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On elliptic curves and random matrix theory

par Mark WATKINS

To Henri Cohen on the occasion of his 60th birthday

Résumé. Rubinstein a accumulé une masse de données concer-
nant les tordues quadratiques paires d’une courbe elliptique fixée,
et comparé les résultats aux prédictions venues du modèle des ma-
trices aléatoires. Nous utilisons la méthode des points de Heegner
pour obtenir des données comparables (en nombre plus faible)
pour les tordues impaires. Nous constatons de nouveau qu’au
moins une des principales prédictions de la théorie des matrices
aléatoires est confortée par les données.

Abstract. Rubinstein has produced a substantial amount of
data about the even parity quadratic twists of various elliptic
curves, and compared the results to predictions from random ma-
trix theory. We use the method of Heegner points to obtain a
comparable (yet smaller) amount of data for the case of odd par-
ity. We again see that at least one of the principal predictions of
random matrix theory is well-evidenced by the data.

1. Introduction and motivation

Let E be an elliptic curve E : y2 = f(x) with f a cubic rational polyno-
mial. How many twists Ed : dy2 = f(x) have higher (analytic) rank than
is forced by the sign of the functional equation? It is an early conjecture
of Goldfeld [19] that the average rank in a quadratic twist family is 1/2,
with rank 0 and rank 1 each asymptotically occurring 50% of the time. In
particular, introducing the counting functions

Ce(D) = {|d| ≤ D, d squarefree, parity of Ed even, and L(Ed, 1) = 0} and

Co(D) = {|d| ≤ D, d squarefree, parity of Ed odd, and L′(Ed, 1) = 0},
Goldfeld’s conjecture says that both Ce(D) and Co(D) are o(D) as D →∞.

1.1. The case of even parity. A folklore conjecture of Sarnak, derived
from the Ramanujan-Petersson conjecture [34] for weight 3/2 forms in con-
cert with Waldspurger’s theorem [43], says that

Conjecture 1.1.1. We have log Ce(D) ∼ 3
4 log D as D →∞.

Manuscrit reçu le 16 janvier 2008.
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Via the use of random matrix theory, this is refined in [7, Conjecture 1].
We briefly describe the method. We first get asymptotics for the moments
of L(Ed, 1) from analogies with random matrices, and Mellin inversion is
then applied to get a distribution function for L(Ed, 1). Namely, we expect
there to be a constant α(E) depending upon the arithmetic of the curve E
such that

(1) lim
t→0

lim
D→∞

#{|d| ≤ D, Ed even, L(Ed, 1) < t
}

#{|d| ≤ D, Ed even} · t1/2(log D)3/8
= α(E),

where the exponent of 3/8 here is
(−1/2

2

)
and is derived from the symmetry

type of the random matrices (orthogonal in this case). A discretisation pro-
cess involving the conjecture of Birch and Swinnerton-Dyer [2] is then used
to assert that sufficiently small values of L(Ed, 1) must in fact correspond
to L(Ed, 1) = 0 — the idea here is that the quotient

(2) S(d) =
L(Ed, 1)
Ωre(Ed)

#Tors(Ed)2∏
p cp(d)

is a nonnegative integer, and thus we must have S(d) ≥ 1 when S(d) 6= 0.
By re-arranging, this is the same as saying that

L(Ed, 1) <
Ωre(Ed) ·

∏
p cp(d)

#Tors(Ed)2
implies L(Ed, 1) = 0.

Ignoring fine details and taking d > 0 for simplicity, we essentially have
Ωre(Ed) = Ωre(E)/

√
d and #Tors(Ed) = #Tors(E), while the variation of

the Tamagawa product
∏

p cp(d) behaves somewhat like a divisor function;
in particular, it is sensitive to the number of prime divisors of d.

1.1.2. Asymptotic predictions. In the specific case where we restrict |d|
to be prime, we obtain Conjecture 1 of [7], which says that cED3/4(log D)3/8−1

of such twists should have a vanishing central L-value. Here the exponent
on the logarithm is decreased by 1 from that in (1) due to the Prime
Number Theorem [21, 42], while the primary exponent of 3

4 comes from

considering t = Ωre(E)√
|d|

·
∏

p
cp

#Tors(E)2
in (1) and summing over d. However,

in this restricted case of twists by primes, it is possible that cE = 0, as
noted in [12, Corollary 2]. The analysis given in [8, §6] of the data [37] of
Rubinstein provides evidence for this asymptotic. Without the primality
restriction the heuristic analysis is trickier, but the work of [15] computes
a suitable average for the Tamagawa product. This leads to the prediction

(3) Ce(D) ∼ c′ED3/4(log D)bE

where c′E 6= 0, while bE is related to the Galois group of the defining
cubic polynomial f(x) and takes on four possible values. We discuss the
concordance of this with the data of Rubinstein [37] in Section 3.1.2 below.
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1.1.3. A conjecture about ratios. As noted already in [7], we can elimi-
nate some of unknowns in (3) by restricting d to various congruence classes.
The effect of such a restriction should only be to modify the constant factor
(and by a computable amount), so that we can eliminate the exponents
by considering different congruence classes and taking a ratio. Phrased
slightly differently, when restricting to d in arithmetic progressions modulo
a prime q, the moments (and thus value distributions) differ by a factor de-
pending on the trace of Frobenius aq, and from this we obtain Conjecture 2
of [7]. In particular, we have

Conjecture 1.1.4. [7, Conjecture 2]. For a prime q ≥ 5 of good reduction
we have (twisting by d that are squarefree)

lim
D→∞

#{|d| ≤ D : Ed even, L(Ed, 1) = 0,
(

d
q

)
= +1}

#{|d| ≤ D : Ed even, L(Ed, 1) = 0,
(

d
q

)
= −1}

=
(

q + 1 + aq

q + 1− aq

)−1/2

.

Here the −1/2 exponent is the same as in the above value distribution (1).
In Section 3.1.1 below, we analyse the data of Rubinstein concerning this.

1.2. Odd parity. We investigate the analogues of the above conjectures
when considering twists of odd parity. In particular, the behaviour for the
L′-value distribution in the analogy of (1) is now expected [41, Eq. 2.9ff]
to be like t3/2 rather than t1/2, and so we get

Suspicion 1.2.1. For a prime q ≥ 5 of good reduction we have

lim
D→∞

#{|d| ≤ D : Ed odd, L′(Ed, 1) = 0,
(

d
q

)
= +1}

#{|d| ≤ D : Ed odd, L′(Ed, 1) = 0,
(

d
q

)
= −1}

=
(

q + 1 + aq

q + 1− aq

)−3/2

.

An analysis of our data in Section 3.2 will show close conformity with
this prediction. On the other hand, we are unable to say too much about
the analogue of Conjecture 1.1.1, and indeed, there is no real agreement
about what such an analogue should actually predict (see [10, §§2,3]). In
Section 3.2.1, we do however present some evidence that the constant 3/4
might be too large for odd parity, suggesting that there are many fewer
rank 3 quadratic twists when compared to the number that have rank 2.

1.3. Overview of data. We give a brief overview of our data, com-
paring it to that of Rubinstein [37] for the case of even parity twists.
We fix an elliptic curve E of rank 0 and conductor N . For each suit-
able d, we use the method of Heegner points to determine (with high con-
fidence) whether L′(Ed, 1) = 0. We require that −d < 0 is fundamental
and that −d is a square modulo 4N , with an additional technical condition
when gcd(d, N) 6= 1. For each d our computations take time essentially pro-
portional to the size of the class group of Q

(√
−d

)
, and thus about

√
d on
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average. Our data set consists of 76 curves E with N ≤ 100 and all d ≤ 108

satisfying the above constraints. We obtain a total of 638147 twists of
rank 3 or more. Comparatively, the relevant data of Rubinstein contain 2379
rank 0 elliptic curves for which the vanishing of L(Ed, 1) was considered
for d ≤ 108, with a condition concerning d modulo 4N similar to that of our
case. This data set contains a total of 283172426 twists of rank 2 or more.

1.3.1. Comparison of complexity. Although the data of Rubinstein
contain more curves by a factor of 30, for each curve we consider about the
same number of twists. In fact, both algorithms have the same asymptotic
complexity, taking time D3/2 to consider all twists up to D. We briefly
describe the method used to compute the data in [37]. Given E/Q, there
is an associated modular form (a Shintani lift [39]) of weight 3/2 whose
coefficients yield the S(d) of (2) via the Waldspurger correspondence. These
lifts were computed by Tornaría using Brandt matrices, and written as
a linear combination of Θ-series of ternary quadratic forms. Rubinstein
then computed the first D coefficients via enumerating lattice points in
ellipisoids. Without the use of convolution (which we discuss in Section 2.5),
this takes time D3/2, though the implicit constant factor here is quite small.
In constrast, although we obtain the same D3/2 complexity, our implicit
constant is dominated by reducing binary quadratic forms, and is somewhat
larger.

1.4. Related work. The work of Elkies [16] considers odd parity twists
up to 107 for the congruent number curve, and some data about the odd
parity twists up to 106 for the first four elliptic curves appears in [10, §4].1

Other related papers include work of Delaunay and Duquesne [13] which
takes a family of curves with odd parity and considers when the rank is more
than 1, and the works of Delaunay [11] with Roblot [14] which consider the
distribution of the height of the generator for rank 1 quadratic twists.

2. Computational method and experiment

2.1. Heegner points. We review the method of Heegner points; a partial
description is given in [45], so we accent the nuances in our case of qua-
dratic twists. Let E/Q be an elliptic curve of conductor N with L(E, 1) 6= 0.
Let −d be a negative fundamental discriminant that is square modulo 4N
with the additional requirement that for all p| gcd(d, N) the local root num-
ber εp(E−d) is equal to +1. Such restrictions on d are our Heegner hypoth-
esis for E, and we denote the set of d that satisfy this by Ho(E). Below we
will construct a canonically-defined point Td that is on E−d/Q. Denoting
the height function by ĥ, it is a conjecture of Gross and Hayashi [22] that

1The aim in this latter paper was to consider the distribution of L′(Ed, 1) — our goal here
is less broad in scope, as we only care if this value is nonzero. It should also be noted that some
L′-values in [10, §4] were wrongly thought to be nonzero due to an improper stopping criterion.
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Conjecture 2.1.1. For d ∈ Ho(E) as above, we have

(4) ĥ(Td) =

√
d

4Ωvol
L(E, 1)L′(E−d, 1)× 2ω(gcd(d,N))

(
w(−d)

2

)2

.

Here ω(n) is the number of distinct prime factors of n, while w(−d) is the
number of units in Q

(√
−d

)
. The Gross-Zagier theorem [20] applies in the

case where −d 6= −3 is odd with gcd(d, N) = 1. Recent work of Conrad [6]
has reinterpreted much of the proof of [20], but it is still unclear whether
the above Conjecture can be proven simply by an increase in care to detail.
In our case where L(E, 1) 6= 0, equation (4) tells us that L′(Ed, 1) vanishes
precisely when ĥ(Td) = 0, that is, when Td is a torsion point.

2.1.2. Heights of Heegner points. There is some theoretical work re-
garding the heights of Heegner points in a family of quadratic twists.
In particular, in the case that E has rank 0, Ricotta and Vidick show
[35, Corollaire 3.2] that the average height of Td is of size c

√
d log d, with

the leading constant c being given explicitly in terms of a special value of
the symmetric square L-function of E. However, our computational method
is somewhat useless in this regard, as we do not compute the height of Td.
Rather, we approximate Td on the complex torus representation of E, and
measure how close it is to the nearest (rational) torsion point. This metric
is much more convenient in our computations (we only care if Td is torsion),
but its lack of arithmetic content renders it impotent for questions about
heights.

2.1.3. Twisted traces. Before describing how to compute Td, as an aside
we mention that using twisted traces could diminish the stringency of the
requirement that −d be square modulo 4N , with again a conjectural Gross-
Zagier extension relating ĥ(Td) to L′(Ed, 1). This was indicated to us2 by
H. Darmon and G. Tornaría, and a similar idea can be used in the case of
even parity [27]. The idea is that the Hilbert class field of Q

(√
−dl

)
contains

that of Q
(√
−d

)
, and if we construct a point in the former, then tracing

by the genus character χl gives a point in Q
(√
−d

)
. An explicit example

is to take 76A: y2 = x3 − x2 − 21x − 31 where −d = −3 is not a square
modulo 304 = 4 · 76, but −dl = −15 is (where l = 5). Anticipating the
notation of below, the forms f̃ = (76, 17, 1) and g̃ = (152, 169, 47) generate
the class group of Q

(√
−15

)
, and adding φ(τf̃ ) + φ(τg̃) gives the point(

−8
5 , 13

25

√
−15

)
in Q

(√
−15

)
. If we twist by the genus character χ5, we get

that χ5(76)φ(τf̃ ) + χ5(152)φ(τg̃) yields the point
(
−4, 3

√
−3

)
in Q

(√
−3

)
.

2B. J. Birch informs us that his early experiments [1] with N. M. Stephens also made use of
twisted traces, as else the data set they obtained would have been quite small.
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2.2. Computing the Heegner point. We now describe how to compute
the above point Td. This is canonical up to sign and possible translation
by a 2-torsion point. We fix a square root β of −d (mod 4N), and define
Sβ(−d, N) to be the set of positive definite binary quadratic forms (A,B, C)
of discriminant −d having N |A and B ≡ β (mod 2N). Our goal is to take
each form g in the class group of Q(

√
−d) and replace it by an SL2(Z)-

equivalent form g̃ = (A,B, C) ∈ Sβ(−d, N). To do this, we take the partic-
ular form hβ = (N, β, γ) (with γ defined by the condition disc(hβ) = −d),
and form the composition ĝ = h−1

β ◦ g. Then, possibly after reducing ĝ, we
find some (small) integer t with gcd(t, N) = 1 that is represented by it, and
transform ĝ → (t, b, c) for some b, c. Finally, we compose (t, b, c) with hβ

(without reducing), which yields a form g̃ = (A,B, C) ∈ Sβ(−d, N).

2.2.1. Optimising our representatives. However, it will be important
to minimise the size of A. We can note that Sβ(−d, N) is Γ0(N)-invariant,
and so we can apply the Γ0(N)-reduction given in [5, Subalgorithm 8.6.13].
In practise, we actually use a variant that takes into consideration the
continued fraction expansion of the quantity u = −B/(2A/N) so as to
lessen the time spent in the “Loop on c” in Step #2. We pay the very
small cost of not strictly minimising A in a few cases. If desired, we can
additionally consider the effect of Atkin-Lehner transformations (using the
trick of Delaunay mentioned in [45, §3.1]) to try to reduce the size of A even
further: we compose (A,B, C) ◦ wNh−1

−β, find a small t with gcd(t, N) = 1
that this represents, transform to (t, b, c), and apply Subalgorithm 8.6.13
to the composition h−β ◦ (t, b, c). If this yields a form with smaller leading
coefficient, we use it instead (noting that wN flips the sign of the modular
parametrisation in our case). It is possible to consider the involutions wQ

in a similar manner, but we did not do this in practise, as the time spent
with Subalgorithm 8.6.13 was often more than the time spent computing
the modular parametrisation. Similarly, we saw no need to utilise the extra
automorphisms z → z + 1/k when k|24 and k2|N (as used in [16]).

2.2.2. Applying the modular parametrisation. We wish to apply the
modular parametrisation φ : X0(N) → E to each form (A,B, C) obtained
above. We can identify X0(N) with the completed upper half plane mod-
ulo Γ0(N), and similarly E with C/Λ for a canonical lattice Λ correspond-
ing to the minimal model.3 For each form (A,B, C) we take the associ-
ated quadratic surd τ = −B+

√
−d

2A in the upper half plane, and evaluate
φ(τ) =

∑
n

an
n e2πinτ to a given precision. Due to the exponential decay, it

is easy to determine when the tail of this series contributes no more than
10−16 (this is essentially our machine precision), with the smallness of A

3In all cases, we choose the strong Weil curve in the isogeny class of E, and it follows that
we expect that the Manin constant of E is 1, this being checkable in any individual case.
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ensuring that the series will converge sufficiently rapidly. Additionally, we
compute the Fourier coefficients an only once for each E, and reuse them
for various d.

Using the modularity (over Q) of elliptic curves [46, 4], it is a theorem
due to Shimura [38, §6.8] that applying the Weierstrass ℘-function to φ(τ)
gives a point on E defined over the Hilbert class field of Q(

√
−d). The

points corresponding to φ(τ) also satisfy a reciprocity law with the Artin
map, and by summing the φ(τ) we obtain a trace ud, which yields a point
Ud = P(ud) on E over Q(

√
−d), where here the map P sends s to the

point
(
℘(s), ℘′(s)

)
. To descend down to E−d(Q) we take Ud − Ud which

gives a point Td ∈ E−d(Q) via the Galois action; alternatively, from the
complex standpoint we consider td = ud − ud = 2i · Im(ud). Of course, in
practise we only have approximations u̇d and ṫd.

2.3. Detecting torsion. We must now give a method for deciding if ṫd
corresponds to a torsion point of E−d(Q). We have canonical periods ωre

and ωim for the lattice Λ, with ωre real. When ∆E < 0 we take Λim to
be the (integral) multiples of Im(ωim), while when ∆E > 0 we take Λim as
the multiples of ωim/2 — the division by 2 takes care of the possibility
that Td is a torsion point on the nonidentity component of the real locus
(the so-called egg). Since td is imaginary, for Td to be torsion we must4 have
that td ∈ Λim, and in our experiment we declare Td = P(td) to be torsion
if the distance from ṫd to Λim, denoted by ‖ṫd‖, is sufficiently small.

2.3.1. A consistency check. We also claim that 2 ·Re(ud) must always
correspond to a torsion point on E(Q), which gives us a consistency check.
To see this, we note that P(ud) is defined over Q(

√
−d), and thus we get

that both P(2ud) = P(ud) + P(ud) and P(td) = P(ud) − P(ud) are also
defined over Q(

√
−d). Their difference P

(
2 ·Re(ud)

)
is in both E

(
Q(
√
−d)

)
and E(R); since E/Q has rank 0, the only Q(

√
−d)-points in the real locus

are torsion, verifying our claim. This torsion condition provides a useful
check on our computations.

We let e be the exponent5 of the torsion subgroup of E(Q), and let ΛT
re

be the multiples of ωre/e. Our machine precision was 53 bits, which corre-
sponds to about 16 digits. We raised an error condition if 2 ·Re(u̇d) was not
within 2·10−10 of ΛT

re. This is, in some sense, the overall precision we expect
from doing each individual operation at machine precision. However, it is
not a rigourous bound, and we obtained the above cutoff of 2 · 10−10 by
examining the observed numerical variation for the first few curves. In any
event, our experiment yielded no errors from this consistency check.

4This is a bit imprecise, as E/Q
(√

−d
)

could have a larger torsion group than E/Q —
however, this rarely happens, and for a given E, the finitely many d for which it might occur can
be readily determined from consideration of the isogeny structure of E/Q.

5This suffices, and we did not worry about making any improvements.
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2.4. Our experiment. We took the 76 isogeny classes of rank 0 elliptic
curves with conductor not more than 100, and considered all imaginary
quadratic twists by fundamental discriminants up to 108 that satisfied our
Heegner hypothesis.

We declared the Heegner point Td to be torsion if ‖ṫd‖ ≤ 10−9. As a guide
to size, for the Td that we declared to be non-torsion, we obtained only 6
values6 of ‖ṫd‖ between 10−8 and 10−9, the smallest of these being 3.31·10−9

for 90C1 and −d = −41817839. Even in this extremal case, this is 10 times
as large as the above “overall precision” for our computation, and so we
have fair confidence that the Heegner point really is non-torsion in all cases
where we have declared this to be the case.

In the other direction, for Td that we declared to be torsion, the largest
value of ‖ṫd‖ was 3.11 ·10−10 for the curve 67A1 and −d = −88543415. This
is of the same magnitude as the “overall precision” mentioned above, and so
presumably can be attributed to accumulated round-off error. The smallest
non-torsion ‖ṫd‖ for this curve was 1.00 ·10−7 for −d = −50506727; indeed,
for each of our 76 curves, the observed ratio between the smallest non-
torsion ‖ṫd‖ and largest torsion ‖ṫd‖ was always 300-to-1 or more, which is
good evidence of numerical robustness. This should persuade that our lists
of d with L′(E−d, 1) = 0 are correct.

2.4.1. The computer programme. We wrote a C programme to im-
plement the above algorithm. To generate the various class groups, we
looped through all b ≤

√
d/3 and factored (b2 + d)/4 into ac using a ta-

ble as in [44, §5]. This enumeration is quite fast, but the process of find-
ing suitable representatives (A,B, C) ∈ Sβ(−d, N) is comparatively quite
time-consuming.7 We borrowed the code for periods, conductors, root num-
bers, and Fourier coefficients from the SYMPOW package of [28], while the
torsion was a command-line option to the programme. The composition
of forms would often yield coefficients with more than 32 bits, and so it
was useful to have a 64-bit processor. A typical run took 4 days using a
2.6 GHz Opteron 852. Our memory requirements were quite modest: we
stored the Fourier coefficients an for n ≤ 107, but only a few curves needed
more than 106; this used about 80 megabytes, while the factor table had
about 108/6 entries, and so was of similar size.

2.5. An alternative method. With the permission of N. D. Elkies, we
now describe an alternative method which again should give high certainty
regarding whether the Heegner point Td constructed above is torsion. The
idea is to compute the Heegner point modulo p for many primes p; if the

6I know of no independent interest for these small values — this is about the number that
would be expected upon assuming that ‖td‖/ωim is randomly distributed in a suitable interval.

7The Γ0(N)-reduction is somewhat analogous to continued fractions, but I was unable to find
a trick that would evade real number computations.
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reduction of Td mod p is always the same as the reduction of a global torsion
point, we then suspect that Td is itself torsion. We have not implemented
this method but it has some interesting features. First, in this same prob-
abilistic manner we should be able to predict whether the Heegner point
is s-divisible, which would then lead us to expect that s2 divides the order
of the Shafarevich-Tate group if Tamagawa numbers do not interfere. Fur-
thermore, by additionally considering higher powers of primes, there could
be relations with p-adic modular forms of weight 3/2 and conjectures of
Jochnowitz [24]. Finally, there is the possibility of reducing the running
time (of considering all d up to D) to be essentially linear using convolu-
tion; this can also presumably be done with the ternary quadratic forms in
the even parity case, but it seems that it is not used in practise.

2.5.1. Some details. We take an elliptic curve E/Q and run over small
primes p that are coprime to N . For each d up to D we want to consider
many inert primes p, so “small” might be p ≤ (log D)2. For each d (satisfy-
ing the Heegner hypothesis) such that p is inert, we have that the Heegner
point mod p is a sum of CM points that are supersingular mod p. We then
list the E-images of the supersingular points Q of X0(N); the computation
of the map X0(N) → E need be done only once per curve, and should
be feasible, at least for small N . The multiplicity in the Heegner sum of
these images is the number of embeddings of Q(

√
−d) in the endomorphism

ring End(Q), and the number of such embeddings is itself a Fourier coef-
ficient of a Θ-function of a rank 3 lattice-translate. We can then compute
these Θ-functions via various methods. To use convolution, we would write
the Θ-series as a (short) linear combination of products of Θ-series from
lattices of lesser dimension, with the products then computed using convo-
lution in essentially linear time.8 However, this would additionally require
memory linear in D, and it is not clear that the constant factors would
allow it to be practical in any case. Indeed, one reason that Rubinstein is
able to produce significantly more data in the case of even parity is that
the constant-time step of enumeration of lattice points in an ellipisoid is
much faster than the computations with quadratic forms that occur in our
odd parity case — as noted above, the time spent trying to apply Γ0(N)-
reduction was often time-dominant for us.

3. Data analysis

In this section, we give an analysis of the data we obtained from our
experiment. We begin by first giving a similar analysis for the data of
Rubinstein in the case of even parity, so as to form a basis of comparison.

8We mention in passing that recent improvements due to Van Buskirk [26] might give a small
speed-up compared to the older split-radix methods.
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3.1. Even parity. The relevant data of Rubinstein consist of 2379 rank 0
curves, and for each curve, we can test the above Conjecture 1.1.4 for a
large selection of primes. We chose to consider good primes q up to 1000.
For a given curve E, we write

S±q (D) = #{d ∈ He(E) : d ≤ D,L(E−d, 1) = 0,
(

d
q

)
= ±1},

where He(E) is the set of discriminants satisfying the Heegner constraints
in the even parity experiment. We then have a set of about 166 ·2379 pairs,
with each pair given by

( q+1+aq

q+1−aq
,

S+
q (D)

S−q (D)

)
, where we omit the curve from

the notation. We can then take this set of nearly 400000 pairs, and use a
least-squares regression (see [18, Liber II, Sectio III] and [25]) to compute
the best-fit exponent. If Suspicion 1.2.1 is indeed correct, we should expect
a result of −0.5 — however, we obtain −0.612.

3.1.1. Effect of the secondary term. To solve this paradox, it was
noted to us by M. O. Rubinstein that, at least in our data range, a secondary
term (as computed in [9]) should be included on the right side of Conjecture
1.1.4. Indeed, for large q, the main term is given by

( q+1+aq

q+1−aq

)−1/2 ∼ −1
2

2aq

q ,

while the secondary term is computed to be − 3/4
log D

aq(q−1) log q
(q+1)2−a2

q
∼ −3

4
aq

q
log q
log D .

For D = 108 and q ≈ 103 this secondary term is thus 9/32 as large as
the main term (and in the same direction). We choose to ignore further
secondary terms, though it is not clear that they need be negligible.

We can exemplify the above paragraph by stratifying our data. For each
of the 166 primes q with 5 ≤ q ≤ 1000, we consider the 2379 curves (ex-
cluding those for which q is bad) and, as above, assume a power law and
compute the best-fit exponent from the resulting 2379 data points. We
should expect to get a result that is something like −1

2 −
3
8

log q
log 108 . In Fig-

ure 1 we plot the resulting 166 best-fit exponents with q on a logarithmic
scale, and see that secondary terms do indeed appear to give a correction
whose dominant contribution is linear in log q.

3.1.2. Asymptotic behaviour. The 2379 curves of Rubinstein fall in
three9 natural b-classes for the expected asymptotic Ce(D)∼ cED3/4(log D)b

depending on the maximal 2-torsion for a curve in the isogeny class. To be
pedantic, we do not compute Ce(D) due to various Heegner restrictions
on d, but we expect a similar asymptotic to hold (with a different value
of cE) for our counting function, which we denote by C#

e (D). Borrowing

9The fourth class, where the discriminant is square but there is no rational 2-torsion, can only
occur when the conductor is not squarefree (see [29]). However, the data of Rubinstein only have
curves of squarefree conductor — the theoretical difficulties in this regard have been overcome
in recent work of Pacetti and Tornaría [32].
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Figure 1. Plot of best-fit exponent for each prime 5 ≤ q ≤ 1000.

an idea from theoretical physics as explained in [30, §4.3.1], we can “amal-
gamate” the data for which we expect the same value of b — the idea is
that the crude behaviour of the counting functions is the same, and any
obtrusive effect from the amalgamation would only be seen in the constant
in front. For each of these three b-classes, we can fit the amalgamated data
as C#

e (D) ∼ ecDa(log D)b for the parameters (a, b, c). This fitting process
is exactly analogous to doing a least squares fit, except now we have three
linear equations rather than two. For the amalgamation of the 1385 curves
with no 2-torsion, we get a best-fit pair of (a, b) = (0.746, 1.27), while for
the 661 curves with a single 2-torsion point we get (a, b) = (0.760, 1.40), and
for the 333 cases of full 2-torsion we obtain (a, b) = (0.768, 1.52). As can
be seen, the prediction of a = 3/4 is quite commensurate with the data.
However, the expected values of b, respectively 0.749, 1.082, and 1.375,
are less indicated, possibly due to the fact that the expected convergence
should be quite slow, as we need to consider d with many prime factors
before the asymptotic behaviour becomes manifest. Furthermore, we might
expect that the ecDa(log D)b asymptotic is the start of a series expansion
in 1/ log D, and secondary terms might be non-negligible at D = 108.

3.2. Odd parity. We attempted to analyse our odd parity data in the
same manner. For each curve, we tested Suspicion 1.2.1 by using the 143
primes q between 100 and 1000. This is the opposite stratification compared
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to the above, as here we fix E and vary the prime. Nonetheless, by writing

S̃±q (D) = #{d ∈ Ho(E) : d ≤ D,L′(E−d, 1) = 0,
(

d
q

)
= ±1},

we might still expect a power law in Suspicion 1.2.1, and the obtained best-
fit exponents for each of the 76 curves (each using 143 data points) all lie
between −1.41 and −1.55, signifying that −1.5 is reasonable. We can also
compute the best-fit exponent upon amalgamating all 76 · 143 data points,
which gives −1.47. A log-log scatter plot of these 10868 data points appears
in Figure 2, and we can notice a reasonable spread of data centered about
the line of slope −3/2. The effects from secondary terms do not appear to
be too large here; the analogy of Figure 1 shows a general downward trend
(from −1.4 to −1.6) as q increases, but does not resemble a straight line.
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 0
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 0.4
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-0.4 -0.3 -0.2 -0.1  0  0.1  0.2  0.3  0.4

Figure 2. Log-log scatter plot of 10868 pairs of
(

q+1+aq

q+1−aq
,

S̃+
q (108)

S̃−q (108)

)
.

3.2.1. Asymptotic behaviour. The situation is murkier when consider-
ing the asymptotic behaviour for the number of rank 3 quadratic twists.
Again we would have three b-classes for amalgamation when considering a
putative C#

o (D) ∼ ecDa(log D)b asymptotic, but the relative sparseness of
the data seems to preclude us from making any strong conclusion in any
event. For this reason, we simply amalgamated the data from all 76 curves
(this is a total of 638147 data points), and via the above fitting methodol-
ogy determined (a, b) = (0.43, 5.75) to be the best-fit pair. In particular, the
value of a is noticeably smaller when compared to the case of even parity.
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Furthermore, the guess of a = 3
4 in the asymptotic for C#

o (D) is contra-
indicated by other evidence. For instance, if we simply fit C#

o (D) ∼ ec̃Dã,
we should expect ã ≥ a to hold and ã to decrease as D increases, both
effects due to the influence of the logarithm. However, for the curves 37B
and 67A, the value of ã has already dropped below 3

4 at D = 108. Indeed,
amalgamating all 76 curves gives a best-fit ã of 0.848 at D = 107 and 0.793
at D = 108, and ã might drop below 3

4 upon extending the data to D = 109.

3.3. Extended data for the congruent number curve. The data of
Elkies [16] only considered the two curves 32A and 64A. Part of this limited
focus was due to the simplifications that come about in these cases, but
it is also notable that these curves possess an immediate relation to the
congruent number problem, and thus to Pythagorean triangles.10 Because
of this interest, we extended our data for 32A and 64A up to 109. For 32A,
we obtained 79917 odd twists with L′(Ed, 1) = 0, while 64A gave 94602
such twists. Computing the best-fit pairs for C#

o (D) ∼ ecDa(log D)b yields
respectively (a, b) = (0.44, 5.91) and (0.55, 3.58). The twists we considered
correspond to the curves y2 = x3 − d2x with d ≡ 7 (mod 8) for 32A and
to d ≡ 14 (mod 16) for 64A — we did not use “mock” Heegner points (de-
scribed in [31]) to handle the other d, as our aim was somewhat different
than that in [16]. With the help of T. A. Fisher, we were able to extend11

the result of [16] to say that all such (odd) twists up to 109 have positive
rank. This was done simply by finding a non-torsion point on each twist
whose Heegner point was torsion. Additionally, Elkies has post-processed
our data, and thus found that d = 48272239 gives a curve y2 = x3 − d2x
of rank 5, which surpasses the previous record (see [36]) for the smallest
such d; changing the metric slightly, Elkies finds that d = 51604646 yields
the smallest known conductor for a (quadratic) twist of 32A of rank 5.

4. Concluding comments

We have given data for twists of rank 3 (or more) for various elliptic
curves. This supplements the data [37] of Rubinstein for rank 2. One could
ask about data for rank 4, but this looks difficult. We took the 374974
positive rank twists of even parity of 11A listed by Rubinstein and used
the ellQ.gp programme [40] of D. Simon (written in GP/PARI [33]) to
compute the 2-Selmer rank of each (taking a total of about a day), and
this yielded 4147 twists with 2-Selmer rank of 4. However, the use of
FourDescent in Magma [3] found that only 554 of these have 4-Selmer

10In his typically eccentric style, Heegner [23] preferred to call these triangles Harpedonapten,
which seems similar to Seilspanner (a cable-wrench or a rope-tensioning device), and were pre-
sumably used by the ancient Egyptians in construction work.

11Lists of data are currently available from www.dpmms.cam.ac.uk/˜taf1000/LIST.32A.9.pts
and www.dpmms.cam.ac.uk/˜taf1000/LIST.64A.9.pts

http://www.dpmms.cam.ac.uk/~taf1000/LIST.32A.9.pts
http://www.dpmms.cam.ac.uk/~taf1000/LIST.64A.9.pts
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rank of 4, and further computations of T. A. Fisher (using descent by 5-
isogeny [17]) showed that only 444 have rank 4. Extending the data of
Rubinstein to 1010 for a few selected curves should be feasible, and a prun-
ing as above might then yield a sufficient amount of data regarding twists
of rank 4. In particular, the analogue of Suspicion 1.2.1 should have −5/2
as the exponent, which could show a dramatic effect in the data.
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