLaun=W ddu+d{W,u) (3.42)
it follows that N
W lv= —dE. (3.43)
Hence,
{E,M?} = M2, (3.44)
and
PsM? =0 (3.45)

follows from (3.26).
The characteristic distribution (3.34) can be represented in the form

{weTR;rR(w)eKm,e, 3, pmW V= — 2ialM2 - 5dE}. (3.46)
m

As in Section 2 we orient the trajectories by restricting ¢ to positive values.
The infinitesimal symplectic relation

Npe = { weTR; trW)e K, 0 Jp5er€ > 0,
wlv=— M2 — 5dE} (3.47)
2m

represents the dynamics of particles in the phase space R.

Let
X = f41), y = g(t),
pi= fi(t), g = h(t)

Vol. XXXIV, n® 1-1981. 2
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32 W. M. TULCZYJEW

be the coordinate expression of a curve
SR > R:t— f(1). (3.49)
We impose on the tangent vector

_dfc 8 dgdo df, 9 _dnd

w= + = == — .
di o dcay T diop, T diog (3.50)
the equation
W_lve= — 2 dM2~G8dE, ¢>0. (3.51)
2m
The coordinate expressions of the functions M? and E are
M? = g"(p, — qA)(p; — qA)
E—g (3.52)
Hence,
are e
Qi = ;gkl(fx —eA)),
98 _ _E i — eAJA, + 0
—_——= — — — e .
a . om® Ve T e (3.53)
df; € o g
E = - % aAg (fu - eAu)(f;r - eAv) + ;’l_g (f;,l - eAp)a}.Av,
e>0,
or "
d K
fl_eAlzmglkﬁa 8>05
af*  dg
A —_— — = 5 .
T s (3.54)
D(f; — eA)) — ¢F fii{j
dt Modr
where
D(f; —eA)) d(f; — eA)) df”
= —T4(f, — eA . .
o 7 S — €Ay) ir (3.5%)
Together with
gxl(fk - eAK)(f/I - eA).) = m2 > (356)

h=e

equations (3.54) characterize trajectories of charged particles in the phase
space R.

Dynamics of charged particles formulated in the phase space R has
gauge invariant Lagrangian and Hamilton-Jacobi descriptions. If these
descriptions are not used a gauge invariant formulation of dynamics in
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GAUGE INDEPENDENT FORMULATION OF DYNAMICS 33

the phase space P = T*X can be obtained by reducing the symplectic
manifold (R, v) with respect to the coisotropic submanifold K.,.
The characteristic distribution

{weTK,;w Jv,=0} (3.57)
of the 2-form
v, =v|K, (3.58)
is the set
{weTR;yw)eK,, Jsgw I v= — ddE}. (3.59)

It follows that the integral manifolds of the characteristic distribution are
orbits of the action of the structural group in K,. The integral manifolds
can also be characterized as the fibres of the mapping

k:K, > P:r— v). (3.60)

Consequently the quotient manifold is canonically diffeomorphic to the
phase space P. The calculation

{w,k*0 > = dw, v¥0 >
= (Tv(w), 0 >
= { Tr(Tv(w)), Tp(Tv(w)) >
= { T(m o v)(w), (tr(W)) >
= { TUTp(w)), ¥(zg(w)) >
= { Tp(w), ver (1g(w)) »
= { Tp(w), tr(w) — < W, (W) ) a(p(tr(W)))
= (Tp(w), tr(w) — ex(tTp(w))) >

={w,u — ep*a ) (3.61)
shows that
k*0 = (u — ep*a) | K, . (3.62)
It follows that
K*w = (v + ep*@) | K, (3.63)
and v, = KMo — en*F), (3.64)
since
p*¢ | K, = p*(*F | K,
= v*7*F | K,
= k*n*F . (3.65)
The form
w, = w — en*F (3.66)

defines the symplectic structure of the reduced phase space P. This structure
is different from the canonical symplectic structure of P.

Trajectories of charged particles in the reduced phase space P are images
by x of trajectories in R. Since

K(Kpe) = Cp
={peP;g(pp)=m*} (3.67)
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34 W. M. TULCZYJEW

it is clear that trajectories in P are integral curves of the infinitesimal sym-

plectic relation
D;,. = Tlr | K, )N,

= {weTP;rp(w)eCm, Jope > 0w o, = — ;-dMZ}, (3.68)
m

where _
M2:P - R:p — 3(p,p).
Let
x* = Y1),
P, = fi®)

be the coordinate representation of a curve
SR> Pt f(1)
in a coordinate system (x*, p,) such that
0 = pldx'l .

The equation

€

wlw,=——dM?, >0

2m

with
_df* 0 df, 0

WS o T de ap,

leads to equations

are e "
dt _;1g f/la
df, ar e
——eF,—= - _a i v
a om OB PP
e>0,
or
m df*
=—g.,— >0
f;c e gx}. dt s 2
Df; af"
s
where
Df, df; af”
A _ A e 2
dt — dt il dt
Equations (3.76) together with
g,dfxffl = m2

(3.69)

(3.70)

(3.7)

(3.72)

(3.73)

(3.74)

(3.76)

(3.77)

(3.78)

characterize the trajectories of the particle in the reduced phase space P.
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GAUGE INDEPENDENT FORMULATION OF DYNAMICS 35

It is to be noted that the coordinates p, in P are directly components of
the space-time momentum covector whereas in R only the combination
p, — qA, corresponds to space-time momentum.

4. DYNAMICS
OF EXTENDED OBJECTS WITHOUT CHARGE

Let X denote the space-time as in Section 2. The phase space of an exten-
ded object is the k-cotangent bundle P = A*T*X with the projection -

n:P - X 4.1
and the canonical k-form 6 defined by
{w, 0> = (ATr(w), tp(w) >, 4.2
where we A*TP and
' 7p : A¥TP - P 4.3)

is the k-tangent bundle projection. For k = 1 the extended object is the
relativistic particle described in Section 2. For k = 2 the extended object
is a string and for k = 3 it is a membrane. The canonical (k + 1)-form
o = df defines in P a k-symplectic structure. Coordinates (x*) induce in
P coordinates (x*, p,, ;) such that

1

0= Fl’x,...xkdx’“ A oot A dx®e, 4.4

The velocity space of an extended object is the k-tangent bundle A*TX

with the projection
1% (AFTX - X. 4.5)

The part of the phase space P accessible to an extended object is the
submanifold
Cn=1{peP;Ag(pp)=m*}. (4.6)
In terms of coordinates (x*, p;,. ;) this submanifold is described by the
equation

1
8 8PPy = M @.7
We denote by w,, the restriction of w to C,, :
W = 0| Cy, (4.8)
and introduce the characteristic distribution
{weA*TC,;w Jw,, =0}. 4.9)

A submanifold of C,, of dimension k is called an integral manifold of the
characteristic distribution if each k-vector tangent to the submanifold
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36 W. M. TULCZYJEW

belongs to the distribution. Phase space trajectories of the extended object
are integral manifolds of the characteristic distribution (4. 9). The characte-
ristic distribution (4.9) can be represented in the form

{weA"TP;rP(w)eCm, Jgw J 0 = (— 1)kzidM2 } (4.10)
m

where M? is the function
M?:P - R:p — Akg(p,p). (4.11)

As in Section 2 we orient trajectories by restricting ¢ to positive values
and represent dynamics of the extended object by the infinitesimal relation

D, = {weA"TP;rp(w)eCm, J,re>0w Joo=(— l)kis—sz}. 4.12)
m

An embedding
fRE S P, ., > f@, ..., (4.13)

is a parametrized trajectory of an the extended object if the image of its
prolongation

/" :R¥ — AFTP 4.14)
is contained in D},. Let k = 2 and let
xx — fx(tl’ t2)

(4.15)
Pii, = fx,zz(tla t%)

be the coordinate expression of an embedding f. The coordinate expression
of M? is

1
M* = Egm‘gmzpmzl’im- (4.16)

0 0 0 oft o 1 of; 0
we (20 e 0, Lz_ﬁ_f';z ) 4.17)
ot ox* 2 At' Opy,., ot* ox* 2 ot* dp,,;,

then the equation

If

Wlw=—dM?, £>0 (4.18)
2m

leads to the system
of*rof*r  of*rof*r e

Y D pkidigkads

ott or? o ot mg 8" 21225
PG L P LA
ator ool amoE 8 Tudue (419

e>0,
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GAUGE INDEPENDENT FORMULATION OF DYNAMICS 37

or
ST o i
f/‘»llz - ;glxmglzxz 6t1 atz 0t2 atl
e>0, (4.20)
Dfxléf_‘_ _ Dfxlafk —
ot ot ot ott ’
where o
Dfic _ Ui of” N
= — I — . 4.21
6[' 6t, lvfux 6t, xvf/lu at, ( )
From 1
nglllgxz)qf;qszlllz = m2 (422)
we derive the relation

2 —

‘ zg“"'g'"“(at o e ot ot ot o ot

The condition ¢ = 1 can be imposed on the parametrization.

oo o 6f"3><af’“ of ot aﬁz). (4.23)

5. DYNAMICS OF CHARGED EXTENDED OBJECTS

Let X be the space-time. We denote by
n:AIT*X - X (5.1)
the (k — 1)-cotangent bundle projection and by A the canonical (k — 1)-
form on A¥~!T*X. Coordinates (x*,y;, . ,) such that
_ 1
T (k — 1)1 e
will be used in A*~'T*X. We denote by G the additive group of (k — 1)-
forms on X and by G, the subgroup of exact forms. The Lie algebra of G,
denoted ¥, is the vector space of (k — 1)-forms and the Lie algebra of G,

denoted by %,, is the subspace of exact (k — 1)-forms. The Lie bracket is
trivial since G and G, are commutative groups.

Ax** A ... A dxRt (5.2

Let
(:Z - X (5.3)
be a differential fibration and let
yAFIT*X xZ — Z (5.9

be a X-morphism such that for each x e X there is a neighbourhood U
of x and a U-isomorphism

Y :7HU) - 7 H(U) (5.5)
Vol. XXXIV, n° 1-1981.



38 W. M. TULCZYJEW

satisfying
Y, 2) = ¥(2) + y. (5.6)
Isomorphisms y transfer coordinates (x*,y;, ;. _,) from A* 'T*X to Z.
For each s € G we denote by y, the mapping
vs:Z > Z:z — y(s({(2)), 2) 5.7

Each element 0 € % generates a 1-parameter subgroup of G and conse-
quently induces a vector field on Z. This vector field will be denoted by W,.
We will denote by W any k-vector field satisfying

Wl (Yo =W, (5.9)
for each o € %. In each coordinate neighbourhood the k-vector field
1 0 0 0
k= 1)!5,(—1 Aol A P A e (5.9)

satisfies the condition (5. 8) and a global construction of W is easily obtained
with the help of a partition of unity.
A generalized connection form on Z is a k-form o satisfying

W, Ja={* (5.10)
and
Py,o=0 (5.11)
for each o € %,. The (k + 1)-form ¢ = — du represents a generalized gauge
field. From the identity
Ly, =dW, 1o)+ W, _|da (5.12)
‘'we derive
W, 1¢=0 (5.13)
and
Zw,9=0. (5.14)

Formulae (5.10), (5.13) and (5.14) are valid for each ¢ € %. From (5.13)
and (5.14) it follows that there is a unique (k + 1)-form F on X such that

¢ = (*F. (5.15)
In terms of coordinates (x*,y,, ;. _,) we have local expressions
1
o0 =—A o dXV A LA dX
k' 1 3
1
+ Y, e, AAX A L A X (5.16)
(k=1
and
¢ = ;F,c1 s AXE A LA dXE (5.17)
(k+ 1)1 "
where
FK[---Kk+1 = —(k+ l)a[Klel---Kk+1] . (5.18)
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GAUGE INDEPENDENT FORMULATION OF DYNAMICS 39

Let

p:R > 7Z (5.19)
be the subbundle of A¥T*Z consisting of k-covectors r satisfying conditions:
WL @dr)=(—1)"1{(W,rd>v (5.20)

if v is a vector vertical with respect to the projection {, and
vy Avy) dr=0 (5.21)

if v, and v, are vertical vectors. The canonical k-form on A¥T*Z restricted
to R will be denoted by g, and v will denote the (k + 1)-form du. We will
use in R coordinates (x*, y,, ., » Pu,..u» 9) Such that

1
U= ﬁp,ﬂ._,,(kdx"1 A oo A dxe

1
(k — 1)1

The bundle R is interpreted as the phase space of a charged extended object.
Each element r € R is decomposed into the horizontal part

+

44y, oy N AXU A A dXET (5.22)

hor (r) = (= 171 < W, r ) alp(r)) (5.23)
interpreted as the charge, and the vertical part
ver (r) = r — hor (r) (5.24)
interpreted as the space-time k-momentum of the extended object. Mappings
h:R - R (5.29)
and
v:R - P =AT*X (5.26)
are defined by
h(r) = (= 11 < W, r) (5.27)
and
Cuv(r) ) = wr) = (w,ver (r) ), (5.28)
where u is a k-vector at {(p(r)), w is a lift of u to A*T,, Z satisfying
w,a) =0 (5.29)

and w’ is any lift of u to A*T,,,Z.
We denote by
Tz ATZ - Z (5.30)
and
w :A*TR - R (5.31)
the k-tangent bundle projections.
The part of the phase space R accessible to the extended object is the
submanifold
K,.=K,nK,, (5.32)
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40 W. M. TULCZYJEW

where
K, = {reR; A*g(v(r), v(r)) = m* } (5.33)
and
K.,={reR;h(r)=e}. (5.34)
Equations
1
nglh ce gxklk(pxl.‘.xk - qAxl...xk)(pM...)Lk - qu.l.‘./'.k) = m2 (535)
and
q=¢ (5.36)

describe submanifolds K,, and K, respéctively in terms of coordinates

(xx’ yi.lu.lk_ 19 pu..‘uk’ q) .

We denote by v, , the restriction of v to K,, . and we consider the oriented
characteristic distribution

Nipe = { we ATR ; (W) € K,,,.0, 3, 5rE > O,

w_ly=(- 1)’°2idM2 + (- l)kédE}, (5.37)
m

where M? and E are the functions

M2 :R — R:r — Akg(v(r), v(r)) (5.398)
and
E:R - R:r — h(r). (5.39)
An embedding
fiRE S Rt ..., — f(e!, ..., 19 (5.40)

is a parametrized trajectory of the extended object if the image of the
prolongation
f7:R* > AFTR (5.41)
is contained in N, ..
Let k = 2 and let
xKK2 — fxlxz(tl, [2), .
yi =gt 1),
pmllz = fﬂmz(tl’ tz) ’
q = hit', %)

(5.42)

be the coordinate expression of an ambedding f. The tangent 2-vector

=(@i+€&£_ 10feu 0 %i)
ot' ox*  at' dy, 20t' dp,, Ot' 0q
oo g, 0 10f,, @ Oh O
“(5759 2oy, (202 op,, o dq

) (5.43)
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belongs to N, , if equations

5fm afxz afkn asz & A 4
A — _ ogK1di1gK242 — eA R
ol o2 o o mg & fr,m i)

aj;fﬂ afk af;ﬂlg_ = iaugmhgl‘ﬁiz(fmxz - eAxlxz)(flllz - eA/h/lz)
m

ot o2 ot? ol
- 2_g lllgxﬂz(fxlxz - eAxlxz)auA/hlz >

og. of*  0g. If* s i

Ml ol amé MgR(f e — eA )AL, T 0,

e>0

are satisfied together with

1
k'gkllngZAz(fklkz eAklkz)(flll? - eAlllz) = m2 )

h=e.
Equations (5.44) are equivalent to ‘the system

afm asz af’cx af’n)

m

filiz - eAle = ;gllxlglﬂ(Z(W atZ - atZ 6t1

e>0,
1 La oo oo | g ot dg
o\ gl a2 o2 ot ot ot ot? ott T

(.ﬁ(l - eAKl) afK _ D(fx/l - eAK}L)%

ot ot? or? ot!

_lp (ﬁﬁ _ ﬁﬁ)
where 2 Moo ortort)’
D(fes — esz) W fer — €A,y

ot ot
A o’

F#v(ful - eAui)_gtT - r/".v(f;cu - eA,m)‘a“t—i .

41

(5.44)

(5.45)

(5.46)

(5.47)

A formulation of dynamics in the phase space P = A¥T*X can be obtained

by a reduction analogous to that used in Section 3. Let
k:K, - P

be the restriction of the mapping v to K,. Then
K*xW, =V,
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(5.48)

(5.49)
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and
K(Kye) = Gy
= {peP;M*¥(p)=m?}, (5.50)
where
w, = w — en*F, (5.51)
v, =vI|K, (5.52)

and M? is the function
M2:P - R:p — Ag(p,p). (5.53)

Trajectories of the extended object in the phase space P are integral mani-
folds of the oriented characteristic distribution

D,. = { we AFTP; tp(w) € C,,, I,cp¢ > O,

w o, = (- 1)"—8—sz} (5.54)
2m

of the form
Opme = 0, |C,. (5.55)
Let
X< = X tl, t2 ,
A L )2 (5.56)
plllz = fl]lz(t ’t )
be the coordinate expression of an embedding
f:R* > P (5.57)
in a coordinate system (x*, p;, , ). The tangent 2-vector
a* 0 fra O oo o, 0
- 4 Tl AT AL ¢ 5.58
W <6t1 ox* o' 0Op,,;, "o ot T o 0Py v, (5.58)
belongs to Dy, , if equations
of<roft ofroft e | xaaf
ot or o ot mg & " Taraas
W O df* 1 (oot o )
G Gea g (Y9G GT T 5.59
at o o ot 20 Aart o o ot ©-39)
e .
= ﬁajgmmgxwzfmxzfmuz ’
>0
are satisfied together with
1gxlAngZAZfllcuczf}.112 = m2 ) (560)

2
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Equations (5.59) are equivalent to

m (gp_ o o aﬁz)

f;ﬂkz = ;gklllgxziz atl at2 - —6}2_ atl

e>0, (5.61)
Df [*_Dhaf* 1 (o0 oprap

ot a2 o ot 2 Mot o ot ort)

Although both formulations of dynamics, in R and in P, are gauge

invariant, the formulation of dynamics in R is distinguished by having a
gauge invariant Lagrangian description.
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