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NON-COLLAPSED SPACES WITH RICCI CURVATURE
BOUNDED FROM BELOW

BY Guipo De Puivreris & Nicora Gigri

Asstract. — We propose a definition of non-collapsed space with Ricci curvature bounded
from below and we prove the versions of Colding’s volume convergence theorem and of Cheeger-
Colding dimension gap estimate for RCD spaces. In particular this establishes the stability of
non-collapsed spaces under non-collapsed Gromov-Hausdorff convergence.

Résumic (Espaces « non-collapsed » avec courbure de Ricci minorée). — Nous proposons une
définition d’espace « non-collapsed » avec courbure de Ricci minorée et nous généralisons aux
espaces RCD le théoréme de convergence du volume de Colding et ’estimation de ’écart de
dimension de Cheeger-Colding. En particulier, ceci prouve la stabilité des espaces RCD « non-
collapsed » par rapport a la convergence de Gromov-Hausdorff « non-collapsed ».
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1 . IJ\TROI) UCTION

Lott-Villani in [44] and Sturm in [50, 51] introduced a synthetic notion of lower
Ricci curvature bounds for metric measure spaces: their approach is based on suitable
convexity properties for entropy-like functionals over the space of probability measures
equipped with the quadratic Kantorovich distance Ws. The classes of spaces that they
introduced are called CD(K, N), standing for lower Curvature bound by K € R and
upper Dimension bound by N € [1,00] (in [44] only the cases K = 0 and N = oo
have been considered).
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614 G. DE Prmuierrs & N. Gigur

Since then the study of these classes of spaces has been a very flourishing research
area, see for instance the surveys [53, 54] and references therein. Among the various
fine tunings of Lott-Sturm-Villani’s proposal, we mention the definition of CD* (K, N)
spaces proposed by Bacher-Sturm in [11]: under minor technical conditions, this is
locally equivalent to the CD(K, N), has better local-to-global properties but a priori
leads to slightly suboptimal constants in various geometric and functional inequalities
(but see (1.2) below).

Since the very beginning, one of the main research lines has been, and still is, that
of understanding the geometric properties of such spaces. Here fundamental ideas
come from the theory of Ricci-limit spaces developed in the nineties by Cheeger and
Colding [16, 17, 18, 19, 22]: one would like at least to replicate all their results in
the synthetic framework, and then hopefully to obtain, thanks to the new point of
view, new insights about both smooth and non-smooth objects having Ricci curvature
bounded from below. In this direction it has been soon realized that the classes of
CD/CD*(K, N) spaces are not really suitable for the development of this program:
the problem is that Finlser structures are included (see the last theorem in [52]) and
for these Cheeger-Colding’s results are not valid. For instance, the Cheeger-Colding-
Gromoll splitting theorem fails in finite dimensional Banach spaces.

Motivated by this problem the second author proposed in [31] to reinforce the Lott-
Sturm-Villani condition with the functional-analytic notion of infinitesimal Hilber-
tianity:

(1.1) (X,d,m) is infinitesimal Hilbertian provided W'?(X,d,m) is an Hilbert space.

This definition is the result of a research program devoted to the understanding of
the heat flow [27, 32, 3] on CD(K, N) spaces, and in particular of the introduction of
the class of RCD(K, c0) spaces—R standing for Riemannian—in a collaboration with
Ambrosio and Savaré [4].

In (1.1), Wh2(X,d, m) is the Sobolev space of real valued functions on X as in-
troduced by Cheeger in [15] (see also the alternative, but equivalent, descriptions
provided in [49] and [3]). It is a priori non-trivial, but nevertheless true, that infinites-
imal Hilbertianity is stable under mGH-convergence when coupled with a CD(K, N)
condition. Moreover, as proved by the second author in [28] (see also [30]), the splitting
theorem holds in the class of infinitesimally Hilbertian CD(0, N) spaces.

In a different direction, in another collaboration [5] of the second author with
Ambrosio and Savaré it has been introduced the class of BE(K, N) spaces: these are
spaces in which, in a suitable sense, the Bochner inequality with parameters K, N
holds (BE stands for Bakry-Emery). The key points of [5] are the proof that the class
of BE(K, N) spaces is stable under mGH-convergence (and thus provides another
reasonable synthetic notion of spaces having a curvature-dimension bound) and that
for N = oo it coincides with that of RCD (K, c0) spaces.

This circle of ideas has been closed in [25] (and later in [9]) where it has been
proved that

BE(K, N) = CD*(K, N) + infinitesimal Hilbertianity.

JEP — M., 2018, tome5
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More recently, Cavalletti-Milman in [14] proved in high generality, and in particular
without relying on infinitesimal Hilbertianity, that it holds

(1.2) CD(K,N) = CD*(K, N) (under some kind of non-branching assumptwn)

which always holds in RCD (K, co) spaces

The results in [14] are stated for spaces with finite reference measure but the kind of
arguments used seems to indicate that the same also holds without this restriction. For
this reason in this manuscript we shall work with RCD(K, N) := CD(K, N)+Inf . Hilb.
spaces, rather than with RCD* (K, N) := CD*(K, N) + Inf.Hilb. ones which have been
recently more popular. In any case, all our arguments are local in nature and since the
local versions of CD(K, N) and CD*(K, N) are known to be equivalent from the very
first paper [11] where CD* has been introduced, our results are independent from [14].

We now turn to the description of the content of this manuscript. Thanks to the
celebrated volume convergence result by Colding [22], and to its generalization to
Ricci-limit spaces by Cheeger-Colding [17], we know that for a pointed-Gromov-
Hausdorff-converging sequence of pointed Riemannian manifolds (M,,,p,) with the
same dimension and Ricci curvature uniformly bounded from below, the volume of
the unit ball around p,, either stays away from 0 (i.e., inf,, Vol, (B} (p,)) > 0) or it
converges to 0. Limit spaces are called non-collapsed or collapsed according to whether
they are obtained as limits of sequences of the former or latter kind respectively.

As it turned out from the analysis done in [16, 17, 18, 19], non-collapsed spaces are
more regular than collapsed ones and it is therefore natural to look for a synthetic
counterpart of this class of spaces. To do so we should look for an intrinsic charac-
terization of non-collapsed Ricci-limit spaces, i.e., for one which does not rely on the
existence of a converging sequence having suitable properties. A work in this direction
has also been done by Kitabeppu in [43] (see also Remark 1.14).

Let us observe that the aforementioned volume convergence result grants, as noticed
in [17], that: a pGH-limit space (X, d) of a sequence of N-dimensional manifolds with
Ricci curvature uniformly bounded from below is non-collapsed if and only if

the volume measures weakly converge to the measure ¥ on X and sV (X)>0,

where here and in the following 7" is the N-dimensional Hausdorff measure.
Since for a CD(K,N) space (X,d,m) the requirement m(X) > 0 is part of the
definition, the above motivates the following definition.

Derinition 1.1 (Non-collapsed RCD spaces). Let K € R and N > 1. We say that
(X, d, m) is a non-collapsed RCD(K, N) space, ncRCD(K, N) space in short, provided
it is an RCD(K, N) space and m = V.

From the known structural properties of RCD(K, N) spaces it is not hard to show
that if (X,d,m) is a ncRCD(K, N), then N must be an integer. This follows for in-
stance from the rectifiability results proved in [45], [42], [36] (see Theorem 2.13).
Alternatively, this can be proved by blow-up arguments, see Theorem 1.12 and in
particular the implication (iii) = (iv).

JE.P.— M., 2018, tome 5



616 G. DE Priniereis &« N. Gicur

Imitating the arguments in [17] we shall prove that ncRCD(K, N) spaces are stable
under Gromov-Hausdorff' (thus a priori not necessarily measured-GH) convergence in
the sense made precise by the following theorem.

Turorem 1.2 (Non-collapsed and collapsed convergence). Let (X,,dy, 5N, 2,,)
be a sequence of pointed ncRCD(K, N) spaces. Assume that (X,,,dn,z,) converges
to (Xoo,doo, &) in the pointed-Gromov-Hausdorff topology. Then precisely one of the
following happens:

(i) limy, 00 N (B1(xn)) > 0. In this case the lim is actually a limit and
(X, dpy AN 3,,) converges in the pointed-measured-Gromov-Hausdorff topology to
(Xoo,doo, 2N ). In particular (X, doo, #V) is a ncRCD(K, N) space.

(ii) limy, oo N (Bi(z,)) = 0. In this case dim (X)) < N — 1.

Here and in what follows dim»(X) is the Hausdorff dimension of the metric
space X. Notice that in particular

non-collapsed limits of Riemannian manifolds in the sense of Cheeger-Colding
are non-collapsed spaces in our sense,

explaining our choice of terminology.

Theorem 1.2 is strictly related to the following two results. The first generalizes
the already mentioned volume convergence theorem to the RCD setting. Notice that
there is no non-collapsing assumption.

Turorem 1.3 (Continuity of V). — For K € R, N € [1,00) and R > 0 let Bk y.r
be the collection of all (equivalence classes up to isometry of) closed balls of radius R
in RCD(K, N) spaces equipped with the Gromov-Hausdorff distance.

Then the map Bx nr > Z — AN (Z) is real valued and continuous.

Such theorem is true even for open balls, see equation (2.20). Notice also that Gro-
mov precompactness theorem for RCD spaces and the stability of the RCD condition
grant that By y g is compact with respect to the Gromov-Hausdorft topology (see
also the proof of Theorem 1.3 given at the end of Section 3.1).

The second result, analogous to [17, Th. 3.1], concerns the Hausdorff dimension of
an RCD(K, N) space; again there is not an assumption about non-collapsing, but on
the other hand N is assumed to be integer.

Turorem 1.4 (Dimension gap). Let K € R, N e N, N > 1, and let X be an
RCD(K, N) space. Then either dimz(X) = N or dimyu,(X) < N — 1.

Since R is RCD(0,1 + ¢), we see that the assumption N € N is necessary in the
above. For non-integer N’s this last result easily implies the following.

Cororrary 1.5. — Let K, N € R, N > 1, and let X be an RCD(K,N) space. Then
dim (X)) < [N], where [] denotes the integer part.

Notice that this is sharp because for every N€(1,2) the space ([0, 7],dg,sin™ ~! (t)dt)
is an RCD(N — 1, N) space whose Hausdorff dimension is 1.

JEP — M., 2018, tome5
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As a quite direct consequence of Theorem 1.2 and its proof we also obtain the
following volume (almost) rigidity result.

Turorem 1.6 (Volume rigidity). — For every ¢ > 0 and N € N, N > 1 there is
§ = (e, N) such that the following holds. Let (X,d, s#N) be a ncRCD(—6, N) space
and T € X such that N (BX(x)) = N (B¥" (0))(1 - 6). Then

— —mnN
dan (By,(7), BY 5(0)) <e.

The example of a unit ball in a cylinder shows that we cannot replace 1/2 with 1
in the conclusion, see also the discussion in [24]. A simple consequence of the Bishop-
Gromov inequality combined with Corollary 2.14 and the above theorem is the fol-
lowing corollary.

Cororrary 1.7. — Let (X,d, 5#N) be a ncRCD(0, N) space, then for all x € X and
r >0,
(1.3) AN (BX () < wyr?Y.
Moreover, if there exists T € X and T > 0 achieving equality in (1.3), then B?/Q(f)
is isometric to B?;;(O). As a consequence, a point © € X is regular (i.e., all tangent
cones are isometric to RN ) if and only if
AN (BX
r—0 WNT

We now pass to the description of the main properties of non-collapsed spaces.
A first result is about the stratification of their singular set: denote by Si(X) the set
of points = € X such that no tangent space splits off a factor R**! (see (3.48) for the
precise definition). In the same spirit of classical stratification results in geometric
measure theory first established in [1] and axiomatized in [55] we have the following
result, compare with [17, Th.4.7].

Tueorem 1.8 (Stratification). — Let K€R, NeN, N>1 and let X be a ncRCD(K, N)
space. Then dim (7 (X)) < k for every k € N.

Beside these, all the other properties of ncRCD spaces that we are able to prove hold
in the a priori larger class of weakly non-collapsed spaces, which we now introduce.

For K € R, N € [1,00) and r > 0 let us consider the volume of the ball of radius r
in the reference ‘space form’ defined by

T
UK’N(’I") = UJN/ ’SK,N(t
0

where wy = ﬂN/Q/fOOO tN/2e=t dt coincides for integer N with the volume of the unit
ball in RY and

)’N—l dt7

V(N = 1)/Ksin(r\/K/(N — 1)), if K >0,
sN(T) = qr, if K =0,

VN = D)/[K[sinh(r/[K]/(N —1)), it K < 0.

JE.P.— M., 2018, tome 5



618 G. DE Priniereis &« N. Gicur

Then the Bishop-Gromov inequality, which is valid in the class of MCP(K, N) spaces
(see [46] and [51] and recall that an RCD(K, N) space is also MCP (K, N)), states that

B
(1.4) r— m(Br () is decreasing
vr,N (7)

for any x € supp(m). Therefore the following definition if meaningful.

Derinirion 1.9 (Bishop-Gromov density). — Let K € R, N € [1,00) and let (X, d, m)
be a MCP(K, N) space with supp(m) = X. For = € X we define the Bishop-Gromov
density at x as

19 o) =i R = TG

Notice that by the very definition of vk n(r) we have

. v N(T)
(1.6) LR
hence
(1.7) In[X,d, m](z) = lim Er@)

r—0 wNT’N

whence the choice of omitting the K in the notation of the Bishop-Gromov density.
Still, the definition (1.5) allows to directly exploit (1.4) and this simplifies some proofs.

We note that for an RCD(K,N) space the Bishop-Gromov density can be
equal to oo at almost every point, a simple example being the RCD(0, N) space
([0,00),dg, 2N "1 d.#?), where here and in the sequel dg will denote the euclidean
distance. In a sense what is happening in this example is that there is a gap between
the ‘functional analytic’ upper bound on the dimension N of the space and its
‘geometric’ dimension. This motivates the following definition.

Derinition 1.10 (Weakly non-collapsed RCD spaces). Let K € Rand N € [1,0).
We say that (X,d, m) is a weakly non-collapsed RCD(K, N), wncRCD(K, N) in short,
space provided it is RCD(K, N), it holds supp(m) = X and

In[X,d,m](z) < 400 for m-a.e. z.

Notice that by classical results about differentiation of measures (see e.g. Lem-

ma 2.11), if s#V is a Radon measure on X we know that
N
HL (B?\gm)) <1 AN ae xeX,
rl0 WNT
and thus in particular
a non-collapsed RCD(K, N) space is also weakly non-collapsed,
see Corollary 2.14.

Also, from (1.4) it follows that ¥ is lower-semicontinuous both as a function on
the fixed RCD(K, N) space (X,d,m) and along a pmGH-converging sequence (see
Lemma 2.2). This easily implies the stability of the weakly non-collapsed condition
with respect to pmGH-convergence, see Theorem 2.3.

JEP — M., 2018, tome 5
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Remark 1.11. By analogy with the properties of Ricci-limit spaces obtained in
[16, 17, 18, 19, 23] we believe that
if (X,d,m) is RCD(K, N) and 9n[X,d, m] < co on a set of positive m-measure,
then up to multiply m by a positive constant the space is ncRCD(K, N)
and in particular that any weakly non-collapsed space is, up to multiply the measure
by a positive constant, non-collapsed. Note in particular that a consequence of the
above property would be the constancy of the dimension of RCD(K, N) spaces in
the case when there is at least a N-dimensional piece(t). This fact is proved, in full
generality, for Ricci limit spaces by Colding and Naber in [23]. (]

The geometric significance of the finiteness of ¥y is mostly based on the fact that
(1.8) if ¥n[X,d, m](x) < oo then every tangent space at x is a metric cone

which in turn follows directly from the ‘volume cone to metric cone’ property of RCD
spaces obtained by the authors in [24, Th.1.1] (see Proposition 2.8 for the proof
of (1.8)).

With this said, we have the following equivalent characterizations of weakly non-
collapsed spaces.

Tueorem 1.12. — Let K € R, N € [1,00) and let (X,d, m) be a RCD(K,N) space
with suppm = X. Then the following are equivalent:

(i) X s a wncRCD(K, N) space.

(i) m < 2N,
(iii) There exists a function 91 € L (H#N) such that m = 9,
(iv) N is integer and for m-a.e. x € X there exists a constant 92(x) such that

pmGH
-

(X,d/r,m/r, ) (RY, dg, 92(2).2N,0)  asr 0.

(v) N is integer and for m-a.e. x € X it holds

(X, d/rm/crz) PECE RN 4e N (M), 0) st Lo,

where

cr = ~/B,),((z) (1 - M) dm(y), ¢(N) := /BRN(O) (1= Jyl) 42" (y).

(vi) N is integer and for m-a.e. x € X it holds

H
(X,d/r,x) L>(IRN,dE,()) asr 0.

(vii) The tangent module L?(TX) has constant dimension equal to N.

(1)During the revision process of this manuscript, Brué¢ and Semola proved in [12] that finite
dimensional RCD spaces have constant dimension regardless of such ‘maximality’ condition.

JE.P.— M., 2018, tome



620 G. DE Priniereis &« N. Gicur

Moreover in the above statements
(1.9) Y1 (x) = d2(x) = In[X,d, m](z) < +00 for m-a.e. x.

Finally, if any of these holds then (referring to [29] for the necessary definitions) it
holds

(1.10) H*?(X)=D(A) and trHf = Af Vfe H**X).

Remark 1.135. We believe that if (X,d, m) is an RCD(K, N) space for which (1.10)
holds, then there exists n € N, n € [1, N], such that (X, d, m) is a weakly non-collapsed
RCD(K, n) space. Notice that according to Han’s results in [41], this would be true if
one knew that the tangent module has constant dimension, in which case one should
pick n to be such dimension.® O

Remark 1.14. — The definition proposed by Kitabeppu in [43] in our formalism reads
as: Iy [X](z) < oo for every x € X (in particular such spaces are weakly non-collapsed
in our sense). Then in [43] it has been proved that such spaces have many of the
properties stated in Theorem 1.12, see [43, Th. 1.4], and it has also been noticed that
(1.8) holds. Our proofs of these facts are essentially the same as those in [43]. O

We conclude mentioning that the characterization of non-collapsed spaces via blow-
ups allows to deduce that ‘products’ and ‘factorizations’ of (weakly) non-collapsed
spaces are still (weakly) non-collapsed, see Proposition 2.15 and compare it with the
non-trivial behaviour - even on R" - of products of Hausdorff measures, see e.g. [26,
2.10.29].

Acknowledgements. — The authors wish to thank Jeff Cheeger for a series of inspiring
conversations at the early stage of development of this work. They also would like to
thank the anonymous referees for the careful reading of the manuscript and for their
comments which helped us to improve the presentation

2. WEAKLY NON-COLLAPSED SPACES

2.1. Srasiurry. — In this section we prove the stability of the class of wncRCD(K, N)
spaces with respect to pointed-measured-Gromov-Hausdorff convergence.

In all the upcoming discussion, a metric space is always a complete and separable
space (sometimes we will consider convergence of open balls in such spaces, but this
creates no problems in the definition of Gromov-Hausdorff convergence) and a metric
measure space is a metric space equipped with a non-negative and non-zero Radon
measure which is finite on bounded sets. Moreover, by C(a, 8,7, ...) we will always
intend a constant whose value depends on the parameters a, 3,7,... and nothing
else.

) As already mentioned, Bru¢ and Semola recently proved in [12] that indeed finite dimensional
RCD spaces have constant dimension. As a consequence of their result, the conjecture in this remark
holds.

JEP — M., 2018, tome 5
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Let us begin recalling some basic definitions that will be used throughout the
text. The Hausdorff (semi-)distance between two subsets A, B of a metric space Y is
given by

du(A,B) :=inf{e > 0| B C A® and A C B},

where A denotes the e-neighbourhood of A, i.e., the set of points at distance < &
from A.

With this said, we now recall the definitions of the various kind of Gromov-
Hausdorff convergences that we shall use. Notice that for the case of pointed and
pointed-measured convergences our definitions are not really the correct ones in the
general case, but given that we will always deal with geodesic metrics and uniformly
locally doubling measures, our (simplified) approach is equivalent to the correct defi-
nitions, see for instance the discussions in [40, Chap. 3], [13, §8.1], [34, §3.5].

DeriNition 2.1 (Gromov-Hausdorff convergences). — Let (X,,,d,,), n € NU {oo} be
metric spaces. We say that (X,,,d,) converges to (X, d) in the Gromov-Hausdorff
(GH in short) sense provided there exist a metric spaces (Y, dy) and isometric em-
beddings ¢y, : X, = Y, n € NU {oo}, such that

dy (Ln(Xn),LOO(XOO)) — 0 as n —> 00.

If the spaces are pointed, i.e., selected points z,, € X, are given, we say that
(X, dp, @) converges to (Xeo, doo, Too) in the pointed-Gromov-Hausdorff (pGH in
short) sense provided there exist a metric spaces (Y,dy) and isometric embeddings
tn: Xp = Y, n € NU{oo}, such that:

(1) tn(Tn) = too (o) In Y,

(ii) for every R > 0 we have

di (Ln(BR(In)), LOO(BR(Z‘OO))) —0 as n — oo.

If moreover the spaces X,, are endowed with Radon measures m,, finite on bounded
sets, we say that (X,,,d,,m,,z,) converges to (X0, doo, Moo, Too) in the pointed-
measured-Gromov-Hausdorff (pmGH in short) sense provided there are Y and (i)
satisfying (i), (ii) above and moreover it holds:

(iii) ((¢n)smy,) weakly converges t0 (Loo)sMoo, i.€., for every ¢ € Cy(Y) with
bounded support we have

/gpd(Ln)*mn — /cpd(Loo)*moo as n — 00.

In any of these cases, the collection of the space Y and isometric embeddings ()
is called realization of the convergence and in any of these cases, given z, € X,,
n € NU {oo}, we say that (z,) converges to 2z, and write z, CH Zso provided there
exists a realization such that

lim dy(Ln(Zn),Loo(Zoo)) =0.

n—o0

JE.P.— M., 2018, tome



622 G. DE Priniereis &« N. Gicur

Notice that in presence of non-trivial automorphism of the limits space X, it might
be that the same sequence (z,) converges to two different points 2o, 25, € X . This
creates no issues in the foregoing discussion.

We shall frequently use, without further reference, the fact that the class of
RCD(K, N) spaces is closed with respect to pmGH-convergence (see [44], [50], [51],
], [31], [34)).

Since the Bishop-Gromov inequality (1.4) implies that the measure is locally dou-
bling, we can use Gromov’s compactness theorem (see [40, §5.A]) to deduce that

if (X,,,dn, my, ), n €N, are RCD(K,,, N) spaces with N € [1, 00),
supp(my,,) = X,,, m,,(B1(x,)) € [v,07 ] for every n € N and some v € (0,1),

(21) and K,, — K€R, then there is a subsequence pmGH-converging to some

RCD(K, N) space (X,d,m,z) with supp(m)=X and a realization withY proper.
Recall that a metric space is proper provided closed bounded sets are compact. Notice
that a direct consequence of the definitions is that
(2.2) VYoo € Xooy, FYn € Xy, €N, Yy ﬂ)ym.

We also recall that on MCP(K, N) spaces (see [46] and [51]) (X,d,m) with
supp(m) = X and N < oo, from the spherical version of Bishop-Gromov inequality—
see [51, Ineq. (2.4)]—it holds

(2.3) m(B, (7)) = m(B,.(x)) VeeX, r>0,
and in turn this easily implies that if (X,,,d,, My, Z,) pmGH (Koo, dooy Moo, Too) and

all such spaces are MCP(K, N) with measures of full support, then

(2.4) v S s = (B () — M (Br(yn) ¥ > 0,

which easily follows by the weak convergence of the measures and by the fact that
m(9B;(Yso)) = 0 under our assumptions (from (2.3)).
Let us now collect some basic simple properties of the Bishop-Gromov density.

Lemma 2.2 (Basic properties of the Bishop-Gromov density)
Let K € R, N € [1,00). Then:
(i) Let (X;,d;,m;,T;) be a sequence of pointed MCP(K,N) spaces pmGH-con-
verging to a limit MCP(K, N) space (Xoo,doo; Moo, Too ). Then
GH

Tj——> Too —> hjrglor.}fﬁN[Xj,dJ,m]](x]) > 19N[X007d007moo](1'oo)

In particular, on a given MCP(K, N) space (X,d, m), the function 9 : X — [0, 00] is
lower-semicontinuous (and thus Borel measurable).
(ii) Let (X,d,m) be a MCP(K, N) space. Then m-a.e. point x € {Jy < oo} is an
approximate continuity point for Uy, i.e.,
m({y € B,(x) | 19n(y) — In(2)] > })

(25) e (B, () =0

for every e > 0.

JEP — M., 2018, tome5



NON-COLLAPSED SPACES WITH RICCI CURVATURE BOUNDED FROM BELOW 623

(iii) Let (X,d,m) be a MCP(K, N) space and put (X,,d,,m,) = (X,d/r,m/rY) for
r > 0. Then for every x € X we have VN [X;,d,, m;](z) = In[X,d, m|(z).

Proof. — Point (iii) trivially follows from (1.7) and point (i) is a direct consequence
of the definitions, of (2.4) and of the monotonicity granted by the Bishop-Gromov
inequality (1.4).

For point (ii), note that the Bishop-Gromov inequality (1.4) grants that m is locally
doubling, hence the Lebesgue differentiation theorem applies to every function f €

LiLOC(X):
1
2.6 limi/ fly) — f(z)|dm(y) =0 m-a.e. T.
(26) li ) o )~ @)
By applying (2.6) to, for instance, f(z) := arctandy(x) one easily gets (ii). O

A stability result for the class of wncRCD spaces now easily follows, see Remark 2.4
below for some comments on the statement.

Tueorewm 2.3 (Stability of weakly non-collapsed spaces). — Let K € R, N € R and
let (X, dp, My, zy,) be a sequence of wncRCD(K, N) spaces pmGH-converging to some
limit space (X,d,m,x). Assume that for every R > 0 there is an increasing function
fr [0, +00] = [0, +00] with fr(+00) = +oo such that
(27) lim fROﬁN[Xn,dn,mn] dm, < oco.

"By (wn)

Then (X,d, m) is a wncRCD(K, N) space and for every R > 0 it holds

(2.8) / froOx[X,d,m]dm < lim fr0 O [Xn, dyy ] i,
B (z)

n—00 J BR" ()
Proof. — From the stability of the RCD condition we know that (X,d,m) is
RCD(K, N). Let (Y,dy, (tn)) be a realization of the pmGH-convergence and define
Py 1 Y = [0,00] as

571(2/) = {ﬁN[Xn, dmmn](Lgl(y)), if y € (X)),

400, otherwise.

and similarly 9. Then from Lemma 2.2 (i) and the monotonicity of fr we deduce that
Yn — Y = XB;{(L(z))(y)wa(y)) < 11_>7m XB},{(Ln(mn))(yn)fR(ﬁn(yn))
n—oo

having also used the fact that if y € B (:(x)) then eventually y, € BY(tn(zy)). By
the simple Lemma 2.5 below this inequality and the weak convergence of (¢,,).m,, to
Lym give
/XBﬁ(L(x))fR © ’ﬂdb*m < nh_>7H;O XB%(Ln(xn))fR o 79n d(bn)*mny
which is (2.8). In particular, taking into account (2.7) we deduce that
frodn[X,d,m]dm < co
Bi(x)

and since fr(+00) = 400, this forces ¥y [X,d, m] to be finite m-a.e.. O
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Remark 2.4. It is not hard to check that, in this last theorem, if all the spaces X,,
are Riemannian manifolds of the same dimension k& converging to a smooth Riemann-
ian manifold X, then necessarily K = N and X has dimension k. In particular, the
convergence is non-collapsed in the sense of Cheeger and Colding, [17].

In this respect the following example might be explanatory: Let S! be the 1-
dimensional sphere of radius r and consider the cylinder M,, := R x 511 /n equipped
with its natural product distance d, and volume measure vol,. It is clear that as
n — oo the metric spaces (M,,d,) converge in the pGH-topology to the real line,
which trivially has smaller dimension (since in all these manifolds the isometry group
acts transitively, the choice of reference point is irrelevant and thus omitted).

Let us now consider convergence of the metric measure spaces (M, d,,, vol, ). Notice
that for any r > 1/n and p,, € M,, we have that

(2.9) voln (Br(pn)) ~ —  as n — 00
n

and thus the measures m,, weakly converge, in any realisation of the pGH-convergence,
to 0. However, the choice of the null measure is excluded by the definition of metric
measure space—see the beginning of Section 2.1—, so that (R, dg, 0) is not a legitimate
metric measure space and the spaces (M, d,, vol,,) do not satisfy the assumptions of
Theorem 2.3 above, because they do not converge anywhere in the pmGH-topology.
We emphasize that the choice of excluding null reference measures is customary in
this research field, see for instance [34] and references therein for a discussion of this
topic in relation to convergence of mm-structures.

The typical way to avoid measures disappearing in the limit is to renormalise them
via the multiplication by an appropriate constant: this is precisely what Cheeger-
Colding do in [17], [18], [19] when defining renormalised limit measure. In our case,
by (2.9) we are led to consider the measures m,, := ¢, vol, with ¢, ~ n, so that the
spaces (M, d,, m,) converge in the pmGH-sense to (R, dg, c.#?) for some ¢ > 0. Thus
we have ¥93[M,,,d,,m,] = ¢, — 400 and m, (B, (p,)) — <L (B-(0)) = 2cr > 0 as
n — oo. Hence for any function z — f(z) going to 400 as z — 400 we have

/ F o o[ My, dyymp] dim = F(n) mn(Br(pn)) —s 400, as n — +oo,
Bv‘(pn)

so that the assumption (2.7) does not hold in this case.

We conclude pointing out that the notion of (weakly) non-collapsed space makes
sense only when coupled with the dimension which is being considered, so that it can
very well be that a sequence of 2-dimensional non-collapsed spaces converges, with
collapsing, to a 1-dimensional non-collapsed space. This is precisely what happens in
the example we discussed here. O

In the proof of Theorem 2.3 we used the following known simple variant of the
classical Fatou lemma.
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Lemma 2.5 (A variant of Fatou’s lemma). Let (Y,dy) be a complete and separable
metric space, {iin }neNu{so} be Radon measures finite on bounded sets such that

lim [ odu, = / o dtico

n— oo

for every v € Cp(Y) with bounded support. Also, let f, : Y — RU{+00}, n € NU{co}
be such that

(2.10) Un — Y = fooly) < lim fr(yn)

n—oo

and frn, = g for every n € NU {oo} for some g € Cy(Y) with bounded support. Then

n—oo
Proof. — Replacing f, with f, — g we can assume that the f,’s are non-negative.
Then we follow verbatim the proof in [2, Lem. 8.2] which, although presented on R9,
actually holds also in our context. |

2.2, TancenT spaces. — In this section we study the tangent spaces of weakly non-
collapsed spaces, here is the definition that we will adopt (notice the chosen scaling
of the measure).

Derinition 2.6 ((metric) tangent space). Let K € R, N € [1,00), (X,d,m) an
RCD(K, N) space with supp(m) = X and z € X.

We say that (Y, dy, o) is a metric tangent space of X at x if there exists a sequence
rn 4 0 such that

GH
(Xr oA, @) i= (X, d/r,2) 22 (Y, dy,0) s 1t oo,

Similarly, we say that (Y,dy,my,0) is a tangent space of X at z if there exists a

sequence 7, | 0 such that

pmGH
ST

(X, ,dr, ,m, ,x) = (X,d/rn,m/rfy,m) (Y,dy,my,0) asnToo.

Notice that the Bishop-Gromov inequality (1.4) gives that inf,.c( 1y m,(Bi(z)) > 0
for every x € supp(m) and if In(z) < oo then by (1.7) we also have that
SUp,c(o,1) Mr(B1(z)) < oo. Hence recalling (2.1) we see that given an RCD(XK, N)
space (X,d,m) and a point z € X with dx(z) < oo, the family (X,,d,,m,, x),
r € (0,1), is precompact and, by scaling, any limit space as r | 0 is RCD(0, N).

For the definition of cone built over a metric space see for instance [13, Def. 3.6.16].
We then give the following definition.

Derinition 2.7 (Metric (measure) cones). — We say that (X, d) is a metric cone with
vertex x € X provided there is a metric space (Z,dz) and an isometry ¢ between X
and the cone over Z sending x to the vertex.
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If X is also endowed with a Radon measure m we say that it is a metric measure
cone provided there are Z,¢ as before and moreover there are a Radon measure my
on Z and « > 1 such that

d(,m)(r, 2) = dr @ 7>~ dmy(2).
In this case we say that X is an a-metric measure cone.

A crucial regularity property of weakly non-collapsed spaces is contained in the
following statement, which in turn is a direct consequence of the ‘volume cone to
metric cone’ for RCD spaces obtained in [24, Th.1.1].

Prorosition 2.8 (Tangent spaces are cones). Let K € R, N € [1,0), (X,d,m)
an RCD(K, N) space and T € X such that In(T) < oco. Then every tangent space
(X0, doos Moo, 0) at T is an N-metric measure cone based in o and it holds

_ mau(B,(0)

Yo>0.
wyoN

(2.11) INIX,d, m](ZT) = In[Xoo, doo, Mao(0)
Proof. — Let 7, | 0 be such that the rescaled spaces (X, ,d/r,,m/rY Z) pmGH-
converge to the RCD(0, N) space (Xoo, doo, Moo, 0). We shall apply [24, Th. 1.1] to the
space X . From the very definition of pmGH-convergence and recalling (2.4), for any
o0 > 0 we have

.12 Mo (By(0) _

Hence ¢ — mq(B,(0))/0" is constant and according to [24, Th. 1.1] this is enough to
deduce that X, is a N-metric measure cone based in o. Also, letting o | 0 in (2.12)
we deduce (2.11). O

The fact that tangent cones of wncRCD spaces are in fact a.e. Euclidean spaces
is based on the following simple lemma. Notice that the first part of the statement
only assumes the space to be a metric cone, and not a metric measure cone: the
rigidity is possible because the splitting theorem for RCD(0, N) spaces only requires
the existence of a straight line on the given space and this is a metric requirement (as
opposed to a metric-measure requirement).

Levma 2.9, — Let N € [1,00) and let (X,d,m) be an RCD(0, N) space which, for
every x € X, is a metric cone with vertex in x. Then there exists m € N and ¢, > 0
such that (X,d,m) = (R™,dg, ¢, Z™).

If we also know a priori that X is an N -metric measure cone with vertex x for
every x € X, then N € N and m = N in the above.

Proof. By the very definition of metric cone with vertex T any point z € X \ {7}
lies in the interior of a half line (i.e., an isometric embedding of [0, +00)). Moreover,
by assumption, for every € X \ {Z} and r > 0 the pointed spaces (X,d/r,z) and
(X,d,z) are isometric and therefore any metric tangent space at & must coincide
with X itself. Given that z lies in the interior of a length minimising geodesic, the
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tangent space, and hence X itself, must contain a line through z, see for instance [33,
Proof of Th. 1.1] for a similar argument. Thus the splitting theorem for RCD spaces
[28], [30] grants that (X,d, m) splits off a line, i.e., it is isomorphic to the product of
the Euclidean line R and a metric measure space (X’,d’, m’). Moreover, such X’ is a
point if N € [1,2) and a RCD(0, N — 1) space if N > 2. By iterating this fact finitely
many times we obtain the desired conclusion.

The last statement is now obvious. ]

We then have the following proposition.

Prorosition 2.10. — Let K € R, N € [1,00), (X,d,m) an RCD(K,N) space with
supp(m) = X and T € X. Assume that T is a point of approzimate continuity of ¥ n|[X],
i.e., In[X](T) < 0o and (2.5) holds. Then N € N and (RN, dg, In[X](Z)-LY,0) is the
only tangent space of X at T.

Proof. Let (Xoo,doo, Moo, 0) be a tangent space at T, let r,, | 0 be a sequence that
realises it and pick y € Xo. We claim that there exists a sequence n — y, € X,

such that y,, GH y and
(2.13) In[X,d,m](y,) — In[X, d, m](Z).

Indeed, let n — ¥, € X,, = X be arbitrary such that y, S (recall (2.2)), notice
that d(¥,,,T) — 0 and that the choice of T and the fact that m is doubling grant
that for every r,e > 0 the balls B, (¥,) C X must eventually intersect the set
{z | |¥(z) — ¥(T)| < e}. Hence with a perturbation and diagonalization argument,
starting from (¥,) we can produce the desired (y,).

With this said, for any ¢ > 0 we have

Moo (By(y)) (29 lim m(Byr, (Yn))
WNQN n—00 WN(an)N

(1.6),(1.4)
< lim Iy[X,dml(yn) P2 n (X, d, m)(@).

n—oo

(2.14)

On the other hand, putting R := d(y,0) and using again the Bishop-Gromov in-
equality (1.4) (recall that X, is RCD(0, N)) we have

(1.4)
Moo (Bo(y)) U (o Moo(Br(y) _ Moo (Brir(y))
wy o rooo wyTN rooo wy(r+ R)N
N
> lim Moo (Br(0)) 7 (2.11)
rooo  wyrV  (r4+ R)N

From (2.14) and (2.15) we deduce that

(2.15)

In[X,d, m|(T).

oo BQ
(2.16) 0 — BeotZeY)) W(NQS’))

and from [24] we can then deduce that (X, doo, Moo, ¥) is & N-metric measure cone.

is constantly equal to Iy [X,d, m|(T)

Then arbitrariness of y € X, and the simple Lemma 2.9 above give the conclusion.
|
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2.3. EQUIVALENT CHARACTERIZATIONS OF WEAKLY NON-COLLAPSED SPACES. Here we
shall prove Theorem 1.12 about different equivalent characterizations of weakly non-
collapsed spaces.

We shall make use of the following classical result about differentiation of measures,
see e.g. [10, Th.2.4.3] for the proof.

Lemma 2.11 (Density with respect to Hausdorff measures)
Let (X,d) be a complete and separable metric space, m a Radon measure on it and
for a > 0 define the a-upper density function as:

To(in, 2) 1= Tom B @)
rl0  WuT®

Then for every Borel B C X and ¢ > 0 it holds
(2.17) Jo(m,z) >c Vo e€B = m(B) > c#*(B),
(2.18) o(mz)<c VreB = m(B) <2°#%B).

3]

Let us point out a direct consequence of the above which, being based on the
Bishop-Gromov inequality only, is valid on general MCP(K, N) spaces.

Prorosition 2.12. — Let K € R, N € [1,00) and (X,d,m) a MCP(K, N) space with
supp(m) = X. Then for every R > 0 there is C = C(K, N, R) such that for every
x € X it holds

C(K,N,R)

N
219) # lbnto < By ) Moo

In particular, % is a Radon measure on X, is absolutely continuous with respect
to m and it holds
(2.20) AN (B,(2)) = #N (B, (x)) Ve eX, r>0.

Proof. — The Bishop-Gromov inequality (1.4) implies that

m(B2r(y)) o m(Bi(x))
UK7N(2R) i ’UK7N(2R)

Also, from (1.7) we know that Jn(m,y) = In[X,d, m](y) for every y € X. Hence
(2.19) comes from (2.17) and then (2.20) follows from (2.3). O

In[X,d,m](y) > Vy € Br(xz) and R > 1.

Before coming to the proof of Theorem 1.12 let us collect in the following statement
the known rectifiability properties of RCD spaces.

Turorem 2.13 (Rectifiability of RCD spaces). — Let K € R, N € [1,00) and (X, d, m)
be an RCD(K, N) space. Then we can write

M
(2.21) X=4ulU UUr

k=1jEN
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for Borel sets N, U;€ where m(A) =0, M € N, M < N, each Uj’.C is bi-Lipschitz to
a subset of RF, and for m-a.e. x € Uj’.c the metric tangent space at x is the Fuclidean
space R¥. Moreover for any j,k it holds

(2.22) m,, = 05"
for some Borel function 9% : X — R which also satisfies
J
k
o mB@NUY  wB@)

Proof. The existence of the partition (2.21), of bi-Lipschitz charts and the fact that
metric tangent spaces are Euclidean have all been proved in [45]. Property (2.22) has
been proved in [42], [36]. These informations together grant that m| , is a k-rectifiable
measure according to [7, Def.5.3], hence the first equality in(2.23j follows from [7,
Th. 5.4]. To conclude, notice that if
K w— m(B,(x))

Vi) <l =
holds in a Borel set A C UJIC of positive A% -measure, then we can find b > a > 0 and
a Borel set A’ C A such that

AN(A) >0, O <aAFae onA and HM

>bforze A
rl0 wrk

This would lead to

/ (2.17) k(al N7/ (2:22) /
m(A") = bHV(A) > a(A) = m(4),
which is impossible. This proves the second equality in (2.23) and concludes the proof
(see also [6] for similar arguments). O

We are now ready to prove Theorem 1.12.

Proof of Theorem 1.12

(i) = (ii) By (2.18) we know that Mooy < AN and since by hypothesis we have
that m({dn = +o0}) = 0, the claim follows.

(ii) = (iii) Proposition 2.12 grants that J#~ is o-finite, hence the claim follows by
the Radon-Nikodym theorem.

(iii) = (i) We consider the decomposition (2.21) and notice that the assumption
m = ;.Y and (2.22) forces m(UJ’?) = 0 for every £ < N and j € N and, since
m(X) > 0, N to be an integer. Hence for every j we have

wn . m(Br(z)) (2.23)
(2.24) In[X](z) = ll_r% o N Yi(x) < 400 for m|U]N-a.e. x.

(i) = (iv) Consequence of the assumptions, Lemma 2.2 (ii) and Proposition 2.10,
which also grant that

(2.25) Iy = Uo m-a.e..
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(iv) = (v) This is immediate, since one can easily check that
o/ = [ @ dilgo)dm ) data) [0l AZN )
Bl " Bl

(v) = (vi) Trivial by definitions.

(vi) = (ii) By Theorem 2.13 we know that for every k, j, for m-a.e. x € UJ]»“ the metric
tangent space at 2 is R¥. Thus our assumption forces m to be concentrated on [ J j U JN
and the conclusion follows recalling (2.22).

(vi) < (vii) This is an immediate consequence of [37, Th.5.1].

Proofof (1.9). — Consequence of (2.24) and (2.25).

(vii) = (1.10) This follows from [41, Prop. 4.1]. O

An easy consequence of the above is the following corollary.

Cororrary 2.14 (ncRCD = wncRCD). — Let (X,d, #) be a ncRCD(K, N) space.
Then

(2.26) In(z) <1 VzeX.
In particular, ()z,d,j‘fN) is wncRCD(K, N), where X C X is the support of AN

Proof. — By Theorem 1.12 (iii) and (1.9) we see that Iy < 1 J#V-a.e.. Then (2.26)
follows by the lower semicontinuity of ¥ established in Lemma 2.2 (i). O

2.4. TENSORIZATION AND FACTORIZATION

Given two metric measure spaces (X1,d;,m;) and (X3, ds, ms), by their product
we mean the product X; x X5 equipped with the distance dy ® do defined by

(di ® d2)?((21, 22), (2], 2h)) == di(z1,2}) + d3(za, 2h) Vi, 2] € Xy, z0,75 € X

and the product measure m; x ms.

Recall that the product of an RCD(K, N;) space and an RCD(K, Ns) space is
RCD(K, N1 + Na) (see [51], [4], [5])-

With this said, thanks to characterization of wncRCD spaces via blow-ups ob-
tained in Theorem 1.12 we can easily prove that products and factors of wncRCD
(resp. ncRCD) are wncRCD (resp. ncRCD).

Prorosirion 2.15 (Tensorization and factorization of non-collapsed spaces)
Let (X;,d;, m;) be RCD(K, N;) spaces, i = 1,2, with K € R and N; € [1,00) and
consider the product space (X1 X Xo,d1 ® do, my X my).
Then X1 x Xg is wncRCD(K, Ny + Na) if and only if X1 is wncRCD (K, N1) and Xs
is wncRCD(K, Ny).
Similarly, X1 X Xo is ncRCD(K, N1 + Ns) if and only if for some constant ¢ > 0
(Xy,dy,emy) is ncRCD(K, N1) and (X, da, ¢~ tmy) is ncRCD(K, Ny).

Proof. — From Theorem 2.13 we know that for mj-a.e. 1 the metric tangent space
of Xy at z7 is R™ 1) with ng (z1) < Nj. Similarly for X5. Then from the very definition
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of pGH-convergence and Fubini’s theorem it is readily checked that R™1(*1)+n2(z2) jg
the metric tangent space of X; x Xo at (z1,z2) for m; x mg-a.e. (x1,x2).

Thus the claims about wncRCD spaces follows by the characterization given in
Theorem 1.12 (vi).

For the case of ncRCD spaces we can assume, by what just proved, that X;, Xg,
X1 x X5 are all wncRCD spaces. Then we notice that, much like in the metric case
just considered, if (R™, dg, I, [X1](21)LN1,0) (resp. (RN2, dg, I, [Xa](22)-LN2,0))
is the tangent space of X; (resp. Xa) at 21 (resp. x32), then

(RN1+N2 ) dE’ ?91\71 (331)19]\[2 (xQ)DE’leJrNQ ) O)

is the tangent space of X; x Xy at (z1,22). Hence taking into account the character-
ization of wncRCD spaces in Theorem 1.12 (iv) we deduce that

(227) 19N1+N2 [Xl X XQ](l‘l,]}g) = ’L9N1 [X1](JJ1)’(9N2 [XQ](.IQ) (m1 X mg)—a.e. (.731,.132).

Hence if 9y, [X1](21) = ¢ > 0 my-a.e. and Ip,[Xa](22) = ¢! > 0 mo-a.e. it triv-
ially follows that ¥y, 4+n,[X1 X Xg] = 1 a.e., thus showing that X; x X5 is ncRCD
(by Theorem 1.12(iii) and (2.11)). Conversely, if the left-hand-side of (2.27) is a.e.
equal to 1, then the identity (2.27) forces 9, [X1] and 9y, [X2] to be a.e. constant
and since the product of these constants must be 1 we must have ¥y, [X1](z1) = ¢
my-a.e. and Yy, [X2](z2) = ¢! > 0 ma-a.e. for some ¢ > 0, which is the claim. O

3. NON-COLLAPSED SPACES

3.1. Conrizurry or 2N . — In this section we prove the continuity of 7V as stated
in Theorem 1.3.

A key ingredient that we shall need is the “almost splitting via excess theorem”
proved by Mondino and Naber in [45, Th.5.1]: we shall present such result in the
simplified form that we need referring to [45] for the more general statement.

Here and in the following for p € X we put d,(-) := d(-,p) and for p,q € X we put
€p,q :=dp +dy —d(p, q).

Turorem 3.1. For every k € N, N e R, 1 < k < N and € € (0,1) there is
01 = 01(g, k, N) < 1 such that the following holds.
Assume that (X,d,m) is an RCD(—d1, N) space with supp(m) = X and that there

are points T, {pi, ¢i }1<i<k» {Pi +Pjhi<icj<k in X with d(p;, T),d(¢;, @), d(p; +pj, @) >
1/61 such that

COEDS ][ ey fims 3 f
1<i<k 1<i<j<k R(I)
forall1 < R < 1/51.
Then there exists a metric space Y and a map ¢ : X = Y such that if we define

u = (dp, —dp, (T),...,dp, —dp, (%)) : X — R,

dpl + dpJ

7 ~dpi,) ‘zdm <6

the map
U:=(u,¢): X —RF xY
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provides an e-isometry of BX(Z) to Bﬂkay((O, o(x)), ie.,
~ Va,y € B{(T), it holds |dx(z,y) — drr v (U(2),U(y))| <e,
-Vze BIF’CXY((O, é(x)), there is © € BX(T) such that dgk v (U(x), 2) < .

Furthermore, if k = N we can take Y to be a single point.

Very shortly and roughly said, the idea of the proof is the following: For given ¢ > 0
one picks a sequence d; 5, J 0 and a corresponding sequence of spaces X,, satisfying
the assumptions for d; = d;, pmGH-converging to a limit X. Then by an Ascoli-
Arzela-type argument, up to subsequences the corresponding functions u, : X,, — R
converge to a limit u : X — R* and, this is the key point of the proof, thanks to
(3.1) such limit map w is a metric submersion. The compactness (2.1) of the class of
RCD(—1, N) spaces then gives the conclusion (see [45, Th.5.1] for the details).

An important consequence of the above theorem is the following sort of ‘e-
regularity’ result (see also [45, Th.6.8]) that we shall state for the case k = N € N
only; notice that, as discussed in [45], the map w. is (1 + &)-bi-Lipschitz for arbi-
trary values of k, but in order to obtain the key inequality (3.3) the ‘maximality’
assumption k = N € N is necessary (see in particular inequalities (3.14) and (3.15)).

Prorosrrion 3.2. For every N e N, N > 1 ande € (0,1) there is o = 62(e, N) > 0
such that the following holds. Let (X, d, m) be an RCD(—d2, N) space with supp(m) = X
and T € X such that

(3.2) don ((B{%z (@), d), (B3, (0), dE)) < 5,

Then there exists a Borel set U. C BX(Z) and a (1 + ¢)-bi-Lipschitz map u. : U. —
ue(U.) C RN such that

(3.3) LN (u(U) N BE(0)) > (1 —e) 2N (BE (0)).
Proof. — We divide the proof in two steps.

Step 1: construction of Ue, ue and (1 + €)-bi-Lipschitz estimate. — This is the content
of [45, Th. 6.8], however since some aspects of the proof will be needed to obtain (3.3)
we briefly recall the argument.

Step 1.1: basic ingredients. — We start observing that for any R > 1 and any f €
Lip(X), it holds the simple inequality

(3.4) /B - DS dm < [ fll o (Bor@) (IAf | Lt (Ban (@) + m(B2r(T)) Lip(f)),

as can be proved with an integration by parts (see e.g. [31] for all the relevant
definitions and properties of integration by parts and Laplacian) starting from
JBn@) DfI*dm < [ [Df[P¢dm for ¢ := (1 —d(-, Br(z)))*. (In fact one can easily
get rid of the term Lip(f) in the right hand side provided ¢ has bounded Laplacian.
The existence of such cut-off functions—i.e., Lipschitz and with bounded Laplacian—
in the context of Ricci-limit spaces has been proved in [16] and frequently used as
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important technical tool in [17, 18, 19, 20, 21, 22]; their existence in the RCD setting
has been proved in [8, Lem. 6.7] and [35, Th. 3.12], see also [45, Lem. 3.1].).

A second ingredient is the Laplacian comparison estimate for the distance function
(see [31]) which ensures that on an RCD(—1, N) space, if d(p,Z) > 8R > 8 then
Ad, < C(N,R) on Bsr(Z) (this should be understood as an inequality between
measures, but for the purpose of this outline let us think at Ad,, as a function). From
this bound it is not hard to get the estimate

(3.5) [Adp[[L1(Bor @) < C(N, R)m(Bar(T)) Vp ¢ Bsr(T)

(this is in fact reverse engineering: in [31] the fact that Ad, is a measure is obtained
by proving an inequality like (3.5) with the total variation norm in place of the L!
one).

Step 1.2: geometric argument. — Let 17,01 € (0,1) and notice - by direct simple com-

putation - that there exists R > % such that

sup  (lz — Re;j| + [t + Re;] —2R) <7 Vi=1,...,N.

N
x€B§/51 (0)

Hence if (3.2) is satisfied for some d; < min{7, 1/ R}, letting p;,¢; € X be points
corresponding to Re;, —Re; respectively in the ds-isometry we obtain

llep:.q. L= (BY,s (@) S <302 +1 < 4n Vi=1,...,N.

Noticing that d(p;,Z),d(¢;, T) > R — d2 > 16/61, from (3.5) we deduce that

HAePhQi ||L1(B4/51 @) < 0(51, N)m(Bs/51 (f)) Vi=1,...,N

and since ey, 4, is 2-Lipschitz, these last two bounds, (3.4) and (1.4) imply that
| IDeafdm < 470G, N)
Ba/s,

The same line of thoughts yields the analogous inequality for the function
dpz‘ + dpj
A dp.+p;
for properly chosen points p; + p; € X with d(p; + p;,T) > 16/4;.
Now we fix € € (0,1), pick 6; = d1(e, N) given by Theorem 3.1, let n < € be a
small parameter to be fixed later and notice that we can rephrase what we just proved
as: there exists d2 = d2(d1,7, N) < 1 such that if (3.2) is satisfied for such d5 - which

we shall hereafter assume -, then we can find points {p;, ¢; }1<i<n, {Pi +p;}1<i<j<n
with d(p;, @), d(q;, T),d(p; + p;, T) > 2/61 and such that

(3.6)
]{BX |Dep“qj|dm+ > ][

1< ¥ Bays, 1<i<j<N 7 Bsys, (f

dpi +dy,
V2

2
- dprf‘pj)‘ dm < 772'
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Step 1.3: use of the maximal function. Consider the function f: X — R defined as
dp, +dp,; 2
BD  f@= 3 Degl+ Y [P(T S d)|
1<i<N 1<i<j<N

and its maximal function M : BX(Z) — R given by
M(z)= sup ][ f(z)dm
0<R<1/6, J BX(x)
We put
U:={z € B @) | M) <n}
and note that the left hand side of (3.1) is invariant under rescaling of the distance
(essentially because it holds [D,dj| = |Dd,|, where dj = d,/r and |D, - | is the
weak upper gradient computed with respect to the metric measure space (X, d/r, m)).
Hence for x € U we can apply Theorem 3.1 to the scaled space (X, d/r,m) for r € (0,1)
(notice that since we multiplied the distance by a factor > 1, the space is ‘flatter’ than
the original one and in any case still RCD(—d2, N), in particular 3.1 is applicable) to
infer that, provided 7, and hence Jo, are sufficiently small, the map

u = (dp, —dp, (T),...,dpy — dpy (T))
is an e-isometry at every scale in the range (0, 1) around points on U: this is sufficient
to prove that it is (1 4 &) bi-Lipschitz when restricted to U, see the proof of [45,
Th. 6.8] for the details.

Step 2: proof of estimate (3.3). — From the trivial set identity
BEY(0) nu(U) = (BEY(0) ~ (BE" (0) ~ u(BX@) ) ~ (u(BY (@) ~ u(V)
we deduce that
(38) ZN(BY(0) nu(U))
> #V(BE(0) = 2N (BY (0) \ u(BY @) — £~ (w(BY (@) ~ u(V)).
Step 2.1 estimate of the size of w(BX(Z)) ~ u(U). — Recall that since d < 1, the

space X is RCD(—1, N) and thus m| BY,, (@) is doubling with a constant depending
/61

only on §; and N. Hence according to the weak L' estimates for the maximal function

we have
m(Bf((E) ~U) C(61,N)
5o BT < B o x @
% o) g Eun ) oy,

z)
m(Bi (7))
Now notice that u is v/N-Lipschitz so that since u(B{X(Z)) ~ w(U) C u(BX(Z) ~ U)

we have

LN (u(BX (@) ~ u(U)) < LN (u(BX (@) \U)) < (VN)N#Y (BX @)\ U)
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and therefore using (2.19) with R = 1 we get
(310) 2N (u(Bf(@) ~u(U)) < C(K,N)

Step 2.2: estimate of the size of BE" (0) \ u(BX(7))

Since B%Z(—%el) C BEY(0) ~ B®" (¢1) we have that

(3.11) it S c B%(O) is 1-dense in B]FN (0), then SN B]FN (e1) £ @.
Then let 6 := 6;(1/2, N, N) be given by Theorem 3.1 and put

A=A = YL
0
Apply Lemma 3.3 below to such A and to the open set A := B]ﬁN (0)~u(B¥(Z)) (notice
that since u(Z) = 0 we have A # B]FN (0)) to find balls {BECN (yr) ML, satisfying the
properties (i),. .., (iv) stated in the lemma. By property (ii), for every k =1,..., M
there exists z, € BY(¥) such that u(zy) € 8353 (yx). Moreover by point (i) and the
v/N-Lipschitzianity of u,

(3.12) u(BX (%)) € By, (ulzk)) ~ BE ().

We now claim that there exists a radius py, € (74, 71/8) such that
(3.13) f f(z)dm > 9,
Bﬂk (Zk)

where f is the function defined in (3.7) (recall that the points p;, ¢;, p; + p,; have been
already fixed in Step 1.2). Indeed if (3.13) fails we can apply the scaled version of
Theorem 3.1 to deduce that u(BX (z;)) is Lrj-dense in BE (u(2;,)), a contradiction
with (the scaled version of) (3.11) and (3.12). Using again that Mg, . @) is doubling

with a constant depending only on d; and N, and that pp < 71/6 < 1/ we see that

m(BX

3.14 m(BY s (T <C61,NM forevery k=1,..., M
2/6; N
Py,

and therefore from the fact that r; < pr we obtain
M M M
314 C(61,N)
N N ) X
§ r <§ P < 775 m(B,, (zx))
k=1 * k=1 * m(B§</61 ()) k=1 o

(3.13) N
< ,70(6)1(’ 1 / fdm.
5‘[’(1(32/51 (1’)) k=17 B, (2)

(3.15)

Since u is v/N-Lipschitz and u(z) € 83}3;’ (yx) we have

N N N
U(B;i,(zk)) C u(Bi(k/g(Zk)) - BRNTk/E(u(Zk)) C B(R\/ﬁ_,_l)Tk/g(yk) = BE\Q(N)T)G (yk)
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This inclusion and the fact that, by Lemma 3.3 (iii), the balls Bﬂf(NN)Tk (yx) are disjoint,

grant that the balls BY (zx) C Bg(/él (T) are disjoint as well. Hence from (3.15) we get

M
(3.6)
St e [ pam S
om(By5, (7)) JBY,; @ 0

which together with Lemma 3.3 (iv) gives

—— C(6,N
2N (B u(BF@) < oo, N) L
The conclusion comes plugging this bound and (3.10) into (3.8) and by picking 1, and
thus ds, sufficiently small with respect to €. O

In the proof of the above proposition we have used the following covering lemma,
from [22], we report here its simple proof for the sake of completeness.

Lemma 3.3, — Let N € N, N > 1, and A > 1. Then there exists a constant C =
C(X, N) such that the following holds.

For every A C B]FN (0) open there exists a finite family of balls {B?iN (yr) 1L,
such that

(1) BFkN (yx) C A for every k,

(ii) (835; (yr) NOA) 8B]FN (0) # @ for every k,
(iii) The family {B§r]i (yr) YL, is disjoint,
(iv) It holds

S

(3.16) LN(A) <K CN) D Y.
k=1

Proof. — We claim that if B C A is a ball with B C B;(0), then there exists another
ball B’ such that

(3.17) BCB CA and (3B ndA)~dBE (0)+ o.

Indeed, let B = B,.(v), put By := B(1_y),4+(tv), notice that the family (0,1) > ¢t — B;
is increasing and that B, C B1(0) for every t € [0,1). Since U;¢(o1y) Bt = Bi(0)
and A is strictly included in By (0), by a simple compactness argument we find a least
to € [0,1) such that B, N (RY \ A) # @ and since B, C B1(0) we must also have
By, N(B1(0)\ A) # @. To conclude the proof of the claim simply notice that from the
trivial identity By, = Ute[O,to) By and the minimality of ¢y we have By, C A, hence
B’ := By, does the job.

Now let K C A be compact so that £V (A) < 2.2V (K) and, by compactness,
find a finite family of balls {BEN (y;) jL=1 with closure included in A and covering K.
Up to replace each of these balls with the corresponding one B’ as in (3.17), we can
assume that this family satisfies (i), (ii). We shall now build a subfamily for which
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(iii), (iv) also hold. Up to reordering we can assume that 4 > --- > rz. Then put
j1 := 1 and define recursively

n—1
Jn = least index j such that B;I?,J,j (yj)n U B]lf:;_ (y;,) = @.
i=1 ‘
Since the original family was finite, this process ends at some step M and, by con-
struction, the family {B?};N (yj)}JM:1 fulfills (i), (ii), (iii). Also, by construction for
N N
every j > 1 thereis ¢ € {1,..., M} such that r;, > r; and B§Tj (y;)N B%J_ (y;,) # 2,

hence B%I,Vj (y;) C Bg{;\;j_ (y;,) and thus

L RN L RN M RN
K cC ’Ul Brj (yj) - ‘Ul B)\rj (yj) - ’Ul B3/\T'ji (yji)7
Jj= Jj= i=

so that (3.16) holds with C(\, N) := 2wx (3\)V. O

We can now prove the continuity of #~ under a uniform Riemannian-curvature-
dimension condition.

Proof of Theorem 1.3

Set up. — If N ¢ N, Theorem 2.13 implies that s#~(X) = 0 for any RCD(K, N)
space X, hence in this case there is nothing to prove. We shall therefore assume
N eN.

Let (Z,) C Bk v r be GH-converging to some limit Z., € Bx n r and for each
n € N, let (X,,dn, m,,2,) be an RCD(K, N) space such that Z, = By"(z,). Up
to replace m,, with m,,/m,(Z,) we can, and will, assume that m,(Z,) = 1 for every
n € N. Then by the compactness of the class of RCD(K, N) spaces (2.1), up to pass
to a subsequence, not relabeled, we have (X, d,, m,, z,) pmGH (Xoos doos Moo, Too ) for
some pointed RCD(K, N) space Xo.. It is then clear that Zo, = Br> (7). To con-
clude it is now sufficient to prove that N (Z,,) — s~ (Z), because such continuity
property is independent on the subsequence chosen.

Upper semicontinuity. — Let (X,d,m) be a generic RCD(K, N) space with supp(m)=X.
We claim that

1

R

where it is intended that 1/9 5 [X](x) = 0 if 95 [X](z) = co. To see this start observing
that the Bishop-Gromov inequality (1.4) grants that

(3.19) In[X](z) > C(K, N)m(Bi(z)),
so that 1/9y[X] € LL . (X,m) and the right hand side of (3.18) defines a Radon

loc
measure. Then, in the notation of Theorem 2.13, by (2.23) for k = N it follows that
equality holds in (3.18) if we restrict both sides to J; U N, so that to conclude it is
sufficient to show that on X \ (U, UN) both sides of (3.18) are zero. The fact that

SN (XN U, UJN)) = 0 is a trivial consequence of Proposition 2.12 and Theorem 2.13,

(3.18) AN
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while (2.22) and (2.23) imply that for ¥ < N, k € N we have Jy[X] = co m-a.e. on
U; UJ]?. Hence our claim (3.18) is proved.

Now we apply Lemma 2.5 to the functions
1
I = =G By M ENU{o0):
Lemma 2.2 (i) grants that (2.10) is satisfied, while from (3.19) and the assumption
m,(Z,) = 1 it easily follows that the f,’s are uniformly bounded from below by a
continuous function with bounded support. Hence the conclusion of Lemma 2.5 gives

_%N(ZOO) (328) /foo dme, < lim Jndm, (BéS) lim _%N(Zn)
n—oo n—oo
and thus the desired upper semicontinuity:

lim #N(Z,) < #N(Z).

n—oo

Lower semicontinuity. — Theorem 2.13 ensures that for #N-a.e. x € Z,, the metric
tangent space of X at x is RV,

Now fix € > 0, let d2 := (g, N) be given by Proposition 3.2 and notice that what
we just said grants that for ##V-a.e. v € Z,, there exists ¥ = 7(z) such that for every
r € (0,7) we have Y

C'GH(Bi(/’g’2 (z), B})s,(0)) < 762,
thus, since Proposition 2.12 grants that /™ (Z.,) < oo, we can use Vitali’s covering
lemma (see e.g. [10, Th. 2.2.2]) to find a finite number of points Yo ; € Bi™(24) and
radii r; > 0,7 =1,..., M, such that

N .
(3.20&) dGH(B:i(;oéz (yoo,i>7 35/52 (0)) < 309 Vi,
(3.20b) B (Yoo.s) N BY, (Yoo,) = @ Vi,
(3.20c) doo (Yoo ,is Too) + 15 < 1 Vi,
(3.20d) AN (B (v50)) S e +wn Y 1.

For each i find a sequence y,, ; SH Yoo,i (recall (2.2)) and notice that there is @ € N
such that for every n > m properties (3.20a), (3.20b), (3.20c) hold with y,,; and z,
in place of Yoo,i, Too respectively for any ¢. In particular, from (3.20a) for y, ; we can
apply the scaled version of Proposition 3.2 to deduce that

(3.21) AN (BE (yn,i)) = (1 — e)wnrl Vi

and since (3.20b), (3.20c) for the y,,;’s ensure that the balls BX" (y,),i=1,..., M,
are disjoint and contained in Bi(” (z,) for every n > T we deduce that

(3.21)
AN (B @) 2 S AV (BY (i) > (L—)ox Y Yz
Hence from (3.20d) we obtain
lim N (BY" (2n)) > (1 €) (N (B (1)) — €)

n— oo

and, recalling (2.20), we conclude by the arbitrariness of € > 0. O
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3.2. DimEensioN gar. In this section we shall prove the ‘dimension gap’ Theorem 1.4
and in doing so we will closely follows the arguments in [17, §3].

The crucial part of argument, provided in Proposition 3.5, is the proof that the
Hausdorff dimension of the set of points for which no tangent space splits off a line is
at most N — 1. To clarify the structure of the proof, we isolate in the following lemma
the measure-theoretic argument which will ultimately lead to such estimate on the
dimension (see [17, Prop. 3.2]).

Leyya 3.4. — Let X be an RCD(K, N) space and §2,, C X Borel subsets indezed by a
parameter n > 0 such that it holds

(3.22) m(Q,) < Cn Vne(0,c)

for some C,c > 0. For T € (0,1) consider the sets

(3.23) Qo i={zreQ, |dxz,X\Q,) >m}
Then

dim;f( ﬂ U QT72—1€) g N —1.
JENk>j

Proof. — For given T € X, R > 0 let Qg ,, := Q, N Br(T) and Q- g, be defined as in
(3.23) with Qg in place of Q,,. Then for every 7,m € (0,1) the definition easily gives
Q. N Br_1(T) C Qr R, and therefore

dim%)( nu 97’2_0 - I%eriodimﬂ< N U Qo ﬂBR_l(f))

jENk>j jENk>j
< lim dimjf( N u QT7R7277¢>.

Hence up to replacing €2, with €, N Br(Z) and then sending R 1 oo we can, and will,
assume that Q, C Br(T) for every n € (0,1).

Now let z1,...,z, € Q,, be with d(z;, 2;) > 70 and denote by C' = C(K, N, R, T)
a constant depending only on K, N, R, T (and thus independent on 7,7) whose values
might change in the various instances it appears: since the balls B, />(x;) are disjoint
and contained in 2, we have

(1.4) n (1.4) n
n< Oy mBi(e) < C'(rm) Vm( U Baa(e)
i=1 =1
(3.22)
<) Nm(@Qy) < CC' ().
If the family {z1,...,z,} is maximal we have Q,, C |J!_, B;,(z;) and thus for any

g > 0 the above implies

(3.24) AN ITE(Q, ) < CC () NN T < oo e

21
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Hence for any j € N we have

AT U Qep) <A (U Qo) <T@ 0)

§'ENk>j/ k>j k>j
by (3.24) <Y ootk = oo )
k>j
and letting 5 1T co we conclude. O

Let us now give few definitions, following [17, Def. 2.10]. For a given RCD(K, N)
space X with measure having full support we define

& (X) = {x € X | every metric tangent space at x splits off a line}

where we say that a metric measure space (X,d, m) splits off a line provided X is
isomorphic to the product of another metric measure space (X’,d’,m’) and the real
line, i.e., there is a measure preserving isometry ® : X’ x R — X, where the measure
on X’ x R is the product of m’ and the Lebesgue measure and the distance is given by

d% e ((2,0), (y,8)) = d'(z,9)* + [t — s, Va,y €X', t,s €R.
Also, for given T € X we put
Ve, e/ > 0,37 =7(e,e',x), s. t. Vr € (0,7), 3y € Ber ()
&17(X) ;== ¢z # T | and a unit speed geodesic v : [0,d(T,y) + r/e'] = X
s. t.v0 =7 and Y4z, =¥
We claim that

(325) éalj(X) C 0@1 (X) VT e X.

Indeed, let © € &1 z(X), e, > 0 and 7 = T(e,¢’,z) be as above. Then for r €
(0,7) let y,v be as above and notice that the appropriate restriction of 7 is a ge-
odesic of length > 2min{r/¢’,d(x,Z) — er} whose midpoint y has distance < er
from x. Hence in the rescaled space (X,,d,) := (X,d/r) there is a geodesic of length
> 2min{l/e’,d(z,Z)/r — ¢} whose midpoint has distance < ¢ from x. Letting r | 0
we conclude by a compactness argument that on every tangent space at x there is a
geodesic of length > 2/&’ whose midpoint has distance < e from the origin, thus the
arbitrariness of €, ¢’ and again a compactness argument ensure the existence of a line
through the origin. Since every tangent space to an RCD(K, N) space is a RCD(0, N)
space, the splitting theorem [28], [30] gives (3.25).
We then have the following proposition.

Prorosition 3.5. Let (X,d,m) be an RCD(K, N) space and T € X. Then
(3.26) dim (XN 617(X)) <N -1
and thus also

(3.27) dimr (X N & (X)) < N - 1.
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Proof

Step 1: structure of the argument. — From (3.25) and (3.26) the estimate (3.27) follows,
hence we focus in proving (3.26). Since trivially dim»({Z}) = 0 < N — 1, to conclude
it is sufficient to prove that for any R > 2 we have

(3.28) dim e (Anng»(7) N (XN 615(X))) <N -1,
where Anng(T) := Br(T) \ By/r(T). Fix T € X and for 1 > 0 define
Qf := {z € Anng(ZT) | there is no unit speed geodesic v : [0,d(z,Z) + 7] — X
such that vo = 7, Y4(z,7) = =}
and, for 7 € (0, 1), define Qfm as in (3.23). We shall prove that for any R > 2 we have

(3.29) m(Q) <Cn Vne(0,1/R)

for some C = C(K, N, R,T) and

(3.30) Anng (@) N (XN Gz) € U (AnnR/g(T) nNU 952)
i J k2j

Thanks to Lemma 3.4, these are sufficient to get (3.28) and the conclusion.

Step 2: proof'of (3.29). — We assume m(Anng(Z)) > 0 or there is nothing to prove,
then we put pg := m(AnnR(E))_1m|AnnR@), w1 = 0z and let w € Z(C([0,1],X)) be
the only optimal geodesic plan from pgy to p1 (see [38]). Then from [38, Th.3.4] we
know that (e;).7 < m for every ¢ € [0,1) and that for its density p; it holds

pr N (1) = (m(Amngr@) Vol P (d(0,m)) a7,

where

) sinh(td+/|K|N)

7N @ = TR

hence using the fact that a%? n(d) is decreasing in d we deduce that
1

m(Anng(7)) (ol (R))

while the construction ensures that

(3.32) (et).7 is concentrated on Br(T) \ Qtﬁ;R Vte (0,1).

(3.31) (ef)sm < ~ m

Therefore, for n < 1/R using the above with ¢ := nR we have
_ (3.31) 7 R N B -
533 m(Br@) ~ 08 > m(Anng(@) (0% v (R)) 7r(e77 L(Br(@) ~ ij))
3.32 _ —nR
P2 m(Ann (@) (o} 5 (B)
and since Qff C Anng(Z) C Br(T) yields QFf = Anng(Z) \ (Br(T) \ QF) in turn this
gives

m(@f) < m(anna(@) (1 (570 (1))

which, using the explicit expression of ag_;\,"R)(R), gives our claim (3.29).
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Step 3: proofof (3.30). We shall prove the equivalent inclusion
(3.34) Anng)(Z) N &1z O Anng () NU k@ (X~ Qg,,-’z,k).

i j k>j
Let = belonging to the right hand side of (3.34) and ¢, > 0. Pick ¢ € N such that
277 < e’ and find j such that 2 € X ~ Qfﬂﬂ,k for every k > j. Up to increase j we
can also assume that 277 < 1/R, then we put 7 := £’277 and for given r € (0,7) we
let k& > j be such that /2= F+1) < < g/27F,

By definition of Qgﬂﬂ,k we know that there is yeX ~ Qg,k with d(z,y)<27iF
and since £€ Annp/(7) the bound 27"*<279<1/R grants that y€ Anng(T) \ QL ..
By definition of Qg; . this means that there exists a unit speed geodesic starting from =
passing through y of length d(Z, y)+27* > d(7, y)+Z and since d(z,y) < 271k Leel,
taking into account the arbitrariness of €, ¢’ we just showed that x € &1 z, which was
our claim. O

To get the proof of the dimension gap and, later, of the stratification result we shall
use some facts about the 27 pre-measure. Two direct consequences of the definitions

are

(3.35) JOL(A) =0 <= H*(A)=0

and

(3.36) du(4n, A) = 0, A compact = Ho(A) > n@o HOI(An).

A subtler result relates the Hausdorfl measure and the density of the co-Hausdorff
premeasure, see [39, Prop. 11.3] and [26, Th. 2.10.17] for the proof.

Lemma 3.6 (Density of oo-Hausdorff premeasure). — Let (X,d) be a metric space,
a >0 and E C X a Borel set. Then for 7%-a.e. x € E we have

Tim AL (EN By (7))

m - > 27 %y
T T

A last property of Hausdorff measures that we shall use is the following, see [26,
Th. 2.10.45] for the proof:
(3.37) H(X)=0 < H*THXxR)=0,
valid for any a > 0 and metric space X. We can now prove Theorem 1.4.

Proofof Theorem 1.4. — We shall assume that dim(X) > N — 1 and prove that
AN (X) > 0, thanks to Proposition 2.12 this is sufficient to conclude. We start claim-
ing that

(3.38) there exists an iterated tangent space of X which is the Euclidean space RN,

To prove this, let ¢ > 0 be so that #V~1*5(X) > 0, then by Proposition 3.5 we
also have #N~1+¢(£(X)) > 0 and we can apply Lemma 3.6 to E := & (X) to find
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z € &(X) and 7, | 0 such that

AN (S (X)N Bz
(3.39) lim (Nl_(l +)E (@)

—
> 27 %W,
n—oo T

Recalling (2.1), up to pass to a not relabeled subsequence we can assume that
the spaces (X, dn, My, z,) = (X,d/r,, m/m(B, (x)),z) pmGH-converge to some
RCD(0, N) space (Y!,dy1, my1,0) as n 1 co. It is clear that after embedding all these
spaces into a realization of such convergence we have that B3 (z,) — E‘;Yl (0) with
respect to the Hausdorff distance and thus we have

P (3.36) ___ . — N1 (BX (1)) (3.39)
AN TBY ) 5 T YT (BY ) = Fm Tt Y
which, by (3.35), forces
(3.40) ANTITE(Y) > 0.

By definition of & (X) the fact that z € &(X) grants that Y! = R x X! and since Y*
is RCD(0, V), the splitting ensures that X! is either a point or N > 2 and X! is
RCD(0, N —1).

If X! is a point we have Y! = R and (3.40) forces N + & < 2. Since N € N and
N > 1, this implies N = 1.

If instead N > 2 we use (3.40) and (3.37) to deduce that N —2+¢(X!) > 0 and
repeat the argument with the RCD(0, N — 1) space X! in place of X and N — 1 in
place of N.

Iterating this procedure after exactly N steps we arrive at a tangent space YV to
the RCD(0, 1) space X¥~! of the form YV = R x X" and since Y¥ is itself RCD(0, 1)
this forces X to be a point.

In summary, we proved claim (3.38). Therefore by a diagonalization argument there
is 7, J 0 and (Z,,) C X such that for the rescaled spaces ()Zn,&n) = (X,d/7,) it holds

(3.41) lim dan (Eﬁn (), BE" (0)) —0 VR>0.

Now we consider d; = d2(1/2, N) be given by Proposition 3.2 and pick R := 1/dy
in (3.41) above to conclude that for n sufficiently big we have 72K > —d, and (3.2)
is satisfied for the RCD(72K, N) space (X,,dp,m). Fix such n and let U C X,,
u: U — u(U) C RY be given by Proposition 3.2 with ¢ = 1/2. Notice that (3.3)
forces N (w(U)) = £N(u(U)) > 0 and since u is bi-Lipschitz we also have that
U C X, has positive 7Y measure in the space (in,En), given that X, is obtained
by rescaling of X, we see that U C X also has positive .Y measure in the space X,
which gives the conclusion. O

The proof of Corollary 1.5 can now be easily obtained.

Proofof Corollary 1.5. — If N is integer the claim is a direct consequence of Propo-
sition 2.12 (see also [51, Cor.2.3]). Otherwise let [N]; := min{n € N | N < n} and
notice that N < [N]; and that (X,d, m) is an RCD(K, [N],) space. Thus by Theorem
1.4 and again Proposition 2.12 we conclude that dim(X) < [N]4 —1 = [N]. O
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3.3. NON-COLLAPSED AND COLLAPSED CONVERGENCE. Having at disposal the ‘conti-
nuity of volume’ granted by Theorem 1.3 and the ‘dimension gap’ Theorem 1.4 we
can now easily obtain the stability of the class of ncRCD(K, N) spaces as stated in
Theorem 1.2.

Proof of Theorem 1.2

(i) The fact that the lim is actually a lim is a direct consequence of Theorem 1.3
(recall also (2.20)). This and the compactness of the class of RCD(K, N) spaces (see
(2.1)) ensure that up to pass to a subsequence, not relabeled, we can assume that
there is a Radon measure my, on X, such that (X,,,d,, #", z,) pmGH-converge
t0 (X0, doos Moo, ) and to conclude it is sufficient to prove that me, = N | as this
will in particular imply that the limit metric measure space does not depend on the
particular converging subsequence chosen.

By Theorems 2.3, 1.12 and Lemma 2.2 (i) we know that m., = 9V for some
¥ < 1, so that our aim is to prove that ¢ = 1 mg.-a.e.. If not, there would exist
Yoo € Xoo and r > 0 such that

(3.42) moo<Bi(m (Yoo)) < %N(Bi(oc (Yoo))-

Now find a sequence yy, — o (recall (2.2)), notice that dgu (BX" (yn), BE* (yoo)) — 0
as n — oo and use Theorem 1.3 to obtain

lim N (BX (3)) P22 Tim 2N (B (yn)) = AN (B> (ya0))

n—oo n— oo
(3.42)

> oo (B (Yoo)),
contradicting (2.4).
(ii) We argue by contradiction and assume

(3.43) dim_ (Xoo) > N — 1.

By the compactness of the class of RCD(K, N) spaces we know that there exists a
Radon measure my, on X, and a subsequence, not relabeled, such that the nor-
malized spaces (X, d,, #N /AN (By(x,)), z,) pmGH-converge t0 (X0, doo, Moo, T)
(recall (2.1)). In particular, this grants that (Xoo, doo, Meo) is an RCD(K, N) space, so
that our assumption (3.43) and Theorem 1.4 yield that /¥ (X,) > 0 and thus there
is ' € X such that " (B;(z')) > 0. Now find a sequence z/, SR (recall (2.2))
and use Theorem 1.3 (and (2.20)) to obtain that

AN (B (a,)) — AN (B (') > 0.

Taking into account that lim,, oo dp(2n, 2,,) = doo(z, ') < 00, such convergence and
the uniform local doubling property granted by the Bishop-Gromov inequality give
that

lim N (B () > 0,

n—oo
which contradicts our assumption lim,, o, N (B (x,)) = 0 and thus yields the
thesis. 0O
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3.4. VOLUME RIGIDITY. Collecting what proved so far it is now easy to establish the
volume rigidity result, Theorem 1.6, and its Corollary 1.7.

Proof of Theorem 1.6
Step 1:setup. — Let (X,d, #™) be a ncRCD(0, N) space and T € X such that

(3.44) AN (BX(®)) = 2N (BE(0)).

We shall prove that this implies that Ei(/Q(E) is isometric to §11R/N2<0) Thanks to
Gromov compactness theorem (2.1) and to the stability of the ncRCD condition under
non-collapsed convergence established in Theorem 1.2, this is sufficient to conclude.

Step 2: the cone Y. — Consider the function (0,1] 3 r — N (B,(Z))/wnr™ and
notice that the Bishop-Gromov inequality grants that it is non-increasing, that by
(3.44) its value at » = 1 is 1 and, recalling the definition of ¥} and Corollary 2.14,
that it converges to In[X](Z) < 1 as r | 0. Hence

_ AN (B, (@)

(3.45) InXI(E) = = o

=1 Vr e (0,1]

and by the ‘volume cone to metric cone’ [24, Th. 1.1] we get the existence of an N-cone
(Y,dy,my, 0) and a measure preserving isometry ¢ : Bi(/2(f) — B;{/2(0)~

It follows that my = J#~ and thus that Y is ncRCD(0, N). Also, the very definition
of ¥ and the properties of ¢ give that

(3.46) In[X](z) = On[Y](e(z)) Ve BXT).

Now observe that by a simple scaling argument it is easy to see that ¥ 5[Y] is constant
along rays, and this fact together with the lower semicontinuity of ¥n[Y] given by
Lemma 2.2 (i) shows that ¥n[Y](0) < 9n[Y](y) for every y € Y. Therefore

(3.45) (3.46) (2.26)

(3.47) 12 gy x)@) 27 n[Y)0) < OnYI) < 1 WyeY.

Step 3: Y = RN, — According to Lemma 2.9 it is sufficient to prove that Y is an
N-metric measure cone centered at any y € Y and by the ‘volume cone to metric cone’
[24, Th.1.1] in order to prove this it is sufficient to show that 7 + SN (B, (y))/wyrY
is constant for every y € Y. By the very definition of N-cone this is true for y = o,
then for general y € Y put R := dy(y,0) and notice that

N N N N
lim w = lim M > lim A (B (0)) r
r—00 wnrN r—00 WN(T+R)N r00 wnrV (,,,JFR)N
3.47
= In[Y)(o) 27 1,

so that the conclusion follows from (3.47) and the monotonicity granted by Bishop-
Gromov inequality (1.4). O

Proof of Corollary 1.7. — Inequality (1.3) immediately follows from Corollary 2.14
and the Bishop-Gromov inequality (1.4). The scaled version of Theorem 1.6 ensures
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the desired rigidity for the equality case. Moreover, by the second step in the proof
of Theorem (1.6) we see that if

T

ANBE@) |

r—0 riN

then the spaces (X, d/r, #™) converges to (R™,dg, 7). The converse being an easy
consequence of Theorem 1.2, this concludes the proof. O

3.5. Strarirication. — Here we prove the stratification result stated in Theorem 1.8;
notice the similarity with the proof of Theorem 1.4.
Let us begin by giving the definition of the k-singular set S (X):

(3.48) Sp(X) := {x € X | for every tangent space (Y,dy,my,y) of X at z we have
dau (E},(y),gﬂfkﬂxz((O, z))) > 0 for all pointed spaces (Z,dz, z)}
We can now prove Theorem 1.8.

Proofof Theorem 1.8. — We argue by contradiction, thus we assume that for some
k € N and ncRCD(K, N) space X we have dim g Si(X) > k. Hence for some k' > k
it holds

(3.49) A (SR(X)) > 0.
Then for € > 0 define
S5(X) = {z € X | dau (BX(z), B¥ " ¥%((0,2))) = er Vr € (0,¢), pointed Z}

and note that S};(X) is closed and that Si(X) = [,y Skfi (X). From this and (3.49) it
follows that there exists £ > 0 such that #* (S (X)) > 0. We now apply Lemma 3.6
to E := S5 (X) to deduce that there exists z € S;(X) and r,, | 0 such that

550) i 7 (SECO 11 B @)
n—oo ’]"n

By Corollary 2.14 we have dx[X,d,m](z) < 1 and thus by Proposition 2.8, up

to pass to a non-relabeled subsequence, we can assume that the rescaled spaces

(X, dp, My, ) i= (X, d/r, m/rY ) pmGH-converge to a pointed metric measure

cone (Y, dy, my,y) which, by Theorem 1.2, is ncRCD(0, N).

Embedding all these spaces into a proper realization of this pmGH-convergence
(recall (2.1)) and using the metric version of Blaschke’s theorem (see [13, Th.7.3.8])
we see that, extracting if necessary a further subsequence, we can assume that the
compact sets S%(X,,) N BY"(x,,) converge to some compact set A C Y with respect

to the Hausdorfl distance. A simple diagonal argument based on the very definition
of S;(Y) then shows that A C S;(Y) and thus

’ — ’ (336) JRE— ’ —
A (SEY) = 8 (A) 2 T A (ST(X) 0 B (1))

L k' ( QF X Bd )

n—00 rk’

—k
Z 2 Wi’ -
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Hence by (3.35) we also have % (S%(Y)~{y}) > 0 and we can repeat the argument to
find z € S;(Y), z # v, and a tangent cone (Y, dy/, my+,y) at z, which is ncRCD(0, N),
such that

(3.51) A (SE(Y')) > 0.

Since z # y the cone Y’ contains a line passing through its origin ¥’ and thus by
the splitting theorem for RCD spaces we deduce that Y/ = R x X! for some metric
measure space (X!,d, m!).

If £ = 0 this is enough to conclude, because such splitting contradicts the choice
z € S;(Y). Otherwise k > 1, hence £/ > 1 and (3.51) and N € N force N > 2. Then
the splitting grants that X! is an RCD(0, N — 1) space and from the fact that Y’
is ncRCD(0, N) and Proposition 2.15 we deduce that in fact X! is ncRCD(0, N — 1).
Taking into account the trivial implication

(r,a') € Sp(R x X') <= 2! € Sp_1(X")
and (3.37), from (3.51) we deduce that
dim (S, 1(XY)) > & — 1.

We can therefore repeat the whole argument with X' and & — 1 in place of X and k:
iterating we eventually find a contradiction and achieve the proof. |

Remark 3.7 (Polar spaces). — This theorem is also valid, with the same proof, in the
a priori larger class of RCD(K, N) spaces X such that every iterated tangent cone is
a metric cone (notice that the analogue of Proposition 2.15 holds, rather trivially, for
this class of spaces). Spaces with this property have been called polar in [17].

Notice that wncRCD(K, N) spaces such that J[X] is locally bounded from above
are polar, and that Theorem 2.3 grants that this class of spaces is stable with respect to
pmGH-convergence provided we impose a uniform local upper bound on the ¥’s. [

Remark 3.8 (Boundary of ncRCD spaces). In the case of non-collapsed Ricci limit
spaces it has been shown in [17] that
(3.52) Sno1(X) N Sy_2(X) = 2.

This is however false in the present situation, because, for instance, the closed unit
ball B1(0) C RY is a perfectly legitimate ncRCD(0, N) space and every point in the
boundary belongs to Sy_1(X) \ Sy_2(X).

The problem is the presence of the boundary: looking for a moment just at smooth
objects, compact manifolds with (convex) boundary are always RCD(K, N) spaces
for suitable K, N but not considered in [17] as objects whose limits define Ricci-limit
spaces. Then in [17] it has been proved (with an argument also linked to topology)
that in the non-collapsing situation boundary of balls converge to boundary of balls,
a fact which quite easily implies (3.52).

This line of thoughts suggests to define the boundary 90X of a ncRCD(K, N) space X
as

9X := closure of (Sy_1(X) \ Sy_2(X)).
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Then, mostly by analogy with the theory of Ricci-limit and Alexandrov spaces, a
number of natural non-trivial questions arise:

— Given a non-collapsing sequence X,, — X of ncRCD spaces, is it true that 9X,,
converge to 0X?

— Is it true that either 0X = @ or 9X is N — 1-rectifiable with #N 1
finite?

- Is X\ 90X a convex subset of X? That is, is it true that for any z,y € X \ 90X
there is a (or perhaps, is any) geodesic connecting them entirely contained in X \ 0X?

— Let Y be a connected component of 0X. Is Y connected by Lipschitz paths? If so:

lox locally

— let dy be the intrinsic distance on Y induced by the distance on X: is (Y, dy)
an Alexandrov space of non-negative curvature? (notice that the analogous of
this latter question for Alexandrov spaces is open - see [48, §9]).

— Let X’ be another ncRCD(K, N) space and assume that Yi,...,Y, and

1,...,Y! are the connected components of 90X and 90X’ respectively. Assume
also that for any ¢ = 1,...,n the spaces Y; and Y} with the induced length met-
rics are isometric and glue X and X’ along their boundaries via such isometries.
Is the resulting space ncRCD(K, N)? (the analogous statement for Alexandrov
spaces holds, see [47]). O
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