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The divisor problem for binary cubic forms

par Tim BROWNING

RESUME. Nous étudions l’ordre moyen du nombre de diviseurs
des valeurs de certaines formes binaires cubiques qui ne sont pas
irréductibles sur Q et discutons quelques applications.

ABSTRACT. We investigate the average order of the divisor func-
tion at values of binary cubic forms that are reducible over Q and
discuss some applications.

1. Introduction

This paper is motivated by the well-known problem of studying the av-
erage order of the divisor function 7(n) = 34, 1, as it ranges over the
values taken by polynomials. Our focus is upon the case of binary forms
C € Z]zy,x2] of degree 3, the treatment of degree 1 or 2 being trivial.

We wish to understand the behaviour of the sum

T(X;C)= > 7(C(w1,12)),

z1,22<X

as X — 00. The hardest case is when C' is irreducible over Q with non-zero
discriminant, a situation first handled by Greaves [7]. He establishes the
existence of constants cg, c; € R, with ¢y > 0, such that

T(X;C) = ceX2log X + c1 X2 + O, (X2 15 te),

for any € > 0. Here, as throughout our work, any dependence in the implied
constant will be indicated explicitly by an appropriate subscript. This was
later improved by Daniel [4], who improved 2— 1—14 +eto2— %—Fe. Daniel also
achieves asymptotic information about the sum associated to irreducible
binary forms of degree 4, which is at the limit of what is currently possible.

Our aim is to investigate the corresponding sums 7'(X) = T(X; L1 LaL3)
when C' is assumed to factorise as a product of linearly independent linear
forms Ly, Lo, Ly € Z[x1, 22]. In doing so we will gain a respectable improve-
ment in the quality of the error term apparent in the work of Greaves and
Daniel. The following result will be established in §4.

Manuscrit recu le 28 juin 2010.
Classification math. 11N37, 11D25.
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Theorem 1. For any € > 0 there exist constants cg,...,c3 € R, with
co > 0, such that

3
T(X) =3 ciX2(1og X)* ™ + Oc 1y 1a,1s (X257,
i=0

Our proof draws heavily on a series of joint papers of the author with
la Breteche [2, 3]. These involve an analysis of the more exacting situa-
tion wherein 7(LqLoL3) is replaced by r(LiLoLsLys) or 7(L1L2Q), for an
irreducible binary quadratic form Q.

One of the motivations for studying the divisor problem for binary forms
is the relative lack of progress for the divisor problem associated to poly-
nomials in a single variable. It follows from work of Ingham [8] that

Z T(n)T(n+ h) ~ %U_l(h)X(logX)2

n<X T
as X — oo, for given h € N. Exploiting connections with Kloosterman
sums, Estermann [6] obtained a cleaner asymptotic expansion with a rea-
sonable degree of uniformity in h. Several authors have since revisited this
problem achieving asymptotic formulae with h in an increasingly large
range compared to X. The best results in the literature are due to Duke,
Friedlander and Iwaniec [5] and to Motohashi [9].

A successful analysis of the sum

Th(X) =Y 7(n—h)T(n)7(n+ h),
n<X
has not yet been forthcoming for a single positive integer h. It is conjectured
that Tj,(X) ~ ¢, X(log X)? as X — oo, for a suitable constant ¢, > 0.

A straightforward heuristic analysis based on the underlying Diophantine
equations suggests that one should take

11 1,2 2
(1.1) cn = 8f(h)1;[(1—p> (1+5),
where f is given multiplicatively by f(1) =1 and
(1.2) f) = (1+3)(1=3)
52 _ 41415 S
T~ T ifp=2,

for v > 1. In the following result we provide some support for this expec-
tation.

Theorem 2. Let e > 0 and let H > Xite, Then we have

> (Th(X) — cnX(log X)?) = o(HX (log X)?).
h<H
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This result will be established in §5, where we will see that H X (log X)3
represents the true order of magnitude of the two sums on the left hand
side. It would be interesting to reduce the lower bound for H assumed in
this result.

Throughout our work it will be convenient to reserve i,j for generic
distinct indices from the set {1,2,3}. For any h € N3, we let

(1.3) A(h) = {x € Z* : h; | Li(x)},
(1.4) o(h) = #(A(h) N [0, hihohs)?).
It is clear that A(h) defines an integer sublattice of rank 2. In what follows

let R always denote a compact subset of R? whose boundary is a piecewise
continuously differentiable closed curve with length

d(R) < sup max{|z1],|z2|}.
xER

This is in contrast to our earlier investigations [2, 3], where a hypothesis of
this sort is automatically satisfied by working with closed convex subsets
of R%. Let d,D € N? with d; | D;. We shall procure Theorems 1 and 2
through an analysis of the auxiliary sum

Lix)y_(La(x)y _(La(x)
(1.5) S(X;d,D) = Z T( 7 )T( 7 )T( 7 ),
xeN(D)NXR 1 2 3
where XR = {Xx : x € R}. We will also assume that L;(x) > 0 for x € R.

Before revealing our estimate for S(X;d,D) we will first need to intro-
duce some more notation. We write

(1.6) Loo = Loo(Ln, Ly, L) = max{|| Ly ||, [[ La], | L]},

where || L;|| denotes the maximum modulus of the coefficients of L;. We will
set

(1.7) Too = Too(R) = sup max{|x1|, |z2|},
XER
! ! _ .
(1.8) r' =r'(Ly, Ly, L3, R) = 11213%)5(161% |L;(x)].

These are positive real numbers. Furthermore, let D = D1DsD3 and let
§(D) € N denote the largest § € N for which A(D) C {x € Z? : § | x}.
Bearing this notation in mind we will establish the following result in §2
and §3.

Theorem 3. Let £ > 0 and let § € (3,1). Assume that ' X*=% > 1. Then
there exists a polynomial P € R[x] of degree 3 such that

S(X;d,D) = vol(R)X?P(log X)

D5L2+5 £
+ Os( o Too (Toorl

3 2 Tie
) et R,
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where the coefficients of P have size Oz (D LE rs, (1 +7~1)(det A(D))~1).
Moreover, the leading coefficient of P is C' =[], 0,(d, D), with

143 o(p™r, pN2, ps)
(1.9) op(d,D) = (1 - ];) Z p2N1+2N2+2N3
VEZ;)

and N; = max{v,(D;), v; + vp(d;)}.

While the study of the above sums is interesting in its own right, it
turns out that there are useful connections to conjectures of Manin and
his collaborators [1] concerning the growth rate of rational points on Fano
varieties. Consider for example the bilinear hypersurface

W : x0y0+"'+$sys:0

in P x P*. This defines a flag variety and it can be embedded in P5(12) via
the Segre embedding ¢. Let Uy C W be the open subset on which z;y; # 0
for 0 <4,j < n. If H:Ps(s+2) (Q) — Ry is the usual exponential height
then we wish to analyse the counting function

N(B) = #{v € Us(Q) : H(¢(v)) < B}
= i#{(x,y) e 75 x 75! . max lzy;|° < B, x.y =0},

as B — oo, where Z* denotes the set of primitive vectors in Z¥ with non-zero
components. It follows from work of Robbiani [10] that there is a constant
¢s > 0 such that N(B) ~ c¢;Blog B, for s > 3, which thereby confirms
the Manin conjecture in this case. This is established using the Hardy—
Littlewood circle method. Spencer [11] has given a substantially shorter
treatment, which also handles s = 2. By casting the problem in terms of
a restricted divisor sum in §6, we will modify the proof of Theorem 3 to
provide an independent proof of Spencer’s result in the case s = 2.

Theorem 4. For s = 2 we have N(B) = c¢Blog B + O(B), with
12 1\-1 1 1
<(2)21;[(1+) (1+§+ ).

P p?

C =

2. Theorem 3: special case

Our proof follows the well-trodden paths of [2, §4] and [3, §§5,6]. We
will begin by establishing a version of Theorem 3 when d; = D; = 1. Let
us write S(X) for the sum in this special case. In §3 we shall establish the
general case by reducing the situation to this case via a linear change of
variables.

Recall that the linear forms under consideration are not necessarily prim-
itive. We therefore fix integers ¢; such that L} is a primitive linear form,
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with

(2.1) L;=¢L}.

It will be convenient to define the least common multiple

(2.2) L, = [ly,0s,03].

Let ¢ > 0 and assume that " X'~% > 1 for some parameter ¢» € (0,1).
Throughout our work we will follow common practice and allow the small
parameter € > 0 to take different values at different parts of the argument,
so that z°log x <. x*, for example. In this section we will show that there
exists a polynomial P € R|[z| of degree 3 such that

S(X) = vol(R)X?P(log X)
(2.3) P B L
+ O (LEr5er’ 1 (roo + LE vol(R)2) X 17,

where the leading coeflicient of P is [], o, with

1\3 o(p”t, p*?, p*3)
(2.4) op = (1 - *) > T mrrmaia
p VEZ‘";O p

Moreover, the coefficients of P have modulus O (L5 rS (1 + 7'71)%).
As a first step we deduce from the trivial bound for the divisor function
the estimate

(2.5) S(X) <. LErirex?te,

We will also need to record the inequalities

,r/

(2.6) T

< Too < 27 Lo,  vOl(R) < 412

oo

The lower bounds for ro, and 472 are trivial. To see the remaining bound
we suppose that LZ(X) = a;x1 + b;xa. Let AiJ = aibj — ajbi denote the
resultant of L;, L;. By hypothesis A; ; is a non-zero integer. We have

_ biLi(x) —biLi(x) - aiL(x) — a;Li(x)
A’L,j ’ A’L,j ’

z1

for any 4, j. It therefore follows that 7o, < 21’ Lo, as required for (2.6).
The technical tool underpinning the proof of (2.3) is an appropriate “level

of distribution” result. Recall the definitions (1.3) and (1.4). The following

is a trivial modification of the proofs of [2, Lemma 3] and [4, Lemma 3.2].
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Lemma 2.1. Lete > 0. Let X 2 1, Q; =2 2 and Q = Q1Q2Q3. Then there
exists an absolute constant A > 0 such that

vol(XRq)e(d)
d%g ’#(A(d) N XRd) - (d1d2d3)2 ’
d;<Q;

<e LS (MX(v/Q +max Q;) + Q) (log Q)4
where Rq C R is any compact set depending on d whose boundary is a

piecewise continuously differentiable closed curve of length at most M.

Recall the definition of r’ from (1.8). In what follows it will be convenient
to set
X' =X
For any 1 < i< 3 and x € X'R we have

T(L;i(x)) = Z 1+ Z 1

d|Li(x) d|Li(x)

d<vVX' d>VX'
(2.7) = > 1+ > 1
d|L;(x) el Li(x)

4 eV X'<L;i(x)
=7 (Li(x)) + 7-(Li(x)),
say. In this way we may produce a decomposition into 8 subsums
(2.8) S(X) =) S+++(X),

where
Seas(X)= Y m(Li(x))7e(La(x)) e (La(x)).
X€Z2NXTR
Each sum Si 4 4+(X) is handled in the same way. Let us treat the sum
S4.+,—(X), which is typical.
On noting that L;(x) < X’ for any x € XR we deduce that
Sir-(X)= > #(NA)NSa),
dy,d2,d3<VX’
where Sy is the set of x € XR for which d3v X' < L3(x). To estimate this
sum we apply Lemma 2.1 with Q1 = Q2 = Q3 = v/ X'. This gives

o(d) vol(Sq
Ser—(X)— > W
di,do,d3<VX'
e LEre, (roor’%X%E 4 r’%X%JﬁE)’
since I(R) < Too. If 7/ %’ . ¢ T then this error term is satisfactory for
(2.3). Alternatively, if r’ 1> roo X1, then the conclusion follows from (2.5)
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instead. It remains to analyse the main term, the starting point for which
is an analysis of the sum

o(d)
(2.9) MT) =Y 29
5, s
for 171,715,135 > 1. We will establish the following result.

Lemma 2.2. Lete > 0 and T' = T115T3. Then there exist ¢, c;j, cx, co € R,
with modulus O(LS,), such that

M(T) = cﬁlogTi + Z ¢i,j(log T;) (log T;) + Z crlog Ty, + ¢
i=1 1<i<j<3 1<k<3
+ O(LEL? min{Ty, Ty, Ty} 3 T°),
where Ly is given by (2.2) and
(2.10) c=[]op
P

Before proving this result we first show how it leads to (2.3). For ease
of notation we write d3 = z and f(z) = vol(Sq). Let @ = v X'. Since
f(Q) =0, it follows from partial summation that

d) vol(Sq)
I e AL
d1,d2,d3<Q ( 152 3

in the notation of (2.9). An application of Lemma 2.2 reveals that there
exist constants c,ai,...,a5 <. LE, such that

M(Q,Q,2) = c(log Q)*(log 2) + a1(log Q)* + az(log Q) (log 2)
+ azlog @ + aslogz + a5 + Os(LioL*%Z_%QS),
with ¢ given by (2.10). However we claim that
F(2) < vol(R)2QX.
To see this we suppose that L3(x) = agz) + b3z with |ag| > |bs| > 0. Then
—fl(z) = ii_}m0 A7 l'vol{x € XR: 2Q < L3(x) < (2 + A)Q}

— lim A1v01{<y1,y2+zQ_agyl> EXR:0<ys< AQ}
A—=0 b3

< Qvol(XR)?2,
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on making the change of variables y; = z; and y2 = L3(x) — 2Q. This
therefore establishes the claim and we see that the error term contributes

< LELIQF /IQ 1F(2)]= 3=
<. L L2 vol(R)3 Q3+ X
<o L5 L2 vol(R)31/3 X i e,
Moreover, we have
[ e = (1) = ~Xvol(R) + 0rc),

and

/IQ(log 2)f'(z)dz = — /1Q ﬁdz

z
B _/ / dzdx
x€EXR J1<z<Q~1L3(x) <

= —/ (log L3(x) — log Q)dx
xXEXR
= —X?vol(R)log Q + bX?,

for a constant b <. L5 7S, vol(R)(1 + '~1)¢. Putting everything together
we conclude

d) vol
3 W = 2730l(R) X2 P(log X)
dy,d2,d3<Q (drdads)

+ OE(L;TOOT'%X%"‘E)
1
+ O (L5 rs L2 VOI(R)%TI%XEﬁ),

for a suitable polynomial P € R|z] of degree 3 with leading coefficient I, op

and all coefficients having modulus O, (L S, (1 + r'~1)¢). The error terms
in this expression are satisfactory for (2.3). Once taken in conjunction with
the analogous estimates for the remaining 7 sums in (2.8), this therefore
completes the proof of (2.3).

We may now turn to the proof of Lemma 2.2, which rests upon an ex-
plicit investigation of the function p(d). Now it follows from the Chinese
remainder theorem that there is a multiplicativity property

o(g1h1, g2ha, g3h3) = 0(91, g2, 93)0(h1, ha, h3),

whenever ged(g19293, hihahs) = 1. Recall that A; ; is used to denote the
resultant of L;, L; and set

A =|A12A13053] # 0.
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Recall the definition of ¢; and L} from (2.1). The following result collects
together some information about the behaviour of p(d) at prime powers.

Lemma 2.3. Let p be a prime. Suppose that min{e;, v,(¢;)} = 0. Then we

have
e

o(p,1,1) =p=, o(1,p=,1)=p=, o(1,1,p%) = p=.
Neat suppose that 0 < e; < ej < ey for a permutation {1,7,k} of {1,2,3}.
Then we have
— p2eit+ejteg ;
= pTiTe ifptA,
Q(pe ’p€2’p€3) < 26'+e-+ek—’|—min{e- vp(A) }+min{eg,vp (k) } : *
< pretes L}, ifp) A,

Proof. The first part of the lemma is obvious. To see the second part we
suppose without loss of generality that e; < es < es.

When pt A the conditions p® | L;(x) in o(p®*, p®2, p®3) are equivalent to
p°? | x and p® | L3(x). Thus we conclude that

Q(pel,p€2,pe3) — #{x (modp€1+€3) : po3Tes ’ L3(x)} _ p2€1+€2+€3,
as required.
Turning to the case p | A, we begin with the inequalities
o(p™,p2,p™) < p*“Lo(1,p™, p®)
< PP #{x (mod p®t?) 1 p | Agx, p® | Lz(x)}.

Let us write § = v,(Ag3) and A = v,(¢3) for short. In particular it is clear
that 6 > A. In this way we deduce that o(p®, p°?, p®) is at most

erl #{X (modpe2+€3) :pmax{eg—&O} | X, pmax{eg—)\,o} | L;}(X)}
Suppose first that es > §. Then 0 < ex — § < e3 — A and it follows that

o(p™,p®, %) < P #{x (mod p®T0) : p®=A | p2 7O L3(x)}

_ p261 'p63+(5 _p62+)\

— p281+62+63+6+>\,
since Lj is primitive. Alternatively, if es < 0, we deduce that
o(p”, p?, p%) < PP #{x (mod p= ) : prexlesA0h| [5(x)}
_ p2el+2eg+eg+min{e3,)\}‘
Taking together these two estimates completes the proof of the lemma. [

We now have the tools with which to tackle the proof of Lemma 2.2. We
will argue using Dirichlet convolution, as in [3, Lemma 4]. Let

_o(d)
f(d) = didyds
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and let h : N® — N be chosen so that f(d) = (1*h)(d), where 1(d) = 1 for
all d € N3. We then have

h(d) = (u* f)(d),
where p(d) = p(di)pu(de)p(ds). The following result is the key technical
estimate in our analysis of M(T).

Lemma 2.4. For anye > 0 and any 41, 62,93 > 0 such that §1+02+3d3 < 1,

we have
> |h(k)|

where Ly is given by (2.2).

01+02+0:
K61,62,03,€ LioL*H_ 2 %

Proof. On noting that kS'kS2kS? < kS + k3= 4+ k3™, with &y, = 01 + 62 + 03,
it clearly suffices to establish the lemma in the special case § = d3 = 0 and
0<6; <1.
Using the multiplicativity of h, our task is to estimate the Euler product
_ (P, 9™, ) [Py
P - H (1 + Z pl/1+l/2+l/3 ) - HPp’
P v; 20 p

v#0
say. Now for any prime p, we deduce that

(2.11) A", P, 07 = [(u* (™, 072, p")| < (L f)(p™, p™,p™),

whence

pMo f(pP, p™,p% )
Pp si+ Z 0 paLtaztas ' p51+52+53

a;,Bi>
a+B#0

We may conclude that the contribution to the above sum from o, 8 such
that 8 =0 is O(p~1+%1).
Suppose now that 8 # 0, with 3; < B; < B for some permutation
{i,7,k} of {1,2,3} such that Sx > 1. Then Lemma 2.3 implies that
f(pﬁl ,pP2 pPs )p5151 pmin{ﬁj7vP(A)}+min{ﬁk7>\k}
pb1+B2+Ps pBitB ’

< p5151 .

where we have written A\, = v,(¢;) for short. Summing this contribution
over 3 # 0 we therefore arrive at the contribution

< Z Z p5151 _pmin{ﬁh)\k}_ﬁk
1<k<3 max{B1,B2,83}=PLr>1

< Z Zpﬁk(&*lein{ﬁk,/\k}
1<k<3 B >1

< pmaX{Al A2,A3 191 )
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It now follows that

[17 <IT(1+06 ) + Opm=ieny) < 15,13
plA plA

where L, is given by (2.2). This is satisfactory for the lemma.
Turning to the contribution from p { A, it is a simple matter to conclude
that
o(p”, P, 0" L1, L, L3) = o(p”, p**, p**; L1, L, L3).
Hence Lemma 2.3 yields h(p¥,1,1) = h(1,p",1) = h(1,1,p") =0if v > 1
and p 1 A, since then f(p¥,1,1) = f(1,p”,1) = f(1,1,p”) = 1. Moreover,
we deduce from Lemma 2.3 and (2.11) that for pt A we have

b, 0™, p) < A+ m) (A +w)(A+w) D> f™,p",p")
0<n; <y

< +0)* (1 +m)*(1+ws)* max f(p™,p",p™)

SNV

= (]_ + Vl) (]_ + VQ) ( + V3)2pmln{l/1 Z/2,V3}
Thus

17 =1I (1 'y (14 1)2(1 4 12)2(1 + y3)2pmin{u1,u2,u3})

MA oy pl/1(1—51)+1/2+l/3

where the sum over v is over all v € Z;o such that vy + vo + v3 > 2, with
at least two of the variables being non-zero. The overall contribution to the
sum arising from precisely two variables being non-zero is clearly O(p~2).
Likewise, we see that the contribution from all three variables being non-
zero is O(p~211). It therefore follows that

[15 =TI (1+0m ") <. L,
pfA pfA
since §1 < 1. This completes the proof of the lemma. O

We are now ready to complete the proof of Lemma 2.2. On recalling the
definition (2.9), we see that

h(k)

B (I1xh)(d) B
Z: d1d2d3 dizg:Ti dydads _kiz;fi k1kaks Z

Now the inner sum is estimated as

3 1
11 <logTi —logk; + 7+ O(k2T,
=1
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The main term in this estimate is equal to
3

H log T; + R(log T1,log Ty, log T3),

i=1
for quadratic R € R[x,y, 2] with coefficients bounded by <. (ki1ka2ks)®
and no non-zero coefficients of z2,y? or z2. The error term is seen to be
& T¢ max{k:iTi_l}%, with T' = T1T5T3. We may therefore apply Lemma 2.4
to obtain an overall error of

1
(2.12) <. LE,L? min{T;} 27",

where L, is given by (2.2).

Our next step is to show that the sums involving k can be extended to
infinity with negligible error. If a <. (k1k2k3)® is any of the coefficients in
our cubic polynomial main term, then for j € {1, 2,3} Rankin’s trick yields

1
h h )| k2
s Il s~ 9L 1 I
et k1koks et (k1koks)'= T? k€N5 k1k2/€3
kj>Tj kj>T]

which Lemma 2.4 reveals is bounded by (2.12). We have therefore arrived
at the asymptotic formula for M (T) in Lemma 2.2, with coefficients of size
O (L%,), as follows from Lemma 2.4. Moreover, the leading coefficient takes
the shape

s MO 109,

o Fikaks k1k2k73 " o

eNs

in the notation of (2.4). This therefore concludes the proof of Lemma 2.2.

3. Theorem 3: general case

Let d,D € N3, with d; | D;, and assume that v’ X'=% > 1 for § € (i, 1).
In estimating S(X;d, D), our goal is to replace the summation over A(D)
by a summation over Z2, in order to relate it to the sum S(X) that we
studied in the previous section. We begin by recording the upper bound

(VOI(R)X2+E XH'E).
det A(D) o
This follows immediately on taking the trivial estimate for the divisor func-
tion and applying standard lattice point counting results.
Given any basis e, ez for A(D), let M;(v) be the linear form obtained
from d; 1Li(x) via the change of variables x — vie; + vaes. By choosing
e1, es to be a minimal basis, we may further assume that

(3.2) 1< le1| < lez], |eillez| < det A(D),

(3.1) S(X:d,D) <. L. r

OOOO
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where |z| = max |z for z € R?. Write M for the matrix formed from e, es.
Carrying out this change of variables, we obtain

S(X;d, D)= Y T(M(V)T(Ma(v)T(Ms(v)),
VEZ’NXRm
where Ryt = {M~!z : z € R}. Note that M;(v) > 0 for every v in the
summation. Moreover, the M; will be linearly independent linear forms
defined over Z and 0(Rm) < Too(Rm) in the notation of (1.7), where
O(Rm) is the length of the boundary of Rm.

We now wish to estimate this quantity. In view of (3.2) and the fact that
det A(D) = [Z? : A(D)] divides D = D1 Dy D3, it is clear that

Loo(My, My, M3) < DLoo (L1, Lo, L3) = DL,

in the notation of (1.6). In a similar fashion, recalling the definitions (1.7)
and (1.8), we observe that

le1]|ez]
|detM|T°O(R) KL Too(R) = oo

and T/(Ml, MQ, Mg, RM) < min{dl, dg, d3}717“I(L1, Lg, Lg, R) < r.
Note that roo X < roor’%X %, by our hypothesis on 7’. Moreover, since
D2
o(D)’
Lemma 2.3 yields det A(D) > dj ged(dy, £x) " for any 1 < k < 3. Suppose

for the moment that dy = max{d;} > X 1. Then an application of (2.6)
and (3.1) easily reveals that

Too(RM) <

det A(D) =

r2, X *e ged(dy, ()
dy,

3 1 1 7
e LErs (roor’® + L& LIr2 )X aTe,

S(X;d, D) <. Lors( + 7o X 1F9)

(3.3)

where ¢}, is defined in (2.1) and L, by (2.2). Alternatively, if max{d;} < X1

then for any 1 > 0 we have
3

' (My, My, M3, Rap) X% > 7/ X327 >0/ X170 > 1
3
i

provided that ¢ < 6 — %. Taking ¢ = 0 — i € (0, 7) all the hypotheses are
therefore met for an application of (2.3).
To facilitate this application we note that vol(Rn) = | det M| =t vol(R).

Moreover, if m; denotes the greatest common divisor of the coefficients of
M; then m; | £; det A(D). Hence we have

L*(Ml,MQ,Mg,) = [ml, ma, mg] < [51,£2,€3] det /\(D) = L, det /\(D),
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from which it is clear that
1 1
Lo(My, My, M3)2 vol(Ry)? < L2 vol(R)2 < 2L2 7w,

by (2.6). Finally we recall that r'(My, Mo, M3, Ry) = (max{d;})~!’. Col-
lecting all of this together, it now follows from (2.3) and (3.3) that
vol(R) o
X;d,D)= ———X*P(log X
S( ) ) det /\(D) ( og ) + 05(5)7
where the leading coefficient of P is [[, 0, and o, is defined as for o) in
(2.4), but with o(h; L1, Lo, L3) replaced by o(h; My, Ms, M3), and

1 11
£ =DLEre (L2ror't + L2, L2r2 ) X te,
Furthermore, the coefficients of P are all O.(DL5 rS, (1+7'~1)¢) in modu-
lus, so that the coefficients of the polynomial appearing in Theorem 3 have
the size claimed there. Following the calculations in [2, §6] one finds that
1
—_— ;= d,D
det /\(D) l;Igp I;IUP( ’ )7

in the notation of (1.9).

Let us write S(X;d,D) = S(X;d,D; Ly, La, L3, R) in (1.5) in order to
stress the various dependencies. Recall the notation 0 = §(D) that was
introduced prior to the statement of Theorem 3. In order to obtain the
factor 7! in the error term £ we simply observe that

S(X:;d,D; Ly, Ly, Ly, R) = S(X;d,D; 6Ly, 8Ly, 5L3,6 'R).

According to (1.7) and (1.8), the value of 7’ is left unchanged and 7+, should
be divided by d. However, Lo, is replaced by d Lo, and L, becomes §L,. On
noting that L, < £10203 < Lgo, we easily conclude that the new error term
is as in Theorem 3. Finally the constants obtained as factors of X?(log X)°
in the main term must be the same since they are independent of X. This
therefore concludes the proof of Theorem 3.

4. Treatment of T'(X)

In this section we establish Theorem 1. For convenience we will assume
that the coefficients of Ly, Lo, Lg are all positive so that L;(x) > 0 for all
x € [0,1]2. The general case is readily handled by breaking the sum over x
into regions on which the sign of each L;(x) is fixed. In order to transfigure
T'(X) into the sort of sum defined in (1.5), we will follow the opening steps
of the argument in [3, §7]. This hinges upon the formula

— p(erez)p(es) ni n2 ng
T(n1n2n3) o ZN3 20")(ng(€1an]-))‘FW(ng(QQ7"7’2))7-(6263)7-(6163)7-(6162>7
e?eej\nk
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which is established in [3, Lemma 10] and is valid for any n € N3. In this
way we deduce that

p(k)p (k)
T(X) = Z p(erez)p(es) Z mTe,k(X)a
ecNs k=(ky,k2,k kb)) EN*
kikl|es

with

LX) = Y r(E0y,(Lald)y (L)

xEAN[0,X]2 €2€3 €1€3 €1€2

and A = A([eges, k1k]], [e1es, kaks], e1e2) given by (1.3). Under the condi-
tions k;k, | e; and |u(ere2)| = |u(es)] = 1, we clearly have

N = N([ezes, k], [eres, k], ere2),

with k = kik}kok). Thus Tex(X) depends only on k | ejes. Noting that
Tex(X) =0 unless |e| < X, and

3 p(kDp(ky)  p(ged(k, er))u(ged(k, e2))  u(k)

Qw(k1)+w(kz) gw(ged(k,e1))+w(ged(k,e2)) — ouw(k)’
k=(ky,k2,k kb)) EN*
klkfb :gcd(k,ei)

we may therefore write

(a.1) 1) = Y weentes) Y Mg (x)

le|<X kleiea
with Te (X) = S(X,d, D) in the notation of (1.5) and
d = (eze3,e1e3,e102), D = ([ezes, k], [e1e3, k], e1e2).

For the rest of this section we will allow all of our implied constants to
depend upon € and L1, Lo, Ls. In particular we may clearly assume that
oo =1, Lo € 1and 1 < 7' < 1. Now let § = (D) be the quantity defined
in the buildup to Theorem 3. A little thought reveals that

§ > [e], e, 5, k'] > [erez, e3],

since ejey is square-free, where e; = m and k' =
155,
recall that Aj; is the resultant of L;, Ly.
In view of the inequality |e| < X, we conclude from Theorem 3 that

k
Ak A1) and we

Ter(X) = X*P(log X) + O([e1e2, 63]_1X£+a),

for a cubic polynomial P with coefficients of size < (ejezes)®[eres, e3] 72,
since we have det A(D) > 62. The overall contribution from the error term,
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once inserted into (4.1), is

<<X§+a Z \M(ewz)u(e:a)\

<X [e1e2, €3]
< XEJFE Z gcd(eleQ,eg)
h le|<X €1€e2€3

7 1 1
xie y Lsay
€1€9 €3

e1,e2<X h\eleg e3<X

hles

< Xite,

This is clearly satisfactory from the point of view of Theorem 1. Similarly
we deduce that the overall error produced by extending the summation over
e to infinity is

<Xy |u(ere2)p(es)|(e1ezes)®

oS le1e, e3]?

1
< xite Y ged(erer, e3)’[el
2 (o
< Xite

This therefore concludes the proof of Theorem 1.

5. Divisor problem on average

In this section we prove Theorem 2. We begin by writing

> (Th(X) — cpX(log X)?) = 51 — 5o,
h<H

say, where ¢, is given by (1.1). The following result deals with the second
term.

Lemma 5.1. Let H > 1. Then we have
S = cXH(log X)* + O(X H2 (log X)?),

where

4 11 1 1
(5.1) c=-J[(1+=) (1+-+=).

3 el ( p) ( P p2>
Proof. We have Yy = ¢1 X (log X)3S(H), where c; is given by taking h = 1
n (1.1), and S(H) = Y ,<p f(h), with f given multiplicatively by (1.2).
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Using the equality f = (f % ) * 1 and the trivial estimate [x] = = + O(:c%),
we see that

s = S -ns U10 o( £10°28)
d=1 d=1 d=1 2

provided that the error term is convergent.
For k > 1 we have (f * u)(p*) = f(p*) — f(p*~1). Hence we calculate

1+3k7%7 3+§k 4 8k42

a1, b2
(f*m@h) = § PR ifp>2,
for k > 2, and
1 M
(f xp)(p) = 5'1+§’ ifp>2,

In particular it is clear that |(f * u)(p*)| < kp~*, whence

Z’f*,u |<<€Zd—§+a<<1

d=1
for & < L. Tt follows that S(H) = ¢,H + O(H?), where

f * u )(»")
d=1I> —r—
P k>0
64 2\~ 1\ -2 1\ -1 1 1
:33p>2(1+p) (1—5) (1+§) (1+Z+P).
We conclude the proof of the lemma by noting that ¢;c) = c. O

It would be easy to replace the exponent % of H by any positive number,
but this would not yield an overall improvement of Theorem 2. We now
proceed to an analysis of the sum

¥ = Z Th(X) = Z 7(n — h)T(n)T(n+ h),

in which we follow the convention that 7(—n) = 7(n). This corresponds to
a sum of the type considered in (1.5), with d; = D; = 1 and

Li(x) =21 —x2, Lo(x)=x1, L3(x)=ux1+ z2.
The difference is that we are now summing over a lopsided region.
Lemma 5.2. Let H > 1 and let € > 0. Then we have
S = cXH(log X)? + O-(XH(log X)* + X2+ H + Xi1%),
where ¢ is given by (5.1).
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Proof. Tracing through the proof of (2.3) one is led to consider 8 sums

Ef’i’i = Z T+ (n — h)1e(n)1L(n + h),
h<H
n<X

with X’ = 2X in the construction (2.7) of 7. Arguing as before we examine
a typical sum
ST = > #(Md)NRa(X, H)),
dy,da,ds<V2X
where Rq(X,H) = {x € (0,X] x (0, H] : d3v/2X < L3(x)}. An entirely
analogous version of Lemma 2.1 for our lopsided region readily leads to the
conclusion that

d) vol X, H
Z;r,Jr:* — Z Q( )\E(Oj (;22()27 )) + OE(X%-"-EH + XZJ'_&).
d1,d2,d3<V2X 159243

Combining Lemma 2.2 with partial summation, as previously, we conclude
that

o(d) vol(Ra (X, H))
(d1dads)?

2.

= XH(log X)*[] op
di,d2,ds<V2X p
+O0.(XH(log X)* + X11°),

with o, given by (2.4). This gives the lemma with ¢ =[], op.
It remains to show that ¢ matches up with (5.1). For any a € Z3 let
m(a) = max;z;{a; + a;}. For z € C such that |z| <1 we claim that

14 2+ 22

v1,v2,v320
But this follows easily from the observation

S(z)=1+43 Y  2%+3 Y 27T 4275(2).
v1=r2=0 v1=0
v3=>1 vo,v3>1
The linear forms arising in our analysis have resultants Aj o =1,A13 =2
and Ag 3 = 1. Moreover, {1 = {3 = {3 = 1 in the notation of (2.1). Suppose
that p > 2 and write z = l. Then it follows from Lemma 2.3 that

o(p¥,p”2, p*?) () = 1+2z+42°
2V1+21/2+2I/3 - - (1 _ 2)2(1 _ 22) '

I/GZS

If p = 2, it will be necessary to revisit the proof of Lemma 2.3. To begin
with it is clear that o(2"1,2v2,2v3) = 2vitvetvstmin{vi} if ymin ) 3} < vy,



The divisor problem for binary cubic forms 597

If vy < v; < v; for some permutation {7, j} of {1,3} then
0(2"1,272,2") = #{x (mod 2" T"2¥3) . 2" | Ay 3x, 2% | L;(x)}
— 2V1+21/2+l/3+1.

Writing z = % we obtain

Q(2V1 ) 272 ) 2V3)

G\e Ha Hha ) m(v) m(v)—1
22V1+2V2+2V3 - Z z + Z z
VGZ:;O VEZ:;O uezgo
min{v,v3}<re min{vi,v3}>v2
=5(2) + Z sl = )
IIGZ;D
min{vi,v3}>vo
142+ 22 z

- 2202  (1-220+2)
Hence, (2.4) becomes
fpriien
as required to complete the proof of the lemma. O
Once combined, Lemmas 5.1 and 5.2 yield
$1 — Yo <. XH2(log X)? + XH(log X)* + X2 H + X1te,
This is o( X H(log X)3) for H > X%JFE, as claimed in Theorem 2.

6. Bilinear hypersurfaces

In this section we establish Theorem 4, for which we begin by studying
the counting function
No(X) = #{(u,v) € (Z\{0})® : [v| <vo < X2, [u] < 05X, wv =0},
for large X, where |x| = max{|zo|, |z1|, |z2|} for any x = (zg, 21, 22) € R3.
The overall contribution from vectors with |vq| = vy is
< Z #{uecZ: Jul <vg'X, ugvo + urvy + ugvy = 0}
|va|<vo QX%
X2
< Y <X
Joa|<vo< X 2
as can be seen using the geometry of numbers. Similarly there is a contri-
bution of O(X?) to No(X) from vectors for which |va| = vg. Thus we may
conclude that
No(X) = 2°Ny(X) + O(X?),
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where N (X) is the contribution to Ny(X) from vectors with 0 < vy, ve < vg
and ug > 0, with the equation u.v = 0 replaced by ugvg + u1vy = ugve.
Define the region

1
V:{aG[O,l]G:ag,a3<a1<§, al+as —ag < 1, 041+066—Ck3<1},

and set

L1<X) =, LQ(X) = X9, Lg(X) = X1 + T2.
We will work with the region R = {x € [~1,1]? : m129 # 0, x1 + 22 > 0}.
Then we clearly have Ni(X) = R(X), with

R(X)= Y #{ecN'ie|Lix), (€ eV},

xX€Z2NXR
where € = (€1, €2,€3),§ = (£1,&2,&3) and
_ loge; ~ log|Li(x)|
€ =7 N i st
og X log X

Note that for V' = [0, 1]% this sum coincides with (1.5) for d; = D; = 1. We
establish an asymptotic formula for R(X) along the lines of the proof of
Theorem 3. We will need to arrange things so that we are only considering
small divisors in the summand. It is easy to see that the overall contribution
to the sum from e such that e? = Lj(x) for some j € {1,2,3} is

< X° Y #{xeZ’nXR: Lij(x) =} <. X7

Ejé\/y
It follows that we may write
(6.1) R(X)= Y. R™(X)+0:(X7%),

me{+1}3

where R™)(X) is the contribution from m;e; < my/|Li(x)].
We indicate how to handle R-1~1D(X) = Rt~ (X)), say, which is typ-
ical. Writing L3(x) = esf3, we see that f3 < \/L3(x) and

o _ log(fs ' Ls(x)) ~ log f3
3 log X log X~
On relabelling the variables we may therefore write

RF-(X)= #{e cN3: G | Li(x), e; < /|Li(x)] }’

+,4,—
x€Z2NXR (€8 eV

=3

where

VT = {(€,€) € RO: (€1, 6,85 —€3,8) € V.



The divisor problem for binary cubic forms 599

Interchanging the order of summation we obtain
RE¥2(X) = Y #{xeMe)nXR:£cViH (o)},
ecN3
where € € VT~ (e) if and only if (€,£) € VT~ and 2¢; <&,
On verifying that the underlying region is a union of two convex regions,
an application of Lemma 2.1 yields
REH(X) = Z vol{x € XR: £ € VT (e)}o(e )

O.(Xite
et (e1e9e3)? O:( )

Lemma 2.3 implies that

o(e)
€1e9€3

= ng(el7 €2, 63) - f(e)v
say, whence

RV (X) = / > xv (€1, €2,€3 — Eg’g)f(e)derOE(X%“),
XEXR T e1ezes

2¢;<6;
where yy is the characteristic function of the set V. We now write f = hx1
as a convolution, for a multiplicative arithmetic function h. Opening it up
gives

- h(k) 7
6.2 RVTT(X) = / M(X)dx 4+ O (X179,
62 (X)=2 kikoks Jxexr (X) e )
where for k; = }gg?g we set
M(X) = Z XV(ﬁl+/‘61,€2+/£2,§3—63—/13,£).
ecN? €1€2€3
2€;+2K;<E;

The estimation of M (X) will depend intimately on the set V. Indeed we
wish to show that [ M (X )dx has order X?log X, whereas taking V' = [0, 1]6
leads to a sum with order X2(log X)3.

Writing out the definition of the set V' we see that

1 1 1
TS SRS SR S S
e1EN 1 e €N 2 e3€N 3
0<e1+r1<: O<eztra<ertri €3<er1+r1+ez+r3<l
2e1 421 <E1 e1tr1+&2<1+ertk2 2e3+2Kk3<E3

2e2+2Kk2<E2

where ¢; = %82 %5 Ki = igg’; and & = w Further thought shows that

the outer sum over e; can actually be taken over e; such that
£ & 1 & }

§<61+/@1 mm{2 9 —2



600 Tim BROWNING

The inner sums over es, eg can be approximated simultaneously by integrals,
giving

min{el +H1,%}
(logX/ d72+0(1>)<10gX/
max{0,e1+r1+E2—1} max{0,£3—€1—rK1}

min{l—el—ﬁl,%}

dT3+0(1))7

after an obvious change of variables. We see that the overall contribution
to M (X) from the error terms is

£1
< logX/2 (1+10gX dre + log X ’ dTg)dTl
%3 Eat+11—1 §3—11

=1 + 2+ I3)log X,
say. Let Z; denote the integral of I;log X over x € XR. We see that

T < */ (log |z1] — log(w1 + 22))dx < X?2.
2 {xXEXR: z1+z2<|z1]}

Next we note that

> < (log X)? / / dxdridrs
(Tl,Tz)E[O,%]Q {XEXR: 3271, &a2<14+1m0—T1, £E2>0}
27 1+710—71

< (log X)* / / / X dudvdr dr
(11,m2)€[0 1]2 —o0

— (log X)? / XA Ay < X2,
(7—177—2)6[01%]2

and likewise,
73 < (log X)? / / dxdrdrs
(71,7'3)6[0,%]2 {x€XR: &<1, £3<11+73, £2>0}

4 T1+73 9
< (log X) / / / X" dudvdrdrs < X2,
(11,73)€[0,%]2 —o0
Interchanging the sum over e; with the integrals over 7o, 73 one uses the
same sort of argument to show that the final summation can be approxi-
mated by an integral.

This therefore leads to the conclusion that

/ M(X)dx = (log X)3/ /nggl xv (T, €)drdx + O(X?),
x€XR XEXR J2m<Es

273>&3
after an obvious change of variables. We insert this into (6.2) and then, on
assuming analogous formulae for all the sums R™**(X), we sum over all
of the various permutations of m in (6.1). This gives

R(X) = coI(X) + O(X?),
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where

(k) oy .
Y ity 1) = (o8X) Lo [ wir g

Recalling (5.2) we easily deduce that

co =

Z plar)p(az)p(as) Z ged(br, b2, bs)

acN3 ajasas bl bzbg

:1;[(1‘]9) S(;)
:1}(1+;)‘1<1+;+p§).

It remains to analyse the term

beN3

x1 + a2 > 0, |$1’<X
72,73 < 71 < 3,
I(X) = (log X)? vol R? 1% :
(X) = (log X)” vol { (x,7) € R* x [0, 1] l‘ffg‘”gg‘\urg—n,

logx1+12 _
Tog X S Kl4+1m—m7

=ITH(X)+IT(X)+ I (X),

where I'TF(X) (resp. 71 (X), I (X)) is the contribution from x, 7 such
that 1 > 0 and x9 > 0 (resp. 1 < 0 and z2 > 0, 1 > 0 and z3 < 0). In
the first integral it is clear that x7 < x1 + 22 < X so that the condition
|z1| < X is implied by the others. Likewise, in the second volume integral
we will have xo > |z;| and so the condition |z;| < X is implied by the
inequalities involving xs. An obvious change of variables readily leads to
the conclusion that It (X) + I (X) is

1+73—71 14+710—71
— (log X) / / / Xt dududr
{r€l0,5]3:ma,m3<m1} —00

= X?(log X)* / XA

{7’6[0,%]3:72,7'3<7'1}
1
= §X2 log X + O(X?).
The final integral 17~ (X) can be written as in the first line of the above,
but with the added constraint that X* 4+ X? < X in the inner integration

over u, v. For large X this constraint can be dropped with acceptable error,
which thereby leads to the companion estimate

I (X) = %)@ log X + O(X?).



602 Tim BROWNING

Putting everything together we have therefore shown that
No(X) = 23N (X) + O(X?) = 8¢ X?log X + O(X?),

with ¢y given above. Running through the reduction steps in [11, §5] rapidly
leads from this asymptotic formula to the statement of Theorem 4.
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