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Stochastic averaging lemmas for kinetic equations

Pierre-Louis Lions!, Benoit Perthame? and Panagiotis E. Souganidis®*

December 6, 2012

Abstract

We develop a class of averaging lemmas for stochastic kinetic equations. The velocity is multi-
plied by a white noise which produces a remarkable change in time scale.

Compared to the deterministic case and as far as we work in L2, the nature of regularity on
averages is not changed in this stochastic kinetic equation and stays in the range of fractional
Sobolev spaces at the price of an additional expectation. However all the exponents are changed;
either time decay rates are slower (when the right hand side belongs to L?), or regularity is better
when the right hand side contains derivatives. These changes originate from a different space/time
scaling in the deterministic and stochastic cases.

Our motivation comes from scalar conservation laws with stochastic fluxes where the structure
under consideration arises naturally through the kinetic formulation of scalar conservation laws.

Key words. Stochastic kinetic equations, stochastic conservation laws, averaging lemmas, fractional

Sobolev spaces.
AMS Class. Numbers. 35L65; 35R60; 60H15; 82C40
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PIERRE-LOUIS LIONS, BENOIT PERTHAME AND PANAGIOTIS E. SOUGANIDIS

1 Introduction

The kinetic formulation of the stochastic conservation laws, as developed in [15], motivates to study
the stochastic kinetic equation

D f(z,&,t) + B(t) o &V, f = g(x,&,t)  in R x (0,00),

(1)
f(t = O,ZL‘,f) = fo(x>§)

where both f° and ¢ are deterministic. The notation for the flux means
. . o af
B(t N.f=B(t i—
(t) 0 &Vaf = Blt) o ;5 o

That is we we use Stratonovich convention. Also we introduce a single brownian motion (for simplic-
ity). At variance with the examples of Hamilton-Jacobi equations [17, 18] or z-dependent fluxes in
scalar conservation laws [15], this does not play an important role here.

Our results are mainly motivated by the case when the B is a brownian motion. But for reference
we will use also the standard deterministic case B(t) = t. In this deterministic case, the averaging
lemmas are now sophisticated [8, 11, 20, 2, 19] and have proven to be useful for treating nonlinear
kinetic equations as the Vlasov-Maxwell [6] or the Boltzmann equation [7, 22].

We understand this equation in the spirit of the works on Hamilton-Jacobi equations in the series
of papers by Lions and Souganidis, see [18, 17] and the references therein. That is, we define solu-
tions as the limit of standard distributional solutions when B(t) is regularized; in other words they
correspond to a Stratonovich rather than an Ito-Doeblin integral. This is a difference compared to
stochastic transport equation also treated by Flandoli [10, 9] or with conservation laws with stochas-
tic semilinear terms treated by Debussche and Vovelle [4] or with random kinetic equations, with a
stochastic semilinear term that are also treated by Debussche and Vovelle in [5] where the diffusion
limit is studied.

The question of the existence is not important here because of linearity and the method of char-
acteristics gives the representation formula

% (z+ B(t) 0 &,&,t) = g(z+ B(t) 0 &,&,1).

This defines our solutions (see [17, 18] for a motivation and [15] for a more interesting nonlinear case).
This is possible because we consider the Stratonovich convention; as usual it can be transformed in
an Ito integral with an additional diffusion term, [10, 9].

For a given test function 1 (£) with compact support, we define the random average

po(, 1) = / B(E) (. €. 1)dE.

Our interest lies in the velocity averaging lemmas which are regularity statements on p,; how to state
them? how do the fractional exponents reflect the scales of the brownian motion?
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Exp. n® XXVI— Stochastic averaging lemmas for kinetic equations

We answer these questions by a series of results covering a part of what is known for averaging
lemmas as stated in long series of papers, from the initial remark on the phenomena [13, 14| for p = 2,
to the optimal cases of full space derivatives in the right hand side [11, 20], including the case of L?
spaces for p # 2 [8].

We work in L? and we measure time decay thanks to an additional time damping. This is a
way to better visualize the different scales between space and time that appear in the stochastic case
compared to the deterministic case.

2 Space regularity, global in time

When considering space regularity only, we can obtain particularly simple results which are global in
time and thus also express a time decay. They are useful to make a difference between deterministic
and stochastic scales.

Theorem 2.1 (Stochastic averaging). Take B a brownian motion and \ > 0.
Forg=0

C(supp ¢) 02
EH€ PwHLQ(R+ Hl/g(Rd)) Tz v f ||L2(]Rd><Rd)7

HPwH ) < C(supp ¥) WfOHLQ(Rded)WfHB(RerRded)-

1.2 (R+ H1/2(Rd)

For f=0

C(supp ¢ _
Elje™ pleLZ(FH H1/2(Rd)) - ()\3/2) le /\t@bg”U(R*XRdXRd)’

||p7r/)||L2 (R+ Hl/Q(Rd)) — C(supp ¢) ||1/}g|| R*XRdXRd)H¢fHL2 R+XRdXRd)

For fO =0 and g = div h, we have

2 2
2 R (O [ R L] TS

Even though some exponents may seem similar, all the scales differ from the deterministic case
B(t) = t. Indeed we recall the

Theorem 2.2 (Deterministic averaging). Take B(t) =t and A > 0.
(i) For g=20

< C(supp ) 10172 mapoy:

”6 P HLQ(R+ Hl/Q(Rd)) =

(ii) For fO =0

||p¢”L2 (R+ Hl/Q(Rd)) < C(supp ¥) ||7!}9|| R+de><Rd)||¢f“L2 (R+xRdxR4)"
iii) For fO =0 and g = divh, we have
(iit) g

2 2
10012 (g vagay) < CO) I 172y + 195 s oy
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The first two classes of formulas are not the most traditional and express in particular time decay,
which is usually not the aim of averaging lemmas which aim at compactness. This is because other
methods based on dispersion are more adapted to prove time decay as those in [1, 12, 19].

One can find related LP formulas; to do so it is enough to interpolate them with the other two
elementary pathwise inequalities in L' and L>®

L et tldn < [ 170 ldeds, lpo®llman < [l 10l oo

The usual proof of averaging lemmas, as initiated in [14], uses the Fourier transform in space
and time. It is not very convenient because the transport term depends on time here. Therefore we
prefer a method without time Fourier transform. Such a method has been developed in [3] but it uses
the Fourier transform in £&. We prefer to still develop another variant that is particularly fit to the
stochastic case.

~

Proof. We use the Fourier transform f(k,£,t) of f in the variable x. The equation on the Fourier
transform of f becomes

~

ok €0) + BT =7 )

As usual we add and subtract a damping term with A > 0 (except for the first result where we do
not need the extra-term in the right hand side because the damping term gives it naturally)

%f(k, Et)+iB(t) ok &F + Af =G+ Af.

Because we use the Stratonovich rule, the solution is given by the representation formula

Flk,&t) = FO(k, e MTBORE 4 / N[+ ATI(R & 1 — )] (BB 0) g,
0

and thus

Pullnt) = [ 6Pk ge P ORag + /O t [ g+ awfereleem0)ig. ()

We obtain the general inequality that we will however particularize later

2 2
S stk < | [ o e m0nsag] | [ [ il - e PO e
0
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Exp. n® XXVI— Stochastic averaging lemmas for kinetic equations

First class of results; g = 0. For the first result, we use formula (3) with A = 0 and write

B[R =B [ | [oPkge

= E/Oo [/ q/;fo(k:,51)67)\t7i3(t)k'£1d§1 /¢f0(/€7€2)e—/\t—¢3(t)k.52d£2
t=0

2
dt

— ~ £0 £0 —2X\t—iB(t)k.(§1—&2)
E /to / / Sk, 61) 0Ok, E)e oty dt

:/t://wfb(k’&)m/ —2Mt—iwk.(§1—€2) o —

o0 — k(& — &)
- [ ] [ePwe wf()(k,fg)e*”texp(——t’ G gy
t=

— 70 70 1
2 [ [P0 008 e e Eeds

C 70 2
sﬁw//w (k. €)[2de

The last line is not a direct Cauchy-Schwarz inequality. It uses the usual observation leading to
averaging lemmas. It can be proved in choosing an orthonormal basis for the & space which first
vector is k/|k|. In the orthogonal hyperplane the Cauchy-Schwarz inequality is enough and thus the
constant C'(supp ). In the first direction one uses the Young inequality ||u * v|2 < Cllull2||v||; and
reduces the inequality to compute (with &' = k/\)

/R 1 J _1/R 1 C .. C
w DR T X Sy T WP S TR R S VA
The first result for g = 0 is proved.

For the second result with g = 0, we use (3) and estimate the lefthand side term )\f as in the proof
of the second class of results below. We borrow from there the estimate for the second term which
gives

B[ sk 0P < o [ [P ora+ 2 [ 1ot s.opan de i
t=0
We choose A = ||g||2/]| f]|2 and obtain the announced result.

Second class of result; fO = 0. The integral term for g is more technical due to an additional
time integration, but the calculation follows the same ideas. For the result with A, we consider only
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the term containing g in (3) with A =0,

E/toz\ My (k, 1) /tol/ / e Mgk, &t — s)e ik £ (B(t—) dfds‘ dt

N E/Oo //t e~ gk, €1, t — s1)e™ (B(t—s1)-B(1))
=0 s1,52=0

PGk, Ea,t — s9)e™ 2 (B(t—s2)-B() ds1dsadEadéy dt.

To continue we may restrict ourselves to 0 < s1 < so < t and compute

Eeik.&(B(t—sl)—B(t))e—ik.gg (B(t—s2)-B(1))

_ Eeik.fl(B(t—sl)—B(t))e—ik.§2 (B(t—sz)—B(t—sl))e—ik:.{g (B(t—s1)-B(1))

2
:/ k(Ga—w,— AW / gk~ AW
\/27751 2m(sg — s1)

o (2O OIPY o (ol

At this stage it is easier to change variables and set 7; =t — s;, t > 71 > 70 > 0. Then, combining the
two ingredients above, we obtain the expression for the term of interest

E]E > —At~ k 2
1B [ 1y (k) =
t=0

[e'e) t 2 2
N ——  (t=7)|k.(§1—-82)] _ (m1—72)|k.&2]
= / / / e PYG(k, &1, 1 )0G(k, Eaym)e T 2 e 2 dndrydéydéydt
t=0 71 >72=0

°° * N eIk -E)? (1 —T)kEl?
— [ ] e g n ia G e T S g
T1>72=0 t=71

> I~ .\ 2 (= Tz)\kEQIQ
_ —2AT1 1 ~ 11 —72)I1R-821°
- ¢ k&1, )| g (ks &2, 7 dridrydésd
/n>72 0/ Vg(k, &, m)| Vg(k, & 2)2>\+\k-(£1 “&IE ¢ \drydEade,
> = 2 _ (=)@l £912)
_ —ATL ,—AT2, 1 = (71 —72)(2A+]k-8217)
- € € sz)g k7§ , T @bg k7§ , T dT dT df df
L1>T2_0/ (k,&1,m1)| vg(k, &2 2)2>\+|k:.(§1 Ak drydéadey.

Next, we treat the time convolution using the Young inequality [ wi(71) ugxK (11)dm < |Ju||2]|uz]l2]| K1
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with the convolution K given by the truncated exponential

1 %)
-E A Dy (k
55 1 el
1/2 92 9
—AT1, 1,5 2 — AT, 1 2

1/2 1/2 4
<3 [ (Jerroawamran) ™ ([l amitin) - o —gps e

C'(supp v)
= \3/2)k|

/ TGk, €, 7) Pdrde.

As before, the last inequality follows from the Young inequality used in 7, the one dimensional com-
ponent of & — & parallel to k, with

/ dn _C
2A+ k[P0 VK|
This proves the first inequality with 0 = 0.

For the second inequality, we use again (3) and begin with the term containing ¢ in the right hand
side.

o0 t . 2
I:=E / ( / / e NYg(k, &t — s)eZk'S(B(t_s)_B(t))dﬁ’ds‘ dt =
t=0 0

o t
= E/ // €_>‘(81+82)¢§(k‘, 51’ t— sl)ez‘k;.gl (B(t—51)—B(t))
=0 s1,52=0

PGk, Ea,t — s9)e™ 2 (B(t—s2)-B() ds1dsadEadéy dt.

To continue we may again restrict ourselves to 0 < s; < sp < t and use the calculation above to
compute the expectations. With the variables 7, =t — s;, t > 7 > 7 > 0 we obtain

1/2=

o0 t 2 2
——  (t—=7)|k-(§1—&2)I N GEILEDY
:/ / / e AT Gk & )Gk & m)e e e dry drydéade dt
t=0 T1>712=0

> > — (=T k.(61-62) 17 (r T>\ 12
= / / / e XS (€1, 7 )G (K, ) e DRI Rl dradeadg dt
T1>12=0 t=71
/Oo /T/JA(k‘ § )W 2 _4(T1—T2>(;+|k.52\21d drodéodE
- gk, ) T g\r, ) T € T10T:
1 >72=0 b 2N k(6 - &) T

1/2 1/2 9 5
~ 2 ~ 2
< / </ |¢9(k7§1,7'1)| dTl) </ |¢g(k7£2)7—2)| d7-2> AN+ ’k(fl _ 52)|2 2\ + |k€2|2d§2d£1
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Again this follows from the Young inequality [wi(71) ug * K(m1)dm < |luil|2|luzll2||K||1 with the

convolution K given by the truncated gaussian. Then, we conclude because

5 ~ 1/2 ~ 1/2 1
I/2 < )\/ </ ‘wg(kaélaTl)PdTl) </ \¢9(ka€2772)’2d72> A\ + |k(§1 _ 52)‘2 d§2d£1

C [
< A [ wath. g e ar

As before, the last inequality follows from the Young inequality used in the one dimensional component
of & — & parallel to k.

These are the usual estimates for the averaging lemma but we win an extra-factor % compared
to the deterministic case. It does not play a role for regularity in the second result of Theorem 2.1
because there we choose A = ||g||2/||f||2 in the upper bound

> C O\ .
E k||py (k. t 2dtdk</Ak, ) 2dk d dt+/ k, &, t)|?dk d¢ dt 4
[ wipsth o Parar < < [ aeg oPan g de+ S [ 17w g0 ae (1)
that is obtained after combining the two terms in g and Af in (3).

Third result; g = div h. We go back to the formula for py,(k, t) and write wdiV5/ﬁ = —/H.ng—i—div[wm.
The first term in this Leibniz formula can be treated as before and we examine the second one. It
gives a contribution

t .
py(k,t) = first term +/ /e_)‘sgg[zph]e’k'é(B(t_s)_B(t))dsd§
0
t o~ .
— first term — / / e Myhk(B(t — s) — B(t))e™* (B(t—5>—B<t>)dsd5
0
Therefore, its contribution to E [ |5y (k, t)[?dt is

o] t .
E/ // @*)‘(31+52)¢h(k,§1,t _ 31).k(B(t —51) — B(t))elk'& (B(t—81)—B(t))
t=0 s1,52=0

h(k, € t — s9).k(B(t — s2) — B(t))e ™" (B(t_52)_B(t))d§1 dés dsq dso dt

which we evaluate as before. The contribution for 0 < s; < s < t is the s;, & integral of the
expectation that we evaluate as

/ll)2 Z2
/ /weih(&éz)w(z + w)eihE7e T3 ¢ o) dw dz
wJz V2msy \/277(52 — 51)

w2 2
— / /w2€ik'(£152)weik'£226_2516_2(52—81) dw dz
wJz V27s1 \/277(52 —51)

_31|7€-(§1—§2)\2> ox (_(82—51)|k62|2>
2 P 2 '

= 11— silk.(6 — &)P)exp (

XXVI-8



Exp. n® XXVI— Stochastic averaging lemmas for kinetic equations

After changing the variable s; in 7, =t — s;, we have to evaluate

/ // e—,\(zt—n—mwﬁ(k,gl,n).km-k
t=0 To<T1<t

— 1) k.(& — 2 1 — 1) |k.&|?
(t= )1 (=l - )] exp (- TIEEREEIEY o (LnmmRED)

2

But we notice that

h —T (& — 2
/t: (tm[l(tn)|k.<£1§2>|2}e><p<(t 1>[4A+2lk<£1 &)l])dt'

C
< ot
(4X + [k.(&1 — &2)1?)

Finally the formula for E fg |py (K, t)[2dt is controlled by

first term + / / Wh(k, &1, 711).k Vh(k, &, 7).k ¢ SeMn=m)
0<ma<T] (4)\ + ‘k(él — 52)|2)

k ~
< first term + C)\l\yﬂﬂlbh(k»&t - 5)“3;55

because

[t O [P
(+ k22)°  BAVAT o X

When balancing this contribution with that of )\f we end up with

k| VA
¢ L?ﬁ B

ek, €)1+ 17Tk, €, 07 |

which is optimal for A = |k|?/3 and gives

1 ~ 9 - )
C s LIk €01+ 1070, 01 ].

This means a regularizing term in H'/3 regularity as announced.

The contribution of the First Term, analogous to the second class of results (4), gives a contribution
controlled by

C ~
that gives with our previous choice of X\ = |k|%/3
C 1 ~ 9
’k|2/3 ‘k‘|4/3 ||V1/}h(k7€7t)”[/i§
These controls together give the third result. O
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3 Space regularity, general velocity field a(¢)

Our method can be extended to the case of the kinetic equation with a more general transport field,
still motivated by the case of scalar conservation laws,

2 (@, &)+ Bt)oalé).Vaf =g(z,&,t) in RExRx(0,00),

5
ft=0)=f" on RIxR. ®)

We assume that the transport field a(¢) € C'(R; R?) satisfies a natural non-degeneracy condition (in
view of the deterministic averaging lemmas): there is a & > 1 and a constant A(a) > 0 such that
inf  |e.a(&) —e.a(&e)| > Al — &, 1 <a<oo. (6)
e€RY, |e|=1
Because it uses pointwise control, this assumption is stronger than the usual one based on measures
of the sets {|e.a(§) —7| < e} but it is in the same spirit of imposing nonlinearity of the curves £ — a(§)

(that is this d-dimensional curve is not locally contained in a hyperplane) as in the deterministic case
[3, 8, 11, 13, 14, 19, 20].

Theorem 3.1 (Stochastic averaging for general velocity field). Take B a brownian motion and assume
(6) in the stochastic kinetic equation (5). Take A > 0
(i) For g =0, we have

C

Xt 12 012
Ble™ 06l (o1 gey) < 3imi7za 107 T2y

0114+1/2« 1-1/2«
prHLQ(R+ Hl/(2°‘)(Rd ) Cwa HLQ RYXR) waHLQ(RdXRXRJ")'

(ii) For f° =0, we have
—Xt, 112
Elje~? p¢\|L2(R+ 71/ () ) < m”e b9llz2masmxmt)

1+1/2c 1-1/2«a
de)”ﬂ (R+ Hl/(QQ)(Rd)) CH¢9HL2 RIxRxR) H¢f‘|L2 (RIXRXR+)"

Proof. First class of results. The representation formula (3) is simply changed to

e Mpy(k,t) /wf (k, £)e MmiB1)kalg d§+// = [y + Mp fleia® (Bl=9-B0) g

therefore, we can carry out the same analysis until we evaluate the convolution in £. For the term in
f? for instance, we find

X ot~ 2 _ 20 70/ e 1
70 70 1
<C [ [Pkl [P0 8| e =g e

1

< Ol f* (k. ©)lIZ HWHLI
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We obtain the estimate

b e ()
D EEE e = X\ )

and the first result follows.

For the second result, we use the inequality obtained in section 2 on the contribution to E [ |5y (k, t)[?
from the quantity (with g = Af)

o0 t )
T:—F / ( / / e_’\s¢§(k,§,t—s)eZk"s(B(t_s)_B(t))dgds‘Zdt,
t=0 0

5 ~ , 1/2 R ) 1/2 1
r<2 ( [ 1wtk dn) ( [ gtk o, drz> DoTE —g)p e

9 ~ , 1/2 R ) 1/2 1

<3 [([ramampan) ([wademPin) e e dds
~ 1

< Cllvgh, &)z, |

NP
1/a
c (VA ) )
<2 (¥2 .

This gives

« - 5 ¢ @ : f
VB [ Bk < TX 0PI, + ONN [0k €0l

And, after integrating in k and then optimizing the value of A

o B 141/2a; , 7 1-1/2a
[k [ gy 0Pk < Ol 12

This is the second result.

Second class of results. For the result with A\, we use again our previous inequality in section
2 which we modify to change £ in a(£). We obtain

1 > At 2
5E [ 1Bk )

=0
1 PV ) CArg e ) 1/2 4
< )\/ </|e Yg(k, &, m)|7dn /!e Yg(k, &2, m2)| d7'2> T haE) —a@))E dérdéy
1 —ATL, 5 2 2 —AT2 2 1/2 4
< )\/ </|€ Vg(k, &, 1) d7'1> </\€ Yg(k, &2, 1) dT2> T 6 G déadéy

1/
C A N
<< (*@ / e Gk, €, 7)|Pdrde.

This gives the first result. We do not prove the second result which follows from the same combination
as in section 2 with these ingredients. O
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4 Time regularity

We can also obtain time regularity with the method developed before. The gain of regularity is
however lower than in the deterministic case (see Appendix B) which is a more visible symptom of the
difference of scale between brownian motion and classical time. For deterministic kinetic transport
equations, space and time play a similar role but this no longer true in the stochastic case (see the
scale |k| ~ v/A below rather than |k| ~ ) in the deterministic case).

Theorem 4.1 (Stochastic time averaging for general velocity field). Take B a brownian motion, A > 0
and g = 0 in equation (1). Then for high Fourier frequencies in x, e_’\tp¢ e H/* (R+; LQ(Rd)), more

precisely
|k3|\/X At~ 2
E\}me Dotk O s (o2 may) < Cll Nz @axma)-

For a(§) satisfying (6) in the stochastic kinetic equation (5), we have for all f = 1/4«

‘k|1/aA1/2a

A\t~
H /20 ‘k’l/ae

2
Pw(k, t)HH1/4 (R+;L2(Rd)) < CHfOH%?(RdXR)'

Our strategy of proof uses the integral characterization of the fractional Sobolev space ([21], p139)
and thus we define for 0 < 8 < 1,

2 _ Ju(t) — u(s)|?
HUHHE(]R+) - /[O,oo]x[()po] [t — 3]1-"-25 dsdt.

The proof can be used also in the deterministic case and gives the correct regularity H'/2. See Ap-
pendix B.

Proof. We compute for ¢t > s and with a1 = a(&1), a2 = a(&2),

Ele Mpy(k,t) — e by (k, s)[?

_ E/wfb(k’gl)wf/\()(k’§2) (ef)\tfiB(t)k.tn _ e*AS*iB(S)k‘.(M) <67)\t+iB(t)k.a2 . ef)\8+iB(s)k‘.a2> d€2d§1

_ E/W’m(k’&) wfo(k,&) (ef)\(tfs)fi(B(t)fB(s))k.al _ 1) <€f)\(tfs)+i(B(t)fB(s))k.ag _ 1)

6—2)\s+iB(s)k).(a2 —ai) d€2 dfl

1 I —\t—s)—iw.k.a —\t—s)iw.k.a —2\s+izk.(az—a
:%/wfb(k’gl)¢fo(k’§2) (6 A(t—s) -k‘-1_1> (e A(t—s)iw.k 2_1)6 2Xs+izk.(az—a1)

_ w2 dw dz
e 20t—s)e” 2s m Sdﬁ d§2 dfl

For the fractional Sobolev exponent 0 < 8 < 1, we need the
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Lemma 4.2.

}/S O/t S/wz CA(t—8)—iw.k.ay _1) (e—)\(t—s)iw.k.ag _1>

6_2,\s+izk,(a2_al)e—2‘é”7fs)e_ \;f dw dz dt ds
(t — )32 sd/2 |t — s5|1+28

_ CENPT (1 + [K*)
2+ |k.(ag — a1)[?

with k = k/vVX and C(8) = O(=az)-

Proof of Lemma 4.2. With the change of variable t — u = t — s, we estimate the expression of
interest as

00 0 2 2
—Au—iw k.ay —dutiw k.as —2Xsizk.(a2—a1) w122 dw  dz duds
¢ —1) e —1)e € e T an 2 1128
s=0 Ju=0 Jw,z U S u

- / ) / T (emu2rkAaz—an)?/2) _ g—uldtkar?/2) _ g—uliHkaa?/2) 1) o—sl22+ k. (az—ar) /2] d;“;s
s=0 Ju=0 e )

27T e 2 2 2 du
_ —u[2A+|k.(az—a1)|?/2] _ —u[A+|k.a1]/2] _ —u[A]|k.a2]%/2] 1
2\ + |k.(a2 — a1)|? /_0 le c € +1] w1+28
C 2 26 25 28
< (o —
= 2)\—|—|k.(a2—a1)|2[‘2)\+‘k(a2 an) /2 + A+ [k.ar /20 + A+ (ka2 |
C(p)A*F!

S oas e [ 4+ [E.(az — a1) 2?8 + 2+ [koas 2128 + 2 + yk.azmﬂ
Ad2 — Al

The result follows. O

We go back to our estimate on E|py(k,t) — py(k, s)|* and we have to estimate the quantity

|5 (k,t) = pu(k, s)P
/sO/t |t—s|1+2/3 dt ds.

With the above lemma we conclude that, in the case a(§) = &,

C(B)NPT (1 + [k|*F)
2+ |k.(az — a1)|?

K <C / WPk, €0)] [Pk, &) deadé,

N+ IEI‘”)‘

C 70 2, _
(B,suppy) |[vf HL'g 92+ |sz‘2

1
Ly

1+ |k
(@, supp) [,

which leads us to choose f = 1/4.
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In the general case we conclude with (still with a appropriate choice of coordinates in &)
C(B)N (1 + [k[*%)
24 k[ (& — &) >
A2071(1 4 [R|*) ‘

I(k) < / W7k, €0)] [0k, &) dade,

< C(B, suppt) HiﬁfoH%g H

2+ [E[2g2e g
1+ K% 05120
< O(8,suppy) [ 7173 —ie A0
which leads to the choice 5 = 1/4a. -

A Deterministic averaging lemma, space regularity

In the first statement of Theorem 2.1, a coefficient v/ appears; it expresses that the time decay in the
stochastic case is slow. In the deterministic result of Theorem 2.2 (i), this parameter A is not needed
and thus, the averaging lemma in space also expresses faster time decay. Being a time scale parameter,
this slower decay is not surprising when a brownian motion is involved. To better understand how it
appears, we give the corresponding proof of the deterministic averaging lemma.

We consider the regularizing effect with respect to the initial data (first statement of Theorem 2.2,
i.e., the solution to

GI(@ &) +EVf+Af=0 in R*x(0,00),

7
f(t=0)=f" on R? ™

The solution is given by

k&) = fOk, AR By (k) = / W0k, §)eHER g,

/ TPk, ) = / s )P (b, €~ (PO ) e ag,
0

t=0

- / Ok, €1) DIO(k, &) de, dés

C
S -
Id

20 — (& — &2).k
1 70k, €)1172 e

Before we explain this last line, we point out that the difference with the stochastic case appears
in the Fourier multiplier, here m and in the stochastic case m The homogeneity
in k£ compared to £ is the same (hence the same gain of regularity) but the decay in A is different:

hyperbolic in the deterministic case, parabolic in the stochastic case.

Following the argument for the proof of Theorem 2.1, in the case at hand, after reduction to the
direction of k for £, the convolution kernel m is not in L%. However, it is still bounded by ‘% as
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an operator on L?, e.g., because its Fourier transform is ﬁH(n)e*)‘””k' and it is bounded by 1/|k|

independently of A; that this operator is bounded in Lg relies however on the general structure of a
Calderén-Zygmund operator (see [21] for instance) and not on its specific form that allows to compute
exactly its Fourier transform.

B Deterministic averaging lemma, time regularity

For the stochastic averaging lemma, we have presented a proof of time regularity that leads to a gain
of %th derivative. We present here the same proof in the deterministic case so as to show it recovers
the optimal result with a gain of % derivatives.

Theorem B.1 (Deterministic time averaging). Take B(t) =t, A > 0 and g = 0 in equation (1), then
e_’\t,zw c H'/? (R+; LQ(Rd)), more precisely

—At~ 2 0112
e Pw(kyt)|!H1/4(R+;L2(Rd)) <Clf ”LQ(RdXRd)'

Proof. We compute for ¢t > s

R

_ /wfo(k7§1)wfo(k7£2) (e—)\t—itk.gl _ e—,\s—isk.§1> (e—)\t+itk.§2 _ 6—)\5+i5k.§2) déode,

= [0 6) B h€) (X0 ) (N )
672)\s+isk.(§27§1)d§2d£1‘

And we compute

S ' - » ds dt
—A(t—s)—i(t—s)k.&1 _ 1 —“At—s)+i(t—s)k.E2 1 —2\s+isk.(&—¢)  asat
/s() /ts <6 > (e ) ¢ (t—)1728

_ / / (ef)\ufzuk.ﬁl _ 1) (67)\u+zuk.£2 - 1) o~ 2As+isk.(E2—61) g g
N ul 28
s=0 Ju=0
1

00 <e—2)\u—mk.(§1—§2) _ e utiukby _ —Mu—iuk g 1)

2\ —ik.(§2 — &1) /u:0

Compared to the stochastic case, there is one more cancellation in the singularity at v = 0 which
makes that the integral converges for § = 1/2. Indeed we can write

F(a,b) = / (e—(a—l-b)u _emau _ g=bu 1) 571;
u=0

du
ul+28

o0

R
:/ <ef(a+b)u _emau _ efbu + 1) dT’L; +/
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|F(a,b)| < C(|a* + |b|*)R* 2’ + CR™%
< C(la]* + [b]?)”.

Therefore, we can act the Fourier multiplier as in Appendix A and find

oy (k1) — py(k, )
/sO/t t—s|1+25 dt ds

F(2X\ + k&1, 21 — ik.&)

— 70 Il
= [Pt Pk G) e e
oz, 02+ [KP)?

C(suppy) IWJ?OH%g

after choosing § = 1/2, and we arrive to the result.
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