URNAL

de Théorie des Nombres

e BORDEAUX

anciennement Seminaire de Theorie des Nombres de Bordeaux

Elliptic curves with Q(€[3]) = Q(¢3) and counterexamples to local-global
divisibility by 9

Tome 22, n°1 (2010), p. 139-160.
<http://jtnb.cedram.org/item?id=JTNB_2010__22_1_139_0>

© Université Bordeaux 1, 2010, tous droits réservés.

L’acces aux articles de la revue « Journal de Théorie des
Nombres de Bordeaux » (http://jtnb.cedram.org/), implique
laccord avec les conditions générales d’utilisation (http://
jtnb.cedram.org/legal/). Toute reproduction en tout ou par-
tie cet article sous quelque forme que ce soit pour tout usage
autre que 'utilisation a fin strictement personnelle du copiste
est constitutive d’une infraction pénale. Toute copie ou im-
pression de ce fichier doit contenir la présente mention de
copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://jtnb.cedram.org/item?id=JTNB_2010__22_1_139_0
http://jtnb.cedram.org/
http://jtnb.cedram.org/legal/
http://jtnb.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Journal de Théorie des Nombres
de Bordeaux 22 (2010), 139-160

Elliptic curves with Q(€[3]) = Q(¢3) and
counterexamples to local-global divisibility by 9

par LAURA PALADINO

RESUME. Nous donnons une famille Fj, 3 de courbes elliptiques,
dépendant de deux parametres rationnels non nuls 3 et h, telle que
nous avons la propriété suivante : soit & une courbe elliptique et
soit E[3] son sous-groupe de 3-torsion. On a que Q(E[3]) = Q((3)
si et seulement si £ est une courbe de la famille Fj, g.

De plus, nous considérons le probleme de la divisibilité locale-
globale par 9 pour les points d’une courbe elliptique. Le nombre
9 est une des rares puissances d’un nombre premier pour laquelle
on ne connait pas la réponse a la divisibilité locale-globale dans
le cas de tels groupes algébriques. Dans ce papier nous donnons
une réponse négative. Nous exhibons des courbes de la famille
Fn.3, avec des points qui sont localement divisibles par 9 presque
partout, mais qui ne sont pas globalement divisibles par 9, sur un
corps de nombres de degré au plus 2 sur Q((3).

ABSTRACT. We give a family F}, g of elliptic curves, depending on
two nonzero rational parameters 0 and h, such that the following
statement holds: let £ be an elliptic curve and let £[3] be its 3-
torsion subgroup. This group verifies Q(E[3]) = Q((3) if and only
if € belongs to Fy, s.

Furthermore, we consider the problem of the local-global di-
visibility by 9 for points of elliptic curves. The number 9 is one
of the few exceptional powers of primes, for which an answer to
the local-global divisibility is unknown in the case of such alge-
braic groups. In this paper, we give a negative one. We show some
curves of the family 7}, g, with points locally divisible by 9 almost
everywhere, but not globally, over a number field of degree at most

2 over Q((3).

1. Introduction

Let k be a number field and let A be a commutative algebraic group over
k. Let P € A(k). We denote by M, the set of the places v € k and by k,
the completion of k£ at the valuation v. We consider the following question:

Manuscrit regu le 9 octobre 2008.
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PROBLEM: Suppose for all but finitely many v € My, there exists D, €
A(ky) such that P = qD,, where q is a positive integer. Is it possible to
conclude that there exists D € A(k) such that P = qD?

This problem is known as Local-Global Divisibility Problem. There are
known solutions in many cases, but many cases remain open too. By using
the Bézout identity , it turns out that it suffices to solve it in the case when
q is a power p" of a prime p, to get answers for a general integer q.

When A(k) = G,, a solution is classical. The answer is affirmative for all
odd prime powers ¢ and for ¢|4 (see [1], Chap IX, Thm. I). On the other
hand, there are counterexamples for ¢ = 2¢, t > 3. The most famous of
them was discovered by Trost (see [16]) and it is the diophantine equation
2% = 16, that has a solution in Q,, for all primes p € Q, different from 2,
but has no solutions in Q2 and in Q. This is in accordance with the more
general Grunwald-Wang theorem (see [6], [17], [18] and [19]).

When A(k) # G,, a classical way to proceed is to give a cohomological
interpretation to the problem. It turns out that the answer is stricly con-
nected to the behavior of two cohomological groups. The first of them is the
cohomological group H'(Gal(Q(A[p])/Q), A[p]), where Alp] is the p-torsion
subgroup of A. The second is one of its subgroups, named
H} (Gal(Q(A[p])/Q), Alp]), that interprets the hypotheses of the problem
in the cohomological context. This second group was defined by R. Dvor-
nicich and U. Zannier in 2001 in the following way (see [2]):

Definition. Let ¥ be a group and let M be a 3-module. We say that a
cocycle [¢] = [{Z,}] € HY(Z, M) satisfies the local conditions if there exists
W, € M such that Z, = (0 —1)W,, for all ¢ € £. We denote by H] (X, M)

the subgroup of H'(X, M) formed by such cocycles.

Later, R. Dvornicich and U. Zannier investigated particularly the case
when A is an elliptic curve. They proved that if p is a prime, an affirmative
answer to the problem holds when ¢ = p (see [2], Thm. 3.1, and [20]) and
when g = p", withn > 2andp ¢ S = {2,3,5,7,11,13,17,19,37,43,67, 163}
(see [4], Thm 1). They used a result found by Mazur to count out the primes
in S (see [7]). But in this way, they did not prove an affirmative answer does
not hold in those cases too. So an interesting open question that arises from
their work, is if there exists a counterexample for ¢ = p™, with p € S and
n > 1. They proved even the following theorem, that relates the existence
of a nonzero element in H. (G,Alq]) to the existence of a counterexample

loc
to the Local-Global Divisibility Problem over a finite extension of Q (see

[4])

Theorem 1.1. (Dvornicich, Zannier, 2007)
Let K := Q(&[q]) and G := Gal(K/Q). Let {Zy}seq be a cocycle with
values in Alg) representing a nontrivial element in H]} (G, Alq]). Then
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there exists a number field L such that LN K = k and a point P € A(L)
which is divisible by q in A(Ly,) for all unramified places w of L, but not
divisible by q in A(L).

It is possible to find a suitable field L using the following proposition
(see [4], Prop. 1)

Proposition 1.2. (Dvornicich, Zannier, 2007)

Let Z := {Zs}seq be a cocycle of G with values in Alq] whose image
in H. (G, Alq]) is nonzero. Then there exists an algebraic variety B = By
over k isomorphic to A over K, such that, if L is a number field linearly
disjoint from K over k, Z vanishes in H' (G, A(LK)) if and only if B has
an L-rational point.

In the statement of the proposition the group G is identified with
Gal(LK/L). The idea of the proof is to find the algebraic variety B as
a subvariety of the restriction of scalars H := RE(A) of A from K to k. It
is well known that H is isomorphic over K to the product Hr := [[,cq A7
(see [12]), where A is now simply A, but viewed over K. The subvariety
B is formed by the points D satisfying

D’ —D=127,.

Then B depends on Z and A(L) has the desired properties (see also [5]).
In the proof of Theorem 1.1 it is shown that every L-rational point over
B leads to a point P € A(L) that is locally divisible by ¢ in A(L,,) for all
unramified places w of L, but it is not globally divisible by ¢ in A(L).

In 2004 the same authors have found a counterexample using the method
shown in Proposition 1.2 and Theorem 1.1 , in the case when A is an
elliptic curve £ defined over Q, the integer g is equal to 4 and the group
Gal(Q(£[4])/Q) is isomorphic to (Z/2Z)?, then in particular has order 4
(see [3]). We have recently completed the case of elliptic curves when ¢ =
22, giving answer for all possible Galois groups Gal(Q(£[4])/Q) of a such
curve (see [10]). In particular, we have produced a counterexample for an
elliptic curve with Gal(Q(€[4])/Q) = (Z/4Z)3. No other counterexamples
are known so far. In this paper we produce counterexamples for the case
when ¢ = 32.

Acknowledgments. I would like to thank R. Dvornicich for his precious sug-
gestions during the developing of this work. I am also grateful to P. Gianni
for her advise about the use of Axiom and her help with that software.
Finally, I would like to thank the referee for his remarks about this paper.

2. Elliptic curves with Q(&[3]) = Q(¢3)

To find a numerical example in the case when ¢ = 32, has been more
difficult than the case when ¢ = 22, so we have looked for a p-torsion
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subgroup £[3] of £ as easy as possible. As a consequence of the Weil Pairing,
we have Q(¢p) C Q(&[p]), for all primes p. In 2001 L. Merel showed that if
Q(&[p]) = Q(¢p), then p € {2,3,5,13} or p > 1000 (see [8] and [9]). The
case p = 13 has recently been ruled out by M. Rebolledo (see [11]).

Now we produce the family of all elliptic curves with Q(&£[3]) = Q({3).
In subsection 2.3 we will prove an elliptic curve has the required property
for its 3-torsion group if and only if it belongs to that family.

2.1. The complex case.

Let € be an elliptic curve with Weierstrass form
E: YP=x3+bzx+¢, bceQ

Since E[3] = (Z/3Z)?, we have 8 non-zero points of order 3 on &. Let
x1,x2, 3,24 be the abscissas of those points. It is well known (see [15])
that they are the roots of the polynomial

Uy = 32* + 6b2® + 12cz — b2

Therefore
2
a4+ 2b2% + dex — 3= (x —x1)(x — 22)(x — 3) (T — 4).

We want x1,x9, 23,24 € Q((3). At first, we suppose that 1 = a + /=343,
2o = a— /=30, 23 = v+ V=30, x4 = v — /=30, with a, B3, v, 6 €
Q, B # 0 and § # 0. We require Q(E[3]) = Q(¢3), then, in particular,
we require Gal(Q(€[3])/Q) = Z/3Z. Therefore, a generator of this Galois

group has image
11
0 1

in GL,(Z/3Z), in a certain basis {A, B} of £[3]. Thus, B is fixed by
Gal(Q(€]3])/Q) and the rational 3-torsion points of £ form a subgroup
of £[3] isomorphic to Z/37Z. We have proved the following proposition

Proposition 2.1. Let £ be an elliptic curve, with Weierstrass form y? =
23 +bx+ec, byc€Q, and such that Q(E[3])) = Q((3). Then & has a rational
point of order 3.

Since £ has a rational point of order 3, then the case when § # 0 and
0 # 0 is impossible.

2.2. The rational case.

Suppose 1,2, 23, x4 are all rational numbers. This case is a little bit
more complicated than the previous one, but we will show that it is im-
possible too. As we have already seen, x1,x9,x3,x4 are the roots of the
polynomial
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Uy = 3zt + 6bx> + 12cx — b2

Therefore
b2
x4+ 2022 + dex — 3= (x —x1)(x — 22)(x — 3) (T — 4).

The equation above is equivalent to the system

T1+x2o+x3+724=0 (’L)
(2.2.1) (x1 + x2) (23 + x4) + 122 + T374 = 2b (m)

r1x2(x3 + 24) + x324(T1 + T2) = —4C (#i1)

T1T0w374 = —b?/3 (1v)

Since we require that £ is a non-singular curve, we assume x; # 0 for
some i € {1,2,3,4}. By equation 2.2.1(¢), we also get x; # 0, for some
Jj €{1,2,3,4}, 7 # i. We may suppose z3,x4 # 0. Therefore the equation
2.2.1(iv) can be written as x129 = —b?/(3x324). Furthermore, the equation
2.2.1(i) can be written as z1 + x2 = —(z3 + x4) and then the equation

2.2.1(i7) yields
b2
= 2b.

2
—(x X T3x4 —
(3 4 14)" + 2374 B2t

We find
b=3x3x4 + 6(%3 + x4)v —3x314.

Since we ask that b is a rational number, the last equality yields —3z3z4 =
h?, with h € Q. By possibly changing z3 and x4, we can suppose x3 =
—3x41%, with | € Q. Therefore

b= —9231% + 3x4l(3x4l* + 24), l,x4€Q.
We can put out 4 in the expression above, because we can choose [ be a
positive or a negative rational number. Then
b=—9221% — 9221 — 3221 and b = 9x31%(91* + 1813 + 1512 + 61 + 1).

We have 129 = b?/(9221) = x3(91* + 1813 + 1512 + 6l + 1). Furthermore
the equation 2.2.1 (i) becomes x1 + 29 = — (23 + 24) = —(=3w4l® + 24) =
(312 — 1)w4 and so z1 = (31> — 1)y — m2. Then z129 = (312 — 1) 3470 — 3.
It follows that (312 — 1)z4z9 — 23 = 22(91* + 1813 + 152 + 61 + 1) and we
get xo in terms of x4 and [:

1 1
Ty = 5(312 — g £ gra(Bl+ 1)1+ 1)v/=3.
Therefore
1 1
1= (31> = Day — 29 = 5(312 = Do £ gzl + 1)+ 1)v/=3.

Since we are supposing z; rational for all i € {1,2,3,4}, and x4 # 0, we
have only two possibilities: | = —1 and [ = —1/3.
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If we suppose [ = —1, we get 1 = x4, x2 = x4 and z3 = —3x4. By
2.2.1(ii) and 2.2.1(iii), easily follows b = —3x% and ¢ = 2z3. Therefore we
have the family of elliptic curves

(2.2.2) y? =2 —323r + 223,  with 24 € Q.
Let A be the discriminant of a curve of this family. We have
A = —16(4(—32%)3 + 27(223)?) = 0.

Thus all the curves in (2.2.2) have a singularity and, by definition, they are
not elliptic curves. Finally let [ = —1/3. Therefore z1 = x9 = x3 = —x4/3.
So 1 = x9 = x3 and x4 = —3x3. By changing x3 with x4 without loss of
generality, we have the previous case again. Then we can conclude there
are no elliptic curves £ with Q(x1, ze, z3,24) = Q.

2.3. Elliptic curves with Q(&[3]) = Q(¢3).

We have showed that two roots of U3 are rational numbers and two are

complex ones. Suppose x3 = a++/—30 and x4 = a—+/—30, with ,, 8 € Q,
B # 0. Then
2

a4 2b2” + dex — % = (z—m1)(x — 22)(x — @ — V=30)(x — a +/-303).

By comparing the coefficient in the previous equation, we get the system

1+ 29 = 2 (1)

(2.3.1) a? +36% + 2a(ry + x2) + 2179 = 20 (i)
e (a® +38%)(z1 + 22) + 2am129 = —4c (vi1)
(a? +38%) w120 = —b%/3 (1v)

We observe that the equation 2.3.1(iv) can be written as xjxa =
—b?/(3(a? 4 36?%)). By using the last equality and 2.3.1(i), the equation
2.3.1(i4) in the system yields
2 2 2 b
360° —4a” — —5———+ = 2b.
R R O Ta)

b= —3(a®+38% £ 63/ (a2 + 332).

Since we ask that b is a rational number, we have that o 4+ 332 has to be
a rational square. Therefore let m? = o? + 362, m € Q. Thus

b= —3m?+668m.

We find

We put out + in the last expression of b, because we can choose m =
++/a? + 332 to be positive or negative. Then

(2.3.2) b= —3m?* + 64m.
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By using the equations 2.3.1(7), 2.3.1(iv) and 2.3.2, from the equation
2.3.1(4i7) we can find the value of ¢ in terms of o and

(2.3.3) c = 2a® 4 12a6% — 6afBm.

Furthermore from the system above we can find the values of z; and x5 in
terms of «, 8 and m too. It is easy to verify

219 = —a £ \/4a? + 2182 — 128m
= —a£+/(2m —35)?
=—a=*(2m — 30).
We have the family of elliptic curves
(2.34)  Fop: yr=2"+(=3m*+68m)r +2a° + 1208 — 6apm,

with o, 3 € Q, B # 0, m? = a? + 3% and m a rational square.

Every elliptic curve in that family has the property that the abscissas of
its points of order three are in Q((3). But we also ask that the ordinates of
those points are in Q((3). So we have to find another condition for «, # and
m implying that. Let +y; be the ordinates corresponding respectively to
x;, for i € {1,2,3,4}, and let be P; = (x;,y;). Suppose P, = (x1,y1), P2 =
(x2,y2) € £(Q(¢3)). Given the form of our Weierstrass model, we have

2(xi, i) = (xl,yi) = (x4, —y;). The points P; and P, form a basis of

£[3] = (Z/3Z)? and then the points Py = P, + P, and Py = P; — P, are in

E(Q(¢3)) too. So it suffices to ask that yi,y2 € Q(¢3). The points P;, P, lie
on the elliptic curve &, g € F, g, given by the equation

Y2 = 23 + (=3m? + 66m)x1 + 203 + 12a3% — 6a6m.
By using the expression of 1 in terms of a and ( found above, we get
y? = a® +2m3 — 278% + 6a*m — 9028 — 9am? — 156m?
— 15a8% + 3683%m + 24a8m.
By the substitution m? = a? + 332, we can check that
y3 = —2(a —m)(4a* + 2182 — 126m) = —2(a — m)(2m — 35)%.
Therefore
y1 = £(2m — 306)y/ —2(a — m).

Thus, the condition to have y; € Q((3) is v/—2(a —m) € Q(¢3). It means
that —2(a —m) has to be a square in Q((3). Since o, m € Q, the condition
for y1 € Q(¢3) is then

—2(a —m) =h* or —2(a—m)=—3h? with hecQ.
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We may verify in the same way that yo = £(2m — 35)y/—2(a + m). The
last equality implies that —2(2a + m) also has to be a square in Q((3).
Since a, m € Q, the condition to have ys € Q((3) is

—2a+m) =k or —2(a+m)=-3k% with keQ.
We observe that
(2.3.5)  —3(46%) = 4(=38%) = 4(a* —m?) = [-2(a — m)][-2(a + m)].
Then —2(a —m) = —3h? clearly implies —2(a+m) = k? and —2(a—m) =
h? implies —2(a+m) = —3k2. In fact, by Proposition 2.1, we already know
that if Q(E[3]) = Q(¢3), then & has a rational point of order 3. So the
condition ”—2(av — m) is a square in Q((3)” together with the condition
m? = a? 4 33?2, are sufficient to have Q(&, g[3]) = Q((3).

In order to list all elliptic curves with Q(€[3]) = Q((3), we now put
together the conditions m? = a?433% and ”"—2(a—m) is a square in Q((3)”.
At first we suppose —2(a —m) = h?, with h € Q. Then —2a + 2m = h?
and m = h?/2 + a. We have

h4
a2—|—362:m2:1+0¢2+ah2
Therefore ) )
33 h
It follows
B3R R R s
My AT T e Ty T T

We observe that if h = 0, then m = «. Clearly the last equality implies
B =0, a contradiction with our hypothesis. Now we suppose —2(ac —m) =
—3k2, for k € Q. By the observation above, this implies —2(a +m) = h?,
for h € Q. We find a = 33?/h? — h?/4 again and m = —33%/h? — h? /4.

The family of elliptic curves with Q(E[3]) = Q((3) is then
(2.3.6) Fap: y? = 2% + (=3m? + 68m)z + 20> + 1208% — 6a8m,

) 3,82 h2 h2 3ﬁ2

In 2.3.6 we consider m only positive, because it is always multiplied by S,
that can be chosen positive or negative. By replacing in 2.3.6 the numbers

«a and m with their values in terms of 3 and h, we prove the following
statement

Theorem 2.2. Let £ be an elliptic curve with Weierstrass form y*> = x° +
bx + ¢, where b,c € Q. Its 3-torsion subgroup E[3] is such that Q(E[3]) =
Q(¢3) if and only if £ belongs to the family

(2.3.7) Fan: Yy =2"+bgpr+cgn B,heQ\{0},
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4 3 2 h2 h4
with bgj, = LorP 8P 9% + 3% -3

h4 h2
,86 55 ,84 52h2 5h4 1
=547 547 4457 1 - - .
Con = odyg = odpg TAdg e — 10 =3 — 6

We have shown that there are infinitely many elliptic curves £ such that
Q(&]3]) = Q(¢3). They form a family depending on two nonzero rational
parameters. We want to know when two curves in that family are iso-
morphic. In general, if k is the algebraic closure of a number field k, two
elliptic curves are isomorphic over k if and only if they have the same j-
invariant. Furthermore, if j = 0 we have Aut(£) = Z/6Z, if j = 1728 we
have Aut(€) = Z/4AZ, if j # 0,1728 we have Aut(€) = Z/2Z. Let A be the
discriminant of an elliptic curve with Weierstrass form y? = 23 + bx + ¢,
then 5

A = —16(4b° 4 27¢2), j= —HQSA(‘“’).
For the curves of the family Fj ) we have

A 2163°(h* — 68°h% +125°)

1o ’
27(h? = 68)°(h? — 28)*(h* + 128%)°
I T T 83RO (Wt — 6Bk + 1232)°

A curve in Fgy has a singular point if and only if A = 0, therefore if
and only if § = 0. Since we are supposing 3 # 0, we can conclude there
are no curves with singularities in Fg}. We are interested in finding all
isomorphism classes of the curves of that family. If we fix one of those
curves, by choosing 3 = 3 and h = h, and we denote by j its j-invariant,
it is possible verify that j — j is a polynomial in the variables $ and h with
numerator

pj =27 (Bh° — Bh?) - (h*h° — 12bF)
(BR" + (BBR? — 682B)R° + B°h* — 685 h2 + 128°8°)

((h* — 682 + 1282)R" + (—6Bh* + 12bBh2)R° + 125°hY)
((h* = 6812 + 1282)R" + (1288h% — T2b%B)R° + 1446°8°)
(W 4 (=68 + 126B8h2)R° + 128 1 — 7285 h2 + 1446%F°)
(% — 6812 + 1282)R" + (—68h* + 4868h% — 1282B)R° + 128 h?

— 72887 h? + 1448°8).

If p; = 0, then & = E7. Clearly, we have (5h° — Bh%) = 0 if and
only if 8 = h2B/h° and we have (h2h° — 12653) = 0 if and only if 8 =
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—hEEQ / 7(123). There are no other possible relations for rational parameters
B, B, h,h coming from the other factors of p;. In fact if we suppose for
instance

3R+ (BBR% — 6823)h° + F-h* — 688 K2 + 12323° =0,

we get

\/ 35 hAR + 128°hAR% — 128 h4 + —Bh2R° + 63°h2

ont — 125h° + 245 '
Since (8 is a rational number, the argument of the square root has to be
a square. But we observe that this is impossible for every choice of the
parameters, because of

3=+

38Kt 4+ 128°h 0% — 1250t = —3n1B (R + 48°R° + 437
= 3RiB(R° + 2872
We may show in the same way there are no possible relations coming
from the other factors of p;. Then we have proved the following statement

Theorem 2.3. Let EBE € Fpn. An elliptic curve Eg, of the same family
Fa,n is isomorphic to ‘%ﬁ if and only if B = h23/52 or 3 = —h252/(123),
for any h € Q\ {0}.

If we choose B’ = 1/h and B = —1/(128), we have 3 = —h252/(125) =
hzﬁ/ / (E,)Q. Then the number of isomorphism classes depends only on 3/ 7
Since it varies over all nonzero rational numbers, there are infinitely many
isomorphism classes. Furthermore, there are infinitely many representatives
for each of them, because of h € Q \ {0}. Another way to find the same
information is by studying the modular curve X (3). Since we have proved
that Q(Esn[3]) = Q(¢3), for all §,h € Q, we also know that the curves
X (3) and X;(3) have at least one point on Q((3) (see [13], [14]). Now, we
are particularly interested in seeing if there is an isomorphism class with
J = 0 and an isomorphism class with j = 1728 in the family Fg3 . It is easy
to verify that the case j = 1728 is impossible. On the contrary, we can get
j =0, by choosing 3 = h?/2 or 3 = h?/6. When 3 = h?/2 we find b = 0
and ¢ = h%/4 = 16(h/2)%. By putting k := h/2, we get the subfamily

Ep y? =23 + 16k5, ke Q.

When 3 = h?/6 we find b = 0 and ¢ = —h%/108 = —432(h/6)°. By putting
[ := h/6, we find the subfamily

& y? = a3 — 43216, leqQ.



Elliptic curves and counterexamples to local-global divisibility 149

Therefore the curves of this two families £ and & are all isomorphic and
furthermore they are the only curves in Fgp, with Aut(£) = Z/6Z. We
have Aut(&) = Aut(&) =< —I,7 >, where
—I: («T,y)’—>($,—y),
7o (y) — (2¢3,y),
for each (z,y) € &, &. All other curves in Fgj have an automorphism

group isomorphic to Z/27Z and clearly generated by -I. We have proved the
following corollary

Corollary 2.4. Let & an elliptic curve with Weierstrass form y? = z3+bx+
¢, byec € Q, and such that Q((3) = Q(E[3]). If b =0, then Aut(E) = Z/67Z
and it is generated by -I and the map T defined by 7(x,y) = (z(3,y). If
b#0, then Aut(€) = Z/27.

3. Counterexamples to local-global divisibility by 9
in elliptic curves

We will prove this statement

Theorem 3.1. There exist number fields L, with [L : Q((3)] < 2, and
elliptic curves €, defined over L, with points P € E(L) such that P € 9E(L,)
for almost all v € My, but P ¢ 9E(L).

3.1. A special subfamily of F, 3.

We consider the subfamily &, of F, g, found in 2.3. We have &: y? =
23 + 16k5, with k € Q. We already know Q(&[3]) = Q(¢3). Now, we will
show [Q(&[9]) : Q(¢3)] = 9, for all £k € Q. By using the results found in
2.3, we have

E[3] = {(0,0), (0, £4k3), (—4k?, £4K>), (k)2 + k/2/—3, +4k>),
(k)2 — k/2v/ =3, £4K>)}.

Let @ = (x,y) be a point on & for any k € Q. By using the group law of
an elliptic curve, we find the abscissas of the point 3Q)
29 — 1536k%20 + 12288k 1223 + 262144k '8

928 4+ 1152k625 + 36864k1222
We choose two of the points of order 3 of £, namely A; := (0,4k®) and
Ag := (—4k? 4Kk3). Then the roots of the numerators ¢; of the polynomials
x3Q — T 4;, for i = 1,2, are the abscissas of some points of order 9 of £. We
can choose two of these roots, one for each of the two polynomials, to find a
basis of £[9] & (Z/9Z)? and then to know the field extension Q(£[9]). Thus
we look for the roots of

¢ x¥ —1536k%2° + 122881243 + 2621448

(3.1.1) r3Q =
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and
Ba 2 + 36k%28 — 1536k52° + 4608k5 2 + 12288k 243
+ 147456k 22 + 262144K'8.

By the use of Axiom or another software of computational algebra, it is
possible to verify that the splitting field of ¢1 is Q({y) and the splitting

field of ¢o is Q((o, V/3). A root of ¢y is
Tk =4(Cy — G5+ Co + 1)K

and a root of ¢o is

T2

)

p= 5 (G- GV 4 (2G -G -G+ e+ 3B
— 3¢5 — 3¢5 + 3)K%

By the relation y? = 2% + 16k% we find two ordinates Y1,k and ¥k, corre-
sponding respectively to z1 and xg ) on &

Y1k = (8¢5 + 16G5 — 8¢F + 8Co + 12)k°,
4 3/=2
vk = 5 (265 +8G + 86+ 1063 + 106 +4) V3" + (1265 +12¢5 +12¢3
+ 1289 + 6)V/3 + 18¢5 + 18¢5 + 18¢2 + 18y + 9) k3.

The points By = (214, Y1,%) and Bayp = (224, Y2,;) form a basis of £[9].
Therefore Q(Ex[9]) = Q(Co, V/3), for all k € Q and we have the same Galois

group G = Gal(Q(&x[9])/Q) = Gal(Q((y, v/3)/Q) for every elliptic curve of
the family &. Clearly |G| = 18. Let G3 be the 3-Sylow subgroup of G. We

have G3 = Gal(Q((o, ¥/3)/Q((3)). Then G3 has order 9 and it is generated
by the maps

w: C9 = Cgv
T: V3 (3V/3.
Clearly G3 = (Z/3Z)?.

3.2. Counterexamples to local-global divisibility by 9 in elliptic
curves.

We have &[9] = (Z/9Z)?, then we use the basis {Bjk, By} found in
section 3.1 to represent G3 as a subgroup of GLy(Z/9Z). It is possible to

verify
(70 i (13
“=\lo 7 . =\lo1
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Let
20 y

oc:=1+4+3 < 0 2
We have w = 0(1,0), 7 = 0(0,1) and G5 = {o(z,y)| z,y € Z/9Z}. Consider

the cocycle
3y
rm=(¥).

It is easy to check it is a nonzero element in H. (Gs, &[9]). Therefore we
will use Theorem 1.1 and Proposition 1.2 to find counterexamples to the
Local-Global Divisibility Problem. Let K := Q(&.[9]) = Q(Co, V/3) and let
L C F be finite extensions of Q((3), depending on k too, but disjoint from
K over Q((3), for all choices of that parameter. For every rational k we will
find a point Dy € E(F), but Dy ¢ E(L), satisfying the equality

(3.2.1) D7 — Dy, = Z,,

for all 0 € G3. Then we will show that the point Py := 9D lies in & (L)
and it is divisible by 9 over L,,, for all places w of L unramified in LK,
but not divisible by 9 over L. Let Q({3) be the algebraic closure of Q((3).

Suppose there exists a point Dy € Q((3) satisfying 3.2.1, for all 0 € Gs.
Since Z,, is the zero vector, we have Dy = Dy. Therefore the coordinates of

Dy, lie in Q(Cg)w, the fixed field of w. Furthermore Dj, satisfies the equation
Dj — Dy, = Z,. We want to use also this relation, so we suppose

u
Dk_<vll:>7

( =2
up = 1o + 50(3 + (11 + 51G) V3 + (12 + 52G3) V3,
v = to +wols + (1 +wi1ls) V3 + (ta + wzC:s)\s/gQ,

>, with  z,y € Z/9Z.

with

where r;, s;, tj, w; are in Q(Cg)H, the subfield of Q((3) fixed by
H := G/ < 7 >, and clearly depend on k, for all i € {0, 1,2}. Therefore

2
uj, =10 + 850G + (11Gs — 81— $1G3) V3 + (=12 — 123 + 52) V3,
5=2
o] = to + wols + (t1¢3 — w1 — w1(3) V3 + (—ty — tals 4+ w) V3 .
With respect to the basis { Bk, Ba 1}, the point Z; can be written as

ZT=<S>,

then corresponds to 3By = (0,4k®). We denote this point by A =
(24, Ya) = (0,4k3). Thus we have D] = Djy+A. Let A be the slope of the line
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passing through A and Dy. Then A = (vi — ya)/(ux — 24) = (vi, — 4k3) Jug,.
By using the group law on an elliptic curve, we get the system

N =y +uf + g = ug + uj
(3.2.2) { v = MTa — UJ) — Yo = —Aup — 4k3

The first equation says (v — 4k3)%/u? = uy, + ul, i.e.
(v, — 4k%)? = uj (ug + uf) = up + uiug.

Since Dy € &, we have the relation v,% = u% + 16k® and therefore
(v — 4k3)% = v} — 8k3vy, + 16k® = ui — 8k3vy, + 32k5. Then

(3.2.3) 8k3vp = —ujuf + 32k5.

The second equation in the system 3.2.2 says A = —(v] + va)/(u}, — x4) =
—(v] +4k®)/(u}). Then (v — 4k3)/(ug) = — (v + 4k3)/(u}) and

(3.2.4) ul (v — 4k3) = up(vf + 4K3).

By substituting u; and v with their expressions in terms of 7, s;, ¢;, w; in
the equations 3.2.2 and 3.2.3, we can find a system of 12 equations in the 12
variables r;, s;, t;, w;, equivalent to the system 3.2.2. By Theorem 1.1, every
solution of that system lying in a field disjoint from Q((g, ¥/3) over Q((3),
leads to a counterexample to local-global divisibility by 9. It is possible to
find solutions of that type by using a software of computational algebra.
We used the software Axiom to find the following one.

Let I, = v/ —8k3\/16k3 + 1 + 32k6 + k3. Its minimal polynomial over
Q(¢3) is p := 25 + (—64k5 — 2k3)2® + k5. A solution of the system of 12
equations is

—I3 + (64K5 + 2K3)12 l
ro = k; 7"1:—277“3—1—1987“%: [l 3+ )k; ro = kz;
W3 7

so==Fk;, s1=r1 Sy=T9.
Therefore a solution of the system 3.2.2 is

(=13 + (64K° + 2k3)12 + k4 + K°) (3
k4
N —13 + (64K5 + 2K3)1), + KMy, + K5
k4

U —
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1
Ve — 4k3 — @UZU;{;
(=217 — 2kl — 2K213 + (128Kk5 + 2k3)12)
N 85 ¢
((128K7 + 2k*)1, + 64Kk% + 2K°)
i 8k5 s
+—g—kﬁ—k%§+mﬂﬁ+km§+wﬁﬂ+k%@+3%@+k§
8k

The point Dy, lies on & (F'), where F is the field Q(Ix, (3) of degree at most
6 over Q((3). Clearly F' depend on k, but we do not write that subscript
in the case of fields, in order to avoid confusion with completions. Let
hy =13 = —8Kk3V16k3 + 1 + 32kS + k3. The point 3Dy, := (u3,v3 ) lies

on &(L), where L is the field Q(h,(3) = Q(v16k3 +1,(3) of degree at
most 2 over Q((3). In fact it is possible to check that

. (—64k* — k)
3.k 34.3 )
(—128K5 + k3)hy, + 4096k5 + 96k3 — 1
U3k = 3 €
36k
+_(—128k6+k:3)hk+4096k6+96k3--1
36k3 '

Then the point Py := 9Dy = 3(3Dy,) lies in (L) too. Let Py := (ug , vo ).
The coordinates ug j, and vg j, have very long expressions in terms of k, but
they become really easier for every numerical choice of that parameter. The
abscissas ug i, is a fraction with the following numerator n ; and denomi-
nator dy j
nyx = — 18014398509481984%%® — 2533274790395904k%
— 3008263813595136k*% — 272953761595392% 7
— 12920335368192k'6 — 329621962752k '3

+ 869793792k'° — 25030656k7 — 42048k* — k,

diy = (7599824371187712k%* + 949978046398464%>
— 48241072668672k® — 6204080259072k
+ 117323071488k + 6893862912k°
+ 53858304k5 — 794883 + 27) (5.
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And the ordinate vg , is a fraction with the following numerator ng j and
denominator dy j,

nop = T7371252455336267181195264k°
+ 18738350204026752207945728k*5
— 26048573519508962998747136k*2
— 5352654834380153173311488k3" — 816515150463633524260864%3°
— 75787727450895313534976k33 — 3565618044479440158720k3°
— 85251293766588825600k>" — 1315466844026437632k>
— 20578337218887680k>! + 172867702489088k!8
+ 576131694592k + 3002884096k
+ 755072kY — 8K°,
do = 2(f(k)h+ g(k)) G+ f(k)h + g(k),
with
f(k) = 382511685112441262309376k3¢ + 71720940958582736683008%k33
— 1400799628097319075840k30 — 742715636147432718336k>"
— 5335076708573773824k** + 2532878966209904640k2"
+ 21374506043965440k® — 2150235648294912k1°
— 44238045708288k'? — 196560027648k”
+ 505626624k° — 357696k + 81,
g(k) = — 12240373923598120393900032k*2
— 2677581795787088836165632k>° — 26895352859468526256128k3°
+ 25167699984815166062592k33 + 913438090821793480704%3°
— 75717050210143174656k>" — 3216863159616798720k>
+ 47433034701471744k*! 4 3565853110960128k 18
+ 50527966593024k° + 180379975680k
— 494180352k + 355104k° — 81k3.

Now, we use some arguments very similar to those used in [DZ3] in
the proof of Theorem 1.1, to show that Py is locally divisible by 9 almost
everywhere, but not globally, over L.

We have that Z, represents an element of H. (G3,&x[9]), then, by def-
inition, its restriction to H!(C,&[9]) is zero, for all cyclic subgroups C
of G3. We may identify G3 with the Galois group Gal(LK/L). Let w be
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a place of L, unramified in LK. We consider an extension of w in LK
and we denote that with the same letter. Then, the local Galois group
Gy = Gal((LK)w/Ly) is a cyclic subgroup of G3. Therefore there ex-
ists T, € £[9] that satisfies T — T\, = Z,, for all o € G,. The point
Dy, := Dy, — Ty, is fixed by G,. In fact, for all o € G, we have

g,w Z:DZ—T;Z:Zg—FDk—ZU—Tw:Dk—Tw:DkM.

It follows Dy € Ly and Py = 9Dy, = 9(Dy, — T\w) = 9D} 4, because of
T € Ek[9]. So the point Py is locally divisible over L,, for almost all primes
w € L, specifically the ones unramified in LK. Now we show that Py is not
globally divisible over L. Suppose P, = 9D, for any D, € L. Since Dy, and
D, are two of the 9-divisors of Py, they differ by a 9-torsion point of &, i.
e. Dy =D, + S, for any S € &[9]. Let o € G5, then

Zy =D} —Dyp=(D.+85)° —D,—8=D7—D,+5 — 8.

The point D, lies in £ (L) by hypothesis, then it is fixed by G3. We get
Zy =57 — S, a contradiction with Z, nonzero in H. (Gs,£[9]). Therefore
Py, is not globally divisible over L. We have proved Theorem 3.1.

To produce an easier numerical example, we now suppose k = 1. To get
a lighter notation, we will omit that subscript from now on. Then we have

the curve & : y? = 2% + 16, the polynomial p := 2% — 6623 + 1 and one of
its solution | = v/ —8v/17 + 33. The point D has coordinates

w=(—1°+662+1+1)C3—1° 4661+, + 1,
—15—14—l3+65l2+65l+32+1C

v = 1 3
—1> —1* — 134+ 650> + 650+ 32+ 1
+ .
8
As above, let h = [3. Therefore the point 3D has coordinates
65  65(3+ 65
U == —-
3 34.3 3 )
—127h 4+ 4191 —127h + 4191
vg = G+ -

36 36
and the point 9D = P = (ug, vg) has coordinates

23842139987678273(3 + 23842139987678273

8495481535371675 ’
~ 469208964870216131932351h — 15483895840717132353767583

5425035933466478142391500
n 469208964870216131932351h — 15483895840717132353767583

10850071866932956284783000

ug =

Vg 3
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Then P lies in (L), where L := Q(h,(3) = Q(v/17,(3), but D don’t

lie in £(L). Tt lies on E(F), where F := Q(I,(3) = Q(v/ —8V17 + 33,(3).
Therefore, the 9-divisors of P lie in £,(Q(l, o, v/3)). It is possible to check
even directly, by using Axiom, that no one of them lies in £(L).

3.3. A counterexample when |G3| = 27.

We give another counterexample to local-global divisibility by 9 for an
elliptic curve of the family Fjj, such that G5 = (Z/3Z)3. Let

E:  y? =123 +189z + 702.

We observe that £ is a curve of the family Fg j,, obtained by choosing 8 = 12
and h = 6 or h = —6. By using the method shown in 3.2, it is possible to
verify that £[9] is generated by the points By = (x1,y1) and By = (x2,y2)
with coordinates

= —12V2 -9,
Y1 = (48 + 24) V27 + (245 + 12) V2 + 48C5 + 24,
o = (4¢3 + 4C4 +4)V3” — (4¢5 — 4¢t +8C2 — 8¢y — 12)V/3
+12¢5 + 12¢5 + 3,
ya = (363 + 603 — 24¢2 + 24¢o + 12)V/3°
+ (12¢5 + 60¢¢ — 48¢2 + 48Co + 36)V/3
— 36(3 + 36¢5 — T2¢3 + 2o + 108.
Then Q(E[9]) = Q(Co, V2. V3) = Q(V/-1+v=3,¥2,¥3). Clearly
[Q(&[9]) : Q] = 54 and the group G3 := Gal(Q(E]9])/Q((3)) is generated
by
w: o (o,
V3 V3,
o1 V2 (V2.

As in 3.2, we represent w, 71 and 79 in GLa(Z/97Z) with respect to the above
basis {B1, Ba}. It is possible to check

(10 (16 /10
“=\o 4 ) =10 1) 2=\3 7/

0 6x 0 2z .
Let 0 :=1+ ( 3y Gy + 32 > —I+3( y 2y+z),W1th:ﬂ,y,z€Z/QZ.
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Then 71 = 0(1,0,0), 2 = 0(0,1,0), w = ¢(0,0,1) and G3 = {o(x,y, 2)|
x,y,z € Z/9Z}. Consider the cocycle

3x
Za(xvyrz) = ( 0 > '

It is easy to check that {Z,}seq, is a nonzero element in H.! (Gs, E[9]).
Therefore, in the same way of section 3.2, we will use Theorem 1.1 and
Proposition 1.2 to find a point P on £ that gives a counterexample to local-
global divisibility by 9. Let K := Q(E[9]) = Q({o, v/2,V/3) and let L C F
be finite extensions of Q((3), disjoint from K over Q(¢3). We will find a
point D € E(F), but D ¢ E(L), satisfying D7 — D = Z,, for all ¢ € Gs.
Then we will show that the point P := 9D lies in £(L) and it is locally
divisible by 9 almost everywhere, but not globally, over L. We suppose that
there exists a point D on &, satisfying Z, = D? — D, for all ¢ € G3. Again,
let Q(¢3) be the algebraic closure of Q((3). Since Z, and Z,, are the zero
vector, we have D¥ = D and D™ = D. Therefore the coordinates of D lie
in Q(C3)<W7T2>, the field fixed by w and 7». Furthermore, by hypothesis the
point D satisfies the equation D™ — D = Z, . Since we want to use this

information, we suppose
D— ( u ) 7
v

u =1y + 503 + (11 + 51G3) V3 + (g + 52§3)€’/§2,
v =t +wols + (t1 + wi1G) V3 + (ta + w2C3)\3/§2,

with

where r;, s;, t;, w; are in Q(Cg)H, the subfield of Q((3) fixed by H :=
G/ <t >, fori e {0,1,2}. We have

2
uTl =179 + 50C3 + (’I"ng — 81 — 51(3)\3/5_}' (_TQ - 7"2<3 + 52)\3/5 )

2
V™ =t + wols + (1163 — w1 — wi1G3) V3 + (—tg — talz + w2) V3.
With respect to the basis By, Ba the cocycle Z;, can be written as

3
ZT1:<0)7

then it corresponds to 3By = (—9,48(3+24). Let A = (z4,Yq) := (—9,48(3+
24). Thus D™ = D + A. Let A be the slope of the line passing trough A
and D. Then A = (v—y,)/(u—x4) = (v —48C3 —24)/(u+9). By using the
group law on an elliptic curve, we get the system

{ N=ut+ur+z,=ut+u" —9

(331) pTl = )\(m.a _ uTl) — Yg = —)\('U, — 9) — 48C3 —24
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The first equation says (v — 48(3 — 24)?/(u + 9)? =u +u™ — 9, i. e.
(v—48C3 — 24)? = (u+9)*(u +u™ —9)
=u® + (u™ + 9)u® + (18u™ — 81)u + 81u™ — 729.
Since D € &, we have the relation v? = u? + 189u + 702 and therefore
(v — 48C3 — 24)? = v? — (48(3 + 24)v + (48(3 + 24)?
=’ + (u™ 4+ 9)u? + (18u™ — 81)u + 81u™ — 729.
The first equation in the system above becomes
(3.3.2)  (—9623 — 48)v = (u™ + 9)u*(18u™ — 270)u + 81u™ + 297.
The second equation says

vty v™ +48(¢3 + 24
Ut — T u™ 4+ 9 '

A=—

Then (vp — 483 —24)/(u+9) = (v™* +48(3 +24)/(u™ 4+ 9) and we have

(3.3.3) (u” 4+ 9) (v — 48C3 — 24) = (u+ 9)(v™ + 48(3 + 24).

As in 3.2, by substituting v and v with their expressions in terms of
T4, Si, ti, w; in the equations 3.3.2 and 3.3.3, it is possible to find a system of
12 equations in the 12 variables r;, s;, t;, w;, equivalent to the system 3.3.1.
By Theorem 1.1, every solution of that system lying in a field F' disjoint
with Q(C, V/2, V/3) on Q((3), gives a counterexample to the local-global
divisibility by 9. Again, we used the software Axiom to find a solution of

that system.

Let | = /—64y/3 —11. Its minimal polynomial over Q((3) is p :=

2% + 2223 — 12167. A solution of the system of 12 equations is

’I"O:O, 1"1:0, 7‘221\3/5,
15 4 222
80:0, Slzﬁe/gz, 82:l\3/§.

Then a solution of the system 3.3.1 is

(3> + 66t% + 1587t)(3 + 1587t
529 ’
(u™ 4+ 9)u?(18u™ — 270)u + 81u™ + 297
96¢;3 + 48
(63t + 621t + 15669t2 — 19665t)23
8464
621t* — 47613 — 19665t — 52371
* 8464

V= —
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The point D lies on E(F'), where F is the field Q(l, {3) of degree 6 over Q((3).
Let w := I> = —64y/3 — 11 and let L be the field Q(w) = Q(v/3,v/—1) of
degree 2 over Q((3). The point 3D := (us,vs) lies on £(L), in fact

—177Tw — 1947
=114 =—.
u3 ; v3 6
Then the point P := 9D = 3(3D) lies in £(L) too. Let P := (ug,v9). We

have

~129910025559718
Y9 = 3862198606763

—740798698275087574223w — 8148785681025963316453
Vg = .

1430305422763827379536

By applying the same arguments used in the section 3.2 we can check that
P is divisible by 9 in L,, for all places w of L unramified in LK, but it is
not divisible by 9 over L.
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