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On the mass spectrum of Higgs particles

C. v. WESTENHOLZ

Department of Mathematics, The University of Zambia,
P. O. Box 2379, Lusaka-Zambia

Ann. Henri Poincare

Vol. XXXII, n° 2, 1980,

Section A :

Physique ’ théorique. ’

ABSTRACT. 2014 The mass spectrum of massive gauge particles which arise
from a spontaneous symmetry breakdown of a gauge theory is investi-
gated. This spontaneous symmetry breakdown is assumed to relate to a
model with Lagrangian function

where ~) depends on a certain type of gauge field Au as well as on
some Higgs field ~. V(41) is an effective potential depending on 41.

It is shown that, in the use of R. Thom’s catastrophe theory, there is a
mass matrix M = which can be derived from V(~). This mass-matrix
describes the mass spectrum of gauge particles which acquire a mass through
the Higgs mechanism.

I. INTRODUCTION

The phenomenon of spontaneous symmetry breaking can be apprehended
in the case of a ferromagnet idealized as an array of independently orientable
dipoles. Due to the interaction of neighboring dipoles, the free energy
F = F(M), M denotes the magnetization, takes its minimum values when
all dipoles are oriented in the same direction. That is, below a certain
critical temperature Tc a magnetization M appears which is regarded as
a magnetic order parameter. Otherwise stated : There is a spontaneous
symmetry breakdown of the initial rotational symmetry 0(3), revealed in
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162 C. V. WESTENHOLZ

the magnetization M. This symmetry breaking masks the initially given
rotational symmetry (where no particular direction was preferred). Conver-
sely, an ordered state becomes unstable if the temperature of the system is
raised, i. e. T &#x3E; The magnetization vanishes and rotational symmetry
is restored.
A prototype for the spontaneous symmetry-breaking mechanism is the

Landau-Ginzburg theory of superconductivity. Let

be the free energy density (n denotes « normal »). The complex Cooper-
pair field 03C6 is treated as an order parameter. Below a critical temperature
T  T~, F has a minimum, i. e. the equilibrium value ~e ( 2 is determined
by minimizing F

and thus

A model for the relativistic counterpart of the Landau-Ginzburg theory,
the Higgs-model, a vortex-line model for hadrons, is available in terms of
the following Lagrangian density

where

The expressions for and are

Given the Higgs-model, the aim of this paper is the study of the mass
spectrum of Higgs particles related to spontaneous symmetry breakdown.

II SPONTANEOUS SYMMETRY BREAKING
AND MASS SPECTRUM

Consider a classical Lagrangian field theory with Lagrangian Land
consider the solutions of the eq. of motion which are derived from the
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163ON THE MASS SPECTRUM OF HIGGS PARTICLES

action principle 5 Ld4x = 0, C4 c [R4. Two classes of solutions of these
C4

equations are of relevance :

(i) Constant solutions: To be identified with the single or multiple
vacuum state 4&#x3E;0’ and

(ii) Static solutions.
A classification of solutions refers to certain homotopy groups 

k = 1, 2 ... [1 ], where Mo constitutes the vacuum manifold associated
with L. Mo labels the different possible vacuum states. Mo is determined
as follows. Let ~(jc) be a Higgs field transforming under a representation
g ~ g E G of the gauge group G. 4&#x3E; lies in Mo, the manifold which
minimizes the self-interaction Assume G to act transitively on Mo.
Then for any fixed Mo

is the isotropy subgroup of G E Mo and Mo is a homogeneous space
of G [2 ], i. e.

DEFINITION 1. - A gauge symmetry G associated with a Lagrange
field-theoretical model is said to be spontaneously broken iff there exists
a vacuum manifold

tor a given vacuum state 
The meaning of eq. (8) is that the internal gauge symmetry group G

sweeps the whole vacuum manifold Mo.
The following cases are to be distinguished :

(9 a) G == Go : the vacuum ~o is unique ; the gauge symmetry G
is an exact symmetry.

(9 b) c Go c G : there is a partly spontenaeously symmetry breaking
of G.

(9 c) Go ={?}: the gauge symmetry G is completely broken.

II . a. Study of the Lagrange model (l’)-(43.

The Lagrangian (1’) is invariant under the gauge group G = 80(3).
= 0,1,2, 3 = Lorentz index, i = 1, 2, 3) and ~i denote the Yang-

Mills field and Higgs field triplet respectively with respect to this S0(3)-
symmetry. The vacuum solutions are

Vol. XXXII, n° 2-1980.
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where (11) is a covariant constant solution, = 0, of the type (i). On
account of the field eq.

the solution (11) minimizes the potential energy V(/J) (eq. (3), i. e.

hence

The minimum condition (14), similar as eq. (2) corresponding to the
Landau-Ginzburg theory, determines the vacuum-manifold Mo (eq. (9))
of field configurations that minimize the energy V :

Otherwise stated : the symmetry breakdown G = SO(3) -+- Go = SO(2)
yields the vacuum manifold labelling the different possible vacuum states :

Hereby, the natural C~-action

is transitive [2 ]. The classification of solutions to the field eq. is given in
terms of 7L2(S2) _ 7~(SO(3)/SO(2)) = Z [7].

11. b . Study of the mass spectrum of Higgs-particles

Spontaneously broken gauge symmetries imply that a number of pre-
viously massless gauge particles acquire a mass. This phenomenon is

known as Higgs mechanism. The aim of this section is to show, that there
is a mass matrix which accounts for the study of the mass spectrum of
particles associated with a Higgs field 4&#x3E; (« Higgs-particles »).

Let

be a Lagrangian corresponding to a gauge theory with spontaneous sym-
metry breakdown, where /J) depends on a certain class of gauge
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165ON THE MASS SPECTRUM OF HIGGS PARTICLES

fields All as well as on some Higgs field c~. is the effective potential
given by

and which characterizes spontaneous symmetry breakdown. The minimum
condition requires : -,~ T i

(eq. ( 13)) and

Expansion in a Taylor series in (~ 2014 yields

Spontaneous symmetry breaking referring to

(without Yang-Mills fields) gives massless (Goldstone) bosons by

THEOREM 1. Let V(cp) be invariant under the symnletry Lie group G
(dim G = n) and ’ let

where ~5o E Mo is a ground state which minimizes V(p). ~f M:= is

regarded as a mass matrix associated with V(03C6), it enjoys the following
properties:

(a) M = (Mik) has (n - nl)-times the eigenvalue 0 (nl - dim Go is the
dimension of the isotropy subgroup Go of G at 

(b) The remaining nl eigenvalues of Mik al’e positive and the inertial
masses 

~’roof. Invariance of V under the gauge group G implies:

By virtue of Aik = ...,~)e(p(G) and the transformation law

Vol. XXXII, n° 2-1980.
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the increments hi are related to the infinitesimal generators of G,

i. e. the elements of the Lie algebra of the group G by

In fact :

Hence

and thus

Differentiation of (25) yields

which entails, by (13) for 4&#x3E;. = 4&#x3E;0

The defining property of the isotropy subgroup Go (dim Go = n1) of G,
= ~o (cf. eq. (7)) amounts to

which yields

The n 1 eqs. (28) are compatible with n1 of the eqs. (27). The n eigenvalues i.;

of Mik are positive, i. e. the Mtk = ~2V ~03C6i~03C6k|03C6o  0 are non-negative for a

minimum of The remaining (n - eqs. then entail the eigenvalue
m2 = 0 to hold. II

Remark. 2014 If

the total Hamiltonian acting on observables states in Hilbert space " ~),
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then diagonalization of the mass matrix M means, that there is a unitary
transformation U E such that

We transfer 30 into (29) and multiply from the left with U -1, so that

Since eq. (28) can be written as (28’) = 0 (I annihilates the vacuum 
so = = 0. But also = 0. Hence

Therefore, if eqs. (27) hold * for M, they are " also * true of the diagonal matrix M.

Example theorem 1. Let

be a Lagrangian with full invariance group G = SU(2) x U(l), dim G = 4,
i. e. the Higgs-field is supposed to be

Hence

2
and = + - 03BB &#x3E; 0 whenever V(03C6+003C60) = minimum.

To study the mass spectrum of the particles associated with the Higgs-
one determines the transformations of G which leave invariant.

This is equivalent to finding those infinitesimal transformations

which satisfy = 0 (eq. (28’)), i. e. = or = Out of
the 4 generators x U(l)) only one annihilates the vacuum
state 4&#x3E;0. Three give rise to massless Goldstone bosons. To the ,~2 &#x3E; 0 case,

however, corresponds one massive scalar boson with mass m = 
In order to study the Higgs-mechanism in terms of Thom’s catastrophe

theory we consider a potential which is of the same topological type as
the potentials (3) or (3’), i. e. V : R2 -+- ~,

where m E IR is assumed to be variable and

Vol. XXXII, n° 2-1980.
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Consider now the graph of V : 1R2 -+- IR which is the manifold

Otherwise stated, M 2 is the image of the map f : f~2 -+- ~3 defined by

Given the submanifold (M2, f ) of ~3 in terms of (32)-(33) we consider
next the spherical (or Gauss) map [4] ]

which is a R3-vector-valued map on M2. That is, for p E M2,

(tangent space of ~3 at f ( p)). The vector being an element of S2 is
a unit vector, i. = 1. On account of the obvious identifications

and are the same subspaces of ~3), the linear trans-
formation

is then the second fundamental form of M2 at p [2 ], [4 ], that is

M2 is endowed with the Riemannian structure induced from f, i. e.

By virtue of the property ofself-adjointness:

then aij = aji = Let (ç, m) = (x 1, x2) :

THEOREM 2. - The matrix representation of the differential (35) i. e.

relative to the basis {e1, e2} - { ~ ~x1, ~ ~x2} in T p(M2) is given in terms oa potential V : R2 -+- R by 

Annales de Henri Poincare-Section A
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Proof Let U c ~2 ~ M2 be a homeomorphism, i. e. (U, ~p) be
a local chart of M2. The map (33) is then given as

Relative to two bases { el, in R2 and {e’1, e’2, e’3} in the vector-
valued map (33) has then the matrix representation

Thus, the spherical map (34) is characterized in terms of the normalized
cross product of the two vectors

such that

This implies, on account of the rule = df(X), X E Tp(M), f E [2 ] :

hence

Thus, since 1 1 p 1 and o axl (0) = ~V ~x2 (0) = 0 
I and o F{0) = 1, one " finds

Vol. XXXII, n° 2-1980.
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and similarly

Remark. The matrix elements a~~ relative to the basis
can also be obtained in the use of formula (36):

An alternate version of Goldstone’s theorem (Theorem 1 of sect. II b) is
now available in terms of the following.

COROLLARY 3. - Let V : 1R2 ~ IR be given by

fixed, In variable and denote by ( x2) _ (ç, m). Then the matrix (39) can
assume ’ one ’ of the following £ forms

For gr ~’ ~ 1 Mkl is of the form (43).

Proof. Minima of V : 1R2 ~ IR,

require

i. e. one must solve the system of equations

Let (ç, m) be any solution of this system. If

then (ç, m) is a minimum. We analyze " two cases.

Annales de l’Institut Henri Poincare-Section A
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(i) gr = 0, then

Thus one obtains the solutions :

A minimum requires :

No information is obtained and further investigation is necessary.

Thus

hence further (geometric) investigation is required

Vol. XXXII, n° 2-1980.
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III. CONCLUSION

The way how the Higgs-mechanism associates massive particles with
gauge fields (those corresponding to broken group generators) can be
exhibited in two different ways :

( 1 ) Consider the minimum condition ( 14), sect. II a for i. e.

There is a transformation law

where ~(x) constitutes a field which measures the amount by which
differs from the minimum value /Jr. Substituting (44) into the Lagrangian (1’
and formula (5) of sect. I yields :

The following can then been read off from (45) :
( j) Spontaneous symmetry breakdown of gauge theories does not lead.

to massless (Goldstone) bosons.
( jj) The ~-field has become massive, i. e. m =  + 2 2.

There are now (n - nl) massive vector bosons (46) mi = They
correspond to the spontaneously broken symmetry generators. I. e. the
matrix Mik (eq. (21)) of theorem 1 accounts for (n - nl) Goldstone bosons.
There is one Goldstone boson for each group generator such
that 0 ( = broken symmetry generators). These previously massless
gauge mesons acquire now the masses (46). They are associated with those
gauge fields which correspond to the broken group generators I : 0.

(jv) The remaining n1 vector bosons are those corresponding to the
exact symmetry (isotropy subgroup Go). They are massless.

(2) In terms of R. Thom’s catastrophe theory [3] the Higgs mechanism is

governed by a potential V(m, ç) (eq. (3 " )). The mass matrix Mik = 
0 
~ 

B 
J
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(eq. (43)), is derived from V, and contrary to the matrix (21 ), accounts

directly for the massive particles, whose number 1 
== 2, since

n = dim SO(3) = 3 and dim SO(2) = 1. This situation reflects the

case of the Lagrangian (45) and (./)-(~). The matrix (43’) is discarded for
physical and geometrical reasons.
The potential V(ç, when compared with a potential of the same topo-

logical type, that is

admits the following interpretations :
There is an information of « mass degeneracy » stored in the singularity

Uo(ç) == Vo = 1/4 ç4. The corresponding mass-matrix (39), i. e.

has diagonal elements 0 a22 = mk = O. These (n - nl) vani-
shing masses are regarded as corresponding to Goldstone-particles.
The universal unfolding family [3 ], which corresponds to the given

potential (3"), i. e.

decodes the information of mass degeneracy stored in U o( ç).
So we conclude that Thom’s catastrophe theory is susceptible to describe

the Higgs effect.
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