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CRIME PAYS; HOMOGENIZATION FOR LONG TIMES
GREGOIRE ALLAIRE!, AGNES LAMACZ?2, AND JEFFREY RAUCH?

ABSTRACT. This article examines the accuracy for large times of the asymptotic expan-
sions in periodic homogenisation of wave equations. Of particular interest is the precision
for anormally long times of approximations constructed from asymptotic crimes commit-
ted on the standard two-scale expansions. We first prove that the standard two-scale
asymptotic expansion provides an accurate approximation of the exact solution for all
times ¢ less than Ce=2%? for any C,6 > 0 where ¢ < 1 denotes the period of the co-
efficients. Second, for longer times, we show that the criminal two-scale asymptotic
expansion, first proposed by Bakhavalov and Panasenko in the elliptic setting because
they mix various powers of ¢ in the same equations, yields approximations of the exact
solution with error < Ce¥ for t < e N with N as large as one likes.
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1. e-PERIODIC WAVE EQUATION

Study the family u® of solutions to
(1) p(z/e) Oju® — (diva(z/e) grad) v = f(t,x),
u*=0 for t<O0,
suppf C {0<t<T} and Va, 9p,f€L*R'"™M).
The solutions u¢ are real valued as is p € L®(T?) (T¢ := the unit torus). The coefficient

a € L°°(T%) has values that are real symmetric matrices. The coefficients are positive
definite,

ply) > my >0, and,  a(y)é-& > mlél
1
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The parent operator on the left of (1) has e-periodic coefficients. They vary rapidly
in x only. Order one oscillations in time on scale ¢ would lead to explosive growth.

2. THE HOMOGENIZATION PROBLEM

The standard energy estimate implies that

(2) Vj >0, sup ||0] Vi us(t) < o0.
t

22 e

PROBLEM. Describe the solutions for t ~ N without having to solve equations that
require discretization on scale ~ €.

The coefficients p(z/¢) and a(z/e) tend weakly to their mean values. Even for times
t ~ 1, the approximations do NOT simply replace p and a by their average values.

Example 1. Consider the simple problem

e _ u = 1 v =
plo/e)u = 1, T A §

u satisfies the homogenized equation

1
plu=f, p" 1:W¢AU(P)-

3. THE TWO SCALE ansatz

Classical Answer. There is a constant coefficient homogenized wave operator a%(9;, d,) so
that on bounded time intervals u¢ differs by O(g) from the solution of a(d;, 9, )w = f.

Bensoussan-Lions-Papanicolaou 1978 take as approximate solution, U(e, ¢, x, z/¢), where
(3) Ule,t,z,y) Za un(t, z,y), 1 — periodic in y .
The right hand side is a formal power series in €. It usually diverges.

Compute

[p(x/e) 0F — diva(z/e)grad|Ul(e, t,z,1/e).
Use 0, — 0, + £719,. Introduce

Ayy = divya(y) grad,,

Ay = div, a(y) grad,,

Azy = divya(y) grad, + div, a(y) grad, .
Find,

p(x/e) 07 — diva(x/e)grad|U(e,t,z,x/c) = Wi(e, t,z,x/e),
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where . .
W(é‘,t, Jf,y) = |:p(y)at2 - ?-Ayy - E-Awy - -A:m:| U<5>ta a:,y).

The profile W has the expansion,
W(tzy) ~ Y " wt,z,y),

n>-—2
with
W = p(y)afuk— (Ayyuk+2 + Axyuk+1 + Amuk)

Study map {u,} — {w,}.

4. (OSCILLATOR PARTS

The operator A,, is a bijection from the mean zero elements of H'(T?) to mean zero
elements of H~'(T?). Its inverse is denoted A, !. The nullspace of A, acting on L*(T?)
consists of the constant functions. Denote by 7 the orthogonal projection of L?(T%) onto
the nullspace. Then

d
up(t,z,y) = mup + (I — mMuy, (7u,)(t, z) = / un(t, z,y) W—%.
Td

T, := the non oscillating part. (I — 7)u, := the oscillating part.

Characterize power series U so that the corresponding W has no oscillatory part, that is,
(I — 7m)w, = 0 for all n > —2. This is equivalent to the sequence of equations,

(4) (I —m) [p(y)@fuk — Ao — Agylpi — Amcuk] =0.

Solve for (I — m)ug o in terms of earlier profiles. Find that (I — 7)w, = 0 for all n <=
(I = m)upys = — Ayl (1 — ) [Awuk+1 + (Ago — p(y)amk} .

The oscillatory part of ugo is expressed in terms of earlier profiles.

Write each earlier profile as u; = mu; + (1 — 7)u;.

Express their oscillatory (1 — m)u; parts in terms of still earlier profiles. The oscillatory
parts are eliminated entirely.

Definition 2. Set xy_; := 0, xo := [. For k > 1 define partial differential operators
mapping functions of ¢,z to functions of ¢, x,y by

Xk<y7 at; az) = _A;yl (I - 7T) |:-A:chXk71 + (Azm - p(y)af)kaZ] )

Xe(t:00,05) = Y can() Oar cox € (I —mHN(TY).
|B1=Fk
In particular, xj is a homogeneous operator of degree k in 0, ,.
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Theorem 3. The following are equivalent.

i. For all j
(5) (I —mw; =0.

ii. As formal power series in €, one has
o0 o o
Zs”un = (Zs@g) (Zekwuk>.
n=0 £=0 k=0

5. THE NONOSCILLATORY HIERARCHY

With the oscillatory parts controlled turn to the nonoscillatory parts that must satisfy,

(6) Twp = ﬁ[p(y)afuk — Apyp — Amuk].
Definition 4. For n > 2, the n** order homogenized operator is
(7) ah(000) = 7((pW)OF — Awe)Xn-2 — AeyXa1).
Theorem 5.
J
(8) Tw; = Z al o (Oh, 0p) T Uy, .
n=0

Theorem 6. (Leap Frog Theorem) For oddn > 1, a = 0.

Bahkvalov and Panasenko 1989 found the elliptic versions of the hierarchies. The hyper-
bolic versions have striking consequences.

6. CLASSICAL HOMOGENISATION AND SECULAR GROWTH

For the approximation to be infinitely accurate for all sufficiently small e, the coefficients
of all powers of € must vanish. Yields the classical algorithm, 7wy, = f and 7w; = 0. for

j#0.

e al(O)mug = f

et ab(O)mu; =0

g2 al(0)muy = —al(0)mug

g3 ah(0)rus = —al(0)muy

et ab(0)muy = —al(0)Tuy — al(0)mug

e ab(0)mus = —a(0)Tus — al(0)muy

5 ab(0)mug = —al(0)muy — al(0)muy — af (9)mug
e ah(0)mur = —al(0)mus — al(0)Tus — al(9)muy

Odd and even decouple. mu; = 0 for j odd. The first line is a recipe for mu.
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7. HOMOGENIZATION 101
e The operator a?(d;,d,) is not obvious.

e Even though u; = 0, u; (¢, z,y) has an oscillating part. €u; (¢, x, z/€) is small in H*(R?)
for all s < 1 but is O(1) in H'.

Need uy to describe the energy. The function u, is given by u; = (1 — m)u; = x17ug in
terms of muyg.

8. SECULAR GROWTH

The n'" term is € u,. For large times the w, can grow. Their rate of growth determines
for how long the term " u,, remains small.

The growth is slower than one might suspect because a”;4 = 0.

Classic energy estimate shows that 0%ug(t) = 9%mug(t) is uniformly bounded in L?*(R?)
for all a # 0. Therefore the source term for mus is bounded as ¢ — co. Duhamel’s formula
shows that muy grows at most linearly. Then 7mu, grows at most quadratically. Continuing
yields the following result. Note especially the 2k on the left and the k£ on the right.

Theorem 7. For |a] > 1,

10 muak (1) || ogaypey < Clask) (O, (t) = (1 +17)"2

9. THE CLASSICAL ansatz FOR LONG TIMES

Theorem 8. Define profiles, constructed from the first k + 1 non oscillating profiles
TUg, TU, - . . , Tl DY

Ur(e,t,z,y) Ze Uy 4+ €T — Tugpyr + €21 — T)ugpso.

The approzimate solution is U*(e,t,x,x/e). Then

|Vio[u(t,2) — Ur(e,t,z,2/e)] < C L)kt

I12gg)

Discussion i. The (2n)™ term in the ansatz (3) is of size e2"#". t ~ 1/¢? is a critical
time scale.

Discussion ii. For any N,6 > 0 choosing a sufficiently large number of terms in the
traditional ansatz guarantees that the error is O(e™) for times t < 1/£27%. The standard
assertion is that it is this accurate on bounded time intervals.
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Discussion iii. mu, grows no faster than t*/2. Without the leap frog structure one would

have found ¢". For systems of conservative wave equations one finds non zero odd order

homogenized operators and this faster secular growth. The critical time scale is t ~ g1

Discussion iv. That a? can be non zero had not, to our knowledge, been observed before.

10. THE FIRST ASYMPTOTIC CRIME FOR LONGER TIMES

For critical times and beyond, abandon the classical ansatz.

Main (criminal) idea. Change the choice of the nonoscillatory parts wu,. For each
e, construct a different wu,. The oscillatory parts (1 — m)u, are given in terms of the
nonoscillatory parts from the classical hierarchy.

The profiles are NOT those of classical homogenisation. The new e-dependent wu,, are
denoted v, (e,t,x,y) and

Ve, t,z,y) ~ Z (e, t,x,y).
n=0

Letting v,, depend on ¢ is our first asymptotic crime. When the v,, depend on € one loses
unique determination of expansions.

11. THE SECOND ASYMPTOTIC CRIME

The residual > e"w, is computed as before. We do not set the w, = 0. This is the
second asymptotic crime.

We set (1 — m)w,, = 0 for all n. That choice yields the oscillatory hierarchy determining
(1 — m)v, from the 7v,. Next choose the mu,.

The nonoscillatory hierachy implies that W — f = n(W — f) is equal to the sum of the
lines

o

@)
<

=

™
s}

w

™
S

(O

> [\
lﬁl_|l?l_|l_|
NI NS DN NS NS

™
<

e [ah(9)mvs + af(0
To avoid secular growth, set mv, = 0 for n > 1.
With that choice, the sum of the lines vanishes if and only if

(9) [ag((?t,x) + EQaZ(ﬁm) + €4ag(8t’z) + - ']WUO = f .
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Bad news 1. The terms %2 a};(0,,) are typically of order 2j in 9,. The more terms
one keeps the higher order is the equation.

Bad news 2. When one keeps only a finite number of terms, the truncated operators
usually define ill posed initial value problems.

i. Equation (9) is a sort of exact solution recipe. To the extent that one finds a 7y, that
solves with small error, that generates a good approximation to u°.

ii. The %+~ 2a§k (04.) are dispersive correctors. The correctors improve the approximation

to uf. For alf, Santosa-Symes 1991 showed improved numerics and Lamacz 2011 proved

L?-error < ¢ for t ~ 72,

iii. A very interesting approach to long times is pursued by Gloria et.al 2017-2020 in ran-
dom media. They construct approximate solutions from high order accurate eigenvalues
of the elliptic part. The analogue of secular growth is that their corrector terms grow as
|z| — co. When that growth can be controlled they construct waves in higher dimensions
that do not have Anderson localisation.

12. AN ELIMINATION ALGORITHM TO MAKE SENSE OF (9)
Eliminate time derivatives other than those in a}(9;.).

Proposition 9. There are uniquely determined homogeneous partial differential operators
Ry;(0y) and aq;(0,) of degree 27, the latter involving only 0., so that in the sense of formal
power series,

[1 + Zsz (at,x)} [Zagj (at,x)} = a2 8“0 —i— Z agj
j=1 j=1 j=2
Multiplying (9) by 1+ >272, Ry; (D) yields
[ 8t :1: Z €2j 2a OJQJ :|7T’UO = |:1 + Z€2jR2j (8,57:,3)] f
j=1

This equation for 7, is second order in time.

13. TRUNCATION TO A FINITE NUMBER OF TERMS

Drop all but a finite number of terms. The unknown function is denoted mwwv%. The

truncated equation is, with R := Z?Zl Ry,

k+1

(10) 4(02) +Ze2ﬂ 2 G (00)| = [1+ B (200) | £

XI-7



GREGOIRE ALLAIRE, AGNES LAMACZ AND JEFFREY RAUCH

Bad news 3. The initial value problem (10) is usually ill posed.

Good news. f is smooth. The Fourier transform of the right hand side decays rapidly.

14. FILTERING

Choose cutoffs ¢; € C°(RY), j = 1,2, with 1/; = 1 on a neighborhood of the origin and
13 = 1 on a neighborhood of supp ;. Define D := (1/i)0,. Choose 0 < a < 1. Filter the
right hand side to obtain,

[alg(@t, ax) + 62’64(833) + -+ 52’“52“2(890)}#@’5 = 77/}1 (S(XD)(l + Rk(ﬁam))f

Fourier transformation shows that there are tempered solutions with transform supported
in e~*{supp; }. Such a solution satisfies 1, (e*D)vf = vk. This yields

[ag@t’ax) + (%4(00) + -+ +82k52k+2(az))¢2(5a1))]w’5 = 1(e"D) (1 + R"(ed.)) f.

15. CRIMINAL APPROXIMATION

The last section derived the recipe,
(11) (ag<8t; aac) + M(é?, k’, am))”“é = 2/}1 (gaD) (1 + Rk(gat,m»fy

k+1

M = Z 52j—2 Zigj(&g) ¢2(€QD>.
j=2

The filtered operator M is small and real. Equation (11) generates uniformly stable initial
value problems. Solving determines 7 vk and therefore V¥*(e,¢,2,9). This can be done
efficiently by FFT. Even for ¢t > 1. The approximate solution is V*(e,t,x,x/¢). This is
the Criminal Algorithm.

Having sidestepped secular growth, this algorithm constructs approximate solutions with
residuals smaller than any desired power of € uniformly in time. The standard duhamel
arguement yields error estimates €"(t) with n as large as one likes. That yields the
following theorem.

Theorem 10. The error in energy satisfies

|Vie (i (t, ) — VE(e, t,2,3/2)) < O ).

lz2egy

Example 11. Choose k with 2k +1 > 2N. Then the error is < Cj, ¥ for t < e V.

Algorithm summary. Two asymptotic crimes. Eliminate time derivatives. Filter.
Solve for mvy. Add the oscillatory parts.
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