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SUPERLENSING USING HYPERBOLIC METAMATERIALS:
THE SCALAR CASE

BY [Eric BonveTiER & HoAr-Mina NGuyen

Asstract. — This paper is devoted to superlensing using hyperbolic metamaterials: the pos-
sibility to image an arbitrary object using hyperbolic metamaterials without imposing any
conditions on the size of the object and the wave length. To this end, two types of schemes
are suggested and their analysis are given. The superlensing devices proposed are independent
of the object. It is worth noting that the study of hyperbolic metamaterials is challenging due
to the change of type of the modeling equations, elliptic in some regions, hyperbolic in some
others.

Résumi (Propriété de superlensing de dispositifs constitués de méta-matériaux hyperboliques:
le cas scalaire)

Dans cet article, on s’intéresse a la propriété de superlensing des méta-matériaux, c’est-a-dire
a la possibilité d’imager un objet arbitraire, sans condition sur le rapport entre sa taille et la
longueur d’onde de la lumiére incidente. Nous proposons et analysons deux types de dispositifs
constitués de méta-matériaux hyperboliques, qui possédent cette propriété. L’étude de tels
milieux est délicate, car les EDP qui les modélisent changent de type : elles sont elliptiques
dans certaines régions de ’espace et hyperboliques dans les autres.
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1. INTRODUCTION

Metamaterials are smart materials engineered to have properties that have not
yet been found in nature. They have recently attracted a lot of attention from the
scientific community, not only because of potentially interesting applications, but also
because of challenges in understanding their peculiar properties.
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Keyworps. — Negative index materials, hyperbolic meta-materials, superlensing, degenerate elliptic
equations.
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974 .. BonneTier & H.-M. Neuven

Negative index materials (NIMs) is an important class of metamaterials. Their
study was initiated a few decades ago in the seminal paper of Veselago [30], in which
he postulated the existence of such materials. New fabrication techniques now allow
the construction of NIMs at scales that are interesting for applications, and have
made them a very active topic of investigation. One of the interesting properties of
NIMs is superlensing, i.e., the possibility to beat the Rayleigh diffraction limit:(Y) no
constraint between the size of the object and the wavelength is imposed.

Based on the theory of optical rays, Veselago discovered that a slab lens of index —1
could exhibit an unexpected superlensing property with no constraint on the size of
the object to be imaged [30]. Later studies by Nicorovici, McPhedran, and Milton [24],
Pendry [25, 26], Ramakrishna and Pendry in [29], for constant isotropic objects and
dipole sources, showed similar properties for cylindrical lenses in the two dimensional
quasistatic regime, for the Veselago slab and cylindrical lenses in the finite frequency
regime, and for spherical lenses in the finite frequency regime. Superlensing of arbi-
trary inhomogeneous objects using NIMs in the acoustic and electromagnetic settings
was established in [15, 20] for related lens designs. Other interesting properties of
NIMs include cloaking using complementary media [11, 18, 23], cloaking a source via
anomalous localized resonance [1, 2, 10, 13, 16, 21, 17], and cloaking an arbitrary
object via anomalous localized resonance [22].

In this paper, we are concerned with another type of metamaterials: hyperbolic
metamaterials (HMMs). These materials have quite promising potential applications
to subwavelength imaging and focusing; see [27] for a recent interesting survey on
hyperbolic materials and their applications. We focus here on their superlensing prop-
erties. The peculiar properties and the difficulties in the study of NIMs come from
(can be explained by) the fact that the equations modelling their behaviors have
sign changing coefficients. In contrast, the modeling of HMMSs involve equations of
changing type, elliptic in some regions, hyperbolic in others.

We first describe a general setting concerning HMMs and point out some of their
general properties. Consider a standard medium that occupies a region Q of R
(d = 2, 3) with standard (elliptic) material constant A, except for a subset D in which
the material is hyperbolic with material constant A¥ in the quasistatic regime (the
finite frequency regime is also considered in this paper and is discussed later). Thus,
AH is a symmetric hyperbolic matrix-valued function defined in D and A is a sym-
metric uniformly elliptic matrix-valued function defined in 2\ D. Since metamaterials
usually contain damping (metallic) elements, it is also relevant to assume that the
medium in D is lossy (some of its electromagnetic energy is dissipated as heat) and
study the situation as the loss goes to 0. The loss can be taken into account by adding
—i0I to A" where I denotes the identity matrix, where i> = —1, and where § > 0 is
a parameter meant to be small. With the loss, the medium in the whole of ) is thus

(1)The Rayleigh diffraction limit is on the resolution of lenses made of a standard dielectric
material: the size of the smallest features in the images they produce is about a half of the wavelength
of the incident light.
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characterized by the matrix-valued function As defined by

A in QN D,
(1.1) As =
AH — 451 in D.

For a given (source) function f € L?(2), the propagation of light/sound is modeled
in the quasistatic regime by the equation

(1.2) div(AsVus) = f in Q,

with an appropriate boundary condition on 0f2.

Understanding the behaviour of us as § — 04 is a difficult question in general due
to two facts. Firstly, equation (1.2) has both elliptic (in Q \ D) and hyperbolic (in D)
characters. It is hence out of the range of the standard theory of elliptic and hyperbolic
equations. Secondly, even if (1.2) is of hyperbolic character in D, the situation is far
from standard since the problem in D is not an initial boundary problem. There are
constraints on both the Dirichlet and Neumann boundary conditions (the transmission
conditions). As a consequence, equation (1.2) is very unstable (see Section 5).

In this paper, we study superlensing using HMMs. The use of hyperbolic media in
the construction of lenses was suggested by Jacob et al. in [8] and was experimentally
verified by Liu et al. in [12]. The proposal of [8] concerns cylindrical lenses in which
the hyperbolic material is given in standard polar coordinates by

(1.3) A = qpep x eg — are, X ey,

where ag and a, are positive constants.®) Denoting the inner radius and the outer
radius of the cylinder respectively by r; and ro, Jacob et al. argued that

(1.4) the resolution is - A,
T2

where )\ is the wave number. They supported their prediction by numerical simula-
tions.

The goal of our paper is to go beyond the resolution problem to achieve superlensing
using HMMs as discussed in [15, 20] in the context of NIMs, i.e., to be able to image an
object without imposing restrictions on the ratio between its size and the wavelength
of the incident light. We propose two constructions for superlensing, which are based
on two different mechanisms, inspired by two basic properties of the one dimensional
wave equation.

The first mechanism is based on the following simple observation. Let u be a smooth
solution of the system

(1.5) {aft“(t,l‘) — &2, u(t,r) =0 in Ry x [0,27],

u(t, ) is 2m-periodic.

(21t seems to us that in their proposal these constants can be chosen quite freely.

JE.P.— M., 2017, tome 4



976 E. BonneTier & H.-M. Neuyen

Then u can be written in the form

u(t,z) = ag + bot + Z Zan,iei(i”””) in Ry x [0,27],
n=—oo0 =+

n#0

for some constants ag, by, an,+ € C. For the class of Cauchy data satisfying the con-
dition fOQW Ou(0,z) dx = 0, we have

by =0.
This implies
(1.6) u(t,") =u(t+2mr,-) and OJwu(t, ) = dwu(t+2m,-) forallt >0,

and thus the values of w and 0;u are transported without alteration over time inter-
vals of length 2m. We speak of tuned superlensing to describe devices that achieve
superlensing using this property.

In particular, we propose the following two dimensional superlensing device in the
annulus By, \ B,,:

1
(1.7) A = ~er X e, —reg X eg in B, \ B,
under the requirement that
(18) g —1T1 € 27TN+.

Throughout the paper, B, denotes the open ball in R? centered at the origin and
of radius r. We also use the standard notations for the polar coordinates in two
dimensions and the spherical coordinates in three dimensions. With the choice of A7
in (1.7), we have

1
div(A7Vu) = = (0%u — dgu) in By, \ B,,.
T
Hence, if u is a solution to the equation div(A#Vu) =0 in B,, \ B,, then
(1.9) 02u—dpgu =0 in By, \ B,,.

For the special choice of boundary conditions considered in its statement, Theorem 1
below shows that (1.8) and (1.9) imply that

(1.10) u(rex/|z]) = u(riz/|z|) and Oru(rez/|z|) = Orul(riz/|x|).

This in turn implies the magnification of the medium contained inside B,, by a factor
ro/r1 (the precise meaning of this is given in the statement of Theorem 1).

Our second class of superlensing devices is inspired by another observation con-
cerning the one dimensional wave equation. Given 7" > 0, let u be a solution with
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appropriate regularity to the system
Zu—02,u=0 in (=T,0) x [0,27],
—02u+02,u=0 1in (0,T) x [0,27],

(1.11)

u is 2m-periodic w.r.t. x,

w(04, ) =u(0_,"), u(04, ) = —0wu(0_,-) in [0,27].
Then
(1.12) u(t,z) = u(—t,z) for (t,z) € (0,T) x [0, 27].
Indeed, set

v(t,x) =u(—t,z) and w(t,x)=v(t,x)—u(t,z) for (¢,x)€ (0,T) x (0,27).

Then

Zw—092,w=0 in (0,T) x [0,27],

w(70) :’LU(~727T) =0 in (OaT)v

w is 2w-periodic w.r.t. x,

w(0+,-) :at’LU(O+7') =0 in [0,27’(’]
Therefore, w = 0 in (0,7) x (0,27) by the uniqueness of the Cauchy problem for
the wave equation. This implies that u(t,z) = u(—t,z) for (t,z) € (0,T) x (0,27) as
claimed. In this direction, we propose the following superlensing device in B,, \ By,

in both two and three dimensions, with r,, = (r1 + r2)/2:

1
" —e, Qe —reg R eg in By, \ By, ,
A7 = 7“1 ford=2

——e Qe +r1eg®ey in By \ B,
r
and

1
—e®e —(eg@eg+e,Re,) in By, By,

A = 7’21 v v : for d = 3.
—ﬁer®6r+(eg®€9+6¢®6¢) in B, N\ By,

In a compact form, one has

1
__ _ .3—d I — . Br B.
(1.13) Al = i er@er—ri(I e ®e)  inBpy N B,
e ®er +7r374I —e,.®e,) in By, \ B,,.

The choice of A# in (1.13) implies that
1
div(A¥Vu) = iy (83Tu — AaBlu> in By, \ B,
and

1
div(A#Vu) = ——(8,171 — A331u> in B

pd—1 N B,

T'm

JE.P.— M., 2017, tome 4
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where App, denotes the Laplace-Beltrami operator on the unit sphere of R%. Note
also that

Ovu(ry ,0) = dpu(ry,0), Owu(r,,,0) = —0.u(r!,0), Owu(ry,0) = —0u(rf,0).

Hence, if u is an appropriate solution to the equation div(A#Vu) =0 in B,, \ B,,,

then, by taking into account the transmission conditions on 0B, , one has
02.u—App,u=0 in B, \ B, ,

(1.14) —02u+ App,u=0 in B, \ By,

oru

u =Uu

B,y \By,,

on 0B, ,.

By ~Bry B, ~B :_87‘“|BW\B,1

Tm Tm

As in (1.12), one derives that

u((s + rm)ﬁc\) = u((rm — s)f) for ¥ € 0B1,s € (0,73 — ),
which yields
(1.15) u(ry @) = u(r{z) and O,u(ry @) = —0,u(r{z) forz € 0B;.

This in turn implies the magnification of the medium contained inside B,, by a factor
ro/r1 (the precise meaning is given in Theorem 2). In contrast with the first proposal
(1.7) where (1.8) is required, no condition is imposed on 71 and 7y for the second
scheme (1.13). We call this method superlensing using HHMs via complementary
property. The idea of using reflection takes roots in the work of the second author [14].
Similar ideas were used in the study properties of NIMs such as superlensing [15, 20],
cloaking [18, 23], cloaking via anomalous localized resonance in [16, 21, 22, 17|, and
the stability of NIMs in [19]. Nevertheless, the superlensing properties of NIMs and
HMMs are based on two different phenomena: the unique continuation principle for
NIMs, and the uniqueness of the Cauchy problem for the wave equation for HMMs.

We now state two results that illustrate tuned superlensing and superlensing via
complementary property. Suppose that an object to-be-magnified in B,, is charac-
terized by a symmetric uniformly elliptic matrix-valued function a. Throughout the
paper, to deal with sufficiently regular solutions of the wave equation, we assume that

(1.16) a is of class C! in a neighborhood of 9B, .

Suppose that outside B,, the medium is homogeneous and the lens is characterized
by a matrix-valued function A¥ in B,, \ B,,. The whole system (taking loss into
account) is then given by

I in Q \ Bp,,
(1.17) As =< A" —45I in B,, \ B,,,
a in B,,.

Set
(1.18) HL(Q) = {uEHl(Q);/(mu:O}.

Concerning the scheme where A is defined by (1.7), we have

JEP M., 2017, lome /4
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Tueorem 1. Letd =2,0<d<1,0<m <rg withry—r € 20Ny, let Q be
a smooth bounded connected open subset of R%, and let f € L*(Q) with fo = 0.
Assume that B, € Q and supp f C Q \ B,,. Let us € HL (Q) be the unique solution
to the system

119) {div(AgVug) =f inQ,

Oyus =0 on 012,
where As is given by (1.17) with A defined by (1.7). We have
(1.20) lusllmro) < Cllfllr2@) and us —>ug  strongly in H'(Q) as§ — 0,

where ug € H} (Q) is the unique solution to (1.19) with § = 0 and C is a positive
constant independent of f and 6. Moreover, ug = U in Q \ By, where @ € H} () is
the unique solution to the system

div(AVa) = f in Q, . I in QN B,,,
(1.21) where  A(zx) =
ou=0 on 082,

a(riz/ry) in By,.
Concerning the scheme where A is defined by (1.13), we establish

Tueorem 2. Let d = 2,3,0 <6 < 1,0 <7 < rg, Q be a smooth bounded
connected open subset of R, and let f € L*(Q) with fQ f=0. Assume that B,, € Q
and supp f C QN B,.,. Let us € H} () be the unique solution to the system
div(AsVus) = f inQ,
d,us =0 on 0N,
where As is given by (1.17) with A™ defined by (1.13). We have

(1.22)

(1.23) lus||mra) < Cllfllre) and us — ug  strongly in H' (),

where ug € HY (Q) is the unique solution to (1.22) with § = 0 and C is a positive
constant independent of f and §. Moreover, ug = @ in Q \ B,, where u € H} (Q) is
the unique solution to the system

div(AVa) = f in Q, R I in QN By,
(1.24) where  A(z) =4 192 p,
d,i=0 on 09, L a<7 x) in B,,.
To T2

Some comments on Theorems 1 and 2 are in order. The well-posedness and the
stability of (1.19) and (1.22) are established in Lemma 1. The existence and the
uniqueness of ug are part of the statements of Theorems 1 and 2. Since f is arbitrary
with support in 2 \ B,,, it follows from the definition of A that the object in B,, is
magnified by a factor ro/r1. It is worth noting that the matrix a can be an arbitrary
function inside B,,, provided it is uniformly elliptic and smooth near 0B,,. The
lensing properties of the proposed devices in By, \ B, are independent of the object.

The paper is organized as follows. Section 2 is devoted to tuned superlensing via
HMMs. There, besides the proof of Theorem 1, we also discuss variants in two and
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980 E. BonneTier & H.-M. Neuyen

three dimensions in the finite frequency regime (Theorems 3 and 4). Section 3 concerns
superlensing using HMMs via the complementary property. In this section, we prove
Theorem 2 and establish its finite frequency variant (Theorem 5). Finally, in Section 4,
we construct HMMs with the required properties, as limits as 6 — 0 of effective media
obtained from the homogenization of composite structures, mixtures of a dielectric and
a metal. The final section concerns the stability of HMMs. We show there on a simple
example, that the properties of an inclusion of hyperbolic metamaterial, embedded
in a matrix of dielectric material, are strongly dependent on the geometry of the
inclusion. Numerical simulations of some of the results of our paper are presented
in [6]. It would be interesting to analyse the corresponding problems for the full
Maxwell system and to investigate other possible applications of HMMs. We plan to
address these questions in future work.

2. Tu~NED SUPERLENSING UsING HMMs

In this section, we first present two lemmas on the stability of (1.2), (1.21), and
(1.24) and their variants in the finite frequency regime. In the second part, we discuss
a toy model which illustrates tuned superlensing with hyperbolic media. In the third
part, we give the proof of Theorem 1. In the last part, we discuss its variants in the
finite frequency regime.

2.1. Two useruL LEmmas. — We first establish the following lemma which implies
the well-posedness of (1.2). In what follows, for a subset D of R% 1p denotes its
characteristic function. For a function u € L?*(Q) and D € Q, we set ut = Ui D>
u~ = u;p. When u has a well-defined trace on 9D, we set [u] = u™ —u~ on dD. We
also use similar notations for AVwu - v. We have

Lemwva 1. Letd =23, k20,00 >0,0<6 < . Let D € Q be two smooth
bounded connected open subsets of R:. Let A be a bounded matriz-valued function
defined in Q such that A is uniformly elliptic in Q~ D, A is piecewise C* in Q, and
let 3 be a complex bounded function such that S(X) > 0. Set

(2.1) As(z) = A(z) —idlp(x)] and Xs(x) =3(x) +idlp(z) in Q.

Let gs € [HY(Q)]*, the dual space of HY(Q), be such that gs is square integrable
near 082 and in the case k = 0, assume in addition that fQ gs = 0. There exists a
unique solution vs € H*(Q) if k > 0 (respectively vs € HL,(Q) if k = 0) to the system

(2.2) {diV(A5Vv5) + k2Y5v5 = g5 in 9,
AVvs - v —ikvs =0 on 0f).
Moreover,
2 ¢ - 2
23) st < 5| [ 95 + sl e
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for some positive constant C' depending only on Q, D, and k. Consequently,
C
(2.4) lvsllrr () < 5 gl -

Proof. We only prove the result for £ > 0. The case k = 0 follows similarly and is
left to the reader. The proof is in the spirit of that of [21, Lem. 2.1]. The existence of v;
can be derived from the uniqueness of vs by using the limiting absorption principle,
see, e.g., [19]. We now establish the uniqueness of vs by showing that vs = 0 if gs = 0.
Multiplying the equation of vs by Ts (the conjugate of vs) and integrating by parts,
we obtain

—/<A5V115,V’U§>+k‘2/ 26|'Ut$|2‘|'/ ik‘|1)5|2 =0.
Q Q o0

Considering the imaginary part and using the definition (2.1) of As and X5, we have
(2.5) vs =0 in D.

This implies vy = A;Vvy -v = 0 on 0D; which yields, by the transmission conditions
on 0D,
vi = AVof v =0 ondD.
It follows from the unique continuation (see, e.g., [28]) that vs = 0 also in Q. D. The
proof of uniqueness is complete.
We next establish (2.3) by contradiction. Assume that there exists (gs) C [H(Q)]*
such that gs is square integrable near OS2,

1
(26) HU5HH1(Q) =1 and g‘ /99555‘ + ||g5||[2H1(Q)]* — 0,

as § — 0 € [0, 60]. In fact, we may assume that these properties hold for a sequence
(6n) — 5. However, for the simplicity of notation, we still use ¢ instead of §, to
denote an element of such a sequence. We only consider the case 5= 0; the case 5>0
follows similarly. Without loss of generality, one may assume that (vs) converges to vg

strongly in L?(Q) and weakly in H'(£2) for some vg € H'(Q2). Then, by (2.6),
(2 7) diV(A()v’UQ) + kQZQ’UO =0 in Q7
' AVuvy v —ikvyg =0 on Jf).

Multiplying the equation of vs by U5 and integrating by parts, we obtain

(2.8) —/<A5VU5,V’U5>+/€2/ 25|05|2+/ ikl?](;‘Q:/g(s@(;.
Q Q [o19) Q

Considering the imaginary part of (2.8) and using (2.6), we have
(2.9) lim (\IVU5||L2<D) + llvsllz2 oy + H%HLZ(BQ)) =0,

from which it follows by semi-continuity of the norm that vy = 0 in D. Invoking again
the unique continuation principle shows that vg = 0 in Q ~ D as well. The weak
convergence of vs to vy then implies

2.10 li =0.
( ) 61_1)1(13||v5||L2(Q)

JE.P.— M., 2017, tome 4
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Further, the real part of (2.8) together with (2.6), (2.10), and (2.9), yields
(211) %%||v05‘|L2(Q\D) =0.
Combining (2.10), (2.9), and (2.11) yields
lim [|vs[ 1 () = 0
which contradicts (2.6). The proof is complete. O

Revark 1. — In the case k = 0, the result in Lemma 1 also holds for zero Dirichlet
boundary condition in which g € H~1(Q), the dual space of H}(Q). Moreover, the
constant C' depends only on the ellipticity of A, and on dg, D, and §2. The proof
follows the same lines.

The following standard result is repeatedly used in this paper:

Lemvia 2. — Let d = 2,3, k > 0. Let D, V, Q be smooth bounded connected open
subsets of RY such that D € Q, 0D C V C Q. Let A be a matriz-valued function
and X be a complex function, both defined in 2, such that

A is uniformly elliptic in Q and ¥ € L*(Q) with F(X) > 0 and R(X) > ¢ > 0,
for some constant c. Assume that A € C1(Q~\ D) and A € CL(VND). Let g € L*(Q)
and in the case k = 0 assume in addition that fQ g = 0. There exists a unique solution
ve HY(Q) if k>0 (respectively v € HL (Q) if k= 0) to the system

div(AVv) + k*So =g in Q,

AVv-v —ikv=0 on 0N).
Moreover,
(2.12) lvllar @) < Cllgllez)  and  [[v]|g2(vp) < CllgllL2(0),
for some positive constant C' independent of f.
Proof. — The existence, the uniqueness, and the first inequality of (2.12) follow from
the Fredholm theory by the uniform ellipticity of A in €2 and the boundary condition
used. The second inequality of (2.12) can be obtained by Nirenberg’s method of

difference quotients (see, e.g., [4]) using the smoothness assumption of A and the
boundedness of 3. The details are left to the reader. |

2.2. A TOY PROBLEM. In this section, we consider a toy problem for tuned superlens-
ing using HMMs, in which the geometry is rectangular. Given three positive constants
I, L and T, we define®

Z = [-1,L]x[0,2x], % = [-1,0]x[0,27], %Z. = [0,T]|x[0,2n], %, = [T, L] x[0, 27].
Denote
I=0%#, T.o={0}x]0,27], and T.p={T} x]0,2n].

(3)Letters ¢, I, r stand for center, left, and right.

JEP M., 2017, lome /4
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Let a be a uniformly elliptic matrix-valued function defined in %; U %,.. We set

1—i6 0
as =
0 0 —1—is)’

a inZUZ%,,
As =
as in %,

and define

so that the superlensing device occupies the region %.. For f € L*(#) with
supp f N %#. = @, let us € H}(Z) be the unique solution to the equation

(2.13) div(AsVus) = f in Z.

Assume that [|us| 1 () is bounded as § — 0. Then, up to a subsequence, us converges
weakly to some ug € H (). It is clear that ug is a solution to

(214) diV(onuO) = f in Z.

More precisely, ug € H}(Z) satisfies (2.14) if and only if ug satisfies the elliptic-
hyperbolic system

div(aVug) = f in Z,U%, and 02 , ug— 02

11 22

(') =0 in <%707

and the transmission conditions

“0|% = U0|g, onT.o and “0|% = “0|@C

on ;7.
az1u0|%l = 811u0|%0ﬂ 6$1u0|,%,,, = a$1u0|.%c’

This problem is ill-posed: in general, there is no solution in H}(Z#), and so,
llus|| g1y — +o0, as & — 0 (see Section 5 for an example of such a situation).
Nevertheless, for some special choices of T', discussed below, the problem is well-posed
and its solutions have peculiar properties.

To describe them, we introduce an “effective domain” Zp = [-I,L — T] x [0, 27]
and
B n a(z1,x2), f(z1,22) in %,
Ax1, 22), f(21,72) = )
a(xy + T, 22), flx1 +T,x2) in %r \ Z.

In what follows, we assume that A € C%(Zr).

Provosition 1. — Let 0 < d <1, f € L*(#), and us € HL(Z) be the unique solution
of (2.13). Assume that T € 2aNy and supp f N %#. = &. Then

(2.15) lusllm: < C||fllr2w) and us —> ug  strongly in H' (%),

where ug € HY(ZR) is the unique solution of (2.13) with § = 0 and C is a positive
constant independent of § and f. We also have

u(xy,xe) n %,

uo (21, 22) =
{a(xl —T,x3) in %Ry,
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where U € HY (%) is the unique solution to the equation
(2.16) div(AVa) = f in Zr.

Remark 2. It follows from Proposition 1 that ug can be computed as if the structure
in Z. had disappeared. This phenomenon is similar to that in the Veselago setting:
superlensing occurs.

Proof. The proof of Proposition 1 is in the spirit of the approach used by the second
author in [14] to deal with negative index materials. The key point is to construct
the unique solution ug to the limiting problem appropriately and then estimate us by
studying the difference us — ug.

We first construct a solution ug € H¢ (%) to (2.13) with § = 0. Since A € C2(%r)
and since f € L*(Z), the regularity theory for elliptic equations (see, e.g., [7, 3.2.1.2])
implies that @ € H?(%7) and

(2.17) |6l 227y < CllfllL2()-

Here and in what follows in this proof, C' denotes a positive constant independent
of f and 4. It follows that @(0,z2) € H'(I'.o) and 911(0,x2) € L*(Tc0). Interpreting
x1 and xo as respectively time and space variables in the rectangle Z., we seek a
solution v € C([0,T]; H}(0,2m)) N C*([0, T]; L*(0,2m)) of the wave equation

(2.18) 02 v—02_ v=0 in%,

11 T2T2

with zero boundary condition, i.e., v = 0 on I' N 9€),, and with the following initial
conditions

v(0,22) =u(0,22) and 9,,v(0,22) = 896117’% (0, z2).

Existence and uniqueness of v follow from the standard theory of the wave equation by
taking into account the regularity information in (2.17). We also have, for 0 < x1 < T,

2 2w
/ \8mlv(x1,x2)|2 + |8I2U(£L'1,{E2)|2 das = _/ |811’U(0,{E2)|2 + |812’U(0,{E2)|2 dxa
0 0

2
(2.19) - / 001, (0, 22) 2 + 00,50, 22) 2 vz,
i ,

Furthermore, as v vanishes on I' N 9€),., it can be represented in %, as

oo

(2.20) v(xy, ) = Z sin(naz) [an cos(nw1) + by sin(na1)],

n=1

where a,,b, € R are determined by the initial conditions satisfied by v at z; = 0.
Since T' € 27N, it follows from this representation that

(2.21) v(0,) =v(T,:) and 0 v(0,) =0y, v(T,:) in [0,27],
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for any initial conditions, and hence for any f with supp f N %, = @. Define

ﬁ(xl,xg) in %l;
(2.22) uo(x1,22) =  v(wy,x2) in Z.,
ﬂ(xl — T, 3;‘2) in %r-

It follows from (2.16), (2.18), and (2.21) that up € H}(Q) and that it is a solution to
(2.13) with 6 = 0. Moreover, by (2.17) and (2.19),

(2.23) luoll () < Cll fllL2()-

We next establish the uniqueness of ug. Let wg € H} () be a solution to (2.13)
with § = 0. Since wg can be represented as in (2.20) in Z., we obtain

wo(0,-) = wo(T,-) and 0y, we(0,-) = 0y, wo(T,-) 1in [0, 27].
We can thus define for (z1,x2) in %Zr

Y U)()({El, xg) in %l,
W(w1,T2) =

wo(xy — T,x2) otherwise,

which is a solution to (2.16). By uniqueness for this elliptic equation, it follows that
W =4 in Zr, and (2.22) shows that wy = ug in #.
Finally, we establish (2.15). Define

(2.24) Vs = Us —Ug in Z.
We have
div(AsVus) = div(AsVug) — div(AsVug)
= div(AsVus) — div(AoVug) + div(AegVug) — div(AsVug) in Z.
It follows that vs € HZ(£2) is the solution to
(2.25) div(AsVvs) = div(idlg, Vug) in Z.

As in (2.4) in Lemma 1, we obtain from (2.23) that

C
(2.26) lvsl| mr1 () < 5 [6Vuol 2.y < CllfllLz2();

which implies the first inequality of (2.15). It follows that a subsequence of vs con-
verges weakly to some v, solution to (2.14) with f = 0. Uniqueness shows that vy = 0,
and that the whole sequence vs converges weakly to 0. As in (2.3) in Lemma 1, we
deduce from (2.23), (2.25), and (2.26) that

(227) HU(; — U’OH%II(%) = ||U5||2H1(02) § c ‘/ iVUOVU(S — 0,
R

as vs converges weakly to 0 in H*(%). The proof is complete. O
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2.3. TuneD sUPERLENSING USING HMMSs 1N THE QuAsisTATIC REGIME. PROOF OF THEOREM 1

The proof is in the spirit of Proposition 1: the main idea is to construct ug and
then estimate us — ug. We have

(2.28) @@ < Il

Using (1.16) and applying Lemma 2, we derive that i € H*(Q2 \ B,,) and
(2:29) il 2 B,,) < CllfllLz)-

Define a function v in B,, \ B,, by

(2.30) 02v— 03pv =0, v is periodic with respect to 6,

and

(2.31) v(ra,0) = U(re,0) and Opv(ra,0) = rad,ut (ra,0) for 6 € [0,2x].

By considering (2.30) as a Cauchy problem for the wave equation with periodic
boundary conditions, in which r and 6 are seen as a time and a space variable
respectively, the standard theory shows that there exists a unique such v(r,0) €
C([r1,72); Hpr (0,2m)) N CH([r1,72]; L*(0, 2)). We also have, for ri <r < 7o,

27 27
/O |8rv(r,0)\2—|—|8gv(r,9)|2d0:A 10,0(ra, 0)[2 + [0gv(ra, 0)2 dO
(2.32)

2
:/ r210,0" (12, 0)|2 + |9pti(ra, 0)|? d6;
0

which yields, by (2.29),

(2.33) |vllz1(B,,~B.,) < CllfllL2(0)-
Moreover, v can be represented in the form
(2.34) v(r,0) = ag + bor + Z Z an7iei("ri”9) in By, \ By,
nig(;)o +
where ag, by, an, + € C. Since u' is harmonic in Q \ B,,, we have
1 27 1 2
bp = — Oy ,0)do = — O,ut (re,0) d
0 27T . U(?”Q ) 27‘(‘ /0 T2 u (7‘2 )
1 u 1 ~
= — o u (z)de = — Oyu(z)dx = 0.
2 aB'r‘Q 2 a0

Since ro —r1 € 27N, it follows that

(2.35) v(ry,0) =v(re,0) and  d,v(ry,0) = dru(re,0) for 6 € [0, 27].
Set

u in QN B,,,
(2.36) up = v in By, \ B,,,

a(rg- /r1) in By,.
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It follows from (2.28), (2.31), (2.33), and (2.35) that ug € H*(2) and
(2.37) luollen @) < Cllfllzs(on.

We also have

(2.38) div(AgVug) = f in QN (0B, UOB,,).

On the other hand, from (1.7), (2.31) and the definition of Ay, we have

1 1

(2.39) [AgVug - e,] = dpug — r—&u& = Oyug — r—arv =0 ondB,,
2 2

and from (2.35) and the definition of A, we obtain

1
[AgVug-e.](z) = T—(‘)Tug(x) — AoVug - ep(x)
1

1
(2.40) = —0v(z) — Qa(m)Vﬂ_ (rox/r1) - er
1 1
1 ~
= —0,v(rox/r1) — T—zA(rgm/rl)Vﬂ"’(rgx/rl) e, =0 on JB,,.
1 1

A combination of (2.38), (2.39), and (2.40) yields that
diV(A()VUO) = f in Q;

which implies that ug is a solution to (1.19) with § = 0.
We next establish the uniqueness of ug. Let wy € H'(2) be a solution to (1.19)
with § = 0. Since wg can be represented as in (2.34) in B,, \ B,,, we have

(2.41) wo(ry,0) = wo(re,0) and  Orwg(r,0) = Orwp(re,0) for 6 € [0, 27].

Define
. wo(x) in QN B,,,
w(x) =

wo (rlx/rg) in B,,.

It follows from (2.41) that @ € H(Q). One can verify that @ is a solution of (1.21).
Hence @ = u; which yields wg = ug.
We next establish the inequality in (1.20). Set

(2.42) vs = us —ug in €.
Then vs € H'(2) and satisfies
diV(A(;V’U(;) = diV(i(S]lB,Q\B,.l VUO) in Q

and
d,vs =0 on ON.
Applying (2.4) of Lemma 1, we obtain from (2.37) that

vl 1) < ClVuoll L2
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which implies the inequality in (1.20). The same argument as that in Proposition 1
shows that vs — 0 weakly in H'(f2). Applying (2.3) of Lemma 1, we derive from
(2.37) that

l[us — woll3 () = llvsllE o) < C‘/ iVugVos| — 0 as § — 0,
By, \Br;
which completes the proof. O

2.4. TunED SUPERLENSING USING HMMS IN THE FINITE FREQUENCY REGIME

In this section we consider variants of Theorem 2 in the finite frequency regime.
Assume that the region B,, to be magnified is characterized by a pair (a,o0) of a
matrix-valued function a and a complex function o such that a satisfies the standard
conditions mentioned in the introduction (@ is uniformly elliptic in B,, and (1.16)
holds) and o satisfies the following standard conditions

(2.43) o € L™®(B,,), with (o) > 0and R(o) > ¢ >0,

for some constant c¢. Assume that the lens without loss is characterized by a pair
(A" xH) in B,, \ B,,. Taking loss into account, the overall medium is character-
ized by

I1 in QN B,,,
(2.44) A5, X5 =< A — 61,27 +45 in B, \ B,,,
a,o in B,,,

Given a (source) function f € L?(£2) and given a frequency k > 0, standard arguments
show that there is a unique solution us € H'(Q) to the system

(2.45) {div(AgVUg) +k2S5us = f in Q,

Oyus — tkus =0 on 0f).
We first consider the three dimensional finite frequency case. The superlens in
B,, \ By, is defined by

1

1
(2.46) (A7 nH) = (7“2 6T®€r7(69®69+6¢®6¢),m

) in By, \ B,,.
Note that £ also depends on k. We have

Taeorem 3. — Letd =3,k >0,0<9 <1, and let Q be a smooth bounded connected
open subset of R? and let 0 < ry < ry be such that ro —r; € 47N, and B,, € Q. Let
f € L*(Q) with supp f C Q\ B,, and let us € H'(Q) be the unique solution of (2.45)
where (A" SH) is given by (2.46). We have

(2.47) lus|| gy < Cllfll2) and us — ug  strongly in H' (),

where ug € H(Q) is the unique solution to (2.45) with § = 0 and C is a positive
constant independent of f and 6. Moreover, ug = in Q ~ B, where U is the unique
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solution to the system
div(AVa) + k2Sa = f  in Q,
ou—iku=0 on 08,

(2.48)
1,1 in QN By,

where ﬁ,f]: 3
(), T () s,

7 3
T2 T2 To )

From the definition of (A %) in (2.46), one derives that if u is a solution to the
equation div(A¥Vu) + k*SHu =0 in B,, \ B,, then
1
O2u— Npp,u+ 4= 0 in By, \ B,,.
This equation plays a similar role as the wave equation in (1.5).
Proof. We have, by Lemma 2, that
[all ) < Clliflee and  [ulla2ns,,) < Clfle@)-
Set
u in QN B,,,
(2.49) Ug =<4 v in By, \ By,
ﬂ(rg . /7“1) in B,,,
where v € H'(B,, \ B,,) is the unique solution of
1
(2.50) 020 — App,v + 70=0 By \ By,
(2.51) v=1u ondB,, and 0,v=r30,u" on JB,,.

For n > 0 and —n < m < n, let Y* denote the spherical harmonic function of
degree n and of order m, which satisfies

Ao, V" +n(n+1)Y," =0 on 9B;.

Since the family (Y,™) is dense in L?(9B1), v can be represented in the form

(o) n
(2.52) v(@) =Y DY tpm €Y (), @ € B, N By,

n=0m=-—n =+

where A, = (n+1/2), r = |z| and T = z/|z|. Note that the 0-order term in (2.50)
has been chosen in B,, \ B,, so that the dispersion relation writes

M =nn+1)+1/4=(n+1/2)2

which implies that all the terms e***»" in (2.52), and thus v, are 47-periodic functions
of r. Since ro — r; € 47N, it follows that

(2.53) v(rZ) =v(reZ) and O.v(r1x) = Oyv(reZ) for T € 0B;.
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We have, by (2.51),
1

(2.54) [AgVug - e.] = 0 ut — T—QBTU =0 ondB,,
3

and, by (2.51) and (2.53),

1
[AogVug - e,](z) = 2 orv(x) — - a(z)Vu~ (rox/r1) - e,
1 1
1 7‘% -~ ,\_
(2.55) = 3 Oro(raz/ri) = =5 Alrax/r)Va™ (raz/m1) - e
1 1
1 r3 P
=3 Orv(rax/ry) — ) O (rex/r1) =0 on IB,,.
1 1

As in the proof of Theorem 1, one can check that ug is the unique solution of (2.45)
with § = 0 where (AH,©H) is given by (2.46). Moreover,
llus — wollmr(e) < Cllfll2(e)
and
us — U in Hl(Q)
The proof of these facts is the same as in the proof of Theorem 1. O

We next deal with a variant of Theorem 1 in the two dimensional finite frequency
regime. Set

1
(2.56) (AH »Hy = (; er Qe —reg @ 69,0) in B, \ B;,.

The following theorem describes the superlensing property of the device defined
by (2.56).

TaeorEM 4. Letd=2,k>0,0<d <1, and let Q be a smooth bounded connected
open subset of R%. Let 0 < 11 < ro be such that ro —r1 € 2N, and B,, € Q. Let
f € L*(Q) with supp f C Q\ B,, and let us € H'(Q) be the unique solution of (2.45)
where (A" SH) is given by (2.56). We have

(257) usllm) < Clfllrz@) and us — ug  strongly in H'(Q) as § — 0,

where ug € H(Q) is the unique solution to (2.45) with 6 = 0 and C is a positive
constant independent of f and §. Moreover, ug = U in QN B,.,, where t € H'(Q\ B,.)
is the unique solution to the system

div(AVa) + k250 = [ in €,

ou—iku=0 on 01,
(2.58) [AVE -] =0 on OB,,,
[l =c¢ AVi-v  ondB,,,

OB,
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where
R I.1 in QN B, o — 1
Az ,f)x = 2 and c¢=—2—1
(@), £(e) a(r—lx),%a(r—lx) in By, 21T
T2 7‘2 T2

Since f is arbitrary with support in Q \ B,.,, it follows from the definition of ( ,i)
that the object in B,., is magnified by a factor ro/r;.

Proof of Theorem 4. — The proof is in the spirit of Theorem 1. The main difference
is the fact that in the representation (2.64) below, the term by does not vanish in
general. The solution to the wave equation in the lens B,, \ B, is thus the sum of a
periodic function and a linear term (in ). The constant ¢ in the second transmission
condition of (2.58) accounts precisely for the latter. The well-posedness of (2.58) is
established in Lemma 3 below. From this Lemma it follows that

(2.59) il g @woB.,) < Cllfllzz)-

Applying Lemma 3, we derive that u € H2(2 \ B,,) and

(2.60) 6l 22~ B,,) < CllfllL2@)-

Let v defined in H'(B,, \ B;,) be the unique solution of

(2.61) 0%v — 030 =0, v is periodic with respect to 6,

and

(2.62) v(re,0) = U(re,0) and  Opv(re,0) = red ™ (r9,0) for 6 € [0, 27].
As in (2.33), we have

(2.63) vl ~B.,) < CllfllL20)-

Moreover, v can be represented in the form

(2.64) v(r,0) = ag + bor + i Z aniei(mine) in B, \ By,
ni;zgo +

where ag, by, an,+ € C. Since ro —ry € 27N, it follows that, for 6 € [0, 27],

(2.65) v(rg,0) —v(r1,0) = bo(re —r1), and 9Opv(r1,8) = 0rv(re, ).

It is clear that
/ Orv(x) dx = 2wbors.
0B,
Set
u in Q\ B,,,
in B, \ By,
ﬁ(rg . /rl) in B,,.

<

We have, by (2.62),
[ug) =" —v =0 on dB,,
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and the definition of ¢ together with (2.62) and (2.65) yields
[uo](r1,0) = v(r1,0) — U™ (r2,6)

= U(T279) - bO(TQ - Tl) - (a+(7‘2,0) — 27Tb07"2

To —T1

): 0 for O€(0,2x].

Tre

We derive from (2.59) and (2.63) that
(2.67) luollm (@) < CllfllL2(0)-
We also have
(2.68) div(AgVug) + k*Soup = f in Q. (0B,, UIB,,).
As in (2.39) and (2.40) in the proof of Theorem 1, we have
(2.69) [AoVug-e,] =0 on dB,, and [AgVup-e;]=0 on IB,,.
A combination of (2.68) and (2.69) yields that
div(AgVug) + k*Soug = f in Q;

which implies that ug is a solution to (2.45) with 6 = 0.
The proof of the uniqueness of ug and the convergence of us to ug in H*(Q) are
the same as in the proof of Theorem 1. O

The following lemma is used in the proof of Theorem 4.

Lemma 3. — Letd=2,3, and k > 0. Let D, V, Q be smooth bounded connected open
subsets of RY such that D € Q, 0D C V C Q. Let A be a bounded, piecewise C',
matriz-valued function defined in Q which is assumed to be uniformly elliptic in
and let ¥ be a bounded complez-valued function, such that Im(X) > 0 in Q. Assume
that A € CY(Q~ D) and A € CL(V N D). Let g € L*(2) and ¢ € R. There ezists a
unique solution v € HY(Q \. 0D) to the system

div(AVv) + k*Sv =g in Q\ 0D,
AVv-v—ikv =0 on 09,

(2.70) [AVv-v] =0 on 0D,
[v] = ¢ AVv v on 0D.
oD
Moreover,
(2.71) vl zrvopy < Cliglirzi)  and |[vllaz(vp)y < CllgllLz),

for some positive constant C independent of g.

Proof. The existence of v can be derived from the uniqueness of v by using the
limiting absorption principle. We now establish the uniqueness for (2.70). Let v €
H'(Q ~ 0D) be a solution to (2.70) with g = 0. Multiplying the equation by 7,

integrating over 2 \. D and over D, yields
2
/ AVI%I/‘ fik/ lv|*> = 0.
aD o0

(2.72) / (AVv - VT — E*Z[v]?) + ¢
Q
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Taking the imaginary part, we obtain that v = 0 on 9€2. The boundary condition
in (2.70) then implies AVv-v = 0 on 0. It thus follows from the unique continuation
principle that v = 0 in Q \. D, and in particular v = AVo™ - v = 0 on dD. From
the transmission conditions of v on 9D in (2.70), it follows that v~ = AVv™ v =0
on 0D as well. We conclude from the unique continuation principle that v = 0 in D.
The proof of uniqueness is complete.

We next establish the first inequality of (2.71) by contradiction. Assume that there
exists a sequence g, € L?(f2) which is square integrable near 9, and an associated
sequence of solutions (v,) C H*(2\ dD) to (2.70) such that
(2.73) im ||gnl|z1 @ =0 and ||val|gr(wop) = 1.

n—-+o0o

Extracting a subsequence, we may assume that v,, converges weakly in H (2 \ D)
and strongly in L?()) to some v € H'(Q \ D) which is a solution to (2.70) with
right-hand side 0. By uniqueness, v = 0 in € and thus v, converges to 0 weakly in
H'(Q~\ dD) and strongly in L?(Q). Similar to (2.72), we have

2
/(Aan~V@n—k22|vn\2)+c‘/ Aan-u‘ —ikz/ |un|2:/g,m,
Q oD o0 Q

By considering the real part, using (2.73), and noting that
c/ AVu, -v=[v,] ondD and [v,] — 0 in L*(0D),
oD

we derive that

AVv, - VU, — 0 asn — +oo.
Ele)

Hence v, — 0 in H'(Q \ dD). This contradicts (2.73).

The second inequality of (2.71) can be obtained by Nirenberg’s method of difference
quotients (see, e.g., [4]) using the smoothness assumption of A and the boundedness
of . The details are left to the reader. |

3. SupeRLENSES USING HMMSs VIA COMPLEMENTARY PROPERTY

In this section, we consider a lens with coefficients (A¥, %) in B,, \ B,, in the
finite frequency regime of the form

(% er®@e.—r3"H I —e, ®e,), %) in B, \ B,._,
(3.1) (A" pH)y =T 1 ™
e Qe+ —e, @e,), —T—2> in By, \ By,
where
Tm = (r1+12)/2.
It will be clear below, that the choice ¥ = 1/7? in B,,\B,,, and —1/r? in B, \ B,,

is just a matter of simplifying the presentation. Any real-valued pair (51 /72,52 /72) €
L>(B,, ~ By,) x L>®(B,, \ B, ) which satisfies

G2 (x) = —a1 ((Jz] — rm)z/|2])

T'm Tm
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is admissible. The superlensing property of the device (3.1) is given by the following
theorem:

Taeorem 5. — Let d = 2,3, k > 0, Q be a smooth bounded connected open subset
of R, and let f € L*(Q). Fiz 0 < ry < ro and assume that B,, € Q and supp f C
QN B,,. Let us € H(Q) (0 < § < 1) be the unique solution to (2.45) where (AH, xH)
is given by (3.1). We have

(3.2) lus||mr) < Cllfllre) and us — ug  strongly in H' (),

where ug € HY(Q) is the unique solution of (2.45) where (A SH) is given by (3.1)
corresponding to § = 0 and C is a positive constant independent of f and 6. Moreover,
uo =1u in QN By,, where Us is the unique solution to the system

div(AVA) + k2S5t = f  in Q,
(3.3) (AVu) f
ou—iku=0 on 09,
where
11 in QN By,,
Ax),S(z) = { pd—2
(), (=) rtliﬁa(r—lm),%cr(r—lx) in By,.
75 T2 "2 \T3

Since f is arbitrary with support in Q2 \ B,,, it follows from the definition of A
that the object in B,, is magnified by a factor ro/r;. We emphasize again that no
condition is imposed on 9 — 7.

Proof. Again, the proof mimics that of Theorem 1. We have
(3.4) il o) < Cllfll2@),

and, by (1.16) and Lemma 2,

(3.5) ||a||H2(Q\B,‘2) < O\ fllzz(o)-

Define v in B,, \ B, as follows

(3.6) 20— Npp,v+k*v=0 in B, \ B,
and, on 0B,,,
(3.7) v=a and Ow=ritoar.

We consider (3.6) and (3.7) as a Cauchy problem for the wave equation defined on the
manifold dB; for which r plays the role of the time variable. By the standard theory
for the wave equation, there exists a unique such

v E C’([rm,rg};Hl(ﬁBl)) N CH([rm,r2); L2(0B1)).
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We also have

(3.8) /8 100 S + Vool ) + Kulr, ) de
- /BB 10,0(r2,€) 2 + [Vom v(ra, )17 + k2[o(rs, €)[2 de

B /aB P21, 55 (g, €)2 + |Vop, s, €)[2 + k2[i(ra, €)[2 de.

It follows that v € H'(B,, \ B,,,) and

(3.9) vl 1B,y ~B.,,) < Cllfllz2()-
Let vg € HY(B,,, \ B,,) be the reflection of v through 9B, , i..,
(3.10) vp(z) =v((rm — |z))z/l2]) in B, \ By,.
Define

u in Q\ B,,,

v in B, \ B,

ug =

VR in By, \ By,

U(re - /r1) in B,,.
Then ug € H'(Q2) and
(3.11) div(AgVug) + k*Soup = f in Q. (0B, UIB,,).
On the other hand, from the definition of uy and v, we have
(3.12) [AoVug - e,] = 0,ut — % Ov=0 ondB,,,

T2
The properties of the reflection and the definition of A¥ guarantee that the trans-
mission conditions also hold on 9B, , and from the definition of A and (3.7), we

obtain
1 r .
(3.13) [AoVug - € ](x) = a1 0rvp(T) — rﬁ a(x)Vu~ (rex/r1) - €
1 1
1 rd_l ~
= rffl Orv(raz/r) — r‘?i’l A(rox/r1)Vu™ (raz/r1) - e
1 Td_l
= —1 Orv(raz/r1) — T‘Qifl oyt (rex/r1) =0 on 0B,,.
1 1

A combination of (3.11), (3.12), and (3.13) yields that ug € H'(Q) and satisfies
div(AgVug) + k*Soug = f in Q;

which implies that ug is a solution for 6 = 0. We also obtain from (3.4), (3.5), (3.8),
and (3.9) that

(3.14) luoll gy < Cllfllz2()-
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We next establish the uniqueness of ug. Let wg € H(Q) be a solution for § = 0.
Note that wg is fully determined in B,, \ B, from the Cauchy data wg(r22),
Orwo(re®), T € OB;. Given the form of the coefficients A”, w must also have the
symimetry

wo(z) = wo((rm — |z|)z/|z]) in B, \ By,.
It follows that for T € 0B
wo(reZ) = wo(r1Z) and Orwo(raZ) = Orwo(ri).
Thus the function @ defined by
. wo(z) x € QN By,
w(zx) =
wo(riz/re) x € By,

is a solution to (3.3). By uniqueness for this elliptic equation, Wy = u, which in turn
implies that wy = ug and uniqueness of ug follows.
Finally, we establish (3.2). Set

(3.15) vs = us —ug in €.
It is easy to see that vs € Hg(Q) and that it satisfies
div(AsVvs) + k*Ssvs = div(idlp,, < g, Vuo) — i6k*Lp, <5, to in Q.
Applying (2.4) of Lemma 1, we derive
(3.16) [vsl| () < ClIVuollL2(q),

which, in view of (3.14), implies the uniform bound in (3.2) and, as in the proof of
Theorem 1, that vs converges weakly to 0 in H'(Q). Applying (2.3) of Lemma 1 and

using (3.14) and (3.16), we obtain
/ VuogVog / UgVs } — 0,
B,~2\BT1 BTz\B,,1

since vs converges weakly to 0, which completes the proof. O

+

s — wollZ gy = sl oy < O{

Proofof Theorem 2. — The proof of Theorem 2 is similar to the above proof and is
left to the reader. O

/I. CO\ISTRUCTI\IG HYPERBOLIC METAMATERIALS

In this section, we show how one can design the type of hyperbolic media used in
the previous sections, by homogenization of layered materials. We restrict ourselves
to superlensing using HMMs via complementary property in the three dimensional
quasistatic case, in order to build a medium A? that satisfies, as § — 0,

1
r—zer@)e,«—(l—er@er) in By, \ B, ,

(4.1) A — A = 1
—e®e+ (I —e ®e) in B, N B,
r
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such as that considered in (1.13). Recall that r,, = (r1 + r2)/2. The argument can
easily be adapted to tuned superlensing using HMMs in two dimensions and to su-
perlensing using HMMs via complementary property in two dimensions and to the
finite frequency regime. Our approach follows the arguments developed by Murat and
Tartar [5] for the homogenization of laminated composites.
For a fixed § > 0, let # = 1/2 and let x denote the characteristic function of the
interval (0,1/2). For € > 0, set, for z € B, \ B;_,
1 .
bies(@) = = [(=1 —id)x(r/e) + (1= x(r/2)) /3],
baes(z) = (=3 —id)x(r/e) + (1 = x(r/e)),

and, for x € B, \ B,,,

bres(@) = 5 [(-1/3— iB)x(r/2) + (1~ x(r/e))],
boes(2) = (=1 —1i6)x(r/e) + 3(1 — x(r/e)).

Note that since periodic functions converge weakly™* to their average in L, one can
easily compute the L>° weak-* limits

-1
(4.2) bi,u,s = (w * — 1im(b17575)71) and by g5 :=w* — lim by . 5,
e—0 e—0

and in particular we have in B,, \ B,

2(1 +i9)

b ==
La(0) = 55 i)

bo,ms(x) = (=1 —1i6/2),

and in B, \ B,

(4.3) = (1—1i6/2+ O(8%)) /r?,

_72/3721'5__ o 9
(4.4) b1, ms(x) = 23 =i0) 1—9i0/2 + O(d?),
bo,ms(w) = (1 —1id/2).
Set
(4.5) e 5(x) =b1c5(r)e, @ ep+baes(r) (g @eg +e,Qey).

Let a be a uniformly elliptic matrix-valued function and define
I in Q\ B,,,
(4.6) Aes(x) = acs in By, N By,
a in By,
and
I in QN B,,,
(4.7) Af(x) =S by mser @ e +baps (eg @ep+e,@e,) in By, N By,
a in B, .

We have
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Prorosition 2. Let 0 < r1 < 1o, and let Q) be a smooth bounded connected open
subset of R® such that B,, € Q. Given f € L*(Q) with supp f N\ B, = @, let u. 5 €
HL(Q) be the unique solution to

diV(AE,(;VuE,(;) = f m Q,
where Ac s is given by (4.6). Then, as ¢ — 0, uc s converges weakly in H'(Q) to
um,s € H} () the unique solution of the equation

div(AfVug s) = f inQ,
where A is defined by (4.7).
Remark 3. — Materials given in (4.5) could in principle be fabricated as a laminated
composite containing anisotropic metallic phases with a conductivity described by a
Drude model. Also note that the imaginary part of AZ has the form —idM, where M

is a diagonal, positive definite matrix, and is not strictly equal to —idI as in the
hypotheses of Theorem 2. Nevertheless, its results hold for this case as well.

Proof. — For notational ease, we drop the dependance on ¢ in the notation. By
Lemma 1 (see also Remark 1), there exists a unique solution u. € Hg(Q) to

(4.8) div(A:Vue) = f in Q,

which further satisfies ||uc|[g1Q) < C||f||z2(q), with C' independent of ¢ (it may
depend on § though). We may thus assume, that up to a subsequence, u. converges
weakly in H(2) to some uy € H'(Q). Standard results in homogenization [5] show
that uy € Hg () solves an equation of the same type as (4.8):

(4.9) div(AfVug) = f inQ,
where the tensor of homogenized coefficients Ay has the form
1 forx € QN B,,,
Ag(z) = <Sag(z) forxz € B, \ B,,,
a(x)  forz € B,,.
To identify the tensor ag, set
(4.10) o1 =1%by Opue  in By, N B,,.

Using spherical coordinates in B,., \ B,.,, we have

div(AcVue) =

1 b .
) Oy (7‘2b17587,u5) + j; Agp,ue in By, \ By,

where App, denotes the Laplace-Beltrami operator on 0B;. This implies, since
supp f N B,, = &,

87"01,5 = —AaBl (bQ’E(T)UE) in .BT2 AN Brl,
since by . only depends on r for a fixed . Consequently, o1, and 0,07, are uni-
formly bounded with respect to ¢ in L? (7“1, T, L2(8Bl)) and in L? (7“1, T, H‘l(aBl))
respectively. Invoking Aubin compactness theorem as in [5], we infer that up to a
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subsequence, o1, converges strongly in L?(ry,ro, H '(0By)) to some limit o1 5 €
L?(B,, ~\ B,,). Rewriting (4.10) as

-1
(7"2[)1,5) 01, = Or e,
and letting € — 0, yields

orm = (w*— lim(r2b17€)*1)_1 Orug
2
-
Cwxk —1im(b1,5)—1aruH'

On the other hand, since u. — uy strongly in L?*(Q), it follows that be(r)u. —
w* —lim by o (r)uy in L2. We derive that

(4.11) Oy (r?b1,m0run) + Aop, (bo,yup) =0 in By, \ By,
where by g = (w* — li1rr1(l)17€)’1)71 and be g = w x —lim by .. We can then identify
apg = bl,Her X e, + b27H(69 Kepg+e,® 64/,),

which, given (4.3-4.4), has the form considered in (3.1).
Since periodic functions weakly-* converge to their average in L> one easily checks
that in fact the whole sequence u. converges to the unique H}-solution to (4.11). O

5. Stasiuity or HMMs

Both the mechanisms for superlensing, that we propose in this paper, rely on
the ability to transport the Cauchy data without alteration (or barely) from one
interface of the lens to the other. In this section, we investigate the sensitivity of these
results to the constraints on the design, namely to the conditions ro — r; € 2rN™T or
Tm = (r2 + r1)/2 that are assumed in the previous sections. To this end, let { > 0 and
L > 0, and consider

X = (—1,L) x (0,27), % =(-1,0)x(0,27), % =(0,L)x (0,2m).
We also set I' = 0%, and
I = {1} x(0,27), T}:, = {L} x (0,2m), Ty, = ((—l, L) x {277}) U ((—l, L) x {277}).

Let As denote the conductivity defined in #Z by

As(z) = (1—i6 0 ) ey
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Let f € H&/02 (T},) @ and for § > 0 denote us € H'(Z) the unique solution to

diV(Agvu(;) =0 in %,

us =0 on I'yy,
(5.1) s th
us = f on I,
us =0 on Fl';t.

This configuration corresponds to that of Section 2.2, where only the left half of the
domain (cut through the middle of the hyperlens) is considered. Note that one could

equally study the configuration where a homogeneous Neumann boundary condition

+
lat*

The transmission conditions on x1 = 0 read

is imposed on I'

us(07,m2) = us (0", 25) and  0,,us(07, 22) = Oz, us(0T, z2), 0< 29 < 2.

Using the same arguments as in Section 2, one can show that if there exists a solution
up € HY(#) of (5.1) with § = 0 then the problem is stable in the sense that (us)
remains bounded in H'(Z). Otherwise, there exists a sequence (d,,) — 0 such that
||u5n‘|H1(%) — 400 as n — +00. We now compute such a possible solution ug. If ug
solves (5.1) with § = 0, then it must have the form

Y s Sin(na2) (ane™ + bpe™ ") —l<z<0

Uo(l“hxz) = {

> s Sin(na2) (ay, cos(nar) + By sin(nar)) 0<z <L,

where ay,, by, 0, B, € R. Assume that the Dirichlet data on I',, decomposes as

F(=lwg) = fusin(nay),
n=1

for some f,, € C. Expressing the transmission on z; = 0, and the boundary conditions
on Flj;t yields 4 x 4 homogeneous linear systems

et enl 0 0 an Ifn
11 -1 0 by, 0
= >
-1 0 -1 an of "t
0 0 cos(nlL) sin(nl) Bn 0

with determinants
dyp == e ™ [cos(nL) — sin(nL)] — e™ [cos(nL) + sin(nL)].

Under the condition
d, #0 forn>1

() The closure of o (T,

) in HY (T,

lat)‘
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we can solve for the coefficients

an, fn[cos(nL) — sin(nL)]

by | 1 | —fulcos(nL) + sin(nL)]
an | dy —2f, sin(nL) ’
Bn 2fncos(nL)

and construct a formal solution to (5.1) when § = 0. The requirement that uy €
H' (%) however imposes conditions on the growth of the d,,’s.

Assume that L/7 is irrational and Diophantine of class r € N4, i.e., there exists
€ > 0 such that

V(p.q) € Z x Z*

—-=>
q q

Let p € N be such that 7p + 7/4 < nL < w(p + 1) + 7/4. Then one has for n large
enough

|dp| > e™ |cos(nL) + sin(nL)| — 2e~ M

-4

— enl

cos(nL) + sin(nL) — (COS(%TT( + Wp) + sin(g—7T + Wp)) ’ —2e

4
242 3
L (3 ) -2
™

L 3

> e”l2\/§n’— _stp —2¢
s 4n

> ™22 ne 2¢ ™ > e,

(4n)"
for some ¢ > 0. It follows that
S 1+ n?)(ad + 62 +a? + 52) < +os,
n>1
and there exists a solution ug € H'(Z) to (5.1).

Assume now that L = (4p + 3)/4q for some p, q € N, ¢ # 0. Then cos(nL)+sin(nL)
vanishes for an infinite number of n’s, for which d,, = O(e~™). One can then construct
examples of data f such that Y 07 | (1+n?)(a2 + b2 4+ a2 + 32) is not converging. In
this case, there is no solution in H*(Q) to (5.1).

Given the dense character of Diophantine numbers, we see that, as the dissipation
parameter tends to 0, the solution operator is clearly not continuous with respect to
the geometry of the HMMs region (see also [3, 9] for related questions concerning the
Dirichlet problem for the wave equation).

REFERENCES

[1] H. Ammari, G. Ciraoro, H. Kang, H. Lee & G. W. Mitton — “Spectral theory of a Neumann-
Poincaré-type operator and analysis of cloaking due to anomalous localized resonance”; Arch.
Rational Mech. Anal. 208 (2013), no. 2, p. 667-692.

[2] G. Boucuirré & B. Scaweizer — “Cloaking of small objects by anomalous localized resonance”,
Quart. J. Mech. Appl. Math. 63 (2010), no. 4, p. 437-463.

[3] D.G.Bourcin & R. Durrin — “The Dirichlet problem for a vibrating string equation”, Bull. Amer.
Math. Soc. 45 (1939), p. 851-859.

JE.P.— M., 2017, tome 4



1002

(4]

(5]

[6]

[10]
[11]
[12]
13
[14]
[15]
[16]
[17
[18]
[19]
[20]
[21]
[22]

23]

(24]
(25]

[26]
(27]

28]

29]

JLEP

E. BonneTier & H.-M. Neuyen

H. Brezis — Functional analysis, Sobolev spaces and partial differential equations, Universitext,
Springer, New York, 2011.

A. Crerkaev & R. V. Kon~ (eds.) — Topics in the mathematical modelling of composite materi-
als, Progress in Nonlinear Differential Equations and their Applications, vol. 31, Boston, MA,
Birkh&user Boston, Inc., 1997.

J. Droxrer, J. HEstnaven & H.-M. Ncuyen — In preparation.

P. Grisvarp — Elliptic problems in nonsmooth domains, Classics in Applied Mathematics, vol. 69,
SIAM, Philadelphia, PA, 2011.

7. Jacos, L. V. Areksevev & E. Narimanov — “Optical hyperlens: far-field imaging beyond the
diffraction limit”, Optics Express 14 (2006), p. 8247-8256.

K. Jonn — “The Dirichlet problem for a hyperbolic equation”, Amer. J. Math. 63 (1941), p. 141—
154.

R. V. Konn, J. Lu, B. Scaweizer & M. I. Weinstein — “A variational perspective on cloaking by
anomalous localized resonance”, Comm. Math. Phys. 328 (2014), no. 1, p. 1-27.

Y. Lat, H. Cuex, Z. Zuane & C. T. Cuan — “Complementary media invisibility cloak that cloaks
objects at a distance outside the cloaking shell”, Phys. Rev. Lett. 102 (2009), 093901.

7. Liu, H. Lk, C. Sux & Z. Zuane — “Far-field optical hyperlens magnifying sub-diffraction-limited
objects”, Science 315 (2007), p. 1686-1686.

G. W. Mirron & N.-A. Nicorovicr — “On the cloaking effects associated with anomalous localized
resonance”, Proc. Roy. Soc. London Ser. A 462 (2006), no. 2074, p. 3027-3059.

I1.-M. Neuven — “Asymptotic behavior of solutions to the Helmholtz equations with sign changing
coefficients”, Trans. Amer. Math. Soc. 367 (2015), no. 9, p. 6581-6595.

, “Superlensing using complementary media”, Ann. Inst. H. Poincaré Anal. Non Linéaire
32 (2015), no. 2, p. 471-484.

, “Cloaking via anomalous localized resonance for doubly complementary media in the
quasistatic regime”, J. Eur. Math. Soc. (JEMS) 17 (2015), no. 6, p. 1327-1365.

, “Localized and complete resonance in plasmonic structures”, ESAIM Math. Model.
Numer. Anal. 49 (2015), no. 3, p. 741-754.

, “Cloaking using complementary media in the quasistatic regime”, Ann. Inst. H.
Poincaré Anal. Non Linéaire 33 (2016), no. 6, p. 1509-1518.

, “Limiting absorption principle and well-posedness for the Helmholtz equation with sign
changing coefficients”, J. Math. Pures Appl. (9) 106 (2016), no. 2, p. 342-374.

, “Reflecting complementary and superlensing using complementary media for electro-
magnetic waves”, arXiv:1511.08050, 2015.

, “Cloaking via anomalous localized resonance for doubly complementary media in the
finite frequency regime”, J. Anal. Math. (to appear), arXiv:1511.08053.

, “Cloaking an arbitrary object via anomalous localized resonance: the cloak is indepen-
dent of the object: the acoustic case”, SIAM J. Math. Anal. (to appear), arXiv:1607.06492.
H.-M. Neuvex & L. H. Neuven — “Cloaking using complementary media for the Helmholtz equa-
tion and a three spheres inequality for second order elliptic equations”, Trans. Amer. Math.
Soc. Ser. B 2 (2015), p. 93-112.

N. A. Nicorovicr, R. C. McPuebpran & G. W. Mirron — “Optical and dielectric properties of partially
resonant composites”, Phys. Rev. B 49 (1994), p. 8479-8482.

J. B. Penpry — “Negative refraction makes a perfect lens”, Phys. Rev. Lett. 85 (2000), p. 3966
3969.

, “Perfect cylindrical lenses”, Optics Ezpress 1 (2003), p. 755-760.

A. Poppusny, 1. lorsn, P. BerLov & Y. Kivsnar — “Hyperbolic metamaterials”, Nature Photonics T
(2013), p. 948-957.
M. H. Prorrer — “Unique continuation for elliptic equations”, Trans. Amer. Math. Soc. 95

(1960), p. 81-91.

S. A. Ramakrisuna & J. B. Pexpry — “Spherical perfect lens: solutions of Maxwell’s equations for
spherical geometry”, Phys. Rev. B 69 (2004), 115115.

V. Veseraco — “The electrodynamics of substances with simultaneously negative values of &
and p”, Uspehi Fiz. Nauk 92 (1964), p. 517-526.

M., 2017, tome 4


http://arxiv.org/abs/1511.08050
http://arxiv.org/abs/1511.08053
http://arxiv.org/abs/1607.06492

SUPERLENSING USING HYPERBOLIC METAMATERIALS: THE SCALAR CASE 1003

Manuscript received June 16, 2016
accepted September 13, 2017

Eric Boxnerier, Institut Fourier, Université Grenoble-Alpes, CNRS
F-38000 Grenoble

E-mail : eric.bonnetier@univ-grenoble-alpes.fr

Url : https://1jk.imag.fr/membres/Eric.Bonnetier/

Hoar-Minmt Neuvex, EPFL SB MATHAA CAMA
Station 8, CH-1015 Lausanne

E-mail : hoai-minh.nguyen@epfl.ch

Url : https://cama.epfl.ch/

JE.P.— M., 2017, tome 4


mailto:eric.bonnetier@univ-grenoble-alpes.fr
https://ljk.imag.fr/membres/Eric.Bonnetier/
mailto:hoai-minh.nguyen@epfl.ch
https://cama.epfl.ch/

	1. Introduction
	2. Tuned superlensing using HMMs
	3. Superlenses using HMMs via complementary property
	4. Constructing hyperbolic metamaterials
	5. Stability of HMMs
	References

