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ELASTIC WAVE EQUATION

Yves Colin de Verdiére

ABSTRACT. The goal of this talk is to describe the Lamé operator which
drives the propagation of linear elastic waves. The main motivation for me is the
work I have done in collaboration with Michel Campillo’s group from LGIT (Greno-
ble) on passive imaging in seismology. From this work, several mathematical prob-
lems emerged: equipartition of energy between S— and P—waves, high frequency
description of surface waves in a stratified medium and related inverse spectral
problems.

We discuss the following topics:

e What is the definition of the operator and the natural (free) boundary con-
ditions?

e The polarizations of waves (S—waves and P—waves) and its relation to Hodge
decomposition

o The Weyl law and equipartition of energy between S—waves and P—waves.
We formulate here questions in the spirit of Schnirelman’s Theorem about
limits of Wigner measures of eigenmodes and of Schubert’s Theorem about
the large time equipartition of an evolved Lagrangian state.

e Rayleigh waves for the half-space: we compute in a rather explicit way the
spectral decomposition following the work of Ph. Sécher. Of particular inter-
est are the scattering matrix and the density of states.

1. Linear elastic waves

Let (X,g) be a 3-dimensional smooth compact Riemannian manifold
with boundary. We want to define the Lamé operator L which is a lin-
ear self-adjoint elliptic differential operator of order 2 on the Hilbert space
L?(X,TX) of L? vector fields v on X with respect to the density
p(x)|dx|, i.e.

Jul? = /X ()| p(z)da

where the pointwise norm |u(z)| is computed w.r. to the Riemannian met-
ric. The vector field u corresponds to the small deplacement z — x + cu(x)
of the medium. The Dirichlet form (elastic energy induced by the small
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deplacement) is given as follows:
Q) = [ a.(Gu()lds]
X

where du := %Eug, the Lie derivative of g w.r. to u, is the deformation
tensor. For example, if g = da% + dz3 + d23, (0u);; = %(g;? + %). The
y i

quadratic form g, is positive definite on the vector space S?(77* X). It means

that ¢, is a quadratic form on a vector space of dimension 6:
Gu(6u) = Y cijra(du)ij(Su)u |
i,k

which involves a priori 21 independent coefficients ¢;; 11, 4,7, k,1 = 1,2,3,
with

® Cijkl = Cji,kl

® Cijkl = Cijlk

® Cijkl = Ckl,ij-

Usually people do assume that g, is isotropic, meaning that it is invariant

by the natural action of O(3) on T, X. From the general results of invariant
theory, it follows that g, (6u) = \(z)Trace(du)? + 2u(z)Trace(du?), i.e.

3 2 3 2
_ 8“1' 1 8u1 a’le
qx(au) N A(l‘)( 7 (9%) + §H($) Z <8xj + 8:&) ’

i= i,j=1

the 21 coefficients ¢;;; reducing to 2. In order that g, is positive definite
we assume:

2
(1.1) >0, )\>f§,u.
The functions A and p are the so called Lamé’s coefficients.

LEMMA 1.1. — The form Q defined on smooth vector fields on X is
closableV) .

Proof. — It is enough to proof that if u,, — 0 in L? and du,, converges
to w in L?, then w = 0: this is clear because u,, — 0 in the sense of
distributions and then du,, too. O

Remark 1.2. — The domain of the closure of Q is the Sobolev space H'!
because u — du is elliptic of order 1.

(1) Tt means that the completion of smooth vector fields w.r. to the norm ||u||? = ||u|| ;2 +
L
Q(u) is a subspace of L2
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It is known that if @ is a closable quadratic form on an Hilbert space,
there is a canonical way to build from it a self-adjoint operator called its
Friedrichs extension (see [10]).

DEFINITION 1.3. — The Lamé operator L is the linear self-adjoint oper-
ator on the Hilbert space of L? vector fields which is the Friedrichs extension

of Q .

We will see that L is elliptic et describe its domain (including the bound-
ary conditions) in a precise way.
In order to simplify the calculations, we will assume that
e X is a smooth compact domain of R3 with the euclidian metric
dx? + dx3 + da3
o p(z)=1
e )\ and p are constants satisfying the inequalities (1.1).

2. Computing the Lamé operator L

We want to write in a rather explicit way the operator L and the “Neu-
mann” (or free) boundary conditions for L.

We start with Q(u) = [ q(dus, dusg, dus)|dz| where u = w181 + uz02 +
uzds. Let us introduce the vector fields f;, i« = 1,2,3 defined by f; =
%8q/5‘(dui) . The f;’s are vector fields because du; is a 1—form by duality
(Legendre transform). The field f; is the force created by the reaction of
the elastic body to the deformation u;0;. We have(®

Q) =Y /X dui(f)|dz],

Qo) =3 [ dvin u(fda)
/X
and by integration by parts:

Q) =Y (— [ vatsan + [ w(ﬂ-)dm).

Hence
(Lu)dx = —d(u(f;)dx) = —Ly,dx

2 1f o is a differential p-form and V a vector field, the inner product ¢(V)a is the
(p — 1)-form defined by putting V inside as the first entry
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and the boundary conditions are given by:
o(fi)dx =0
as a differential form on the boundary 0X ; this boundary condition can be
interpreted as saying that f; is tangent to X which is quite natural from
the point of view of physics.
The symmetric tensor (f1, fa, f3) is called the stress tensor and denoted
o = (0;). Using an orthonormal frame, we get the expression:

o ) Ou; | Ouy
045 = Adiv(u)d;; + u(@mj + a2, )

Finally, we get:
L=—(\+p)grad div u — pAu
with the boundary conditions: o~ = 0 where v is the normal to the bound-

ary.
The principal symbol I(x, &) of L can then be computed:

2,€) = (A + p)(&&) + plléIP1d.

We see that L is elliptic.
We are interested in the wave equation

Utt+L’u:0

and the related spectral theory; there exists an orthonormal basis of the
Hilbert space of L*(X,R*) which consists of eigenmodes Lu; = wiu; with
the usual convention

Ozwlz.:w6<w7<.<w‘7<.

where each eigenvalue is repeated according to its own multiplicity. Let us
remark that w; = 0 is of multiplicity 6, the eigenspace being the space of
infinitesimal isometries of R? for which du = 0 by definition.

3. S-waves and P-waves

For (z,€) € T*X, l(x,&) is a positive definite symmetric endomorphism
of T, X which admits 2 eigenvalues: Ap(x, &) = (A+2u)||¢]|? and Ag(z, &) =
w||€|I?. The corresponding eigenspaces are

Ep(z,€) =Ru(z,€), Bs(z,&) =v(z,)*

where v(z,§) € T, X is the Legendre transform of (z, ). We will denote by
7p(resp. ms) the orthogonal projectors of R3 onto Ep (resp. Eg). Let us
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remark that we have hence 2 dynamics on 7* X associated to the Hamiltoni-
ans Ap and Ag. The P(resp. S)-waves propagates following the Hamiltonian
Ap (resp. A\g) and polarizations Ep (resp. Eg).

The speed of the P(resp. S)-waves is cp = v/ A+ 2 (vesp. ¢s = /1)

4. Link with Hodge Laplacians
4.1. Helmholtz decomposition

They are several ways to decompose a vector field into a sum of a gradient
and a divergence free vector fields. This problem is fully described in the
book [14].

Identifying vector fields and 1-forms, we have:

THEOREM 4.1. — Every smooth vector field v in X can be uniquely
written as
u=up-+ug,
with
e up = grad f and f smooth
e div ug = 0 and ug is tangent to 0X
Moreover, both parts are orthogonal. The associated L? projectors I1p and
IIg are pseudo-differential operators of symbols mp(x,£) =the orthogonal
projector onto RE and mg(x,&) = 1d — 7p.

4.2. Lamé operator and Hodge theory

Using the Riemannian metric, we can identify vector fields with 1-forms.
On the 1-forms, we have already the “natural” differential operators A, =
dd* and A_ = d*d. The Hodge laplacian is usually defined as A = A +A_.
We want to compute L in terms of Ay and A_. The main result is:

THEOREM 4.2. — With the natural identification of vector fields and
1—forms, the action of L on C°(X,R3) is given by:

In other words, L(up +ug) = (A+2u)Aup + pAug. The boundary condi-
tions for L are not those given in Hodge theory.

The previous identity comes from A, = —grad div and A_ = rot rot.
Let us note that the eigenmodes have in general a non trivial decomposition
Uj = ujp+ujs.

VOLUME 25 (2006-2007)
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5. The spectral resolution of L in R?

Let us write the spectral measure of v/L with constant coefficients in R3:

5(X = Y) = ‘/Ooo e(x,y7w)dw ,
and ,
Dexy) = [ elxydo

We insert Id = wg(k) + mp(k) in the Fourier inversion formula:

S(x = y) = (27)~ ( /R O ()l + /

ei<kx—Y>7rs(k)dk> .
R3

Using polar coordinates k = ¢5'wil (with |i| = 1) and k = cg'wii, we get:

e(x,y,w) =

UJ2 — i(k|x— - i(k|x—
W <CP3/ i € (k| y>7TP(k)d9 + 053/ A e (k| y>7TS(k)d6> s
cpk=w csk=w

where df is the uniform measure of total mass 47 on the unit sphere and
k= |k|.
We get hence the density of states do(x,w) := trace(e(z, z,w))dw:

1 1 2
do(z,w) = 53 (3 + 3>w2dw.
w2 \ch

6. Explicit spectral decomposition in the case of the
half-space

We will now consider the case of the half-space X := {(z,vy, 2)|z < 0}.
We want to compute quite explicitely the spectral decomposition of the
Lamé operator in X with constant Lamé coefficients. Using the invariance
by translation, we can decompose L as an integral of operators Ly, k € R?
which we need to study explicitely:

(6.1) L= | F 'L Fdk.
Rz

As a consequence we get an explicit expression of the unitary reflection
matrix R(k).

Let us first describe roughly the situation: the operators Ly act on
L*(R™,R3). The operator Ly splits into a trivial part L} corresponding
to pure S—waves reflecting on the boundary with a polarization tangent
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to the boundary and a non trivial part L}, with modes conversions. Lj_is
equivalent to the scalar Laplace operator on the half space with Neumann
boundary conditions.

The spectrum of /L splits into 3 parts:

e An eigenvalue of multiplicity 1, cgk with 0 < cg < ¢g. The corre-
sponding waves are called the Rayleigh waves

e A continuous spectrum of multiplicity 1, the intervall I = [cgk, cpk]
corresponding to pure reflection of S—waves with a reflection coef-
ficient rgs (k) of modulus 1

e A continuous spectrum of multiplicity 2, the intervall J = [epk, +00]
corresponding to incident S— or P—waves which are reflected as a
linear combination of both kind of waves. We have then a reflection
matrix which is a 2 X 2 unitary matrix.

The reflection matrix is also calculated in the paper [11].

6.1. Separation of variables: the Sturm-Liouville operator L.

k
Liyu(z) == e ™ L(e*Yu(z))

We can reduce to the case where k = (O> For k € R, let us compute

Ui
with u = [ us
us3
A short calculus gives:
wu(k? + D?) 0 0
Ly = 0 (A +2p)k? + uD? (A+ kD ,
0 (A+ p)kD puk? + (A +2u)D?
with D = —i-L.
The boundary conditions at z = 0 are:
u) =0
uh + ikug =0

ikdug + (A +2p)uy =0
We see that Ly, splits as L}, + L} while splitting

uy O

VOLUME 25 (2006-2007)
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The spectral resolution of /L) is easily related to the cosinus transform

0 0o
fz) = %/_ dz'/0+ d¢ cosCzcosCZ f(Z) .

By performing the change ¢ := / “772 — k2, we get:

2 w
de)(z,2' ,w) = -z oo Czcos (2 dw.
e
s

We are reduced to study Lj..

6.2. L} on the real line

We want to describe the spectral decomposition on the half-line from
that on the line as a scattering problem. Let us first write explicitely the
spectral decomposition of L; on the line. As in section 5, we start from
Fourier inversion formula, but now with one variable. Following the same
path, we get the following spectral resolution for Ly:

1

0 N=_—

(5,2) = 5
> w iCP(Z*Z/) < w is(z—2")

e 7p (0, k, (s)dw+ — € ws(0,k,(s)dw .
</ch C%’CP ( ) kcs C%CS ( )
This decomposition gives the normalisation of the generalized eigenfunc-
tions: L

+ . —1 +iCpz
up = (w Ze
P (o) (ﬂ:@»)
and N
uf = (wis) 2 eFits* ( _6:).

6.3. The reflection matrix
We now compute the reflection matrix
Re(w) = (rpp rps)
rsp Tss
for w? € J and rgs(w) for w? € I by looking at eigenmodes of Lj, of the

form: u/, := u; +rppup +rpsug satisfying the boundary condition. And
similarly ! := uJSr +rspup + rgsuyg.
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We get the following result: if A := (2k% — “’72) and B = 2k+/(p(s,
B 1 B2 - A? 2AB
 A24+ B2\ -2AB B?-A%)°

We check that Ry (w) is unitary in J, |rgg(w)| =1 in I and Ry(w) admit
poles at the zeroes of § = A% + B2.

Ry (w)

6.4. The Rayleigh waves

Let us look at the zeroes of § = A2 + B? which are poles of Ry (w):

putting Q = w/ky/p and 7 = /(X 4 2pu), we get
41— p2)(1-Q2) = (2- Q%2

This equation admits the root 0 and the square roots of the zeroes of a
polynomial of degree 3: p(t) = t3 — 8t2 + 8(3 — 2p)t — 16(1 — p). This
polynomial admits a real root 0 < ty < 1 and 2 non real roots. Let us
define cg := cgy/To. For w = crk, the residu of u’ or of u” is a wave
exponentially decaying as z — —oo, called the Rayleigh wave: uray1 =
up + aug. We will denote by ug the L? normalized Rayleigh wave. Let
us note that the polarisation of the Rayleigh wave is contained in the
plane normal to the boundary containing the incoming ray (normal to the

incident wave). Moreover, because then (¢ and (p are purely imaginary,
the polarization is complex, meaning that we have a real polarization which
lies on some ellipse: at a fixed point of the boundary, the wave is moving
on an ellipse with a frequency kcg.

6.5. The spectral resolution of L/
We are now able to write the spectral resolution of v/Ly:
dey(w) = deg, g + deg s + deg s + deg, p
with
dek r(z,2") = §(w = crk)ur(z) @ (ur(z'))*

2
dep,sn(z,2') = ;l[csk,oo[(w) 2

1 0 0
cos(szcosCsz’) |0 0 0 dw
c5Cs 00 0

1
dek,ST(ZaZ/) = ﬂl[csk,oo[(w)ug(z) ® (UZ(Z'))*dW

L emkoel @ (2) ® (2 () dio.

deg,p(z,2') = o

VOLUME 25 (2006-2007)
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6.6. The spectral resolution of L in X = {z < 0}

We can obtain the spectral resolution of L by puting the spectral reso-
lutions of the Ly’s into the formula (6.1).

7. Weyl law and equipartition of energy
7.1. Weyl law

Let us consider the spectral decomposition (u;,w;) with Lu; = wjg-uj,
j=1,---, and u; an orthonormal basis of L?(X,R3).

THEOREM 7.1. — (The Weyl law) If N(w) := #{jlw; < w} we have
N(w) ~ Np(w) + Ng(w) with

o Np(w) = G;fzvol(X)(;)g
. Nsw) = 6izvol<x>(;‘;)3

The previous theorem says that the asymptotic behaviour of the eigen-
values is the same as if we had 3 decoupled scalar operators, one of symbol
c%||€]]? and 2 of symbol c%||£]|? acting on functions.

We have a more precise result (usually called the local Weyl law):

THEOREM 7.2. — For any homogeneous symbol a € C°°(T*X, Sym(IR?))
compactly supported in x € X,

> (Op(a)u;luy) ~ (2m)~°

wjKw

(/ tracep(a)|dxdé| +/ traces(a)dﬂcd§|>,
cplé|<w cs|él<w

with tracep(a) = trace(mpa) and similarly for traceg(a).

In particular
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COROLLARY 7.3. — For any domain D C Int(X), we have

1 w)®
2
> [ hriiasl ~ o 1pl( )

w; w

2 w)?
2
> [ huslPlasd ~ Zolo1 ()

wj<w

> /D<UJ7P|UJ‘,S>|dI|:O(w2).

wj<w

A very basic question is to understand how the dynamics produces a
random wave in the previous setting. Let us give a

DEFINITION 7.4. — Let us take a solution of the wave equation u(x,t)
and a frequency ®,, cut-off around the frequency w. We will say that u(x, t)
is equipartited if we have for large w:

o Jp |®uu(e,0)?lde] _|D)

=0 [y 1®uulz, t)|2lda] — X

fD ||<I>wus(x,t)||2|dx| _ 20?1’3

lim =_F
t=o0 [ [|@uup(z,t)|dx]
Remark 7.5. — From the experimental point of view, only the second

limit can be measured.

There are in fact 2 cases:

“wit, Do the large frequencies individual eigen-
modes satisfy an equipartition property?

(2) The case where the Cauchy datas of u are localized at some point
xg. This case is much more interesting from the physical point of

view. It corresponds to an earthquake with a source at .

(1) The case u = u;(x)e

In the case of the (scalar) Laplace operator, both cases of the question
have satisfactory answers:

o The first one is the celebrated Schnirelman Theorem (1974) which
says that the answer is yes if the geodesic (billiard) flow is ergodic
[12, 16, 3, 5, 17]

e The second one is a recent result by Roman Schubert [13] which
says that the answer is yes if the geodesic (billiard) flow is Anosov
and if ¢ is of the order of the so-called Heisenberg time. It uses the
fact that Anosov systems are mixing.

VOLUME 25 (2006-2007)
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7.2. A statistical interpretation of Weyl laws: the
microcanonical ensemble

On any Hilbert space H = (H, (.|.)), there is a canonical random field
wg, the white noise of H, which satisfies:

Ve, f € H, E((wale){wulf)) = (fle) -

If dimH = oo, this field is not a vector of H but a “distribution”: if
A : H — K is an Hilbert-Schmidt operator, Awg is a random field on
K.

Let us give some E > 0 and consider the Hilbert space Hg C L*(X,TX)
which is generated by the eigenfields of frequency less than E. The associ-

ated random fields wg can be splited as wg = wg s + wg, p.

8. The classical limit

Let us fix the frequency w > 0. Inside X, we have 2 decoupled dynamics:
they are given by the Hamiltonians hp = cp||€|| (resp. hs = cs||£]|) on the
energy surfaces Xp = {hp = w} (resp. ¥g = {hs = w}). More precisely,
we will introduce an extended phase space Z := Zg U Zp with a measure
dm where

e Zg is the total space of the projective fiber bundle P(Fg) — Xg
with the dynamics given by ®7(z,< v >) = (¢7(2), < Ty (v) >)
with ngtS the Hamiltonian flow of hg and T; the parallel transport
in the fiber bundle Eg (the “Berry” phase). Zg is equiped with the
measure dmg = dLg®dh where dLg is the microcanonical Liouville
measure and dh is the uniform measure on P(Eg) with total mass
2.

e Similarly Zp = X p and dmp is the microcanonical Liouville mea-
sure and the Hamiltonian dynamics ¢} associated to hp.

Of course the previous dynamics is not yet defined when hitting the bound-
ary. At that point, we will define it as a Markov process whose proba-
bility transitions are given by the squares mp, mg of the entries of the
reflection matrix. Let us remark that the component of an S—wave tan-
gent to the boundary (and normal to the ray) is reflected without adding
a P—component. On the other hand the incoming and outgoing points
(y,€%), y € 0X are related by fl';yx =1, x-

Let us check that the measure dm is invariant by the previous stochastic
process. Let us assume that Xg(w) follows the probabiliy dm:

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)



ELASTIC WAVE EQUATION 67

P{Xo € U}) = m(U) for any U C Z. We need to check that, for all
t>0,
P{X; e U}) =m({Xo€U}).

Let us do that for small ¢t and U: let us consider for example U C Zp and
t so that the only way that X, € U is one reflection at some point y € 0.X.
Either Xo € U or Xy € UL In the first case Xy = (20,6) and we can fix
that § = 0 corresponds to a polarisation in the plane generated by the ray
and the normal to the boundary. We get

PU{X, € U}) = /UP wpdmp + %/

g cos? 0dLgdd .
Us

We get, using
2 ™
7/ cos? 0 db =1,

™ Jo

P({Xt S U}) = / Tpdmp +/ mTgdmg
P Us

and using the fact that the microlocal Liouville measures are conserved by
the reflection process and that mp + 75 = 1, we get the result. One can
check a similar result if U C Zg.

In order to use the usual definitions of dynamical systems, we introduce
the set 7 of trajectories z(t), t € R with the measure dP given as usual
on cylindrical sets. The measure dP is invariant by the translation along
trajectories. So we can say that the classical limit is ergodic or mixing.

8.1. Conjectures

e In the spirit of Schnirelman’s Theorem, we can ask the following:

QUESTION 8.1. — If the classical random walk is ergodic, do
we have equipartition of energies for a density one subsequence of
eigenmodes u;, ?

Let us remark that the previous property is not valid if the mani-
fold has no boundary. This conjecture is probably not true. A similar
conjecture for another model with a probabilistic classical dynamics
is not valid: the case of the Laplace operator on a generic star graph
for which Schnirelman Theorem does not hold (see [7] for explicit
formulae for eigenfunctions). At least the usual proof uses Egorov’s
Theorem which is not true in this context!
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e In the spirit of Schubert Theorem, I put the following

CONJECTURE 8.2. — Let us assume that the classical limit is
mixing and has some kind of hyperbolicity. If the Cauchy data of the
Lamé wave equation are localized, there is a dynamical equiparti-
tion (large time): u(x, t) satisfies equipartition for t large but smaller
than Ehrenfest times (to be defined).

9. Appendix A: spectral resolutions, density of states and
microcanonical ensembles

Let L be a positive self-adjoint operator on L?(X,RY). The spectral
resolution de(z,y,w) of V'L is a measure with values in Sym(R”) which
satisfies:

S —y) = / de(z,y,w)

and, for any function ® of L:

@L)(ey) = [ BP)del,yw)

R

The density of states is a measure on X x R defined by do(z,w) =
trace(de(x, z,w)). In particular, we have, in case of a discrete spectrum:

#los <0} = [ do [ dotaw)

The microcanonical ensemble associated to an intervall I = [w_,w,] is
the white noise on the Hilbert space IT;(L?(X,RY). We have then

E(/D |u(z)|?dz) = /Ddx/wa do(z,w) .

In other words, the expected energy of a mode whose frequency lies in
[w—,w4] is given in terms of the density of states.
More generally, we have

E;((Aulu)) = TraceAIl; .

This can be evaluated in the large frequency regime if A is a WDO as the
trace of the pseudo-differential operator ATl; of symbol a o x7(v/'L).
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