
ANNALES DE L’I. H. P., SECTION A

JENG J. PERNG
A generalization of metric tensor and its application
Annales de l’I. H. P., section A, tome 13, no 4 (1970), p. 287-293
<http://www.numdam.org/item?id=AIHPA_1970__13_4_287_0>

© Gauthier-Villars, 1970, tous droits réservés.

L’accès aux archives de la revue « Annales de l’I. H. P., section A » implique
l’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AIHPA_1970__13_4_287_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


287

A generalization of metric tensor
and its application

Jeng J. PERNG
National Taiwan University.

Ann. Inst. Henri Poincaré,

Vol. XIII, n° 4, 1970,

Section A :

Physique théorique.

ABSTRACT. - The definition of metric tensor and the well known Ricci
theorem are modified. The Einstein tensor and Maxwell equations are
generalized. The field equations of gravitation and electricity are unified.
The introduction of a metric in the space with symmetric connection is
defined.

1. INTRODUCTION

The unified field theories as introduced by Einstein and others [1]-[8] are
still unsolved today. These theories, in general, are different modifications
of Einstein’s gravitation theory and Riemann geometry. Therefore, the
author believe that the modifications of these theories only may be the source
of difficulties. Hence the unified field equation derived in this paper is
based also on the generalization of Maxwell equations, the modifications of
Ricci theorem and the definition of metric tensor. It will be shown below
that the simplest coefficient of symmetric connection under which the
unified field equation can be derived is

where {03C3 uv} is the Christofllel symbol formed with respect to the tensor ~03C103C3,
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ae is an important universal constant and cps is the electromagnetic vector
potential. Consequently there are four postulates :

i) In the fields of gravitation and electricity, the coefficient of connection
of the space is symmetric and is defined by

ii) The line element in this space is given by

where Aik is given by the solution of the equation :

The condition of integrability is

(2) and (3) are the evident modifications of the well known Ricci theorem
and the definition of metric tensor.
The semi-colon always indicates covariant differentiation with respect

to IpY. The determinant of Amk does not vanish so that

In the following sections the tensors Amx and Amx always play the role of
lowering and raising the indices respectively.

iii) Since the energy and mass are equivalent, the electromagnetic field
is therefore equivalent to a gravitational field. Hence in the absence of

gravitation, the space-time of an electromagnetic field is not « flat » i. e.

the line element ds2 ~ Sixdxidacx, it is valid only in empty space. The author
therefore suppose that the line element is ds2 = 

Hence the order of magnitude of the tensor is Conse-

quently the space-time of electromagnetic field is « quasi-flat ».

iv) In the presence of gravitation, Maxwell equations are
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To remove the arbitrariness of qJll’ it is natural to impose the condition

It is evidently a modification of Lorenz subsidiary condition of electro-

magnetic potential. According to iii) the Maxwell equations for electro-

magnetic field alone muste be

where a solidus « ~ )) indicate covariant differenciation with respect to rpi’

is the Christoffel symbol with respect to the tensor Xik

Since lPp must be determined from (5) (7) therefore (5) is multiplied
by Amu

The tensors AJJt1’ B, and will be determined below.

Similarly, if there is no gravitation

where

It should be noted that the first equation in (5) are the same as the ordinary
Maxwell’s equation, this means that the electromagnetic field strength
is the same whether the space if flat or « quasi-flat ».
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2. A GENERALIZATION OF EINSTEIN TENSOR

By the generalized Bianchi’s identity

we get from (3) (10)

( 11 ) is multiplied by we get

From (4) we get

( 12) becomes

Let

then

If

hence the solution of the equation = 0 is G~ = ~.
The tensor G~ is the well known Einstein tensor. Hence represents

the gravitational potential. Consequently the tensor p~ is evidently a

generalization of Einstein tensor. The equation G~ = £6) has been taken
by Einstein as the field equation of gravitation or
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This fact suggest that the solution of (15) is the possible field equation of
gravitation and electricity, that is,

or: o

3. THE UNIFIED FIELD EQUATION

From (17), put k = m we get B = - 2C.-. Bm + AkhBhm = - 
To determine C, let lfJJl = 0 and compare with (16) we get C = 21

(18) can be written

or

Let

Suppose the determinant of 0 so that amam = 5~,
(21) is multiplied by a;

Let

This equation is taken by the author as the unified field equation of gravi-
tation and electricity.

(22) can be written in the form

where
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Let

than

This equation is satisfied by

(27) is just a restriction of the choice of the coordinates, such a restriction
is evidently an analogue of the choice of coordinates given by Einstein
in his general approximative solution of gravitational field equation [8].
Therefore, Maxwell equation is a consequence of the unified field equation.
From (8) (22) we get

Since (22) (26) (27) must valid when there is no gravitation

Hence

The tensors are completely determined by

for there are 20 partial differential equations (31) satisfied by 20 unknowns
Similarly, the equations (29) (30) with the boundary conditions

completely determine the tensors cpm, A~~.

4. DISCUSSION

The theory developed in this paper can be extended evidently to N-dimen-
sional symmetric connected space and is equivalent to an introduction of
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a metric in this space. Consequently, in a N-dimensional symmetric
connected space with

where the tensor is known, we can define the metric tensors of this

space from the solutions of the partial differential equations
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