
THEORIE D E S NOMBRES Années 1979-1980 
BESANÇON et 1980-1981 

ARITHMETIC OF MATRICES OVER DEDEKIND DOMAINS 

Asha NARANG 



"ARITHMETIC OF MATRICES OVER DEDEKIND DOMAINS" 

(Lecture de l ivered at a Facul ty Seminar in Besançon on 2 . 4 . 1981). 

By Asha NARANG 

Elementary number theory i s done in the ring Z of i n t e g e r s . Here one 
i s i n t e r e s t e d in quest ions like d iv is ib i l i ty which i s the same as the s o l -
vabil i ty of x a = b, so lvabi l i ty of diophantine équations including linear 
équations, system of l inear équations i . e. so lvabi l i ty of matrix équation 
X A = B, arithmetical funct ions, prime factor izat ion and g. c. d. e tc . . . 

T h e s e quest ions have been asked over a Dedekind domain o a lso and can 
be asked quite meaningfully in the set M of al I matr ices (with entr ies ) in 
o . We have tackled some such problems in M. At times we deal with ma-
t r i c e s over k ; k = the f i e ld of quotients of o . 

The tools avai lable are : 

(1) The theory developed by S i e g e l (Ann. of Maths, vol . 38, 1937) to deal 
with matr i ce s (including s ingular matr ices ) over the ring of i n t e g e r s of 
an a lgebraic number f ie ld , which has been extended to the c a s e of 
Dedekind domains by Bhandari (Ph. D. T h e s i s , Panjab U n i v . , Chandigarh, 
India, 1975). In part icular , we u s e the e x i s t e n c e of units, genera l i zed 
i n v e r s e s , their p r o p e r t i e s and notion of discriminant of a matrix. To 
recal l : 

Définit ion : Let A be any matrix in k (notation : A € k). An intégral 
matrix C (i. e . C € o) of the same rank as that of A and sa t i s fy ing C A = A 
i s ca l l ed a left unit of A. 

Such a unit e x i s t s . In fact , these are inf ini te ly many u n l e s s the rank r(A) 
of A equals the number of r o w s of A, in which c a s e the identity matrix 
i s the only left unit of A. S imi lar ly a matrix D € o with r(D) = r(A) and 
sa t i s fy ing A D = A i s ca l led a right unit of A. Further , if D . and D„ 



are right units of A, then D, D_ = D, ; so that, in parti cul ar, units are 1 A 1 
idempotents. 

Définit ion : Given a matrix A with a left unit C, there e x i s t s a matrix 
X with r(X) = r(A) sa t i s fy ing A X = C. The additional condition DX = X 
where D i s a right unit of A, makes X unique. Th i s unique X, denoted 
by A ' , i s ca l l ed the g e n e r a l i z e d C, D - i n v e r s e of A. 

F o r a matrix A in k, ô (A) s tands for the idéal generated by r (A)-rowed 
minors of A. It i s ca l led the discriminant of A. If A € o has d i s cr imi -
nant o, we say A i s a primit ive matrix. If A i s non-s ingular , 
Ô(A) = (det A). So , primit ive matrix i s a genera l izat ion of a unimodular 
matrix. 

A matrix A i s sa id to be left C - r e d u c e d (or C - r e d u c e d on left) if C A = A. 

(2) The theory of modules over Dedekind domains, e s p e c i a l l y the theorem of 
Cheval ley and Ste in i tz , which helps reduce some of the problems to the 
c a s e of genera l i z ed diagonal matr i ce s (i. e. direct sum of matr ices of 
rank l) . 

(3) The observat ion that matr i ce s of rank 1 behave almost like e lements of o 
and e s p e c i a l l y the observat ion that A € k , r(A) = 1 i s intégral if and only 
if ô(A) = o . 

Let us f i r s t cons ider the so lvabi l i ty (in o) of 

So lvabi l i ty of (I) imposes certa in natural condit ions on matr ices A and B 
e. g. B D = B for any right unit D of A, which incidental ly a l so implies 

a lways there and there fore we shall not mention them everyt ime. Clearly , 
the so lvabi l i ty of (I) impl ies the so lvabi l i ty of 

On the other hand, so lvabi l i ty of (II) would imply so lvabi l i ty of (I) provided 
V i s a "cancelable" matrix e. g. if V i s a unimodular matrix or more gene -
ral ly if V i s a left D - r e d u c e d matrix. S o X A = B i s so lvable 

» X A V = B V i s so lvable for any left D - r e d u c e d matrix V 6 o 

» Y f y A V = B V i s so lvable for primit ive reduced matr ices V, and V . 

X A = B ( I ) 

We shall assume that these n e c e s s a r y condit ions are 

X A V = B V for any matrix V € o (II) 



This would be of any use if we can find primitive reduced matrices "U, V 
such that fyAV i s "simple". In this direction, we have proved : 

The équivalence c l a s s tyAV, 1{ and V primitive reduced, contains a 
matrix 

/ A , 0 0 0 0 0 0 
M. . 1 

A = diag C A , . . . , A n l = 0 A 2 0 . . . 0 
• • • 

V ° 
0 0 0 0 0 A 

where A^ are 2 x 2 rank 1 matr ices and ^A^J | Ô^A^jJ for each i . 

Moreover cr = are uniquely determined and are nothing but 

ôi (A) ( 6
i _ 1 ( A ) ) - 1 ; where by (A) we mean the idéal generated by 

i - r o w e d minors of A. 

This i s s imilar to the c la s s i ca l resuit of Smith over Z namely Smith 
# 

normal form of a matrix. We shall say therefore that A i s in the gene-
* { ral ized Smith normal form (S. N. F . ) and write A ~ A ; and that a. = 6 ( A. i v i 

are S . N. F . invariants of A. 

Using this we proved : 

If r ( ( g ) ) = r (A) then X A = B has an intégral solution 

» • ( ( * ) ) - M A ) 

» A , meaning thereby that 3 a primitive reduced matrix W 
B ( fK\ such that W A = ^ g j . 

A » ï ) ~ A 

The non-trivial part i s to show that if = 6 (A), then X A = B has 

an intégral solution. We f i r s t prove it in c a s e A = diag C A^, . . . , A n l , 

and B = (b^ b^ . . . ^ n ) * s o ' v a ' 3 i l i t y of (1) amounts to solving, for 

odd i , (x^ x j + j ) A^ = (b^ We show that under the hypothes i s , 

6 (a^) | so that (x^ x j + j ) i s a 1 x 2 matrix whose d i s c r i -

minant i s an intégral idéal and hence i s an intégral matrix. 



A s it may not a lways be e a s y to apply t h e s e condit ions, we g ive in terms 
of S . N. F . invar iants of A, a suf f ic ient condition for the so lvabi l i ty of 
(I), namely : If the last S . N. F . invariant a of A d iv ides the f i r s t S . N. F . ' n 
invariant b of B i . e . if o b . C lear ly a. b. V i i s a n e c e s s a r y con-1 n 1 ' i i 3 

dition for so lvabi l i ty of (I). 

S o it i s of in teres t to determine S . N. F . invar iants of matr ices . We have 
shown that 

(i) S . N. F . invar iants of A - 1 are just a " 1 , . . . , a"1 where a ^ , . . . , a n 

are S . N. F . invar iants of A . 

(ii) If Ô(A), 6 (B)) = o , A and B have a common unit then S . N. F . inva-
r iants of A B are just â  b ^ , . . . , a^b^ where a , . . . , a n are S . N. F . 
invar iants of A and b b are S . N. F . invar iants of B . This 1 n 
i s a genera l izat ion of a resu i t of Newmann. In the absence of the con-
dition ( Ô(A), ô(B)) = o , the resu i t i s f a l s e e. g. take A = and 

B - ( _ ! $ . 

(iii) We g e n e r a l i z é another re su i t of Newmann and determine S . N. F . in -
var iants of G) , under the condition ( M A ) , M B ) ) = 0 , in terms 
of those of A and B . 

Next we d i s c u s s the so lvabi l i ty of matrix équation 

A X + Y B = T (III) 

under natural réduction condit ions . If 6 (A) , ô(B)J = o, then (III) has 
an intégral solut ion. Consequentl y, in c a s e ( 6 ( A ) , M B ) ) = o, 

( ^ g ) ~ ( 'Q B ) a n d S * i n v a r i a n t s o f ( 'o B ) 3 r e S * Fr* i n v a ~ 

r iants of 

Another quest ion i s the so lvabi l i ty of bi l inear équation 

X A Y = b (IV) 

T h i s problem over Z was studied by Froben ius . In c a s e of Dedekind 
domains, we prove (a n e c e s s a r y and suf f ic ient condition) : 

If r(A) — 2 , then (IV) has an intégral solut ion » (A) | o b . 



In c a s e r (A) = 1, the re su i t i s f a l s e e . g. let A = ( 2 - V = 5 
3 2 + V-sA 

3 J €ZC\fT5] 
and b = 1. 

Next we take up another problem. If X A = B has an intégral solution, then 
we shall say that A i s a right d iv i sor of B (notation : A | B). Notice that 
for any right unit D of B, A D = A . We f ix up a right unit D of B and 
cons ider only such d i v i s o r s as are right D-reduced . Obviously the num-
ber of such A i s inf inité , b e c a u s e if A | B then for e v e r y primitive redu-
ced matrix V , the matrix V A | B . S o we identi fy A with the left équiva-
lent c l a s s containing A and ask if we can count the number of left inequi-
valent right d i v i s o r s i . e. d iv i sor c l a s s e s of B. Again this number i s in f i -
nité u n l e s s the r e s i d u e c l a s s ring o / a i s f in i te for ail i d e a l s o 7^0. We 
impose this condition on o and count the number of d iv i sor c l a s s e s of B. 
S i n c e d i v i s o r s of équivalent matr ices are in o n e - o n e correspondence , 
we count the number of d iv i sor c l a s s e s of S . N. F . of B. To count this : 

(i) We find, in left équiva lence c l a s s of A, a matrix T in the genera l i zed 
Hermite normal form (H. N. F . ). In c a s e of rank 2 , a matrix in (gene-

and T^ be longs to a f i x e d system of "remainders" modulo T^. 

(ii) Count the number of right d i v i s o r s in H. N. F . of S . N. F . of B. 

T h i s number turns out to be f in i te . We dénoté it by d(B) and call it 
"divisor function". In c a s e r (B) = 1 , d(B) = d ( ô ( B ) ) . In c a s e r (B) = 2 , 
d(B) has recent ly been evaluated. In c a s e r (B) ^ 3 , the problem of 
expl ict évaluation of d(B) i s sti l l unsolved, even for the spécial c a s e 

A s an application of S . N. F . of a matrix, we have shown the fol lowing : 
If S (A) = P . . . . p i s the prime idéal décomposit ion of 6 (A), then there 

I S 

ex i s t matr ices p ^ , . . . , p g with ô ( p j = p̂  such that A = p ^ . . . p g . More-
over , p^ and have a common unit. Once it i s proved for s = 2 , it 
f o l l ows for any s . In v iew of S . N. F . of A, it i s enough to prove it in 
c a s e r (A) = 1. To tackle the problem there, the crucial resui t i s : 

where T. are 2 x 1 matr ices i 

o = Z. 

1 primit ive matrix and let Q be any intégral 

idéa l . Then there e x i s t s a 2 x 2 rank 



ô (ViMqJ = 0 . If, in addition, M i s an idempotent, then MMq = Mq . 

Another application of t h e s e r e s u l t s i s made by Sunder Lal and V. C. Nanda 
in their joint paper "On coprime symmetr ic matrix p a i r s o v e r A l g e b r a i c 
number f i e l d s " to appear in Abh. Math. Sem. Univ. Hamburg Band 51 , 
U. Chirs t ian had c o n s i d e r e d 0 function for m a t r i c e s over Z, ( 0(c) = the num-
ber of coprime symmetr ic r e s i d u e c l a s s e s mod c). They extended the déf in i -
tion of 0 to m a t r i c e s over the ring of i n t e g e r s of an a lgebra i c number f i e ld 
and have given a r é c u r r e n c e formula for the évaluat ion of 0 and shown the 
mult ipl icat iv i ty of 0 . 
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