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On elliptic Galois representations and genus-zero
modular units

par JuLio FERNANDEZ et JoaN-C. LARIO

RESUME. Etant donnés un nombre premier p impair et une repré-
sentation ¢ du groupe de Galois absolu d’un corps de nombres k
sur PGLy(F,) avec déterminant cyclotomique, 'espace des mo-
dules des courbes elliptiques définies sur k et dont la p-torsion
donne lieu a o est composé de deux tordues galoisiennes de la
courbe modulaire X (p). On explicite ici les seuls cas de genre
zéro, p = 3 et p = 5, qui sont aussi les seuls cas symétriques :
PGLy(F,) ~ S, pour n = 4 ou n = 5, respectivement. Dans ce
but, on étudie les actions galoisiennes correspondantes aux deux
tordues sur le corps de fonctions de la courbe, duquel on donne une
description au moyen d’unités modulaires. Comme conséquence,
on retrouve une équivalence entre 1’ellipticité de o et sa pincipalité,
c’est-a-dire ’existence dans son corps fixe d’un élément « de degré
n sur k tel que a and o2 ont tous les deux trace zéro sur k.

ABSTRACT. Given an odd prime p and a representation ¢ of the
absolute Galois group of a number field k£ onto PGL3(F,) with
cyclotomic determinant, the moduli space of elliptic curves defined
over k with p-torsion giving rise to o consists of two twists of the
modular curve X (p). We make here explicit the only genus-zero
cases p = 3 and p = 5, which are also the only symmetric cases:
PGLy(F,) ~ S, for n = 4 or n = 5, respectively. This is done by
studying the corresponding twisted Galois actions on the function
field of the curve, for which a description in terms of modular units
is given. As a consequence of this twisting process, we recover an
equivalence between the ellipticity of o and its principality, that
is, the existence in its fixed field of an element « of degree n over k
such that o and a? have both trace zero over k.

1. Introduction

For an odd prime p, the projective group PGLy(F,) can be realized as
Galois group over QQ or, more generally, over a number field %k linearly
disjoint from the p-th cyclotomic extension of QQ. Indeed, the action of the
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142 Julio FERNANDEZ, Joan-C. LARIO

absolute Galois group G on the p-torsion points of an elliptic curve E
defined over k produces a representation

P,y G — PGLy(F,)

which is generically surjective and whose determinant is the quadratic char-
acter

ep: Gr — Gal(k(vEp)/k) ~ F/F,?

obtained as a power of the p-th cyclotomic character of Gg. Furthermore,
the conjugacy class of pg ,, is an invariant of the isomorphism class of F
unless jr is 0 or 1728. Except for a finite number of complex multiplication
cases depending on p, the fixed field of pp , is the Galois extension of k
generated by the j-invariants of the elliptic curves defined over the algebraic
closure k that have an isogeny of degree p to E.

The inverse problem can be stated as follows: given a surjective Galois
representation

o: Gk — PGLQ(FP)

with cyclotomic determinant €, find the elliptic curves E defined over k
realizing o, namely those satisfying pp , = 0. Note that the cyclotomic
condition on g forces the number field k£ to be linearly disjoint from the
p-th cyclotomic extension of Q.

This problem was the subject of the PhD thesis of the first author [2].
The second author and A. Rio had already made contributions in [6] and [3]
from the Galois theoretic point of view. The present paper pursues a refor-
mulation of the results in [6] and [3] in terms of modular units and twisted
modular function fields.

In [6], the problem is addressed for the octahedral case, namely for p = 3.
As shown there, the existence of elliptic curves realizing a representation o
is equivalent to the existence of a lifting of ¢ into GLy(F3). In this case,
such curves are then parametrized by the rational points on two conics. As
suggested by a remark of J.-P. Serre included in that paper, these conics
would turn out to be twists of a modular curve — even though they were
not obtained by modular arguments. Here lies one of the motivations for
the present article.

In [2], it is proved that the solutions to the problem for a projective
mod p Galois representation ¢ with cyclotomic determinant are given by
the rational points on two concrete twists X (p), and X(p)| of a certain
model for the modular curve X (p). In order to make explicit the twists, a
special care should be taken in fixing such a model. For our purposes, this
information is gathered in Section 2, where we also include a discussion
on the function fields of the curves X(p), and X(p), as well as on the
corresponding twisted Galois actions.
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The only genus-zero cases occur for p =3 and p = 5. In these cases,
a characterization for the existence of solutions to the problem is given
in [3]. It amounts to the principality of o, namely to the existence of a
polynomial in k[X] of the form X* + bX + ¢ (for p=3) or of the form
X5 +aX?+bX +c (for p=>5) having the fixed field of ¢ as splitting field
over k. This is achieved, following the ideas in [6], by completely algebraic
manipulation based on the classical concept of Tschirnhaus transformation
and the knowledge of certain 3-torsion and 5-torsion polynomials attached
to an elliptic curve.

In the present paper we make explicit the above twisted curves in the
genus-zero cases in terms of modular units, that is, modular functions whose
zeros and poles are all taken at the set of cusps. Thus, Section 3 may be
regarded as a modular reformulation of [6]. The characterization of princi-
pal octahedral Galois representations with cyclotomic determinant as those
which are of the form pg 3 for an elliptic curve E over k is reobtained by
applying the moduli recipe in Section 2, so that now the point of view and
the methods render very different the proof and hence its exposition. The
main ingredient required consists of a suitable description for the function
field of the modular curve X (3) that permits an easy way to express the
twisted Galois actions. This technique is exploited again in Section 4, where
we deal with the non-octahedral genus-zero case, namely with the twists
of X(5) attached to a Galois representation onto PGLa(F5) with cyclo-
tomic determinant. The modular units considered to handle the function
field of the curve now come from Siegel functions instead of the Dedekind
n-functions used in Section 3.

We finish this introduction by recalling some facts on the group PGL2(F),)
that are assumed through the paper. We collect them in the following list:

- Let us identify F; with the centre of GLa(F,). The group PSLa(Fy),
defined as the quotient SLy(FF,)/(—1), can be viewed as a subgroup
of index two inside the group PGLa(F), defined as GLa(F,)/F,.
Indeed, the determinant map GL2(F,) — F, induces an exact
sequence

1 — PSLy(F,) — PGLy(F,) % FY/E? — 1.

- The order of PGLy(F,) is p(p—1)(p+1).
- A system of generators for PSLy(IF,,) is given by the matrices

11 10
r=h) =G

which have order p and satisfy the relation TUP~2T = U2
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- The above matrices T' and U are commutators inside PGLy(IF,),
so PSLy(F),) is in fact the derived subgroup of PGLy(F,) and, in
particular, its only subgroup of index two.

- The group PSLy(F),) is not a direct factor of PGLy(F,). The pos-
sible complementary subgroups for PSLy(F),) inside PGLy(IF,) are
exactly those generated by a conjugate of the matrix

0 —wv
v=( o)
where v is a non-square in F,. One has the relations V1" = U —ly
and VU =T7"V, so PGLy(F,) is generated by V' and either T or

U. Note that the conjugacy class of V' depends on the value of p
mod 4. Indeed, it includes the p matrices

1 b
<O _1>, for b e,

if and only if p =3 (mod 4).

- The usual action of PGL2(F,) on the projective line P!(F,) yields
an embedding of this group inside the symmetric group Sp4i. In
particular, PGLg(FF3) is isomorphic to Sy, since both groups have
the same order. For p = 5, one actually has PGLy(F5) ~ S5 (see
the proof of Proposition 4.4).

- Both PSLy(F,) and PGLy(F,) have trivial centre, so they are iso-
morphic to their respective inner automorphism groups.

- The action by conjugation of PGLy(F),) on itself makes this group
isomorphic to its automorphism group and also to that of PSLa(IF,).

Most of the assertions in the above list can be obtained with no difficulty.
The last one can be read from Theorem 12.5.1 in [1]. We thank the referee
for pointing out this reference.

2. Twisting the modular curve X (p)

This section deals with the rationality over k for X (p) and its automor-
phisms. Among the many ways to fix a rational model for this curve, our
choice gives, by specialization over the j-line, the fixed field of the pro-
jective mod p Galois representation pp ,, attached to an elliptic curve F
over k. In this section we review both the definition of this model and the
construction of its cyclotomic projective twists X (p), and X (p)), -

2.1. A rational model for X (p). Consider the modular curve X(p)
attached to the congruence subgroup I'(p), which is defined as the kernel
of the mod p reduction map PSLy(Z) — PSLy(F,). This curve is the
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Riemann surface obtained by compactifying the quotient of the complex
upper-half plane H by the restriction to I'(p) of the usual action of PSLa(R) :

(a b) (2) az+b
= : — = .
7 c d N TE cz+d

The elements of that quotient are in one-to-one correspondence with the
isomorphism classes of elliptic curves over C together with a p-torsion basis
that is sent under the Weil pairing to a fixed root of unity, say (. The rest
of points of X (p), namely the finite set of cusps adjuncted to compactify,
are identified with the quotient of the projective line P'(Q) by the action
of T'(p) induced from the one above.

Remark 2.1. The reduction mod p of the numerator and the denominator,
taken to be coprime, of every element in P!(Q) induces a bijection between
the set of cusps of X (p) and the quotient of the set F, xF,\{(0,0)} by the
equivalence relation identifying a pair (m,n) with (—m, —n).

Consider analogously the modular curve X (1) attached to PSLa(Z). The
natural map X (p) — X (1) carries the above correspondence to the canon-
ical bijection between the non-cuspidal points of X (1) and the isomorphism
classes of complex elliptic curves. This bijection is induced by the elliptic
modular function j : H — C.

As a complex curve, X (p) is a Galois cover of X (1) with group G(p) given
by the quotient PSLy(Z)/I'(p), so that we have a canonical isomorphism

G(p) ~ PSLy(Fp) .

We recall that G(p) consists of the automorphisms g on X (p) making the
following diagram commutative:

X (p) - X (p)
\ /
X(1)

For p > 7, there are no other automorphisms on X (p) than those in the
group G(p). A proof for this is given in an appendix by Serre in [9].

Remark 2.2. The ramified points of the Galois cover X (p) — X (1) are
the cusps and the preimages of the points j=1728 and j= 0 on X (1), with
ramification degrees p, 2 and 3, respectively. Thus, the Hurwitz formula
yields 1+ (p+1)(p—1)(p—6)/24 for the genus of X (p). It follows that the
genus is zero for p = 3 and p = 5, whereas it is greater than two for p > 7.

The cover X (p) — X (1) can be defined over the field k(\/%£p ) inside
the p-th cyclotomic extension k((p). This is proved in [11] and means that
there exist models for both curves making the map X (p) — X (1) and all
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the automorphisms in the cover group G(p) be defined over that quadratic
extension of k. We next follow the more general procedure of Section I1.3
in [7], Section 2 in [8] or Section 1 in [10] to fix a suitable model for X (p)
over k that, in particular, makes the cover be defined over k(,/Ep ).

The modular function j provides a canonical model for X (1) over k. As
for X (p), consider the canonical function field k((,)(X¢(p)) described in
Sections 6.1 and 6.2 of [12]: it is the field of modular functions for I'(p)
whose Fourier expansions have coefficients in k((,). The Galois action on
this extension of k(j) can be seen as an action on the right of the group
GLy(F,)/(—1) whose restriction to the subgroup PSLy(IF,) coincides with
the natural action induced by the cover group G(p) : an automorphism given
by a matrix v in PSLy(Z) sends a modular function f in k(¢,)(X°(p)) to
the function f|y defined by f|v(z) = f(v(z)). Moreover, the subfield fixed
by the subgroup of GLy(IF,)/(—1) consisting of the matrices

10 ¥
(0 d)’ for d € Fp,

is the field of modular functions for I'(p) whose Fourier expansions have co-
efficients in k. This could be regarded as a canonical function field k(X¢(p))
for the curve X(p):

F(Gp)(X*(p))

5
k(X¢(p)) PSLy (Fp)
k

GL2(Fp)/(=1)

More generally, for every subgroup H of GLy(F,) with surjective determi-
nant, the subfield of k((,)(X°(p)) fixed by £H/(—1) is a function field
over k for the modular curve attached to the inverse image of H N SLy(IF,)
under the mod p reduction map SLy(Z) — SLa(IF,).

Let us now take H to be a particular subgroup, say Hy, which gives rise
by this correspondence to another model Xy (p) over k for the curve X (p):
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HG)(X*(9))
S | Sy

F(VED ) (Xv (p))

o~

k(Xv(p)) PSLo(Fy) _ L GL(Fp) /(1)

B(X(1))

Specifically, we take a matrix V' in GLy(F,) with non-square determinant
and with order two in PGLy(FF,,). We then define Hy as the inverse image
in GL2(IF,,) of the subgroup generated by V' in PGLy(IF,)

HV:F;UF;V.

Up to conjugation in GLy(F),), the subgroup Hy is the only one contain-
ing the centre F; and mapping inside PGL2(FF,) onto a complementary
subgroup of PSLy(F),). Indeed, all such complementary subgroups are con-
jugated, as observed in Section 1. In particular, the k-isomorphism class of
Xv(p) does not depend on the choice of the matrix V.

Remark 2.3. We could have taken from the start the matrix

()

for a non-square v in 7, or rather the matrix

()

if p =3 (mod 4). In the particular case p = 3, the model Xy (p) associated
with the latter matrix coincides with the above canonical model X¢(p).
This fact is used in Section 3 when giving an explicit description for the
function field of X (3).

Remark 2.4. As announced above, the cover Xy (p) — X (1) is defined
over k(y/Ep ), since k(y/Ep )(Xv(p)) is a Galois extension of k(X (1)).
Moreover, the Galois group is PGL2(IF,). The extension is actually gener-
ated by the roots of the p-th modular polynomial, that is, by the modular
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functions defined by
Ji(z) = j(p2), Jn(z) =j((z+n—=2)/p), n=2,....p+1,

for z in H. Each of these functions generates over k(j) the function field of
a modular curve. The first one corresponds to the canonical model over k
for the modular curve Xo(p).

The non-cuspidal algebraic points on Xy (p) are in bijection with the
isomorphism classes of pairs

(Ea [Pv Q]V)a

where F is an elliptic curve over k, [P, Q] is a basis for the p-torsion E[p],
and [P,Q]y is the corresponding orbit inside FE[p] x E[p] by the action
of Hy. Here Hy is viewed as a subgroup of automorphisms of E[p| via
the isomorphism GLy(F,) ~ Aut(E[p]) fixed by the basis [P, Q]. Two such
pairs are isomorphic if there is an isomorphism between the correspond-
ing elliptic curves sending one Hy -orbit to the other. The forgetful map
Xy (p) — X(1) sends the isomorphism class of (E, [P,Q]y) to the iso-
morphism class of E. Furthermore, the bijection is compatible with the
Galois actions. Thus, a point on Xy (p) given by a pair as above, with j-
invariant different from 0 and 1728, is defined over an algebraic extension
L of k if and only if the elliptic curve F is defined over L and the image of
the linear representation

pE,p: Gr — GLa(F))
attached to Ep| lies inside a conjugate of the subgroup Hy .

2.2. The twisted curves X (p), and X(p)’g. Suppose that we are given
a surjective Galois representation

o0 Gk — PGLQ(FP)

with determinant equal to the cyclotomic character ¢, in Section 1. We now
revise how to produce the twisted curves whose k-rational points give the
elliptic curves over k realizing o. We refer to [3] for a proof of Theorem 2.5.

From now on, we denote simply by X (p) the k-rational model Xy (p) in

Subsection 2.1. The matrix V' chosen in PGLy(F),) to fix this model yields

an isomorphism (V') det, Fy/Fy 2 lifting €, to a quadratic character into

PGL3(F,) which we denote by the same letter:

ep: Gy — Gal(k(v=Ep )/k) = (V).
Recall that the automorphism group G(p) of the cover X(p) — X (1) is
canonically isomorphic to PSLy(F,). Through the induced isomorphism
PGLy(F,) ~ Aut(G(p)), the character £, can be seen to give the Galois
action on G(p).
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The twisted curves for the moduli problem under consideration are ob-
tained from certain elements in the cohomology set H'(Gg,G(p)). Specifi-
cally, we take the cocycles £ = pe, and & = V£V, where we use the cy-
clotomic condition on o as well as the identification PSLy(IF,) ~ G(p). For
the two twists of X (p) attached to £ and &, respectively, we fix k-rational

models X (p), and X(p), along with isomorphisms

b X(p)e — X(p)

V' X(p), — X(p)
satisfying ¢ = &, % and ¢'= £, %)’ for every o in G. Using the expression
for the Galois action on G(p), one can check that these k-rational models
are determined by the splitting field of ¢ up to order and k-isomorphism.

Theorem 2.5. There exists an elliptic curve over k realizing o if and only
if the set of non-cuspidal k-rational points on the curves X (p), and X (p),,
is not empty. In this case, the two compositions

X(p)o X(p) X(p),
L7
X(1)

define a bijection from this set of points to the set of isomorphism classes
of elliptic curves over k realizing o.

Corollary 2.6. For p > 7, the number of isomorphism classes of elliptic
curves over k realizing o is finite.

Proof. 1t suffices to take into account Remark 2.2 and Faltings theorem. [

The maps X(p), — X(1) and X(p), — X (1) in Theorem 2.5 are
easily checked to be defined over k, so we can regard k(X (1)) as a sub-
field of both k(X (p),) and k(X(p),). We finish the section with a general
description for these two function fields, which is closely related to the cor-
responding twisted Galois actions on the function field of X (p). Both cases
X(p), and X (p)|, being analogous, we only treat the first one.

Attached to the cocycle &, one has the following twisted action on the
set of algebraic points of X (p):

EP = ga(gp)
for o in Gj. Consider as well the action of Gy on k(X (p)) given by
o =Tt

Note that the relation ¢f(ZP)= °(f(P)) holds. We refer to these twisted
actions as Galois &-actions related to o.
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Let us denote by K the fixed field of ¢. The cyclotomic assumption
on o amounts to asking K to contain the cyclotomic quadratic exten-

sion k(v/Ep ). In particular, the cocycle £ factors through Gal(K/k), and
one gets the following;:

Proposition 2.7. For any normal extension L of k containing k(\/£p ),
the &-action of Gy can be restricted to L(X (p)). Moreover, if L is contained
in K, then the &-action on L(X (p)) factors faithfully through Gal(K/k).

Proof. The first part of the statement comes from the normality of L and
the fact that the automorphisms in G(p) are defined over k(y/Ep ). If L is
contained in K, then the £-action on L(X(p)) factors through Gal(K/k).
Let then o in Gal(K/k) act trivially, so that °f = f &, for all fin L(X(p)).
In particular, o is trivial over L, hence °f = f for all f in L(X(p)). Thus,
the automorphism &, is trivial, and it follows that o is trivial. O

Corollary 2.8. The &-action of Gy on the function field of X(p) yields
an isomorphism of Galois groups

v: Gal(K/k) — Gal(k(vEp )(X(p) /K (X(1)))
such that o(o)(f) = 2f for all f in k(/Ep )(X(p)) and all o in Gal(K/k).

Proof. As mnoticed in Remark 2.4, k(y/£p )(X(p)) has Galois group

PGL3(F,) over k(X (1)). Thus, by Proposition 2.7 applied to L= k(\/Ep ),
all one has to check is that the modular function j is fixed by the &-action
of Gy, which follows straightaway from the definitions. O

The function field of X(p), over k is identified through the isomor-
phism 1+ in Theorem 2.5 with the subfield of functions in k (X (p)) which
are fixed by the &-action of Gg. Since any such a function must be defined
over K, this field can actually be seen as the subfield K (X (p))* of K (X (p))
fixed by the &-action of Gal(K/k). It contains the modular function j.

From Corollary 2.8, it follows the existence of a Galois stable subset
{B1,...,Bps1} of K that is compatible with the set of functions
{Ji,..., Jp+1} in Remark 2.4 with respect to the {-action of Gal(K/k),
in the sense that every Galois automorphism induces the same permuta-
tion in both sets. Note, in particular, that 3i,..., 8,41 are the roots of a
polynomial in k[X] with splitting field K. Then, the functions Hi, ..., Hp41
in K(X(p)) defined by the linear system

Ji groopPt B 1\ /|
I pyoopkt o gy 1| H

p p—1
Jp+1 1 Bpr1 0 Bpt1 1 Hp
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are invariant by the &-action of Gal(K/k). Thus, since
K(X(p)) = K(j’Jla"'aJerl) = I((j,lfll,...,_E[p+1)7

we obtain the following expression for the function field of X (p), over k:

K(X(p))* = k(j, Hy,...,Hpi1) .

3. The octahedral genus-zero case

In this section we make explicit the twisted curves X (3),, X(3),, parame-
trizing the elliptic curves that realize a given Galois representation o of Gy
onto PGLy(F3) with cyclotomic determinant. In order to do that, we first
need to describe the function field of the modular curve X (3), which is
carried out in Subsection 3.1. In Subsection 3.2 we then detail the twisted
actions of Gy on this function field. As an application, we provide for both
X(3), and X (3), a k-rational model given by a certain conic X(3) attached
to an arbitrary quartic polynomial f in k[X] with the fixed field of ¢ as
splitting field over k.

3.1. The function field of the modular curve X (3). As noticed in
Remark 2.2, the genus of X (3) is zero. Let us produce a Hauptmodul F
for X(3) over k, that is, an explicit isomorphism X(3) — P! defined
over k. Note that such a function is determined by the values that it takes
at the cusps, namely at the points corresponding to 0, 1, 2, co in P}(Q).
As we show below, one can make these values to be essentially cubic roots
of unity.

Our main tool to this end is the Newman group Gy of functions on
Xo(N). Here N stands for a positive integer, and Xo(/N) for the complex
modular curve attached to the congruence subgroup I'g(/V). Consider the
Dedekind function defined by

( _ 7rzz/12 H 27rzlz

leN

for z in the complex upper-half plane H. It is nowhere vanishing and holo-
morphic. The group Gy consists of the functions on H of the form

[T n(n2)™

0<n|N

for any integers r,, satisfying certain compatibility conditions with the van-
ishing orders of the modular forms A(nz) = n(nz)** at the cusps of Xo(V).
The functions in Gy are modular units for Xo(V), that is, functions on this
modular curve whose divisor, which is explicitly computable from the in-
tegers r,, has support in the set of cusps. Moreover, these functions have
Fourier expansions with integer coefficients. We refer to [4] for the details.
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Proposition 3.1. There ezists a generator F' for the function field of X (3)
over k with a simple pole at the cusp oo and taking the following values at
the other cusps:

F(0) =3, F(1) =3¢ F(2) =3¢,

where ¢ = €2™/3, The expression for the modular function j in terms of F
18

(PP +6%)°

- (F3 _ 33)3 )
In particular, F takes the values 0,—6,—6(,—6(2 at the four points on
X (3) lying above the elliptic point 7 =0 on X (1).

Proof. The automorphism z +— z/3 of H induces an isomorphism from X (3)
to Xo(9) that sends, in particular, the cusps 0, co of X (3) to the same cusps
of X(9). The modular function given by G(z) = (n(z)/n(9z))® belongs to
the Newman group G g and has divisor (0) — (c0). Hence,
n(z/3)°
F = G(z/3) = ——F%
0(2) (Z/ ) 77(32)3

is a modular function for I'(3) with divisor (0) — (o0). Moreover, the Fourier
expansion of Fj has integer coefficients. For the normalized Hauptmodul
defined by F' = Fy + 3, such a Fourier expansion begins as follows:

1
" +5¢ -7 +3¢8+15¢ —32¢ +9¢17 +58¢2° —96¢% + -
3

Here ¢, stands for the local parameter e274/3 at infinity. Note that
F(0) = 3. To compute the values taken by F at the remaining cusps,
consider the functions defined by

Fi(z) = F(z+2), Fy(z) = F(z+ 1),

whose divisors are (1) — (o0) and (2) — (00), respectively. Using the de-
velopment of the function 7 in terms of e™4/12 one obtains F} = ( F — 3
and Fy = (?F — 3, which implies F(1) = 3¢? and F(2) = 3¢, as required.
The denominator of the expression given in the statement for the mod-
ular function j comes from the values taken by F' at the cusps of X (3),
along with the fact that these points have ramification degree 3 over X (1).
The numerator can then be obtained using the Fourier expansions of F
and j. O

3.2. Rational points on the twisted curves X (3), and X (3). Con-
sider a surjective representation

0: Gy — PGLy(F3).
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Its fixed field K determines p up to conjugation in PGLy(F3). Let
fX)=X'"+aX?+bX +c

be a polynomial in k[X] with splitting field K over k. Identify Gal(K/k)
with the symmetric group Sy by ordering the roots 31, (2, 83, B4 of f. Con-
sider then the generators o, 7 of Gal(K/k) corresponding respectively to the
permutations (1, 2, 3, 4), (1, 2). Also, take any two preimages of o, 7 in Gy,
and denote them in the same way. They satisfy the relation 703 = (o7)2.
On the other hand, the group PGLy(F3) is generated by the matrices

11 10 1 0
r=f) v=G) =6 )

which satisfy TUT = VUV =U? and UTU = VTV = T2 So we can
fix the isomorphism Sy ~ PGLo(F3) as follows, replacing if necessary o by
a conjugate representation:

o(0) =T?UV, o(t) = V.

Assume that the representation g has cyclotomic determinant, namely
that the quadratic extension of k inside K is generated by the cubic root of
unity ¢, which amounts to saying that the discriminant of the polynomial f
is —3 in k:*/k*2. In this case, both automorphisms ¢ and 7 send ¢ to ¢2

Consider the cocycle &: G — Aut (X (3)) defined by ¢ as in Subsec-
tion 2.2. We want to describe explicitly the function field over k for the cor-
responding twisted curve X (3),, that is, the subfield K(X(3))* of K(X(3))
consisting of those functions fixed by the &-action of Gg. The analogous
case X (3),, attached to the cocycle ' is addressed later on.

The curve X(3), may not have k-rational points, so we cannot aim to
find a Hauptmodul for it in the general case. Instead, one could look for
two generators X, ) of K(X(3))° of degree two as rational functions in the
Hauptmodul F' of Proposition 3.1. If they can be chosen with the same
denominator, they will satisfy a quadratic polynomial equation over k.

Let us first study the twisted Galois action on the function field of X (3).
We refer to Subsection 2.2 for the general definition of this action.

Proposition 3.2. With the above notations, the &-action of Gy on K(F)
1s determined by the following identities:

oF = 3¢ % , F=F
Proof. In view of the identifications o(c) = T2U V, o(7) = V made above,
the cocycle £ is determined by the following rules: & = 1 and &, is the
automorphism in the group of the cover X (3) — X (1) corresponding to
the matrix T2U in PSLy(F3). Thus, since F is defined over k, we have
¢F' = F and F' = F'|y for any preimage v in PSLy(Z) of the matrix U?T,
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say v = (% zl,)) We recall that F'|vy is the function on X (3) defined by

F (v(2)) for z in H. Consider the modular functions Fy, Fy, F5 in the proof
of Proposition 3.1. The function Fp|y has divisor (y~1(0)) — (v !(00)),
which can be checked to be (2) — (0). This implies Fy|y = w Fy/Fy for
some w in k(¢). By taking the values of Fy|y, Fy and F; at the cusp 1, we
obtain w = 3¢ (¢ — 1). Hence F'|y = Fyly+3 =3¢ (F +6)/(F — 3), as
claimed. n
Corollary 3.3. The &-action of o on the four cusps of X(3) is given
by the permutation (oo, 0, 2, 1). In other words, it is given through the
isomorphism F: X (3) — P! by the permutation (oo, 3, 3¢, 3¢?). Analo-
gously, the &-action of o on the four points of X (3) lying above the elliptic
point j = 0 is given through F by the permutation (0, —6, —6¢, —6¢2). In
particular, the pullbacks by F of the divisors

() +(0),  (B)+(=6),  BO+(=60), (3¢ +(-6¢%
on P! are cyclicly permuted by the &-action of o.

Proof. For any point P on X (3), the first identity in Proposition 3.2 applied
to the relation ZF(¢P) = °(F(P)) yields the formula

Fp) = 3 (E(P) +6¢

A(F(P) =3¢
If we now take F'(P) = 3¢, for instance, then we obtain F(gP) = 3¢ as
desired. The other cases can be similarly checked. O

The basic idea to compute K (X (3))° comes from the description of the
function field of the twisted curve X (p), at the end of the previous section.
Recall that 31, 82, 83, 84 stand for the roots of the above polynomial f,
where the order of the roots has been fixed so that ¢ and 7 induce the
permutations given by (1, 2, 3, 4) and (1, 2), respectively.

Consider the functions on X (3) with zeros given by the divisors in Corol-
lary 3.3 and with an only pole at the cusp co. Note that these functions,
which are uniquely determined up to multiplication by non-zero constants,
can be written as polynomials of degree at most two in F. Since F' (goo) =3,

the ¢-action of o followed by multiplication by (F —3)? must permute these
four functions. More precisely, if we take

Js = —9F,

Js = (F - 3)(F + 6)7

Ji = C(F=3Q(F+6(),

Jo = C(F=3C)(F+6¢%),
then we have the relations

e i s W =21¢

T I3 Ju Ji (F—3)2"°
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while the £-action of 7 permutes [J1, J2 and fixes J3, J4.
Consider now the functions Hi, Ha, Hs3, H4 defined by the linear system

Ji B BE B 1\ (M
Fo| |8 Bs B2 1||Ha
| |88 BF Bs 1||Hs
T4 B BE Bu 1) \Hy

These four functions are elements in K [F] of degree at most two. Moreover,
the quotient of any two of them is invariant by the £-action of Gi. Take

Ly

Hs
Then, the functions X,) satisfy the conic X(3)f given by the quadratic
polynomial

(8a®>—3b*—24ac)2*—28abry—4(a*—4c)y*—16 (a>—2c)z+24by+8a

in k[z,y]. This can be proved eliminating, by means of a resultant, the
Hauptmodul F' in the expressions of X,) as elements of K(F'). Alterna-
tively, it comes from the relations

JTi+T+T3+TJs=0,
j12+\722 +j32 +j42 - Oa
the first of which actually amounts to the relation 4H4s = 3bH1 + 2aHs.

The non-degeneracy of X(3)s implies the equality K (F) = K(X,Y). Thus,
the functions X', ) satisfy

(1)

K(X(3))" = kX, ),

hence yield the conic X(3)s as a k-rational model for the curve X (3),.

To deal with the twist X (3)], let us consider in Gy the automorphism
o' = 7o 7, whose restriction to Gal(K/k) corresponds to the root permuta-
tion (1, 3, 4, 2) and generates along with 7 this Galois group. If we replace £
by ¢ and o by ¢’ in Proposition 3.2, the proof remains valid. So one should
now modify the above linear system as follows:

T2 B B B 1\ (M
Nl B3 B3 B2 1| M
NE By B3 Bs 1||Hj
Ja BP B Bu 1) \Hj
Then, the functions X' = H}/H4 and V' = H,H/H4 are generators for

K(X(S))g over k and also satisfy the equation of the conic X(3)y.
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Remark 3.4. From the definitions, one can check that the cocycles £ and
&’ yield different classes inside the first cohomology set of Gy with values
in the group of the cover X (3) — X(1). Since we have found k-rational
models for the curves X (3), and X (3)|, given by the same conic, { and &
are actually cohomologous when regarded as cocycles of Gi with values in

Aut(X(3)).

Recall that the function j belongs to both K (X (3))¢ and K(X(3))£l. In
order to get an expression for j as an element in each of these function
fields, consider the polynomial f7 with coefficients in k[F| given by

fr(X) = (X =N)(X = R)(X = T3)(X = Ta)
and define d 7 in k[F] by the relation
H(jh—jl) =(1+2¢)ds.
h<l

Note that the discriminant of f7 is —3 d% . The above relations (1) amount
to saying that the polynomial f7 is of the form

f7(X) = X'+ bsX +eg.
Moreover, the identities
3b2 j— 1728 1728/5 — 1
7 o_ L7 _ 4 /3

+ds; T j4+1728 1728/5 + 1

hold in k(F), where by and ds can also be written from the above linear
systems as homogeneous polynomials of degrees 3 and 6, respectively, in
k[H1,Ha, H3] as well as in k[H}, H5, H5]. This gives explicitly the func-
tion j both inside k(X,)) and inside k(X’,)’). Note that the expression
of —b%/ds in terms of X', )" is the same as that of b%/dy in terms of
X, ).

The interpretation given in Theorem 2.5 for the k-rational points on
X (3), and X (3)}, can now be used to reobtain Theorem 3.1 in [3]. See also
Theorem 3 in [6].

Theorem 3.5. A representation of Gy onto PGLy(F3) with cyclotomic
determinant is principal if and only if it is realized by an elliptic curve
defined over k, hence by infinitely many isomorphism classes of them.

Proof. For a = 0, the above conic X(3)s has clearly k-rational points. The
other implication follows from the above discussion. O

Remark 3.6. The existence of k-rational points on the conic X(3); does
not depend on the quartic polynomial f chosen from the start. Whenever
they exist, these points are in bijection with the polynomials

foX) =X+ 0 X + e
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in k[X] having the same splitting field as f over k, up to transformations
of the form X*+ 63 b, X + 8¢, for § in k* Specifically, to a point on X(3)¢
with projective coordinates [z: y: z] corresponds the minimal polynomial
over k of the element

B+ yB2 4+ 28+ (3Bbr+2ay)/4.

Thus, this set of polynomials parametrizes simultaneously the k-rational
points on X(3), and those on X(3),. All these points are non-cuspidal.
Indeed, given a polynomial f, as above, write its discriminant as —3d2 for
some dy in k, and let j, be the element in k satistying

3b2  j.— 1728

de  ju+1728°
Both b, and ¢, must be non-zero, since the Galois group of an irreducible
polynomial in k[X] of the form X% + ¢ lies inside a dihedral group of
order 8. This implies d, # £3b2, hence j,. # 0, 1728. Then, j, and 17282/,
are the j-invariants of two elliptic curves over k realizing g, one of them
corresponding to a k-rational point on X (3), and the other one to a k-
rational point on X (3)/ . Moreover, the j-invariant of any such elliptic curve

0
is obtained in this way from some polynomial f, as above.

4. The non-octahedral genus-zero case

We now deal with the genus-zero case left, namely the one corresponding
to the modular curve X (5). For a representation ¢ of Gy onto PGLy(F5)
with cyclotomic determinant, we make explicit the twists X(5),, X(5),
parametrizing the elliptic curves over k that realize p.

4.1. The function field of the modular curve X (5). Following the
notation in Remark 2.3, let us fix the k-rational model for X (5) attached
the matrix V = (? g) in PGLy(F5). Unlike the octahedral case, this model
is not k-isomorphic to the canonical model X¢(5) given by the field of
modular functions for I'(5) whose Fourier expansions have coefficients in k.
Nevertheless, both curves become isomorphic over the fifth cyclotomic ex-
tension of k, and one can try to determine the function field of the first one
from an explicit knowledge of those modular functions.

According to Remark 2.1, the twelve cusps of X (5) are given by the
points

0 1 2 3 4 1/2 3/2 5/2 72 9/2 2/5 oo
in P'(Q) and are respectively represented by the following pairs in F5x[F5 :
0,1 (L1 (21 24 (L4 (L2 (23) 02 (22) (L,3) (2,00 (1,0).

Denote by P the set consisting of these twelve pairs. This set appears in
the proof of the next proposition, where we fix a Hauptmodul F for X°(5)
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over k by means of the construction of modular units for X (p) from Siegel
functions. We refer to [5] for the details concerning this construction.

Proposition 4.1. There exists a generator F for the function field of
X¢(5) over k with a simple zero at 2/5 and a simple pole at oo, and taking
the following values at the other cusps:

FO)=1+ ¢+ F(1/2) =1+ + ¢4
F)y=14+¢¢+¢,  F@3/2) =+ 4+
FQ2)=¢C+G+¢, F(B/2)=1+C+¢
FB)=¢+¢+¢  F(1/2) = ¢+ ¢+

F4)=1+¢+¢ F9/2) =1+ ¢+
where ¢ = e2™/5, The expression for the modular function j in terms of F is

(F?0 + 228 F15 4+ 494 F10 — 228 F° + 1)3
F5(F10 — 11 F5 —1)5

Proof. For every pair (m,n) in the above set P, consider the Siegel func-
tion S, ., defined by

Simm (2) = 222 (1 = g [T - g™ (1 = ¢S

>1

for z in the complex upper-half plane. Here g5 stands for the local param-
eter €2™/5 at infinity, and By(X) = X2 — X +1/6 is the second Bernoulli
polynomial. The function S, ,, is nowhere vanishing and holomorphic, and
S(i?n) turns out to be a modular function for I'(5), so that it can be seen
as a modular unit for X (5). Furthermore, its divisor can be explicitly com-
puted: the order of S(m . at a cusp represented by a pair (m/,n') in P is
150 By ((mm/ +mnn')/5), where one regards the sum mm’ + nn’ reduced
mod 5. As a matter of fact, every modular unit for X (5) can be explicitly
written, up to the product by a non-zero constant function, as an element
in the multiplicative group generated by the Siegel functions S, ,,. We use
this result to produce, for every cusp P different from oo, a function Fp
on X (5) with a simple zero at P and a simple pole at co with residue one.
For the cusp 2/5, we obtain a normalized Hauptmodul

F= F2/5 - (2 + C + 2€ )/5 S(O 1) S(z 1) 5(3,4) S(Q 3) S(O 2) S(2 2) S(Z 0)

with k-rational Fourier expansion, which begins as follows:

1
?+q54_q514+q524+q529_q534_2q539_|_2q549_|_2q554_q559_3q564_q569_|_. .

In particular, F' generates the function field of X°(5) over k. The values
that F' takes at the remaining cusps are computed using the Fourier ex-
pansions in terms of ¢; for the above functions Fp. One finds, for instance,
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Fo=F+ ¢+ ¢ and Fsop = F+(+ ¢* As for the expression for the
modular function j given in the statement, the denominator is obtained
from the values that F' takes at the cusps, all of which have ramification
degree 5 over X (1). The numerator can then be computed using the Fourier
expansions of j and F. O

In view of this proposition, the function field of X¢(5) over k(¢) is k((, F),
which has Galois group GLy(F5)/(—1) over k(j). Recall that the natural
action of this matrix group on k((, F) is on the right. Now, the function
field of X (5) over k is the subfield fixed by Hy /(—1), where V' is the matrix
in PGLy(F5) at the beginning of the subsection and Hy is the preimage
of (V) in GLy(F5). The quotient Hy /(—1) is generated by the matrix 2V
regarded in GLa(F5), where it can be written as follows:

0 1 1 0\/0 1
= (3 0)= (0 3)(i o)
The first matrix in this product acts trivially on k(F) and sends ¢ to (3,
while the second matrix acts trivially on (¢, 7) and sends F to the func-

tion F'|y given by the matrix v = (_(i é) in SLy(Z). The divisor of F' |y is
(5/2) — (0). From Proposition 4.1, one then obtains the equality

Fly = w EHCHC
B ENENE

for some w in k(). Taking the values of F' and F |y at the cusp 2/5, we get
w =1+ ¢+ ¢% We have thus proved this statement:

Proposition 4.2. The curve X (5) is the twist of X°(5) over k attached to
the cocycle n: G — Gal(k(¢)/k) — Aut(X°(5)) given by

F+(¢4¢t

v _ -1 _ 4
nF_FnI/ _(1+C+C)F+<—2+C37

where F is the Hauptmodul for X¢(5) in Proposition 4.1 and v is the gen-

erator of Gal(k(¢)/k) sending ¢ to 3.

Corollary 4.3. With the notation in Proposition 4.2, the n-action of the
Galois automorphism v on the cusps of X°(5) is given by the permutations

(00, 0, 2/5,5/2), (1,3,7/2,1/2), (4,2, 3/2,9/2).

Let us now consider the factorization in k[F] of the polynomials ap-
pearing in the expression given in Proposition 4.1 for the elliptic modular
function j. Obviously, each of the three sets of points of X¢(5) with j =0
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corresponding through the isomorphism F: X¢(5) — P! to the roots of
F*4+3F3 —F2_3F+1,
F8 4+ FT47TFS —7TFS 4+ 7TF3 4+ 7F2—F +1,
F8 —AFT + TFS —2F5 4 15F* + 2F3 + TF2 + 4F + 1

is stable by the n-action of Gi. We can combine these polynomials with
those attached to the sets of cusps in Corollary 4.3 to obtain functions

on X (5) defined over k. Thus, F(F?—F —1)/(F*+3F - F?2-3F +1)
would be the simplest one to choose, but it generates over k(j) an extension
of degree 15. We can take instead the modular function

—F(F1° —11F% - 1)
(F*+3F3 — F2 —3F + 1)(F® — 4F7 + TF6 — 2F5 + 15F4 + 2F3 + TF2 + 4F + 1)
which satisfies over k(j) the quintic irreducible polynomial

40 5) 1
PX) =X+ —X2- X+ .

J J J

Let us see that the splitting field of this polynomial over k(j) is the function
field k(v/5 )(X(5)), hence it has Galois group PGLy(FF5), as shown in the

following diagram:

(SN

HGF)
@
((69)) k(\/g)(x(5))\
K(F) E K(X(5))
10
12
k(Xo(5)) PGLa(Fs)
k(3)
6
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Proposition 4.4. The function field k(~/5 )(X(5)) is generated over k by
the roots over k(j) of the above polynomial ®(X).

Proof. The function J given before can be checked to be invariant by the
automorphism in Proposition 4.2, so it generates over k(j) a quintic ex-
tension inside k(X(5)). Since j = (—4032 + 53 — 1) /3% this quintic
extension is actually generated by J over k. Now, recall that the group
PGLy(F5) is generated by the above matrix V' and the matrix U in Sec-
tion 1. These matrices satisfy the relation V U* = (U V)3, So the map from
PGLy(F5) to the symmetric group S; that sends U and V' to the permu-
tations (1, 2, 3, 4, 5) and (1, 2), respectively, is an isomorphism. Thus, the
Galois group of k(v/5 )(X(5)) over k(j) is isomorphic to Ss, so it must
necessarily be the Galois group of ®(X). O

4.2. Rational points on the twisted curves X (5), and X (5);. Let
us now take a surjective Galois representation

o: Gk — PGLQ(F5)

with cyclotomic determinant. The fixed field K of ¢ determines ¢ up to
conjugation in PGLy(F5). As noticed in the proof of Proposition 4.4, this
group is isomorphic to Ss. Consider a quintic polynomial f in k[X]| with
splitting field K over k and identify Gal(K/k) with S5 by ordering the roots
081, B2, B3, B4, B5 of f. The cyclotomic hypothesis on ¢ amounts to saying that
the discriminant of f is 5 in k*/ k*2 namely that the quadratic extension
of k inside K is generated by v/5.

Consider the cocycles &, & of Gy with values in Aut(X(5)) defined by o
as in Subsection 2.2, together with the curves X(5),, X (5)), attached to
them and the corresponding twisted Galois actions on the function field
of X (5). Both cases are completely analogous, so we just treat one of them
in the next paragraph.

The function field of X (5), over k is identified with the subfield K (X (5))%
of K(X(5)) fixed by the &-action of Gg. By Corollary 2.8, the (faithful)
¢-action of Gal(K/k) on k(v/5 )(X(5)) can be seen as the Galois action
on this function field as an extension of k(j). Thus, there exists an order
31,32, 33, J4, J5 for the roots of the polynomial ®(X) in Proposition 4.4 that
is compatible with the order of the above roots 31, 82, 83, B4, O5 with respect
to the &-action of Gal(K/k), in the sense that every Galois automorphism
induces the same permutation in both sets of roots. Then, the functions
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1,92, 93, N4, H5 defined by the linear system

J1 Bt BE BE B 1\ [
32 By B3 By Ba 1|9
Js| = |84 B BF B 1|93
Ja B B BE By 1|
s Bs B3 B Bs 1) \95

are generators over k for the function field of X,(5). Indeed, from Proposi-
tion 4.4 we obtain the equalities

K(X(5)) = K(J1,32,33,34,35) = K(91,92,93,94,95) .

Moreover, the functions $1, 99, 93,94, H5 are invariant by the £-action
of Gal(K/k). Hence,

K(X(5))° = (91,92, 93, 94, 95) -
Since
P(X) = (X = J)(X = J2)(X = J3)(X — Jo)(X = J5),
explicit polynomial equations over k relating 91, 92, 93, 94, 95 and j can

be obtained. Note, in particular, that a k-rational point on X (5), yields a
polynomial in k[X] of the form

40 5 1
X5+.7X2—.7X+.7

with splitting field K over k. The same holds for a k-rational point on X (5)], .
Assume now that the given quintic polynomial f is of the form

fX)=X°4+aX?’+bX+c

for some a, b, c in k. In this case, the relation J; + Jo + J3+ J4 +J5 =0
translates into

595 = 4bH1 +3a9Hs.

Let then G5, 83, &4, &5 be the last four elementary symmetric functions of
31,32, 33, J4,J5 regarded as homogeneous polynomials in k[91, H2, H3, H4].
The coefficients of the polynomial ®(X) yield the equalities

Gy =0, ©3=286,=408; = —40/7,

so that one has the following expressions for j as homogeneous rational
function on $1, 92, H3, N4

4 3
65 _ —845 G4

= —5° .
J K G4l
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Thus, the curves X (5), and X (5);, are irreducible components of the one-

dimensional projective variety X(5); defined by the equations
Gy =0, 563565 =86,"

in the polynomial ring k[h1, b2, b3, h4]. Furthermore, the correspondence
(b1,b2,b3,b4) —— (b1, b2,b3) defines a birational map from X(5); to a
plane (singular) projective model with two irreducible components. Finally,
the following computation, due to the second author and A. Rio, ensures the
existence of k-rational points. Write the discriminant of the polynomial f
as 5d? for some d in k* Then, there is a choice for the sign of d such that

by =2(5ac—8b*)(18a*h* —45a%c — 250b¢* — 10bd),

ho = (Fac—8b*)(165a%bc+ 625¢® — 48 ab® + 25 ¢ d),

b3 =2(5ac—8b%)? (15ac —4b?),

by = 702a*b%c + 9400 a b3c? — 216 a®b* — 640b°¢ — 810 a°c?
—12375a%b ¢ — 15625 ¢ + d (216 a b® — 270 a*bc — 625 ¢%)

are the coordinates of a point on X(5);. Both choices for the sign of d can
actually be made whenever b3 # 0.

The interpretation given in Theorem 2.5 for the k-rational points on
X(5), and X (5);, translates now the above discussion into the next restate-
ment of Theorem 3.2 in [3].

Theorem 4.5. A representation of Gy onto PGLy(F5) with cyclotomic
determinant is principal if and only if it is realized by an elliptic curve
defined over k, hence by infinitely many isomorphism classes of them.

Remark 4.6. The k-rational points on X(5)¢ are in bijection with the
principal polynomials

HX) =X +a. X2+ b, X +c.

in k[X] that satisfy the relation 5a,c. = 8b2 and have splitting field K
over k, up to transformations of the form X°+§%a, X2+63 b, X +d6%c, for ¢
in k* All three coefficients ay, bs, ¢, must be non-zero, since a polynomial of
the form X° + ¢ cannot have Galois group Ss. Given such a polynomial f,,
the value

4 3
. 56*_ 4 b*
ju = =5 % ——85a$

is the j-invariant of an elliptic curve over k realizing o, corresponding
to a k-rational point on one of the twists X(5),, X (5),. Moreover, the
j-invariant of any such elliptic curve is obtained in this way from some
polynomial f, as above.
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