URNAL

de Théorie des Nombres

e BORDEAUX

anciennement Seminaire de Theorie des Nombres de Bordeaux

Lower bounds of discrete moments of the derivatives of the Riemann
zeta-function on the critical line

Tome 25, n°2 (2013), p. 285-305.
<http://jtnb.cedram.org/item?id=JTNB_2013__25_2_285_0>

© Société Arithmétique de Bordeaux, 2013, tous droits réservés.

L’acces aux articles de la revue « Journal de Théorie des Nom-
bres de Bordeaux » (http://jtnb.cedram.org/), implique 1’accord
avec les conditions générales d’utilisation (http://jtnb.cedram.
org/legal /). Toute reproduction en tout ou partie de cet article sous
quelque forme que ce soit pour tout usage autre que I’utilisation a
fin strictement personnelle du copiste est constitutive d’une infrac-
tion pénale. Toute copie ou impression de ce fichier doit contenir la
présente mention de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://jtnb.cedram.org/item?id=JTNB_2013__25_2_285_0
http://jtnb.cedram.org/
http://jtnb.cedram.org/legal/
http://jtnb.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Journal de Théorie des Nombres
de Bordeaux 25 (2013), 285-305

Lower bounds of discrete moments of the
derivatives of the Riemann zeta-function on the
critical line

par THOMAS CHRIST et JusTas KALPOKAS

RESUME. Nous établissons des bornes inférieures incondition-
nelles pour certains moments discrets de la fonction zéta de Rie-
mann et de ses dérivées dans la bande critique. Nous utilisons ces
moments discrets pour donner des bornes inférieures incondition-
nelles pour les moments continus Iy, ;(T) = fOT ICO (S + it)[*at,
ou [ est un entier positif et £ > 1 un nombre rationnel. En parti-
culier, ces bornes inférieures sont de I'ordre de grandeur attendu
pour I, ,(T).

ABSTRACT. We establish unconditional lower bounds for certain
discrete moments of the Riemann zeta-function and its deriva-
tives on the critical line. We use these discrete moments to give
unconditional lower bounds for the continuous moments Iy, ;(7) =
fOT I¢O (3 + it)|**dt, where [ is a non-negative integer and k > 1
a rational number. In particular, these lower bounds are of the
expected order of magnitude for Iy ;(7T').

1. Introduction and statement of the main results

In this paper, we investigate the value-distribution of the Riemann zeta-
function ((s) on the critical line s = % +iR. Recall the functional equation
of the zeta-function,

(L.1)  ¢(s) = A(s)¢(1 —s), where A(s) :=2°75"'T(1 — s) sin(Z).

It follows immediately that A(s)A(1 — s) = 1; hence A(3 + it) lies on the
unit circle for real t. For a given angle ¢ € [0, ), we denote by t,(¢), n € N,
the positive roots of the equation

% = A($ +it)
in ascending order. These roots correspond to intersections of the curve

t— ¢ (% + 4t) with straight lines ¢’’R through the origin (see Kalpokas
and Steuding [10] for more details). In particular, the points ¢,(0) that
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are obtained by the special choice of ¢ = 0 correspond to intersections of
t + (3 +it) with the real axis and are called Gram points (named after
Gram [5] who observed that the first of these points seperate ordinates of
consecutive zeros on the critical line).

For fixed ¢ € [0, 7), the number Ny(T) of points ¢,(¢) which lie in the
intverval (0,7 is asymptotically given by

T T
Ny(T) = — log — logT)).
o(T) = 5 —log 5— +O(logT)
For a proof we refer to Kalpokas and Steuding [10].

In the following, we investigate the growth behaviour of discrete moments
2k

SeTo) = > KV (3 +ital®)]

0<tn(¢)<T

of the zeta-function ¢(s), resp. its derivatives ¢()(s), on the critical line, as
T — oo. Building on methods developed by Rudnick and Soundararajan
[17], resp. Milinovich and Ng [12], we shall establish an unconditional lower
bound for these discrete moments.

Theorem 1.1. For any rational k > 1 and any mon-negative integer [,
uniformly for ¢ € [0,m), as T — oo,

Sea(T, ¢) 15 T(log T)F*+2K+1,

Theorem 1.1 generalizes a result of Kalpokas, Korolev and Steuding [11],
who obtained the lower bound for Sy (7', ¢) in the case [ = 0.

Under the assumption of the Riemann hypothesis, the authors proved in
[1] that for non-negative integers k and [, resp. non-negative real k if [ = 0,
uniformly for ¢ € [0,7), as T — oo,

2
Sed(T, &) <ipe T(log T)F +2K+1+e

with any fixed £ > 0. Thus, T'(log T)¥*+2¥+1 geems to be the true order of
magnitude for the moments S (T, ¢) as T" — oo.

Essentially, the discrete moments Sy ;(T', ¢) act, after some suitable nor-
malization, like a Riemann sum approximating the continuous moments

)= [ |0 (34 t)[ .

Thus, we can deduce from the estimate for the discrete moments in Theorem
1.1 the following estimate for the continuous ones.

Corollary 1.1. For any rational k > 1 and any non-negative integer l, as
T — o0,

I (T) > T(log T)k2+2kl‘
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For I, ;(T") with a non-negative integer | and I, there are classical
asymptotic extensions by Hardy & Littlewood [6] and Ingham [8] which are
in agreement with the estimates above. Furthermore, we must note that in
the case [ = 0, the bounds of Corollary 1.1 were proved by Heath-Brown
[7] for any positive rational & and under the assumption of the Riemann
hypothesis by Ramachandra [16] for any positive real k.

Milinovich [13, Theorem 3.2] showed under the assumption of the Rie-
mann hypothesis that I (T) <xe T(logT)¥*+2k+< for non-negative
integers [ and k and any € > 0. This and Corollary 1.1 suggest that
T(log T)¥*+2M is the true order of magnitude for the moments I (T).
Especially for [ = 0, there are many works which give evidence for this
conjectured order of magnitude: e.g. Soundararajan [19], Heath-Brown [7]
and Radziwill [15].

The paper is organized as follows: In the next section we provide some
preliminary results. In Section 3 we prove key Proposition 3.1 which leads
to Theorem 1.1. In Section 4 we prove Corollary 1.1. In Section 5 we give an
alternative proof for Corollary 1.1 and in Section 6 we close with a remark.

2. Preliminaries
Recall the function A(s) defined by (1.1). By Striling’s formula, we get
1
It
27

uniformly for any ¢ from a bounded interval. Hence,

1 _6721'(;5 o o) )
2.2 = i — 29 (1 —2ki¢ A ( )k
( ) A(S) — 62’L¢ 1— 6_21¢A<8> (& ( + kz::l e (8)

2707it
(2.1) A(a+it)—( ) exp(i(t + T))(1 + O] ™Y)) for [f] > 1

holds for o > . Obviously, A(3 + it) is a complex number on the unit

circle for ¢t € R. Moreover, note that, for ¢ large enough, A(o + it) lies on
the unit circle only if o = 3 (see Spira [18] and Dixon & Schoenfeld [2]).
Furthermore, A’ (% +it) is non-vanishing for sufficiently large ¢ as follows
from the asymptotic formula
A’ i

(2.3) F (ot it) = —log o+ O(|t] ™),

which holds for [¢| > 1 uniformly for any o from a bounded interval.
By (1.1), we can write

(2.4) AL +it) = 200,

where

(2.5) 0(t) = Imlog <F (i + zé)) — %log T,
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is the Riemann-Siegel theta function (see Edwards [3, page 119]) which is
asymptotically given by

t t T 1 7
2.6 O(t) ~ zlog— — =+ — + ———=
(2:6) 1)~ gl e =8 Tt T 57008
The function 0(t) is differentiable and according to (2.6)

+ ... for t > 1.

t
_ 1 1 -2
(2.7) 0'(t) = 5 log e T2t O(t™2)
holds for ¢ > 1. Hence,
t t
1 / 1
slog — < 6°(¢ slog — +1
20g27re< ()<20g2ﬂ'6+

for ¢ sufficiently large. This implies that 6(¢) is monotonically increasing for
t large enough.
Due to (2.4), the solutions of A(3 + it) — e’ = 0 correspond to the
solutions of
0(t) =¢ mod .

Next, we introduce certain Dirichlet polynomials
xn

(2.8) X(s)= 3 22 V()= iTm

s b
n<X m<Y

where X,Y < T. Moreover, we define the following quantities

|n] |ym|
X == = X g —_— — =z
0 glga))(dxnh Vo $2§|ym‘a 1 n;{ o N ngzy -
and set _ _
Tn Ym
Xi(s)=) —5 Yi(s)= ) oL
n<X n’ m<Y m?
We shall use a variation of Lemma 5.1 from Ng [14]. For a proof we refer
to Kalpokas, Korolev and Steuding [11, Lemma 5].

Lemma 2.1. Suppose the series f(s) = Y poq ann™® converges absolutely
for Res > 1 and )2 |ap|n™ < (0 —1)77 for somey>0aso — 1+0.
Nezt, let X (s) and Y (s) be Dirichlet polynomials as defined in (2.8). Then,
uniformly for a € (1,2] we have

J= - /aaHTf(s)X(s)Y(l _ 920 4

270 Jayi A(s)
T T OnTmYmn Y?(log T)2X0y0
2w ( o8 27re> mgX mn + (a —1)7+1 )
mn<Y

where the implicit constant is absolute.

We proceed with a modified version of Lemma 6 of Gonek [4].
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Lemma 2.2. Let [ be a non-negative integer and |t| > 1. Then, uniformly
for o from a bounded interval,

Lo NG ,
Ot —s) =13 <k>C(’“)(s)A(1 — ) <log %) +O(1571+).

k=0

Proof. First, we note that the estimates

tlzote, ifo <0,
(2.9) (Do +it) < q [30-9% ifo<o<1,
|t|¢, ifo>1,

hold for any € > 0 as t — co. The estimates for the case [ = 0 can be found
in Titchmarsh [21, Chapter V]. The estimates for [ € N can be deduced
from the case [ = 0 by applying Cauchy’s integral formula for derivatives of
analytic functions to the zeta-function in a small disc centered at s = o +it.

Next, taking the [-th derivative of both sides of the functional equation
(1.1), we get according to Leibniz’s rule

2100 O-9=3 (,i) (1B (5)ATD (1~ 5),

k=0
Initially, we will show by induction that for every non-negative integer v

211) AW(1—s) =A(1—s) (— log 2’;) + 0@ 3 log 1))

holds uniformly for o from a bounded interval: The case v = 0 is obviously
true. Now, suppose that the assertion (2.11) is proved for v = 0, ..., u — 1.
Differentiating the identity

!/

A(1—-s)=A(1- s)%(l —s)

yields that

p—1 ’ —v—
A(“)(l—s)zz(M_1>A(”)(1_3) (i)(u 1)(1—3),

v=0 v

By (2.3) and Cauchy’s estimate for the derivatives of analytic functions
applied to a small square centered at 1 — s, we find that

A

By the estimate above, (2.1) and (2.3), we can conclude that the assertion
(2.11) holds for ¥ = u; and thus, inductively, for all non-negative integers v.
The assertion of the Lemma follows now immediatelly by combining (2.9),
(2.10) and (2.11). 0

@)
<A> (1—s)<|t|™, forv>1.
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In the next four Lemmas, we will gather several properties of the gen-
eralized s-th divisor function (see Heath-Brown [7, Section 2]): Let x be a
positive real number. The generalized k-th divisor function d,, : N — R is
defined by the coefficients dy(n) of

C(s)" = Z d(n)n™%, o> 1.
n=1

The function dy(n) is multiplicative and on prime powers given by

. D(k+7)
d = ——
If k is a positive integer the definition above coincides with the definition
of the divisor function
dw(n) = Z L.

n1,...,NxEN
Ny Ng=n

The generalized k-th divisor function satisfies the following properties:

Lemma 2.3. Let k be a positive real number and n a positive integer.
(1) For k >0 and n > 1 ,we have d.(n) > 0.
(2) For fizred n, di(n) increases with respect to k.
(3) For fized k > 0 and € > 0, we have d,(n) <K nc.
(4) If j is an integer, then

dnj(n) = Z dﬁ(nl)dn(TLQ) e d,i(nj).

n=ninz...n;
For a proof, we refer to Heath-Brown [7, Lemma 1].

Lemma 2.4. Let A\, u be fixed positive real numbers. Then,
Y da(n)dy(n) =5, x(log x)M!
n<x

and, thus,
Z da(n)d,(n)n~" <, , (logz)™.

n<lx
The first assertion of Lemma 2.4 can be established by the Selberg-
Delange method (see Tenenbaum [20, Chapter I1.5]) based on Perron’s for-
mula and contour integration. The second assertion then follows by Abel’s
summation.
Let ¢(m) denote Euler’s totient function that is defined by

p(m)= > L

n<m
(n,m)=1

Then, we have the following.
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Lemma 2.5. Let A\, p be fized positive real numbers. Then,

> da(m)d,(m) (SOSnm))“ v w(log )l

m<x

and, thus,

m)\*
Z dx(m)d,(m) (gp()> m~! = (logx))‘”.

m
m<x

As in Lemma 2.4, the first assertion of Lemma 2.5 can be established
by the Selberg-Delange method (see Tenenbaum [20, Chapter 11.5]) based
on Perron’s formula and contour integration. The second assertion then
follows by Abel’s summation.

P

1
Lemma 2.6. For any rational k = 72 0, m < a2 and x sufficiently

large, we have

d 1 b
s (o )
e n p m
(m,n)=1
Proof. Let k = g be a non-negative rational number. We consider the sum

dy(n)

Taking the ¢-th power, we get

W4 — Z dl (Za 5)

n<Ed
(m,n)=1

)

where the coefficients d;(n,£) are given by

di(n,§) = > d%(nl)d%(ngy--d

ning-Ng=n
n17n27---7nq§f

(nq)-

1
q

As ¢ is an integer, we have, according to property (4) of Lemma 2.3,
Z di(ni)di(n2)---di(ng) =di;(n) =di(n) =1
ning-ng=n q q q J
for all positve integers n. Hence, we can deduce that
di(n,§) =di(n)=1 if n<¢
and
di(n,§) <di(n)=1 if n>¢.
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Thus, we get
1
Y o lewie v L c Mg
n n m
n<¢ n<gt
(m,n)=1 (m,n)=1

Using the inequality
1
) jge < 30 L <My
m

n<g
(m,n)=1

which is valid for m < & 3 and & sufficiently large and can be established by
standard techniques, we get

¢(m)

Om) 1og ¢ < e < 9420
m

m

log &

[un

for m < £2. Therefore,

(2.12) (‘Wlogg)é <W< <2q¢(;nn) logé’);

for m < £2. Taking the p-th power of W yields that
de(n,§)
q

with coefficients

de(n,€)= > di(n)ds(ng)-di(ny).
n11,n22,...,£p_§§

By the same reasoning as above, we obtain that

dp(n) dp(n)
Y, os=wrs ),
n<e " n<gp
(m,n)=1 (m,n)=1

Using the upper bound for WP from the above inequality and the lower
bound for W from (2.12), we get

dr(n z
Z di(n) _ Z L) > WP > <qﬁ(m)10g£> ]
n<er n<er " m
(m,n)=1 (m,n)=1

for m < E%. Setting z = &P yields the assertion of the Lemma for m <
1
x2r g
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Lemma 2.7. Letl be a non-negative integer, v and k non-negative rational
numbers. Then

| ld d
Z (logm)‘d,(m)dy(mn) >0 (log x>l+kr+k.
= mn
mn<z

Proof. Let k = % > 0 be a rational number. We consider the sum

log m)td,.(m)dy(mn logm)td, (m dip(mn
oy Gomm)dm)d(mn) _ <~ (logm)'ds(m) s~ di(mn)

ol mn o<s m i

mn<x m

Certainly, the following estimates hold

s 3 tosm)fdelmdi(m) 5~ dutn)

m<z m n<> n
(m,n)=1
(log m)d,.(m)dy(m) di(n)
>
1 Z 1 m 2:2;; n
23T <m<g T n<z%

Now, Lemma 2.6 yields

W= @p+1)7" (p+ %)"“ (loga) ™ 3 dy(m)dg(m) (gb(m))k |

1 1
2 3PFT <M<z THT

By Lemma 2.5, we get
174 >>k,l,r (10g x)l+kr+k

and the Lemma is proved.

3. Proof of Theorem 1.1

In order to prove Theorem 1.1 we consider the discrete moments
(3.1)

$iT0) = Y V(3= ita(9)) X (& +ita(0)) Y (% — itul9))

0<tn(p)<T
and
(3.2) ST = Y [x(E+ita@)]
0<tn(9)<T

with Dirichlet polynomials X (s) and Y(s) defined in (2.8). Our first aim is
to prove the following.
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Proposition 3.1. Let X(s) and Y (s) be Dirichlet polynomials as defined
in (2.8). Then uniformly for ¢ € [0,7), as T — oo,

(3.3)
! k
2 l (logn)*xmYmn T T
T. &) —e =29 —1)Htk ST mImn © p o (1 )
S1(T, ¢) =e ];( ) I > p— 5 -kt | log o
=0 m<X
mn<Y
T T (log m)l YmTmn
1)Y= (10e — e Jmemn
+(=1) 27 ( 8 271'6) mz:y mn +O(R),
mn<X

where P, (z) is a polynomial of degree n and
Ri = (X + Y) (T2, D) + TXM) + XY 3T XV + T X

moreover, uniformly for ¢ € [0,7) as T — oo,

T T |z |2
(3.4) So(T, ¢) = %(log 27T6> Z " + O(Ry),
n<X
where
’xn’2

+ X (log T)3X2.

Ry =XVT(logT)* >
n<X
Proof of Proposition 3.1. A proof of statement (3.4) can be found in [11,
Proposition 9, equation (10)]. Thus, it only remains to prove (3.3).
We begin with the estimates

(3.5) X (5 +it)| < Z'\x}‘: Zﬁ'fﬁ'gx/)?xl,

n<X n<X
Y (3 +it)| < VY

the first one follows from a well-known bound for the zeta-function on the
critical line (see Titchmarsh [21, Chapter V]) in combination with Cauchy’s
integral formula for the derivatives of an analytic function applied to a small
disc centered at s, whereas the second and third assertion are straightfor-
ward. Hence, in order to prove (3.3), it is sufficient to consider the sum over
c <tp(¢) < T, where ¢ > 327 is a large absolute constant.

Next, without loss of generality, we can assume that T = %(t,(¢) +
tu+1(¢)) for some v € N since, by (3.5), for any Ty > T with Tp — T < 1
we have

Y (OE — it (0)X (A + it ()Y (L — itn(9) < XTY 2T XD
T<tn(¢)<To



Moments of the zeta-function and its derivatives 295

Since the points s = 1 + it,(¢) are the roots of the function A(s) — e*?,
the sum in question can be rewritten as a contour integral:

Yo (DG = ita(@) X (5 +ita()Y (5 — itn(9))
_ 1 A'(s) ,
= %/DC(Z)(]_ — S)X(S)Y(l — S)st,

here [J stands for the counterclockwise oriented rectangular contour with
vertices a +ic, a +iT, 1 —a +iT, 1 — a + ic, where a = 1 + (logT)~*.
Let Z; and Z3 be integrals over right and left sides of contour, and Z, and
74 be the integrals over the top and bottom edges of the contour. We may
assume the constant ¢ so large that the relations

|A01+i0|==(17)Ulﬂ(1+(Xf”))§2<£t)_U2<:;

2T T

hold for any ¢ > c.
Moreover, we observe that for s = a + it we have

| X(a+1t)] < Z oy < A,

n<X
36 Y-a—in< S vy,
m<Y m
00 ‘ " —1/2 oo 1
k=1 T k=0

In view of (2.2) and Lemma 2.2 we have

Iy = e 20(—1)H! ; (é) /CT (log 27;T>l—k
x d (1 /aa+ir ¢ (s)X ()Y (1 - S)i’(s) (1 N i 62ik¢A(s)k>dS>

27 Jatic =
+O(YT2rx ),

where the error term comes from the application of (2.2), (3.6), and the
error term of Lemma 2.2, i.e.

L[ e s _Séls Ooe—Qikq5 k) ds
zﬂ/aﬂ.c Ot ™)X ()Y (1 )A()(H;1 A())d

< YTiTx,)),.
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In order to evaluate 77, we first consider j; + jo where

ii= g [T ORI (-8 ()

27 Jatic
and
1 a+ir / e
Jo = 2m/a+ (M ()X (s)Y (1 —s) K Ze—mm )eds.

By (3.6) we have

< YTitex .

7 log tdt
: (k) g
< Y X, /
|jo] ¢ (a) 11 g Vi

Applying Lemma 2.1 to ji, we get

k
= (—1)k+1T<1 gT> > (logn)"zmyrn + O (YT°Xb) -

27 2me o mn
mn\gY
Hence,
k
o0 (1) (logn)* @mymn T |, <1 T)
—e Z <k> > — 5 D | log o
m<X
mn<Y
FO(YTTT XY + YT Xy + T X ),
where

T T T N -
g Frown (g ) o = [ (s g ) a5 (e ))

and P,(z) is a polynomial of degree n. The additional error term for Z;
comes from the bound

—Qubz l+k<> Z (log n)* T Yumn < TX .
k

m<X mn
mn<Y

In a similar way we may compute Z3. We observe that
A'(1 —a+it)
Ot 1—a+it)Y(a—it :
I3 = QW/C X( a+it)Y(a Z>A(1—a+it)—621¢

This yields in combination with X (s) = X1(3), Y (s) = Y1(3) (see (2.8))

1 patiT A'(1—s)
- @ _
o= /+ )X (1= 9)Vilo) gy — gl



Moments of the zeta-function and its derivatives 297

In view of (2.2) we find that

I___l““Tdex(1—$Y(@A%$(1+§§amwAgﬁ>m
s 21t Jatic ! ! A =1
__(.73 +j4)7
where
1 a+iT A/
= ) _ =
=50 ) ¢ (s)X1(1 = s)Ya(s) 1 (s)ds
and
R T et 2k )
]4:27”,/* ¢D(s)X1(1 - 8)Yi(s Z A(s)"ds.

By (3.6) we get
jal < XT3Hx, ).
Using Lemma 2.1, we find that
— T T 1 Y Tom
Tz = (—1)l(log ) Z (Ogm) Ym Tmn

mn
m<Y
mn<X

+ O(XTTH X1 + XT X)).

In order to estimate Zs we first note that the following inequalities hold
along the line segment of the integration:

|<(l)(1 —8)| <<T%+€, |X(S)| < Z |:I;;1|n1—a < le—aX17

n<X

’Y(l — S)’ S Z klj:na <K Yayla

n<Y

and, finally,

‘C(l)(l — )X ()Y (1-s)| < Té‘“)ﬁ)ﬁX()i)a

1 Y 1—a Y a
cxriens((3) "+ (5))

< (X + V)Tt ).
Next, by (2.3) we get

Al(s)  A(s) 21 .
A(s) —e?®  A(s) (1 + A(s) — ezm) < (108;T)<1 + M)




298 Thomas CHRIST, Justas KALPOKAS

The second term in the brackets is bounded by an absolute constant. Indeed,
in the case o > % + %(log %)_1 we have by (2.1) for sufficiently large T’

1/2—0
Ao +iT)| = (;) (1+0(T) < e BA+0T™) <

and hence |A(s) — €?®| > 1 — |A(s)| > 3. Similarly, in the case 0 <

5 — 2 (log %)71 we get for sufficiently large T

2
|A(o +iT)| > (1 +0(T7Y)) > %, |A(s) — %] > g —1=3

N | —

Finally, let

Then, using the relations
A(3+iT) = e 2T Ao +iT) = e 27D (14 0(T7)),

where 7 = (T'/ (277))1/ >~ and ¥ = U(T) denotes the increment of any fixed

continuous branch of the argument of 7=*/2I'(s/2) along the line segment

-1/3 < 1/3 and

with end-points s = % and s = % + T, we have e <7<e
Ao +iT) — % = (A(o +iT) — AR +4T)) + (A(3 +1iT) — e*?)

= (1 — e 2" — 2i'® D sin (¢ + 9) + O(T™H)
= e (7 — 1) cos 9 + 2sin (9 + @) sin p—
—i((1 — 1) sin® + 2sin (9 + ¢) cos ¢)) + O(T ™).

Thus, we obtain that

|A(0 +iT) — €% = (7 = 1)2 + drsin? (9 + ¢) + O(T )
> 4rsin?(0 4 ¢) + O(T 7).
Using the fact that T = 1(¢,(¢) + t,41(¢)) for some v, we finally get

sin?(9 + ¢) = sin? (771/ + g + O(T_1)> > sin? g = Z

for sufficiently large 7', and hence,
; 3
|A(o +iT) — 9> > 4. 16*1/3 +O(T™Y) > 2.
Thus, [A(s) — €%¢| > 1 for any s under consideration. Hence

T < (X +Y)T2Hx ).

The integral Z, can be estimated in a similar way and, thus, relation (3.3)
is proved. O
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Now we can proceed to proof Theorem 1.1.

Proof of Theorem 1.1. Suppose that k = IT; is a rational number with p >
g > 1 and (p,q) = 1. Let [ be a non-negative integer. We set r := p — ¢
and choose & := TY(4) First, we define fixed coefficients for the Dirichlet
polynomials X (s) and Y (s) in (2.8) via

where dm (n;€) is given by
q

d%(n;g): Z di(ny)...di(ny)

n=ni--Nm
N1, MM <€

for m = p,r. From property (5) of Lemma 2.3 we can easily deduce that
dm(n;€) =dm(n) for m < £ and 0 < dm(n, ) < dm(n) for m > &.
Now, let S1(T,¢) and S2(T, ) be the moments given by (3.1), resp.

(3.2), with respect to the above chosen Dirichlet polynomials X (s) and
Y (s). Holder’s inequality assures that

1/(2k)
|51<T,¢>|s( > \<<l><;+itn<¢>>|2’“) y

0<tn(¢)<T

X( 2 X (L 4 it (9)) Y.

0<tn(¢)<T
VG ity ) T
D) n
A 1-1/(2k)
—( X KOG +it@)*) T same)' T,
0<tn(¢)<T

Thus, we have

2k
C l—{-itn(qb) 2k > (Sl(Ta¢)) —
0<t%)<T| £ ) (S2(T, )"
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We proceed with bounding Si(7,¢) from below: by statement (3.3) in

Proposition 3.1, we have

l
T T
Tqb :Z l+]<> _Pl]+1<10g2>21

7=0
T T
2— <log 2) Yo+ O(Ry).
By Lemma 2.4,
(log n)?de (m; §)d:x (mn; €)
1= ¢
m<EP,mn<E” mn
‘ dz(n)
< (log&) 3 Y da ()
n<gr ln
. dz(n)de1(n)
~ (log g7y Y
n<E”
By -1+

and by Lemma 2.7,

The error term of S1 (7, ¢) is bounded by

L de(n; € dr(m; L
Rl < (§p+£r)T§+5 Z q< ) Z q(:nng) +£p£rTg+e

n<EP n m<Er

< T3/4+E < T4/5.

Thus, we obtain that

1S1(T, ¢)| > T(log T)* 141,
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Moreover, for S2(7T, ¢) we have by statement (3.4) of Proposition 3.1 and
Corollary 2.4 that
d3 (n; €)
q

n

O (VT (log T)F )

$u(7.0) = 5 (105 5 ) 3

2me Ryt
< T'(log T)k2+1.
Altogether, we get

2k
C l—l—itn (25 2k > (Sl(Tv(b)) —
0<tn(z¢)<T| (2 ( ))‘ (52(T7¢))2k '

and Theorem 1.1 is proved. O

> T(log T)k2+2kl+1

4. Proof of Corollary 1.1

In order to prove Corollary 1.1 we will use the following proposition
which allows us to express the continuous moments I, ;(7T") in terms of the
discrete moments Sy, (T, ¢).

Proposition 4.1. Let k be any non-negative real number and | any non-
negative integer. Then, for T large enough,

/QT\c“( +zt>‘ 0/ (t)dt = /0 c® (%+itn(gb))‘2kd¢.

T T<tn( ¢>)<2T

Proof. We set g(t) := ’((l)( + zt)’ and choose a constant ¢ > 0 such that

the Riemann-Siegel theta function 6(¢) is monotonically increasing for t > c.
Let T'> c and T; := tp;+4(0) with i = 0, ..., N denote the Gram points that
lie in the interval [T, 27T]. We define a smooth function [¢/7,00) 3 x — t,
via

O(ty) =7 - x.
Then, t,,4/x = tn(¢) for every positive integer n and every ¢ € [0, 7).
Hence, we get

an [ e = f”<mm>4%mmwwm
= (tntw)d(m(n 4 u)) = /01 9(tniu)mdu

/ (tnsom)md(é/m) = [ gltn())do,

Therefore,
Tn Tn tnt1
/ g()6 (t)dt = / g(t)do(t) = / £)db(t
Ty T M<n<M+N tn
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_/ ( g(tn(gb))) d¢:/”< > g(tn(cb))) do.
M<n<M+N 0

T1<tn(¢$)<Tn
Noting that the segments [T,7T;] and [Tw,27T] can be treated in a way
analogue to (4.1), the assertion of the Proposition follows. O

We are now ready to prove Corollary 1.1.

Proof of Corollary 1.1. Using the asymptotic extension (2.7) for 6'(t),
Proposition 4.1 yields for any rational £ > 1 and any non-negative inte-
ger [

. 2%
/ ’C(l( —|—1t)’ dt = 10gT/ - (¢<2T‘C(l) <%+ztn(¢)>‘ do.

Combining this with Theorem 1.1, we get for any rational k > 1 and any
non-negative integer [

T/27

/1 ICO @ +it)|*dt > Z//2 . (3 +it) Pt
10 7 €O (G + itn(0))P*de
g T T
ST <tn(¢> )<
> T(log T)*+2H.
Thus, Corollary 1.1 follows. O

5. Alternative proof of Corollary 1.1

Using a method of Rudnick and Soundararajan [17], the assertion of
Corollary 1.1 can be proved in a direct way without relying on the discrete
moments Sy (T, ¢) and Theorem 1.1. We will demonstrate this proof for
the case [ = 0:

By Cauchy’s residue theorem we have

1 a+iT —HT
— / / / ()Y (1 — s)ds = 0,
27 a+i a+iT +4iT +1

where X (s) and Y (s) are defined by (2.8) and a = 1 + (log7)~!. We can
conclude that

= / 7 )X (5)Y (1 — 5)ds

270 J 14

1 a+1T +2T
= / + / (s)Y (1 — s)ds.
211 a+i a+iT +i
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The second and the third integral on the right hand side are bounded by
1
< (X +Y)T2 X)), (see the proof of (3.3)). Thus, we get

/1T<(§+it) (3 +i)Y (3 —it)at

= l/fT ()X ()Y (1 = s)ds + O((X + Y) T30, 00).

The integral on the right hand side can be evaluated as

Saymy [ ()

m<X k<Y

=7 Y I 0 (log T) X)),
mn
m<X
mn<Y
where the error term comes from the off-diagonal terms (see the proof of
Lemma 5 in Kalpokas, Korolev and Steuding [11]). In a similar way we can
show that

T 2
/ X +iPd =T 2l L O(Ry),
1 n<X n
where Ry is the same as in (3.4).
Now, we follow the proof of Theorem 1.1, where k,p,q,r, X, Y, are the
same. We set

di(n)
(s): = ——,
n<
wo=(5 4 - 5
¥(s) :< dl(sn)>p_ dp:z, )

Hence,
A1 =X(s) and A(s)F =Y (s).
By Hoélder’s inequality we get

[" e A+ A - ok
1

1 2k—1

T 2k T ok 2k
< (/ ¢(3 +it)!2’“dt> (/ AL + i) 1Al —it)k|2k—1dt> .
1 1
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Thus, we have

. . — . 2k:
v G A A — it 15, 2
|G+t > . BT = T
! (S 1AG + it)[2eat) 2

First, we bound |S;| from below. We have

dr(m;€)de ;
g e

m<X
mn<Y

P2
a )

> T(log T)( )

mn

since the sum in |S]| is the same as X3 in the proof of Theorem 1.1.
Next, we bound Sy from above. In the same manner as for |S2(T, ¢)| in
the proof of Theorem 1.1 we obtain that
py2
al .

Sy < T(logT)'s)

Altogether it follows that
T 2
/ IC(L +it)|*dt > T(log T)*
1

holds for any rational number k£ > 1.

6. Remark

As a consequence of Proposition 4.1 we have for any non-negative integer
[ and any non-negative real k

max > ]d” (3 —i—z’tn((b))’% > logT/T2T \c“) (3 +it)‘2k dt.

OE0m) 1oy () <or

Now, using the unconditional lower bound for Iy o(T") by Heath-Brown [7],
resp. the conditional one by Ramachandra [16], we can deduce that

max Z ‘C (% + it) ’% > T(log T)k2+1.
OO et (@y<ar

holds for any rational k > 0, resp. under the assumption of the Riemann
hypothesis for any real £ > 0.
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