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MEASURED GEODESIC LAMINATIONS IN FLATLAND

Thomas Morzadec

ABSTRACT. —  Since their introduction by Thurston, measured geodesic lam-
inations on hyperbolic surfaces occur in many contexts. In this survey, we give a
generalization of geodesic laminations on surfaces endowed with a half-translation
structure (that is a singular flat surface with holonomy {£Id}), called flat lamina-
tions, and we define transverse measures on flat laminations similar to transverse
measures on hyperbolic laminations, taking into account that the images of the
leaves of a flat lamination are in general not pairwise disjoint. One aim is to con-
struct a tool that could allow a fine description of the space of degenerations of
half-translation structures on a surface. We define a topology on the set of measured
flat laminations and a natural continuous projection of the space of measured flat
laminations onto the space of measured hyperbolic laminations, for any arbitrary
half-translation structure and hyperbolic metric on a surface. We prove in particu-
lar that the space of measured flat laminations is projectively compact. The main
result of this survey is a classification theorem of (measured) flat laminations on a
compact surface endowed with a half-translation structure. We also give an expo-
sition of that every finite metric fat graph, outside four homeomorphisms classes,
is the support of uncountably many measured flat laminations with uncountably
many leaves none of which is eventually periodic, and that the space of measured
flat laminations is separable and projectively compact.

1. Introduction.

The main aim of this paper is to survey a generalization of geodesic
laminations on hyperbolic surfaces (see for instance [2]) to the surfaces en-
dowed with a half-translation structure, which is a flat metric with conical
singular points and with holonomies in {+1d}, that we will call flat lami-
nations, as well as a definition of transverse measures on flat laminations.
We refer to [8, 9] for complete proofs. Although the definitions are inspired
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118 THOMAS MORZADEC

of measured geodesic laminations on hyperbolic surfaces, the extension is
non trivial because of several surprising phenomena, notably since the im-
ages of the leaves of a flat lamination are in general not pairwise disjoint.
We will call measured flat lamination a flat lamination endowed with a
transverse measure. We will define a sufficiently fine topology on the set
of measured flat laminations. We will construct a (non injective) natural
continuous projection of the space of measured flat laminations onto the
space of measured hyperbolic laminations, for any choice of half-translation
structure and (complete) hyperbolic metric on a surface. We will completely
describe the fibers not reduced to a point: they are the set of simple closed
hyperbolic geodesics which are homotopic to a non trivial flat cylinder of
the surface (endowed with the half-tranlation structure).

The space of measured flat laminations allows to consider the measured
flat laminations that are the limits of some sequences of periodic local
geodesics, in the projectivized space of measured flat laminations. This
in turn could yield a better understanding of the degenerations of half-
translation structures on a surface, as initiated in [4]. In particular, as
spaces of measures are suitable for analysis tools (distributions as in [2]),
this could allow a finer study of the boundary of the space of half-translation
structures that we will develop in a subsequent work.

Let ¥ be a compact, connected, orientable surface. In this survey, we
assume that ¥ is without boundary, and we refer to [9, 8] for the extension.
A half-translation structure (or flat structure with conical singularities and
holonomies in {£1d}) on ¥ is the data consisting in a (possibly empty)
discrete set of points Z of ¥ and of a Euclidean metric on ¥ — Z with
conical singular points of angles of the form kn, with k¥ € N and k > 3
at each point of Z, such that the holonomy of every piecewise C' loop of
Y — Z is contained in {£1d}.

The surface ¥ endowed with a half-translation structure is a complete
and locally CAT(0) metric space (3,d). Let p: (3,d) — (X, d) be a locally
isometric universal cover. Two local geodesics £, ¢ of (X, d), defined up to
changing the origins, are said to be interlaced if they have some lifts £ ¢ in
¥ such that the image of { intersects both complementary components of
E’( ) in E, and conversely. A local geodesic is said to be self-interlaced if it is
interlaced with itself. We endow the set of oriented, but non parametrized,
local geodesics of (X2,d) with the quotient topology of the compact-open
topology for the action by translations on the parametrizations, of R on
the parametrized local geodesics, which is called the geodesic topology.
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MEASURED GEODESIC LAMINATIONS IN FLATLAND 119

DEFINITION 1.1. — A (geodesic) flat lamination on (X, d) is a non empty
set A of complete local geodesics of (X, d), defined up to changing origin,
whose elements are called leaves, such that:

e the leaves of A are non self-interlaced and pairwise non interlaced;
e A is invariant by changing the orientations of the leaves;
e A is closed for the geodesic topology.

We will call support of A the union of the images of the leaves of A.

Here are some examples of flat laminations on ¥. A cylinder lamination
is a closed set of parallel leaves (and their opposites) whose images are
contained in a non degenerated flat cylinder (hence, these leaves are peri-
odic). A minimal flat lamination is a flat lamination which is the closure,
for the geodesic topology, of the union of a leaf ¢ and its opposite ¢~. It is
of recurrent type if £ is regular (i.e. does not meet any singular point) and
£ is not periodic. All the images of its regular leaves are then the images of
some regular leaves of the vertical foliation of a quadratic differential, and
thus are dense in a domain of ¥, i.e. the closure of a connected open subset
bounded by periodic local geodesics. And it is of finite graph type if the
image of £ is a finite graph, and if neither £ nor its opposite are periodic
after a certain time. All the images of its leaves are then equal, and no leaf
is periodic after a certain time. For example, a minimal vertical foliation of
a holomorphic quadratic differential ¢ on a compact, connected Riemann
surface is a minimal flat lamination of recurrent type, for the half-tranlation
structure defined by ¢ (with a little work for the non regular leaves, see [9,
Lem. 4.11]). We will construct minimal flat laminations of finite graph type
in Theorem 1.3.

We say that an end of a leaf (see Section 2 for the definition) terminates
in a minimal lamination or in a cylinder lamination if a representative ray
is equal to a ray of a leaf of the lamination or of a boundary component
of the cylinder containing the support of the cylinder lamination, up to
changing the origin. The main results of this paper are the following two
theorems.

THEOREM 1.2. — Every flat lamination on ¥ is a finite union of cylin-
der components, of minimal components (of recurrent type, finite graph
type and periodic leaf travelled in both orientations) and of isolated leaves
(for the geodesic topology) both of whose ends terminate in a minimal
component or a cylinder component.

New phenomena appear in flat laminations compared with hyperbolic
ones: the images of two leaves are generally not disjoint, the flat laminations
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120 THOMAS MORZADEC

are not determined by their supports (uncountably many flat laminations
can have the same support, and contrarily to a hyperbolic lamination,
a flat lamination may not be minimal whereas the image of each of its
leaves is dense in the support of the lamination), the cylinder components
may have uncountably many leaves. Finally, there are three types, and
no longer two, of minimal components of a flat lamination on a compact
surface (periodic leaf travelled in both orientations, minimal component
of recurrent type or of finite graph type, see Theorem 3.2 for a complete
statement). Compared with hyperbolic laminations, the main difficulty to
define transverse measures on flat laminations is that the images of the
leaves are not necessarly disjoint and that the support does not determine
the lamination. Hence, we no longer define the transverse measure as a
family of measures on the images of the arcs transverse to the lamination,
but as a family of measures on the sets of local geodesics that intersect them
transversally, and we have to refine the notion of invariance by holonomy
of these families of measures.

A cyclic orientation on a finite metric graph X is the data of a cyclic order
(see [12, § 2.3.1] for the definition) on the set of germs of edges starting at
each vertex of the graph.

THEOREM 1.3. — Every cyclically oriented, connected, finite, metric
graph X, without terminal point , is the support of uncountably many
uncountable minimal flat laminations without eventually periodic leaf, on
a compact, connected, orientable surface endowed with a half-translation
structure, except if X is homeomorphic to a circle, a dumbbell pair, a flat
height or a flat theta, by a homeomorphism preserving the cyclic orien-
tations (i.e 0J0;0I00 @, where the orientations are given by the

plan).

Since 3 is compact, if m is a hyperbolic metric on 3 and m is the pull
back of m on 3, there exists a unique I's-equivariant homeomorphism

between the boundaries at infinity of (3, [¢]) and of (X, ), that allows to
identify them. Let 9s0X denote the boundary at infinity of ¥ and 8205 =
DsoX X 0o — {(z,2), & € Dno}. If g is a geodesic of (3, [q]) or of (I, ),
let E(g) = (¢9(—0), g(+00)) be its ordered pair of points at infinity. Then,
for every (z,y) € 8§o§~], there exists a unique geodesic X of (i,fn) such

that E(X) = (z,y). However, it always exists a geodesic ¢ of (3, [q]) such
that E(¢) = (x,y), but it may happen that this geodesic is not unique,
and then the set of such geodesics of (X, [q]) is a set of parallel geodesics

foliating a flat strip, and they project to periodic local geodesics foliating
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MEASURED GEODESIC LAMINATIONS IN FLATLAND 121

a flat cylinder. This point allows to define a non bijective correspondance
between flat and hyperbolic measured laminations, from which we deduce
many results of this survey and notably the two theorems above. We will
also give an exposition of that the space of measured flat laminations is
separable and projectively compact.

In Section 2, we define the flat laminations and the transverse measures
on flat laminations, and we endow the set of measured flat laminations with
a topology. In Section 3, we define a proper, surjective, continuous map from
the space of measured flat laminations to the space of measured hyperbolic
laminations, for a complete hyperbolic metric, and we characterize its lack
of injectivity. From this, we give a sketch of proof of Theorem 1.3. In
Section 4, we define the tree associated to a measured flat lamination on a
compact surface, and we construct the covering group action on it.

2. Definitions.

In this section 2, we give the definitions of half-translation structures on
surfaces, of flat laminations and of transverse measures on flat laminations.

2.1. Half-translation structures on a surface.

In the whole paper, we will use the definitions and notation of [3] for a
surface endowed with a distance (X, d): (locally) CAT(0), é-hyperbolic,...
Notably, a geodesic (resp. a local geodesic) of (X, d) is an isometric (resp.
locally isometric) map ¢ : I — X, where I is an interval of R. It will be
called a segment, a ray or a geodesic line of (X,d) if I is respectively a
compact interval, a closed half line (generally [0, +o0o[) or R. If there is no
precision, a geodesic is a geodesic line. A germ of geodesic ray, or simply
a germ, is an equivalence class of locally geodesic rays for the equivalence
relation r1 ~g 7o if 1 and 72 coA™ncide on a non empty initial segment
that is not reduced to a point. Similarly, the relation r ~, " if there exist
T,T" > 0 such that r(t + T) = v'(t + 1”) for all ¢ > 0, is an equivalence
relation on the set of subrays of a local geodesic. An equivalence class for
this equivalence relation is called an end (in the sense of Freudhental) of a
local geodesic. A local geodesic has two ends.

Let ¥ be a connected, orientable surface. In the whole article, we will
assume that the boundary of ¥ is empty, for simplicity, but the results
extend to surfaces with non empty boundary (see [9, 8]).

VOLUME 31 (2012-2014)



122 THOMAS MORZADEC

DEFINITION 2.1. — A half-translation structure (or flat structure with
conical singularities and holonomies in {£1d}) on a surface ¥ is the data
of a (possibly empty) discrete subset Z of . and a Euclidean metric on
3. — Z with conical singularity of angle k,m at each z € Z, with k, € N
and k, > 3, such that the holonomy of every piecewise C* loop in ¥ — Z is
contained in {+1d}.

Two vectors v; and vs tangent to X have the same direction if vo is the
image of +v; by holonomy along a piecewise C! path of ¥ — Z between
the basepoints of v and vs. This definition does not depend on the choice
of a path, since the holonomy of every loop is contained in {+1d}. Hence,
there is a notion of direction on a surface endowed with a half-translation
structure, but there is no "vertical direction", as defined by a quadratic
differential. A piecewise C! path or union of paths is said to have constant
direction, if all its tangent vectors, at the points in ¥ — Z, have the same
direction.

We will denote by [g] a half-translation structure on ¥, with ¢ a holo-
morphic quadratic differential (see [9, § 2.5] for an explanation of the no-
tation). A half-translation structure defines a geodesic distance d that is
locally CAT(0). We will call local flat geodesics the local geodesics of a
half-translation structure. A continuous map ¢ : R — X is a local flat geo-
desic if and only if it satisfies (see [11, Th. 5.4 p.24] and [11, Th. 8.1 p. 35]):
for every t € R,

e if {(t) does not belong to Z, there exists a neighborhoud V of ¢ in
R such that £, is an Euclidean segment (hence, £y has constant
direction);

e if /(t) belongs to Z, then the two angles defined by the germs of
L([t,t + €]) and £(]t — e,t]), with € > 0 small enough, measured in
both connected components of U — ¢(]t — ¢,t + ¢[), with U a small
enough neighborhoud of £(t), are at least .
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2.2. Geodesic laminations on surfaces endowed with a
half-translation structure and with a (complete) hyperbolic
metric.

Let ¥ be a connected, orientable surface (without boundary). Let [¢] be
a half-translation structure and let m be a complete hyperbolic metric on
3. Let p: ¥ — ¥ be a universal cover of covering group I'y, let [q] be
the unique half-translation structure and let m be the unique hyperbolic
metric on ¥ such that p : (3,[q]) — (Z,[q]) and p : (X, m) — (2, m) are
locally isometric.

We call geodesic topology the compact-open topology on the set G4 of
parametrized local geodesics for the distance d defined by [g] or by m,
or the quotient topology of the compact-open topology by the action by
translations on the parametrizations, of R, on the set [G4] of local geodesics
defined up to changing origin. They will be the only topologies taken into
account on the spaces of local geodesics. The quotient projection from G4
to [G4] will be denoted by g — [g], and if F' C G4, we will denote by [F]
its image in [Gy]. If g : R — (X, d) is an element of G, or of [G4], we denote
its opposite by g~ (t) : t — g(—t). Finally, if F' is a set of elements of G, or
of [G4], we call support of F the union of the images of the elements of F,
denoted by Supp(F).

LEMMA 2.2. — [9, Coro. 2.4] If F' is a closed set of G4 or of [Gg4] (for the
geodesic topology), then Supp(F') is closed in X.

The opposite is true on a hyperbolic surface, but it may be false on a sur-
face endowed with a half-translation structure. We will see (Theorem 3.3)
that it exists some surfaces endowed with a half-tranlation structure, hav-
ing a flat local geodesic ¢ whose image is a finite graph (and hence is closed),
such that the closure of ¢ for the geodesic topology contains uncountably
many geodesics.

In [9, § 2.3], we have given a very global definition of interlaced local
geodesics, in a locally CAT(0), complete, connected metric space, whose
boundary at infinity of a universal cover is endowed with a (total) cyclic
order. Here, we only recall the specific definition in the case of connected,
orientable surfaces without boundary, endowed with a complete locally
CAT(0) metric d. Since the universal cover (3,d) is CAT(0), the intersec-
tion of the images of two geodesics of (3, d) is connected, possibly empty.
If /is a geodesic of (E d) defined up to changing the origin, then Y- f( )
has two connected components. Two complete geodesics E 0 of (Z d) de-
fined up to changing the origins, are interlaced if ¢ meets both connected
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124 THOMAS MORZADEC

components of Y7 (R), or the opposite (which is equivalent). Two local
geodesics of (2, d) are interlaced if they admit some lifts in (3, d) which
are interlaced, and a local geodesic is self-interlaced if it is interlaced with
itself.

If d is the distance defined by m, two local geodesics are non interlaced
if and only if their images are disjoint and a local geodesic is non self-
interlaced if and only if it is simple, but this equivalence is not true in the
case of [q]. We refer to [9, § 3.1] for a characterization of the local geodesics
for [¢] that are non interlaced.

DEFINITION 2.3. — A geodesic lamination (or simply a lamination) of
(X,d), with d the distance defined by m or [q], is a non empty set A of
(complete) local geodesics of (X,d), defined up to changing origin, whose
elements are called leaves, such that:
leaves are non self-interlaced;
leaves are pairwise non interlaced;
if £ belongs to A then so do =, with £~ (t) : t — £(—t);

A is closed for the geodesic topology.

We say that A is a flat lamination if d is defined by [¢] and that A is a
hyperbolic lamination if d is defined by m. Usually, a hyperbolic lamination
is defined as a non empty closed subset of 3, which is a disjoint union of
images of simple hyperbolic local geodesics. The definitions are equivalent
in the case of hyperbolic laminations but not in the case of flat laminations.
For example, it may happen that a flat local geodesic is not simple whereas
it is non self-interlaced (see [9, § 4.1]).

2.3. Measured flat laminations.

Let (X, [¢]) be a connected, orientable surface (without boundary), en-
dowed with a half-translation structure. An arc is a piecewise C' map
a : [0,1] — ¥ which is a homeomorphism onto its image. Let A be a

flat lamination of (X, [¢]). An arc « is transverse to a leaf or to a segment
of leaf £ of A if

e « is transverse to £ in the complementary of the singular points of [¢]
and of the singular points of «;

e for every singular point = of [¢] or of « in Image(¢) N «(]0, 1]), there
exists a neighborhoud U of x that is a topological disk, and a segment
S of £ such that U — Image(S) N U has two connected components
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and the connected components of U N (a([0,1]) — {z}) are contained
in different components of U — Image(S) N U;

e « is tangent to £ neither in 0 nor in 1.

An arc « is transverse to a set F' of leaves or of segments of leaves of A
if it is transverse to every element of F. In particular, an arc is transverse
to A if it is transverse to every leaf of A.

If :]0,1] — X is an arc of X, we denote by G(«) the compact set of
elements of G (the set of parametrized local geodesics of (3, [¢])) which
are transverse to a and whose origins belong to «([0,1]). By definition,
if o/([0,1]) € «([0,1]), then G(a') € G(a). Let F1 C G, be such that
[F1] € A and let a; and as be two disjoint arcs transverse to F, such that
Fy C G(aq) and every element of Fy intersects ([0, 1]) at a positive time.
For every g1 € Fi, we define t;, = min{t > 0 : ¢1(¢) € a2([0,1])}, and
F» the subset of the elements go € G(ag) such that there exists g1 € F)
with go(t) = ¢g1(t + t4,) for all t € R. A holonomy h : F; — F; of A'is a
homeomorphism between Fy and F; defined by h(g1) = g2 : t +— g1(t +tg,)
such that there exists a homotopy H : [0,1] x [0,1] — ¥ between oy and
ag such that:

o for every t € [0,1], the map s — H(s,t) is an arc transverse to every
segment of leaf 91|[0, t,,]» With g1 € Fi;
o for every ¢ € Fy, there exists s, € [0, 1] such that ¢ — H(s,,t) is a
segment of ¢ (up to changing the parametrization);
e the intersections H ([0, 1]x]0,1[) N a;([0,1]) with ¢ = 1,2 are empty.
Contrarily to the case of measured foliations, if the images of the
geodesics are not pairwise disjoint, the map H may not be injective.

DEFINITION 2.4. — A transverse measure on A is a family p = (o) a
of Radon measures p, defined on G(«), for every arc « transverse to A,
such that:

(1) the support of p is the set {€ € G(a) : [{] € A};

(2) if h : Fy — Fy is a holonomy of A, where a1, as are two disjoint arcs
transverse to Fy and F1 C G(«a1) and F5 C G(az) are some Borel sets,
then h*(:u’oz1|F1) = Has|Fss

(3) pa is t-invariant, with () = £~ : t — £(—t);

(4) if &/([0,1]) € ([0, 1]), then Ha|G(a) = Mo’ -
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We will denote by (A, p) a flat lamination endowed with a transverse
measure, that we will call a measured flat lamination, and we will denote
by ML,(X) the set of measured flat laminations on X. We endow ML, (%)
with the topology such that a sequence (A, tin)nen converges to (A, p) if
and only if for every arc «, if « is transverse to A, then « is transverse
to A, for n large enough and p,, o A Lo in the space of Radon measures
on G(a).

A leaf ¢ of A is positively recurrent if there exists an arc « transverse to
¢ such that ¢ intersects ([0, 1]) at an infinite number of positive times.

LEMMA 2.5 ([8, Lem. 7]). — If A is endowed with a transverse measure
1, then the only leaves of A which are isolated and positively recurrent are
the periodic leaves.

3. Link between measured flat laminations and measured
hyperbolic laminations.

In this section 3, we denote by (X, [g]) a compact, connected, orientable
surface (without boundary), endowed with a half-translation structure, and
by p: (2,[d]) = (2, ]q]) a locally isometric universal cover whith covering
group I's. We assume that Xx(X) < 0, and we denote by m a hyperbolic
metric on ¥ and by m the pull back of m on 3.

Since ¥ is compact, there exists a unique I's-equivariant homeomorphism
between the boundaries at infinity of (3, [¢]) and of (£, ), that allows to
1dent1fy them. Let 0-0% denote the boundary at mﬁmty of ¥ and 02, Y=
0s0% X 003 — {(2, 1), x € B3} If g is a geodesic of (2, [q]) or of (X, ),
lets E(g) = (g(—00), g(+00)) be its ordered pair of points at infinity.

If A is a geodesic lamination of (X, [g]) (resp. (¥,m)), and if A is the set
of lifts of the leaves of A in ¥, then A is a geodesic lamination of (=, [d)
(resp. (E m)) which is 'z~ equlvarlant Conversely, if Aisa I's-equivariant
lamination of (3, [q]) (resp (3,7)), then it projects to a lamination of
(2, [q]) (resp. (X,m)), and the set L, (X) (resp. Ln(X)) of geodesic lam-
inations of (X, [q]) (resp. (¥,m)) is homeomorphic to the set ﬁp;([g@])

(resp. Lr-([G~])) of geodesic laminations of (2,[q]) (resp. (%,m)) which

are I's-equivariant. Similarly, the spaces ML;(X) (resp. ML}, (X)) of mea-
sured flat (resp. hyperbolic) laminations on ¥, endowed respectivelly with
the topology defined above and with the topology defined in [2, p. 19], are
homeomorphic to the spaces of Radon measures on [g@] (resp. [G~]) which
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MEASURED GEODESIC LAMINATIONS IN FLATLAND 127

are I's et t-invariant (with «(g) = ¢~ : ¢ = g(—t)), whose supports are flat
(resp. hyperbolic) laminations, denoted by Mpg([g@]) (resp. Mr;([g%]))
(see [1, Prop. 17 p. 154] and [8, §4]).

If (z,y) € 02 5. there exists a unique geodesic X of (2,m) such that
E(/\) (2,y). It is not the same in (3, []). There always exists a geodesic
¢ of (3,[q)) such that E(ﬁ) (z,y), but it may not be unique. We recall
that two geodesics ¢ and ¢’ are at finite Hausdorff distance if there exists
K > 0 such that d(e(t),c/(t)) < K for all t € R.

LemMA 3.1 ([5, Th. 2.(c)]). — We recall that ¥ is compact. Let {4 and
05 be two geodesics of (3,[q]), such that {1 and Eg are at finite Hausdorff
distance and such that there exists 6 > 0 with d(f1(t),02(R)) > 6 for all
t € R. Then, the convex hull of {(R) U l5(R) is isometric to a flat strip
R x [0,D] C R?, with D > 0, and the projections p o 1 and p o by of 0
and Zg on Y are periodic local geodesics which are freely homotopic to the
boundary of a flat cylinder.

Hence, if ¢ : [g@] — [G~] is the map associating to the geodesic (e [g@]
the unique geodesic p(f) € [G~] such that E(p(0)) = E(f) (see [9, §4.2]),
then ¢ is surjective and continuous, and a closed subset F' of [Q@] is a flat
lamination if and only if ¢(F) is a hyperbolic lamination. However, the
map ¢ is not injective. By definition, two different geodesics Z, 7 of (f], [q])
have the same image by ¢ if and only if they have the same ordered pair of
points at infinity. According to Lemma 3. 1, their images are thus parallel
and contained in a maximal flat strip of ( ,[q]), and their projections in
(3, [q]) are freely homotopic periodic local geodesics, hence their images
are contained in a maximal flat cylinder. The points at infinity of Z, 1%
and p(f) = o(f') are hence the attractive and repulsive fixed points of
an element of the covering group, and the projection of @(Z) in (X,m) is
a simple closed local geodesic. Hence, the restriction of ¢ to the set of
geodesics of ( ,[q]) whose projections are not periodic is injective and its
image is the set of geodesics of (E m) whose projections are not closed local
geodesics, and the preimage of a geodesic X of (i, m) whose projection is
a simple closed local geodesic, is the set of geodesics of (£, [g]) having the
same ordered pair of points at infinity than X, which may be a unique
geodesic, or may be a set of parallel geodesics whose images are contained
in a flat strip, and whose projections are some periodic local geodesics freely
homotopic to p o A

Since the sets £(3, [¢]) and L£(2,m) of flat and hyperbolic laminations
on X are respectivelly homeomorphic to the sets Epg(i, [q]) and Ep;(i m)
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of I's-invariant flat and hyperbolic laminations on i], the map ¢ defines a
continous, surjective map ¢ : £(X, [¢]) — L£(X, m). It implies the structure
theorem of flat laminations.

We recall the two main results of [9] about flat laminations. In Theo-
rem 3.2, A is a flat lamination. A cylinder component is a maximal set of
leaves of A whose images are contained in a non degenerated flat cylinder
(hence, these leaves are periodic). A minimal component is a sublamination
which is the closure, for the geodesic topology, of a leaf £ and its opposite
¢~. The minimal component is of recurrent type if £ is regular (i.e. does not
meet any singular point) and is not periodic. All the images of its regular
leaves are then the images of some regular leaves of the vertical foliation of
a quadratic differential, and thus are dense in a domain of X, i.e. the closure
of a connected open subset bounded by periodic local geodesics. The mini-
mal component is of finite graph type if the image of /¢ is a finite graph, and
if neither £ nor its opposite are eventually periodic. All the images of its
leaves are then equal, and no leaf is eventually periodic. An end of a local
geodesic terminates in a minimal component or in a cylinder component if
there exists a ray in the equivalence class of this end which is the ray of a
leaf of the minimal component or a ray of a boundary component of the
corresponding flat cylinder.

G €= -

THEOREM 3.2 ([9, § 6]). — Let A be a flat lamination on a compact,
connected, or1entable surface endowed with a half-translation structure.
Then A is a finite union of cylinder components, of minimal components
(of recurrent type, finite graph type and periodic leaf travelled in both ori-
entations) and of isolated leaves (for the geodesic topology) both of whose
ends terminate in a minimal component or a cylinder component.

This theorem comes from the structure theorem of hyperbolic lamina-
tions and from a few observations (see [9, Coro. 4.6, Lem. 4.10, Lem. 4.11]):
the preimage of a minimal lamination of (X, m), which is not a closed leaf,
is a minimal lamination of (X, [¢]) which either contains a leaf whose image
is not compact and then the lamination is of recurrent type, or contains
a leaf whose image is compact, and then the lamination is of finite graph
type. The preimage by 9 of a closed leaf of (X, m) is either a periodic leaf
or a cylinder lamination. Finally, the preimage of an isolated local geodesic
of (X, m) whose an end spirales to a minimal hyperbolic lamination is an
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isolated local geodesic of (¥, [g]) whose the corresponding end terminates
in the preimage of the hyperbolic lamination, since the flat geodesics can
change direction at most at singular points (see [9, §4.4]).

Remark. — 1If A is a minimal flat lamination, then the image of every
ray of every leaf of A is dense in Supp(A). However, contrary to the case of
hyperbolic lamination, the opposite is false. For example, let consider the
surface endowed with a half-translation structure above, whose singular
points are of angle 37 and located at the vertices of the graph. Then, the
union of both local flat geodesics in the free homotopy classes of the two
closed curves drawn on the picture (and their opposites) is a flat lamination
such that the image of every ray of every leaf is equal to the graph, but the
lamination has two minimal components.

We now show that every finite, connected graph, without terminal point,
outside four homeomorphism classes, is the support of uncountably many
geodesic laminations with uncountably many leaves none of which is even-
tually periodic. We use the definitions and notation about graphs of [6].
Every graph is identified with its topological realization, and it is endowed
with a geodesic distance such that each half-edge is isometric to a compact
interval of R. In this paper, we only consider finite, connected graph, with-
out terminal point. A cyclic orientation on a finite metric graph X is the
data of cyclic orders on the sets of half-edges issued from each vertex of X
(a cyclic order on the set of half-edges issued from a vertex is globally an
embedding of this set in the oriented unit circle S!, see [12, § 2.3.1] for the
exact definition). A cyclically oriented graph is a graph endowed with a
cyclic orientation. In [9, §5], we have recalled the classical result that every
cyclically oriented, finite, connected graph X, without terminal point, can
be isometrically embedded in a compact, connected surface 3(X) endowed
with a half-translation structure, made of flat cylinders locally isometri-
cally glued on the graph X, and that retracts by strong defomation on X
(that is why such a graph is often called a fat graph).
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The Euler characteristic of this surface is negative, except if X is a circle
(which embbeds in a flat cylinder), hence it can be endowed with a hyper-
bolic metric. If ¥(X) is not a pair of pant, we have seen (see [9, Lem. 4.2])
that there exists a minimal hyperbolic lamination A on ¥(X) (endowed
with a complete hyperbolic metric with totally geodesic boundary) such
that the completions of the connected components of ¥(X) — Supp(A) are
ideal triangles or ideal monogons minus a disk (actually, the proof of the
lemma implies that there exists uncountably many such hyperbolic lami-
nation, with a fixed hyperbolic metric). Then, we show that the preimage
by % of such a lamination is a minimal flat lamination, which is not a pe-
riodic leaf travelled in both orientations, whose support is the graph X.
Since X(X) is a pair of pant if and only if X is homeomorphic to a circle,
a dumbbell pair, a flat height or a theta by a homeomorphism preserving
the cyclic orientations, we get the following theorem.

000ge

THEOREM 3.3 ([9, Th. 5.2]). — Every cyclically oriented, connected,
finite, metric graph X, without extremal point, may be the support of

uncountably many uncountable minimal flat laminations with no eventually
periodic leaf, on a compact and connected surface endowed with a half-
translation structure, except if X is homeomorphic to a circle, a dumbbell
pair, a flat height or a flat theta, by a homeomorphism preserving the cyclic
orientations (i.e O OO CO @, where the orientations are given by
the plan).

We now focus on the transverse measures on the laminations. The map
 is proper. Hence we have the following lemma.
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LEMMA 3.4. — [8, Lem. 10] The map ¢ defines a continuous, surjective
and proper map @, from the space of Radon measures on [g@] to the space
of Radon measures on [G~], and then a continuous map v : MLy(X) —
ML (X) which is proper and surjective.

A hyperbolic lamination on a compact surface can be endowed with a
transverse measure if and only if it has no isolated leaf spiraling on a min-
imal sublamination. Similarly, a measured flat lamination has no isolated
leaf terminating in a minimal sublamination or a cylinder sublamination.
Moreover, if a flat lamination A, has no isolated leaf which is not periodic,
then ¥(Ay) has no isolated leaf spiraling on a minimal sublamination, then
there exists a transverse measure on 1)(A[,)) and hence there exists a trans-
verse measure on Af,. In conclusion, a flat lamination on a compact surface
can be endowed with a transverse measure if and only if it has no isolated
leaf which is not periodic. Notably, every minimal flat lamination of finite
graph type A can be endowed with a transverse measure, and the space
of transverse measures on A is homeomorphic to the space of transverse
measures on the hyperbolic minimal lamination 9 (A).

The group R™* acts on ML, (X) and on ML, (X) by multiplication of the
measures. We denote by PML,(X) and PML,(X) the quotient spaces for
these actions. Since 1 is equivariant by these actions, it defines a continuous
map ¢ : PML,(E) — PML(X) that is surjective and proper. We deduce
from this the following lemmas.

LEmMMA 3.5 ([8, Lem. 11]). — The space PML,(X) is compact.

A measured cylinder lamination is a measured flat lamination having a
unique component which is a cylinder component or a pair of (periodic)
leaves.

LEMMA 3.6 ([8, Lem. 12]). — Since ¥ is compact, the set of measured
cylinder laminations having finitely many leaves is dense in ML,(X). In
particular, ML,(X) is separable.

As ¢, the maps ¢ and ¢ are not injective. Assume that ¥ is compact
with genus g € N. Considering the lack of injectivity of (., we see that the
preimage of a measured hyperbolic lamination having no closed leaf consists
in a unique measured flat lamination having no periodic leaf. However, if
(A, ) is a closed leaf A endowed with a transverse measure which, for
every arc « such that G(«) contains A, is a Dirac measure at A of mass ¢ > 0,
the preimage of (A, ttm) by 9 is the set of measured cylinder laminations
whose supports are closed sets F' of leaves that are freely homotopic to
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A. If the set of local geodesics of (X, [g]) that are freely homotopic to A
contains at least two elements, it foliates a maximal flat cylinder. Then,
this set is homeomorphic to [0, L], with L is the height of the flat cylinder,
so F' is homeomorphic to a closed subset of [0, L]. Hence, the preimage of
(A, pom) by % is homeomorphic to the set of Borel measures on [0, L] of
mass d. Since @, is equivariant for the addition of measures, we see that
if a measured hyperbolic lamination has some closed leaves Ay,..., A,, of
respective masses d1, ..., 0, (p is always at most 3g —3), then the preimage
of (Am, tm) by ¥ is homeomorphic to the Cartesian product of the sets of
Borel measures on [0, L;], 1 < i < p, where L; is the height of the maximal
flat cylinder, union of the local geodesics of (X, [q]) freely homotopic to A;,
whose total mass is d;.

Since ¥ is compact, the projectified space PM Ly (3) is homeomorphic to
the sphere S69~C (see [2, Th. 17]). If the support of the measured hyperbolic
laminations in the equivalence class of z € PMLy(X) has no closed leaf,
then the preimage of {x} by 1 is a single point. However, if the closed leaves
Al,...Ap belong to the support of the measured hyperbolic laminations in
the equivalence class of z, and if Ly, ..., L, are the heights of the maximal
flat cylinders, unions of the images of the periodic local geodesics of (3, [¢])
that are freely homotopic to A1, ..., A, (L; = 0 if there is only one periodic
local geodesic that is freely homotopic to A;), then the preimage of {z} by
9 is homeomorphic to the Cartesian product with p terms of the sets of
Borel measures on [0, L;] of total masses at most 1. In particular, since the
set of measured hyperbolic laminations whose support contains a closed
leaf is projectively dense in the space of measured hyperbolic laminations,
the subset of PML,(X) of points whose preimages by 1 are not single
points, is dense in PMLy(X).

4. Tree associated to a measured flat lamination.

Let (3, [q]) be a compact, connected, orientable surface (without bound-
ary), endowed with a half-translation structure, such that x(X) < 0, let
p: (35,]q) = (2,[g]) be a locally isometric universal cover of covering

group I's and let (A, i) be a measured flat lamination on (X, [g]). We de-
note by (A, i) its preimage in (3, [¢]) and by v, the element of MFE([Q@])
that it defines (see the beginning of Section 3 or [8, §4]). We assume that
v~ has no atom. If it had some, we would blow up them (see the end

of [3, §6]).
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If £ is a leaf of /~\, then 3 — E(R) has two connected components and the
image of a leaf of A is contained in the closure of one of them, since the
leaf is not interlaced with £. Let €0 and 61 be two leaves of A. We denote
by C; the connected component of S — 0;(R) that contains £;41(R) (with
i € 7J27). We define C(ly,0,) = Co N Cy. Let ¢ be a geodesic segment
joining their images (if the images are not disjoint, the segment ¢ may be
a point). A leaf of A intersects ¢ non trivially if it is contained in C (lo, 1)
and if it intersects both complementary components of the image of ¢ in
C(ly,01), and we denote by B(ly,l1) = B~(€0,€1) the set of leaves of A
intersecting ¢ non trivially.

LEMMA 4.1. — The compact set B(ZO, 571) does not depend on the choice
of c.

If {¢1,05} is a pair of leaves of A, we set JX(E,ZQ) = iv ( (01, 05)).
Then CA[X is a pseudo-distance on A. We denote by (T,dr) t

metric space (A,dy)/ ~, where £ ~ (' if and only if dX(E, /) =0 (or
equivalently if B(¢,¢') = {£,¢'}).

he quotient

LEMMA 4.2 ([8, Lem. 16]). — The metric space (T, dr) is an R-tree.

Let m be a hyperbolic metric on X. We recall that MLy, (2) is the space
of measured hyperbolic laminations on ¥. The set of free homotopy classes
of simple closed curves on ¥ endowed with transverse measures which are
Dirac measures of positive masses, embeds into ML (2), and the inter-
section number on this set can be extended, in a unique way, to a contin-
uous map i : MLp(X) x MLL(X) — RT (see [1, Prop. 3]). According to
Lemma 3.4, the map ¢, defines a map ¢ : ML, (X) = MLy(X). Let a be
a non trivial free homotopy class of closed curves, let (A, pifq) be a mea-
sured flat lamination and let v, , € Mp;([g@]) be the measure defined by
(Apq]s fq]) oM [G[;]]. We define the intersection number between (A, piq])
and a by

iq) (K1q)> @) = (¥ (Ag), Hig), )-
If k € N, we have ify (u[q],ak) = kifg (g, ). Hence, we assume that « is
primitive (i.e. if there exists a free homotopy class ag such that o = o,
then k = £1). We denote by «yq a periodic local flat geodesic in the class
of a, and by apg a lift of oy in 5. Let v € I's — {e} be one of the two
primitive hyperbolic elements of I'y whose translation axis is ajq(R), and

let (K[q], ﬁ[q]) be the preimage of (A[q],u[q]) in 3.
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LEMMA 4.3 ([8, Lem. 15]). — Let £ be a leaf of K[;] which is interlaced

with ag. The number ijq(puq], @) is equal to %qu] (BX(Z, 'yZ) —~0). If there
exists no such leaf, then ijg (g, @) = 0.

Remark. — We could define the intersection number between a free ho-
motopy class of closed curves with (A, p1g) by the infimum of the masses
given by the measured flat lamination to the closed curves that are piece-
wise transverse to the lamination, similarly to the intersection number with
a measured foliation, but this infimum would not be necessarly attained
since the periodic local geodesics are generally not piecewise transverse to
the lamination.

Furthermore, in the case of compact surfaces endowed with a half-trans-
lation structure, contrarily to the case of measured hyperbolic lamination
(see [10, Th. 2]), the intersection numbers with the free homotopy classes
of closed curves of ¥ do not separate the measured flat laminations, but
only their images in ML, (2). In particular, the topology defined after
Definition 2.4 is not equivalent to the one induced by the product topology
on R*, with H the set of free homotopy classes of closed curves, on the
image of Mﬁp(Z) by the map (A[q],,u[q]) — (i(,u[q],oz))aeq.[.

The covering group I‘g acts on % by isometries. Hence, it defines an
action on the set [Qg]] of geodesics of (X, [g]) that are defined up to changing
origin. Since A is I'z-invariant, this action defines an action on A. Since for
every v € I'y we have v, = v and ~B(¢,0") = B(yL,~+t"), for every pair
of leaves {£, £’} of A, it defines an isometric action of I'z on the tree (7', dr)

associated to (A, i) defined in Lemma 4.2.

LEMMA 4.4 ([8, Lem. 17]). — For every primitive element y € I'g — {e},
if @ (R) is a tranlation axis of y in (3, []) and a., is the projection of &, in
¥, then the translation distance {7 () of v in (T, dr) is equal to ijg (i, ety ).
Moreover, if ¢7(vy) > 0, the translation axis of 7 is the image in T of the

set of leaves of A which are interlaced with ci.

If m is a hyperbolic metric on X, and if (A, i) is a measured hyperbolic
lamination on (¥, m), then there exists a usual definition of dual tree to
(A i) (see for example [7, §1]). The dual tree to (Ay,, pm) can also be
defined in a similar way to the tree associated to a measured flat lamination,
and we easily see that the trees we get by the two procedures are isometric
by an equivariant isometry (for the isometric actions of the covering group,
see [8, § §]).
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Let (Ayg), ptfq) be a measured flat lamination on (3, [q]), let (A, um) =
Y(Apg)s 1q)), and let (A[q],p[q]) and (A ,Jim) be their preimages in . We
denote by o and v the elements of MFN([Q[ ]}) and Mr-([G~])) they

=

’1
define respectivelly. We assume that Y and v, ~are atomless (see [8,

§8] for the general case) The map ¢ defined at section 3, defines an I';-
equivariant map from A% to A@, still denoted by .
By construction, for every pair of leaves {20,171} of /N\[;]v], we have

BX~(<p(l70),<p(Z1)) = @(BX~(ZO,21)). Hence the map ¢ defines a map

m

la]
o1 : (Tig), d1y) = (Tim dr,,,), where (T, dr,,,) and (T, dr,,) are respec-
tively the tree associated to (K[fqv], fijg)) and the dual tree to (K;@, Tm)-

LemMA 4.5 ([8, Lem. 19]). — The map o1 : (Tig, dr,;) = (T, dr,,) is
a I‘g—equivariant isometry.
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