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MODULI SPACES OF STABLE PAIRS AND NON-ABELIAN
ZETA FUNCTIONS OF CURVES VIA WALL-CROSSING

BY SERGEY Mozcovoy & Markus REINEKE

Asstract. — In this paper we study and relate the non-abelian zeta functions introduced by
Weng and invariants of the moduli spaces of arbitrary rank stable pairs over curves. We prove a
wall-crossing formula for the latter invariants and obtain an explicit formula for these invariants
in terms of the motive of a curve. Previously, formulas for these invariants were known only for
rank 2 due to Thaddeus and for rank 3 due to Mufioz. Using these results we obtain an explicit
formula for the non-abelian zeta functions, we check the uniformity conjecture of Weng for the
ranks 2 and 3, and we prove the counting miracle conjecture.

Risumi: (Espaces de modules de paires stables et fonctions zéta non abéliennes des courbes via
le « wall-crossing »)

Dans cet article nous étudions et mettons en relation les fonctions zéta non abéliennes
introduites par Weng et les invariants des espaces de modules de paires stables de rang arbitraire
sur les courbes. Nous prouvons une formule « wall-crossing » pour ces invariants et obtenons
une formule explicite pour ceux-ci en terme du motif de la courbe. Auparavant, des formules
pour ces invariants n’étaient connues qu’en rang 2 par Thaddeus et en rang 3 par Mufioz. En
utilisant ces résultats nous obtenons une formule explicite pour les fonctions zéta non abéliennes,
nous vérifions la conjecture d’uniformité de Weng pour les rangs 2 et 3, et nous montrons sa
conjecture de dénombrement miracle.
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1. INnTRODUCTION

This paper has two motivations. The first one is the study of motivic invariants
(like Poincaré polynomials, Hodge polynomials, or motives) of moduli spaces of pairs
on a smooth projective curve. The moduli spaces of pairs were studied extensively
in the last two decades [4, 7, 22, 12]. Their Poincaré resp. Hodge polynomials were
computed by Thaddeus [22] in the rank two case and by Mufioz [18] in the rank three
case. For rank four it was proved [17], and conjectured for general rank, that the
motive of the moduli space can be expressed in terms of the motive of the curve. We
will compute the motives of these moduli spaces for arbitrary rank in terms of an
explicit Zagier-type formula, and in particular confirm the above conjecture.

Our second motivation is the work of Weng [25] on the (pure) non-abelian zeta
functions of curves. Given a curve X over a finite field Fy, let M(r, d) denote the set
of isomorphism classes of semistable vector bundles on X having rank r and degree d.
Define the rank r pure non-abelian zeta function by

Z_Xﬂ'(t) = Z Z

k>0 E€eM(r,kr)

0
FOKE) g
|Aut E|

The special uniformity conjecture of Weng [25, Conj. 9] suggests that the rank r pure
zeta function coincides with the group zeta function associated to the special linear
group SL, [25, §2]. This conjecture was announced to be a theorem in [23, Th.5].
This result can be used to express the rank r pure zeta functions in terms of the usual
zeta function of a curve. We will use a different approach based on moduli spaces of
pairs to compute rank r zeta functions by an explicit Zagier-type formula. We will
also check the uniformity conjecture for the rank 2 and 3 zeta functions.

Let us now describe our results in more detail. Let X be a smooth projective
complex curve of genus g. A pair (E,s) on X consists of a vector bundle E on X and
a nonzero section s € H°(X, E). There is a notion of stability of such pairs depending
on a parameter 7 € R (see §3.1). For any (r,d) € Z~o X Z, let M. (r,d) denote the
moduli stack of 7-semistable pairs with a vector bundle having rank r and degree d
and let

Fo(r,d) = (¢ — 1)g" 0 G M, (r, d)]

be its motive up to some factor, where ¢ denotes the Lefschetz motive. Define the
generating function

fr = Z fr(r, d)lﬂlnxgx3

r,d
in a certain completion of a skew polynomial ring (see §5.2). For example, for 7 = oo
(this means that for each pair (F, s), we verify its semistability with respect to 7 as 7
goes to infinity; this is equivalent to the requirement that coker s is finite), we have

foo = T1232x (22),

where Zx (t) is the motivic zeta function of X.
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NON-ABELIAN ZETA FUNCTIONS 119

On the other hand, let u>,(r,d) be the twisted motive of the moduli stack of
vector bundles having rank r, degree d and such that the quotients of their Harder-
Narasimhan filtrations have slopes > 7. These invariants can be computed by the
formula of Zagier [26], based on the works of Harder and Narasimhan [11], Desale and
Ramanan [6], and Atiyah and Bott [1]. Define the generating function

r,.d
Us, = E us,(r,d)zizs.
d/r>1

Our first main result is the following wall-crossing formula (see Theorem 5.4):
Turorem 1.1. — For any 7 € R, we have

fr = (u;-lr 0 foo O U27)|u<7—7

where the truncation |,<, means that we keep only the coefficients xjxlxs with

d/r <.

This result implies that the motive of M. (r,d) can be expressed in terms of the
motive of X and its symmetric products. The latter statement follows also from
[9, Prop. 6.2] (as well as [8, Th. 1)) for a large class of stability parameters. It was also
conjectured in [17]. Using generalizations of Zagier’s formula for the motive of the
moduli stack of semistable bundles (to be discussed in an appendix which also contains
a new proof of Zagier’s original formula), this yields the following explicit formula for
the motive [M,(r,d)] of the moduli space of T-semistable pairs (see Theorem 6.2):

Tueorem 1.2. Forr > 2 and generic T, we have

% bpy ...b
[MT(T7 d)] = q(g—l)(g) Z — 1 T Coeﬂ:tdf((,,,l)ﬂ
rittrg=r—1 Hi:ll (1 - qri+Ti+1)

k—1 T TH41 .
Zx(t) - ( VIR €l ad A )
* L—grnttt o (I—grott)(l—gvt) 1—gt))’

where b, equals (up to a twist) the motive of the moduli stack of rank r bundles, and F,
and 6, are certain explicit exponents.

The wall-crossing formula can also be used to compute the higher zeta functions.
We can write the motivic version of the higher zeta-functions as follows

Zx ()= (¢—1) > [My(r kr)lth = qo=1() > i, kr)tt.
k>0 k=0

This means that in order to find Zy ,(t) we have to compute f.(r,d) for 7 = d/r.
Applying the above theorem we obtain, for any 7 € R:

3 ol dyrfates = SL 0 oo 0 ) s
d_r

[s

The following result describes the higher zeta functions explicitly.

JE.P. — M., 2014, tome 1



120 S. Mozcovoy &« M. ReINekE

Turorem 1.3. Let Ex,r(t) =t""9Zx ,(t) and Zx(t) =t'"9Zx(t). Then

7 T b ---b
Zx.,(t) = g9~ G) Z b by
ritetrg=r—1 Hi:l (1 - qr,¢+r7¢+1)

< 24 ki (1= g tr)g<itZx (¢'<'t) qr<"t2x(qr‘1t)>

1—qntip P (1—q<it) (1 —gremnitle) 1 —grent

This theorem implies a generalization of the counting miracle conjecture of Weng

[24, Conj. 15]

¢ 79" Zx 1 (0) = IM(r - 1,0)],
where M(r,0) denotes the moduli stack of semistable vector bundles having rank r
and degree zero.

Our approach can be also used in order to find the higher zeta functions of
curves over finite fields. In this case motives should be substituted by the so-called
c-sequences introduced in [15]. All of the above formulas remain the same.

The reader should not be deceived by the apparent simplicity of our approach.
A lot of obnoxious geometry happens behind the innocent algebraic scene. While for
ranks 2 and 3 it is possible, with some effort, to control destabilizing loci when crossing
the walls, the situation becomes much more complicated for higher ranks. Our basic
idea goes back to the work of Thaddeus. In order to find the motivic invariant of the
moduli stack M (r, d) of T-semistable pairs, we first find this invariant for 7 > 0 and
then decrease 7, thoroughly analyzing the behavior of our invariants when crossing
the walls, i.e. when 7 goes through the critical values, where some semistable pairs
become non-semistable. In this way we can find [M.(r,d)] for any 7 > d/r. But
in contrast to [16, 22|, our approach does not use the geometry of the moduli spaces
directly. Instead, we use ideas from motivic wall-crossing [13] and derive the behaviour
of the motivic invariants from identities in a Hall algebra of a category of triples. For
T < d/r the moduli space is empty. One might ask why we do not cross just one wall
at 7 = d/r and find the invariant [M,(r,d)] for 7 = (d/r) + & with 0 < ¢ < 1; the
answer is that in order to prove the wall-crossing formula we need enough vanishing
of second Ext in the category of triples, which only holds for 7 > d/r.

Acknowledgments. — The authors would like to thank Oscar Garcia-Prada, Tamaés
Hausel, Jochen Heinloth, and Lin Weng for helpful remarks about the results of the

paper.
2. PRELIMINARIES

All results of this section will be formulated for an algebraic curve X over an alge-
braically closed field k of characteristic zero, and for the motives of moduli stacks over
it. Motives will be considered as elements in the Grothendieck ring Ko (Stk) of stacks
(of finite type over k and with affine stabilizers), which is related to the Grothendieck
ring of k-varieties via localization or dimensional completion (see e.g. [9]). We denote
the Lefschetz motive by ¢ and always work in the coefficient ring R = Ko(Sty)[g*"/?].
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NON-ABELIAN ZETA FUNCTIONS 121

We can also substitute motives by virtual Poincaré polynomials or E-polynomials.
Also we can formulate all the results for a curve defined over a finite field, in which
case we have to substitute motives by the so-called c-sequences introduced in [15].

2.1. Zera runcrion. — Given an algebraic variety X we define its motivic zeta func-
tion
(2.1) Zx(t) =) _[S"XJt" = Exp(t[X]).

n=0

If X is a curve of genus g then

Px(t)
T—0-a)’
where Px(t) is a polynomial of degree 2g. The value Px (1) equals the motive of the
Jacobian [Jac X]. The function Zx(t) satisfies the functional equation

Zx(t) =

Zx(1/qt) = (qt*)' 79 Zx(t).
Therefore the function
(2.2) Zx(t) =t'"9Zx(t)
satisfies Zx (1/qt) = Zx(t).
2.2. Stacks oF BUNDLES. — Let X be a curve of genus g and let a = (r,d) € Z~g X Z.

Let Bun, 4 denote the stack of vector bundles over X having rank r and degree d. Its
motive is independent of d [2, Section 6]:

JacX] 2 1y 1y T » Py (1) "= .
[Bun, 4] = %Q(T (g—1) HZX((] ) = & H Zx(q).
¢-1 i=2 g—1 7
Define
r—1
Px(1 ~
23 b= o000 Bun, o) = XU T 20
g1
Let

(1) M(a) = M(r,d) be the moduli stack,
(2) M(a) = M(r,d) be the moduli space,
(3) M(«) = M(r,d) be the set of isomorphism classes

of semistable vector bundles E over X with ch(E) = «. Define

(2.4) Ba = ¢ IE) [M(a)].
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2.3. CHERN CHARACTERS. There is group homomorphism
ch : Ko(Coh X) — 72
given by ch(F) = (rk E, deg E). For any E, F € Coh X, define
x(E, F) = dimHomx (E, F) — dim Ext% (E, F).
Let ch E = a = (r,d) and ch F = § = (r/,d"). Then by the Riemann-Roch theorem

X(E,F)=rd —v'd+ (1 —g)rr'.

Define
2.5) x(a,B) =rd —r'd+ (1 —g)rr',
x(@) = x((1,0),a) = d+ (1 —g)r,
<Oé, ﬂ> = X(a7ﬂ) - X(ﬂ?a) = Q(Td/ — T/d).
2.4. InteGraTION MAP. — Define the quantum affine plane Ay to be the completion

of the algebra R[z;, 23] with multiplication

7% 0 ZL”B _ (7q1/2)(a,ﬂ)1,a+6’

where we allow only elements f = > 7 faz® with

inf{—%’fhd;«é0}>—oo.

Let H(Ap) be the Hall algebra of the category Ay = Coh X [15] (we use the opposite
multiplication where the product [E]o[F] counts extensions from Ext'(F, E)). There is
an algebra homomorphism I : H(Ap) — Ag [20], called an integration map, defined by

,TCh E

_ /2(EE)
E= (=) AwE]

For example, if 1, € H(Ag) (resp. 13* € H(Ap)) is an element counting all (resp. all
semistable) vector bundles having Chern character a = (r, d), then

I(10) = (—¢**) 379" [Bun, gJa® = (—¢/%) =972,

115 = (=29 [ M(a)]o™ = (—¢"/*) 97 8,2,
Using the Harder-Narasimhan filtrations and applying the integration map, we obtain

(2.8) b, = Z q% Sicilonailg . By,

((xl,...,ak)e”Pg

where P is the set of slope decreasing partitions of a.
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NON-ABELIAN ZETA FUNCTIONS 123

2.5. ZAGIER FORMULA. It was proved by Zagier [26] that if there are families of
elements (by)r>1, (Ba)acz.oxz satisfying (2.8), then

(2'9) Bo = Z

T1yee,Te >0
rite+re=r

k=1 (ritrie){(rid-+r)d/r}
( )bﬁ by,

H ! 1— qTi+Ti+1

i=1

This gives an effective way to compute the motives of the moduli stacks M(a) of
semistable vector bundles.

3. SEMISTABLE PATRS AND TRIPLES

3.1. SemistasLE paiRs. — Throughout the paper, let X be a smooth projective curve
over a field k, let 7 € R and (r,d) € Zso X Z.

Derintrion 3.1. A pair (E,s) over X consists of a vector bundle F over X and
a nonzero section s € H(X, F). Pairs over X form a k-linear category: a morphism
f:(E,s) = (E',s") between two pairs is an element f = (fo, f1) € k x Homx (E, E’)
such that f1s = s fq.

Derinirion 3.2, — A pair (E, s) over X is called 7-semistable (resp. stable) if

(1) For any subbundle F C E we have u(F) < 7 (resp. u(F) < 7).

(2) For any subbundle ' C F with s € H°(X,F) we have u(E/F) > 7 (resp.
w(E/F) > T1).
DeriNition 3.3, — Given (r,d) € Zso X Z, we say that 7 € R is (r,d)-generic if
T #d/rand 7 ¢ LZ for any 1 <1’ < r. In this case any T-semistable pair (F, s) with
ch E = (r,d) is T-stable.

We denote

(1) by M4 (r,d) the moduli stack (see [9]),

(2) by M. (r,d) the moduli space ([12]),

(3) by M, (r,d) the set of isomorphism classes
of T-semistable pairs (F, s) with ch(E) = (r,d), i.e. of rank r and degree d.

Remark 3.4. If k is algebraically closed of characteristic zero, we can define the
motives [M(r,d)], [M;(r,d)] as elements of Ky(Sty), the Grothendieck ring of stacks
over k. If 7 is (r, d)-generic then

(M (r, d)]
(Mo (r,d)] = -1
as for any 7-stable pair (F,s) we have End(E,s) = k. The analogue of [M(r,d)]
over a finite field F, is
1
Z [Aut(E, s)|
(E,s)EM. (r,d)
It follows from [21] that the stack M (r,d) is of finite type. Similarly one can show
that M, (r,d) is finite if the field is finite.

JE.P. — M., 2014, tome 1



124 S. Mozcovoy & M. REINEKE

Remark 3.5. Let (r,d) € Zso x Z and let 7 € R. We will see in Lemma 5.2 that if
M, (r,d) # @ then d > 0 and d/r <7 < d/(r —1).

Lemma 3.6. Let (r,d) € Zso X Z and let T = d/r. Then a pair (E,s) with ch(E) =
(r,d) is T-semistable if and only if E is semistable.

Proof. — Assume that E is semistable. Then for any subbundle ' C E we have
w(F) < 7= p(E). Therefore E is semistable.

Assume that F is semistable. Then for any subbundle F' C E we have pu(F) <
w(E) =7 and w(E/F) > u(E) = 7. Therefore (E, s) is T-semistable. O

CoOROLLARY 3.7. Assume that k =F, and 7 = d/r. Then

1 1
2 Aut(E,s)|  gq-—1 by

(E,s)EM, (r,d) EeM(r,d)

qh”(X,E) 1
|Aut E|

Proof. — Let E € M(r,d). There is a natural action of the group Gg = k* x Aut F
on the set Mr = H°(X, E)~ {0}. The orbits of this action can be identified with the
isomorphism classes of pairs (E, s). The stabilizer of s € Mg can be identified with
Aut(E, s). Therefore

1 1 M RO(X.B) _ 1
> EET= 2 G e - e DAwE -
[s]EME/GE ’ sEMp
3.2. THE CATEGORY OF TRIPLES
Derinition 3.8, — Let @ be the quiver with two vertices 0, 1 and one arrow s : 0 — 1.

We consider @ as a category and define the category Tx of triples on X as the category
of functors from @ to Coh X. This is an abelian category. An object E € Tx can be
represented as a triple (E1, Eg, sg) where Fy, £ € Coh X and sg € Home,, (Ey, E1).

Treorem 3.9 ( [10, Th.4.1)). — Let E, F € Tx be two triples on the curve X. Then
there is a long exact sequence

0 — Hom(E, F) — @ Homop, (E;, F;) — Homop, (Eo, F1) — Ext'(E, F)
i=0,1
— @ Exty, (B, F;) — Exty (Eo, i) — Ext*(E, F) — 0.
i=0,1

The following results about the vanishing of Ext? in the category of triples are
crucial for this paper. They will allow us to apply a Hall algebra formalism for the
computation of motivic invariants.

Prorosition 3.10. Let E,F be two triples and assume that sg : Eg — Ey is a
monomorphism. Then Ext?(E, F) = 0.

Proof. — According to the previous theorem it is enough to show that

Exty  (Ey, Fi) — Extp (Eo, Fy)

JE.P. — M., 2014, tome1



NON-ABELIAN ZETA FUNCTIONS 125

is surjective. By Serre duality this is equivalent to the injectivity of

HOID(QX (Fl,EO [ wx) — HOID(QX (Fl,El X UJX)

which holds as sg : £y — F4 is a monomorphism. O
Corovrrary 3.11. — Let E,F be two triples and assume that one of the following
conditions is satisfied

(1) Eo = 0.

(2) By = Ox and sg # 0.
Then Ext*(E, F) = 0.

Derintrion 3.12. For any o € R and for any triple F = (E1, Ey, sg) we define the
o-slope of F by
deg F1 + deg Ey + otk Ey
o (E) =
I‘k E1 —|— I‘k EO
A triple FE is called semistable (resp. stable) with respect to u, if for any proper
nonzero subobject F' C E we have p,(F) < pio(E) (resp. po(F) < po(E)).

€ RU {o0}.

4. WALL-CROSSING

4.1. FRAMED CATEGORIES

Derintrion 4.1, — A framed category is a pair (A, v), where A is an abelian category
and v : Ko(A) — Z is a group homomorphism such that v(E) > 0 for any F € A.
For any k > 0 we denote by Ay the category of objects E € A with v(E) = k. The
objects of the abelian category Ag are called unframed objects. The objects of the
category A; are called framed objects.

We assume that for any object E € A there exists a maximal unframed subobject
FE, C E. Similarly, we assume that there exists a maximal unframed quotient £ — Fj.

Derinition 4.2 (see e.g. [3]). — A torsion pair in an abelian category C is a pair
(T, F) of strict (i.e. closed under isomorphisms) full subcategories of C satisfying

(1) C(T,F)=0forany T €T, F € F.
(2) For any X € C there exists a short exact sequence in C

0—T —X—>F—0
such that T € 7 and F € F.

The category T is called a torsion class and the category F is called a torsion-free
class.

DeriNiTioN 4.3, Let (7,F) be a torsion pair in the category Ag of unframed
objects. A framed object E € A; is called

(1) (T, F)-stable if E; € F and Ey € T.

(2) +oo-stable if it is (0, Ag)-stable, i.e. if Ey = 0.

(3) —oo-stable if it is (A, 0)-stable, i.e. if By = 0.

JE.P. — M., 2014, tome 1



126 S. Mozcovoy &« M. ReINekE

Prorosirion 4.4 (Canonical filtration). Any framed object E € A1 has a unique
filtration

E'CE'CE
such that E' € T, E"/E' € Ay is (T, F)-stable, and E/E" € F.

Proof. — Let E be a framed object. We define E' C E; C E to be the torsion part
of E; and we define E” = ker(E — Ey — EJ), where Ey — EJ is the free part of Ej.
Uniqueness is left to the reader. O

4.2. FRAMED cATEGORY OF TRIPLES. — Let X be a curve. Let (Ox) be the subcategory
of Coh X generated from Ox by extensions. One can easily see that it is an abelian
subcategory of Coh X. We define the category A to be the category of triples F =
(E1, Ey, sg) such that Ey € (Ox). We define the framing v : Ko(A) = Z by v(FE) =
rk Ey. Then the category Ag of unframed objects can be identified with the category
Coh X. Framed objects in A have the form (E1,Ox,sg), where E; € Coh X and
sp € Homp, (Ox, E1) ~ H°(X, Ey).

Remark 4.5. — If E = (Ey1,Ep,sg) € A then the maximal unframed subobject
of E is (E1,0,0) which we denote by E;. The maximal unframed quotient of F is
(coker sg, 0,0) which we denote by Es. This is in accordance with the conventions in
§4.2.

Derinition 4.6. — Let 7 € R. A framed object E € A; is called 7-semistable (resp.
stable) if

(1) For any monomorphism F — E with unframed F' we have u(F) < 7 (resp. < 7).
(2) For any epimorphism E — F with unframed F we have u(F) > 7 (resp. > 7).
(

A framed object F € A; is called 7 -stable (resp. 7_-stable) if E is (7 + ¢)-semistable
(resp. (T — €)-semistable) for 0 < € < 1. This means that

(1) For any monomorphism F' — E with unframed F' we have u(F) < 7 (resp. <).
(2) For any epimorphism F — F' with unframed F' we have p(F) > 7 (resp. >).

It is clear from Definitions 3.2 and 4.6 that a pair (E,s) is 7-semistable if and
only if the triple (F,Ox,s) is T-semistable. Therefore the stack M, (r,d) can be
identified with the moduli stack of framed 7-semistable triples E = (E1, Ox, sg) with
chE; = (r,d) and sg # 0. In the next lemma we will see that the last condition
sg # 0 is automatically satisfied for almost all 7.

Lemma 4.7. — Let E = (E1,0x,sg) be a framed T-semistable object with Ey # 0.
Then p(E1) < 7. If p(Eq) < 7 then sg # 0.

Proof. — Since Fj is an unframed subobject of E, we have u(E;) < 7. If sg = 0
then E; is an unframed quotient of E. Therefore u(F;) > 7, contradicting our as-
sumption. O
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LemwMa 4.8. Let E € A; be a framed object with By # 0. Let ch By = (r,d) and
7 € R. Then E is T-semistable if and only if it is semistable with respect to p,, where
o=(r+1)T—d.

Proof. — We note first that u,(F) = (d+ 0)/(r + 1) = 7. Therefore E is semistable
with respect to p, if and only if for any unframed F' C E we have

W(F) = po(F) < po(E) =7
and for any unframed quotient £ — F' we have
W(F) = po(F) = po(E) = 7.

This is equivalent to T-stability of F. O

Define the category A>, to be the category of sheaves E € Ay = Coh X such that
the quotients of their Harder-Narasimhan filtration have slope > 7. Similarly we define
the categories A<,, As,, A<,. The pairs of categories (As,, A<,) and (As,, Ar)
are torsion pairs in Aj.

Lemva 4.9, — Let E € Ay be a framed object. Then

(1) E is T-semistable < E1 € A<, By € As.

(2) E is T-stable & E1 € A, Ey € A5,

(3) E is 74-stable & E1 € A¢,, By € Asre E is (Asr, A<y )-stable.
(4) E is T_-stable & Ey € A<, Es € A5 E is (Asr, Acr)-stable.

The unique filtration of a framed object E € A; with respect to the torsion pair
(As -, A<:) (see Prop.4.4) will be called the canonical filtration with respect to 7.
The unique filtration of F with respect to the torsion pair (As,, A<,) will be called
the canonical filtration with respect to 7_.

Lemma 4.10. — Let E € A be a framed T-semistable object with sg # 0. Let ch(E7) =
(r,d) and o = (r+ 1)1 —d (i.e. uo(E) = 7). Then

(1) The canonical filtration of E with respect to 7+ has the form 0= E' C E" C E.
If E" # E then E/E" is semistable and up(E/E") = po(E") = 7. If sg # 0 then
SE 75 0.

(2) The canonical filtration of E with respect to T7_ has the form E' C E" = E.
If E' # 0 then E’ is semistable and w(E') = u,(E/E') = 7. If w(E1) < 7 then
SE/E’ # 0.

Proof

(1) Consider the canonical filtration E/ C E” C E with respect to 74. Then

E’ € A.., while E; € A¢,. This implies E' = 0. We have E/E" € Ag,, while if

E/E" # 0 then u(E/E") = 7. Therefore un(E/E") = 7 = po(E"). If sg # 0 then
automatically sg # 0.
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(2) Consider the canonical filtration E' C E” C E with respect to 7_. Then
E/E" € Ao, but p,(E) = 7, and if E/E" # 0 then p(E/E"”) > 7. This implies
E/E" = 0 and E” = E. We have E' € As., while if E/ # 0 then pu(E’) < 7.
Therefore u(E’') = 7 = p,(E/E’). Assume that u(E;) < 7. The framed object E/E’
is o_-stable and therefore is indecomposable. To prove that sg,/g # 0 we have to
show that Ef # E;. If E] = 0 then we are done. If B # 0 then u(E}) =7 > u(E),
so B] # E;. O

Revark 4.11. — In the first case of the previous lemma we have Ext*(E/E", E") = 0
as E/E" is unframed (see Corollary 3.11). In the second case of the previous lemma
we have Ext*(E/E',E') = 0 if u(E1) < 7 (as sp/p # 0 and we can apply Corollary
3.11).

Lemma 4.12. — Let E € Ay be a framed object, A C E and B = E/A.
(1) If A € Ay is Ty-stable, B is semistable and u(B) = 7, then E is T-semistable.
(2) If B € Ay is T_-stable, A is semistable and u(A) = 7, then E is T-semistable.

Proof. — We prove just the first statement. Our assumption that A is 7;-stable
implies that A is 7-semistable. Let o € R be such that u,(B) = 7. Then both A, B
are semistable with slope 7 with respect to p,. Therefore their extension F is also
semistable with slope 7 with respect to u,. This implies that E is 7-semistable. [

5. INVARIANTS

5.1. Tue crass or A TripLE. — There is a group homomorphism cl : Ko(A) — Z3
defined, for any E = (E1, Eo, sg) € A, by

cl(E) = (rk Eq,deg Eq, 1k Ep).

For any E = (E1, Ey, sg) € Aand F = (Fy, Fy, sp) € A, define

2
(5.1) X(E,F) =Y (-1)F dim Ext’y (E, F).
k=0
Then
(5.2) X(E, F) = x(Eo, Fo) + x(E1, F1) — x(Eo, F1).

Therefore, assuming cl E = @ = (a,v), cl F = 3 = (3, w), we obtain

(E,F)=(1-g)vw+ x(a, B) — vx(B)

>

Define

X(aaﬂ) = (1 - g)'Uw + X(avﬁ) - ’UX(B)a
(@,8) = x(@, ) — x(B,@) = (a, B) — vx(B) + wx(a).
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5.2. INTEGRATION MAP. Define the quantum affine plane A to be the completion of
the algebra R[z1, 25", 3] (as in Section 2.4) with multiplication

2% oz = (—g!/?) (@B goth
where we allow only elements f ="y zxn fa2Z® with

inf{% ‘ Jruaw 0} > ~oc.

Let H(A) be the Hall algebra of the category A. Define an integration map
I:H(A) — A

clE
E = (E,. E, ey (gl EE)
( 1, O;SE) ( q ) [AUtE}
Remark 5.1. This integration map restricts to an algebra homomorphism I :

H(Ag) — Ao considered in Section 2.4. Note, however, that I : H(A) — A is
not an algebra homomorphism. But if Ext*(F,E) = 0 then (see e.g. the proof of
[20, Lem. 3.3))

I([E] o [F]) = I([E]) o I([F]).

5.3. THE WALL-CROSSING FORMULA. — Let a = (r,d) € Zso X Z and let 7 € R. Recall
that M(a) denotes the moduli stack of semistable vector bundles over X having
rank r and degree d. Let

(5.3) u(@) = (=)@ A ()] = (—gH/2)x(@) 3,

be the motivic invariant “counting” (unframed) semistable bundles E over X with
ch E = a. Similarly, we define an invariant

(5.4)  Fr(a) = (g — 1)(—g"/2 @O X@OH ()] = (g — 1)) (M, ()],

“counting” framed 7-semistable triples E' € A with sg # 0 and ch F; = «. Our main
goal is to compute these invariants.

Let u"(a) € H(Ap) and §*(a) € H(A) be elements in the Hall algebras counting
semistable vector bundles and framed 7-semistable triples as above. Then

u(a)z® = (—¢'/%) (" (@)).
If E is a triple with cl E = (o, 1) then x(E, E) = (1—g)+ x(a, a) — x (). This implies
Fr(e)a @D = (g = 1)(=q"/2)* "I (@),
Define
(5.5) u- =1+ Z u(a)z® € Ao, fr= ZfT(a)x(“’l).

w(a)=r
We will see in the next lemma that . € A. Finally, define
(5.6) Us, = H T
T'>T

where the product is taken in the decreasing slope order.
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Lemmya 5.2. If f:(r,d) #0 then d 2 0 and d/r < 7 < d/(r —1).

Proof. — We know from [5, Th.6.1] that if there exists a 7-stable triple in M, (r,d)
then d/r < 7 < d/(r —1). Assume now that there exists a T-semistable triple E €
M (r,d). Then, according to Lemma 4.10, there exists a 7y-stable framed object
E" C E with u(E/E") = 7. Let cl E” = (r",d",1) and ch(E/E") = (+',d’). Then

d// d// d/
7<7’<7/]ﬂ”_1, P:T.
This implies
d/ +d// d/ +d//
- g RN
rl+r// 7”I+T//_1
Finally, the inequality d/r < d/(r — 1) implies d > 0. |

Remark 5.3. — Let E be a framed oo-semistable object with ch Ey = (r,d). This
means that coker sg is a finite sheaf. Therefore r = 1, d > 0 and coker sg has length d.
The endomorphism ring of E equals k. The moduli space M, (1,d) can be identified
with a Hilbert scheme Hilb? X ~ §9X. Therefore

(5.7) foo = T1%3 Z[SdX}mg =z123Zx(x2).
d>0

For any series of the form f =73 fax @D € A, define its truncation

f|u<'r: Z fax(awl)-

u(a)<t
Turorem 5.4. — For any 7 € R we have
_ (-1
fo = (65} oo ouss)| o,

In particular

—1 -1
fT— = (uETOfOOOu>T> f"’+ = (u>'rof000u>7')},u<7"

pu<t ’
Proof. — Let
R S R 1T
n(a)=r «
be the elements of the completed Hall algebras. Note that f2(a) = 0 if u(a) > 7.
Therefore

h _ ¢h h _ ¢h h _ h
fr - fT}Mgfr’ f-mr - f7'+ p,<7—7 fT, - f'r, u<r .
It follows from Lemma 4.10 and Lemma 4.12 that
N S N

Applying the integration map and using Remarks 4.11 and 5.1, we obtain

fT:f‘I’+OuT7 fT|#<7—:uTof‘r,~
This implies

fr_ = (u;l °fr, OuT)|ll,<T.
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Applying the same formula for all 7/ > 7 we obtain

-1
o= (oo

pn<T

The other statements of the theorem are derived from this formula. O

6. ZAGIER- TYPE FORMULA

The wall-crossing formula Theorem 5.4 for the motives of the moduli of stable pairs
can now be made explicit, since explicit formulas for all three series are available.
Namely, we have fo, = x123 Zd>O[SdX]mg by formula (5.7); writing

=14 Z >T 1/2 x(@) o) —1+ Z >7( 1/2 x(a )x(mo)’
ula)=>r pla)>r
we have by Remark 8.11 (replacing each sequence (r1,...,7) by (rg,...,r1)) and
Remark 8.14:
(rit+rig1)[1T>i417]
2T _ —(r—r1)d q
a(r,d) - Z br o T q ' H 1— q’f‘z,+7‘1,+1
it TE=T
(ritrig1)[r<iT]
St (r—rya TP 4TS
C(T,d) = Z br1 .. rkq k H 1= qT'i+T'i+1 )

ritetrE=r

where r¢; =71+ -+ 1y and ryip =i + -0 T
For every r > 2, comparison of coefficients of z("®1) in Theorem 5.4 yields

Fr(rod) =D [S°X]agTy 4 a7+ Y 1S X]e(T 4 pyg oY
e=0 e=0

o7 gmgter —ret(r'+1)d" —rd
I D DD DI o P < e L G Tl

e20r—1=r'+r" d—e=d'+d"

We insert the above formulas for a2 and ¢27 into this expression. First, this bounds
the summation over e to e < d — (r — 1)7, resp. to e < d — (r — 1)7, in the first
resp. second sum. Second, the resulting summation over decompositions r = r’ + 7",
together with decompositions ' = 7 +--- +r}, and " = r{ + --- + 1], can be
replaced by the summation over decompositions r — 1 =71 + - - - 4+ 7k, together with

the choice of an index p = 1,...,k — 1 which splits the latter decomposition into a
part (r1,...,7p) = (r,...,7,) and a part (rp41,...,7%) = (r{,..., 7). This gives

the following formula for §,(r,d) (with r, indicating summation over decompositions
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of r — 1 as before):

ld—(r—1)7] (ritrit1)[rzita7]
e —(r—1—ry)(d—e)+d—re q
S ISX]Y by bia : H pepr——
e=0 T i=1
[d—(r—1)7]-1

("'z +T1+1) LT< LTJ

— e (r—1—rg)(d—e)+(1—g+e)(r—1) q st
; [S X]Zbrlb k g9 H l_qm—i-r,qu

p—l —(rit+riy1)|r<it] k-1 (ri+rig1)[r>ig17]
=22 b b D Z ERIE !
™ Tk 1 — gritris 1 — gritriss ’
e=0 Ty d—e=d’'+d" p=1 i=1 i=p+1
where

C=rgpad —reped’ + (L—g+e)rey —reprie+ (rgp + 1)d" —rspad'.
We consider the summation over d’ and d”. We can replace d’ = d —e—d"; then d”
is bound by
Topt1T < d'"<d—e— r<pT,
and thus e < d— (r— 1)7. Analyzing the occurrences of d’ and d” in the g-exponent C
above, this shows that the only part of the last sum depending on d” is

d—e— 1
fd=e ipT] (7‘p+7'p+1+1)d” _ q(7'P+"'p+1+1)[T'>p+lT] _ q(T'p+7'p+1+1)(d_e_répﬂ
q 1-— q’“p+7’p+1+1

d’'=[r>p417]

We can change the order of summation, summing over decompositions of r —1 and
over e first (adding one extra term for the case d — (r — 1)7 € N), which gives:

Lrywa 6.1. For r > 2, the motivic invariant §,(r,d) is given by
(6]—) E - 1b7‘1 e b’l"k ([Sd—(T—l)TX]qAO (sd_(r_l)TeN
ri4Frp=r—1 Hi:l (1 — gritratr)
[d—(r—1)7]-1 o1
E : 1—grtre+
e A B C D. E
R (1= A )1_q+++1)>
e= p=

where
Ao = (r=1)((r + D)7 = d) + 20, (i + 7ig1) [rsia7],
A=—(r—1-r)d—-e)+d—re+ 2?711(7"1‘ + i) [reipat],
B=(r—1—r)(d—e)+(1—g+e)r—1)— 5 (ri +rip1)lrair),
Cp= (1= g)rep+ (rep-1 — repp1)d+rpe = S0 (ri + riga) [rair]

+ Zz p+1(TZ + 1) 72417,
Dp = ('f’p + Tp+1 + 1){7’2;04_17'],
Ep=(rp+7rpt1+1)[d—e—rgpT].
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Consider the case of (r,d)-generic 7, i.e. 7 #d/r and 7 ¢ LZ forall 1 <7/ <.

Tueorem 6.2, — Forr > 2,d € Z, and (r,d)-generic 7 € R, we have

-z by, ... by,
(M, (r,d)] = gD 2: o k coeffya 1o
ritetrp=r—1 Hi:l (1 - q”*rwl)

k—1 T T
Zx(t) - A i U DL s )
1—qgntit = (1—gwirtit)y (1 —qgmet) 1—q "t/ )’

where

Fy=0-g)r<p+ (r<p —mopr1)d —rp[rpT] + (rpr1 + 1)[ropya7]

p—1 k—1
- Z(Ti +riv)lr<it] + Z (ri +7ig1) [>T
i=1 i=p+1

and 0, equals 1 if {r<,7} + {r>pt17} <1 and zero otherwise.

Proof. — In the formula of the previous lemma, we perform summation over e using
the simple identity

aN

N
Z[SEX]q“e = coeff;n (Zx(t)li]iq_at)

e=0

for N > 0 and a € Z. This simplifies the term >°Z/""Y71[5¢X]¢4 in the above
formula to

q—(r—l)d+(7"1+1)((T—1)71+Z,’f;11(7”1+7”i+1) [T>i417]
1—gmtit );

note that the g-exponent equals Fj if rg is interpreted as zero. Similarly we treat the

coethdf [(r—1)7] (ZX (t)

term ZZ;(E(PI)T] [S¢X]qP, interpreting ry41 as zero.
After some calculation, the term Zz;g(rfl)ﬂ [S¢X](qC»TPr — qCrTEr) is rewritten
as the t4=T("=D7]_coefficient, of

Zx (t)q(lfg)kpﬂkp*T>p+1)d*2f;l(Ti+ri+1) lraim 4+ (et ) [r3iq17]

gretreritDIrep ] =rp[(r=D7] o= (rptrpp+ D Ir<p 7+ (rpa +)[(r—1)7]

' ( 1—q et a 1 —qretrtlt )

We use the following simple identity which holds for all a,b,¢,d € Z and generic
TeR:

q(a+b) [dr]—al(c+d)T] q—(a+b) ler | +b[(c+d)T]

bldr]—aler] ( a+b)t6(c,d,‘r)

_ 4 l—gq

1—gat 1—qbt (I—gqt)(1—¢")
where §(c,d, T) equals one if {¢7} + {d7} < 1 and zero otherwise. We apply this to
a="7p, b=rp1+1, c=rg, and d = r3p41 to simplify the previous expression to

O

qut(s(Tgp,'f‘>p+lvT)
coeffia—rer—1yr1 (ZX (t) ) ) ’

(1= grertit)(1 — g vt
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Remark 6.3. We can easily recover (motivic versions of) the formulas of [22]
and [16] for stable pairs of rank two resp. three. Namely, for generic 7 we find

Px(1 g—1—d+2[7] d—[7]
(M, (2, d)] = DX 1) coeff,a - (zX (t) - (q q ))

- 1—g?t  1—q U

and
[M(3,d)]

PX(l) q2g—2—2d+3(27—‘ q2d—2f27—‘

=— "7 coeff,a_ar |Zx(t) - | — P ( — )
= g1 — ) O |0 = PO~ Ty

q397372d+2 [27]4+2[7] q2972+ [7] (1 _ q2)t2 [T]—[27] qg+1+2d7 [2r]—2[7]

+Px(1) 2 - 2 -1 - 1 :
1—¢?t (I-¢’t)(1—q't) 1—q7 1t
7. NON-ABELIAN ZETA FUNCTIONS

7.1. NON-ABELIAN ZETA FUNCTIONS. — Let us assume first that X is a curve over a

finite field F,. For any r > 1 one defines the rank r pure zeta function by the formula
[25, Def. 1] (we use ¢ instead of ¢" there)

R(X,E) _q

(7.1) Zx,)=> Y q\ATmtk'

k>0 E€M(r,kr)
By Corollary 3.7 we can write for 7 = d/r

RO(X.E) _q B

. 1
> TawE Y Y Rama

EeM(r,d) (E,s)EM; (r,d)
Therefore
1
Z r t = —_ ]_ — tk.
xr(t)=(q )Z Z |Aut(E, s)|
k>0 (E,s)eMy(r,kr)
If now X is a curve over k, we can write the motivic version

(7.2) Zxo(t) = (q— 1) S Myl kr)ltE = q@ D6 S i k)t

k>0 k>0
We define also
(7.3) Zx o (t) = "9 Zx 1 (8).
The following properties of the non-abelian zeta functions were proved in [25]

(1) Zxa(t) = Zx(t).
(2) There exists a polynomial Py ,(t) of degree 2¢ such that

Px (%)

P =Ty

(3) Zx.,(1/q"t) = Zx +(t).
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Remark 7.1. Let us show that Zx 1(t) = Zx(t). A triple E = (F1,Ox, sg) with
sg # 0 and ch By = (1, k) is 7-semistable if and only if k = u(F4) < 7. In particular,
it is always k-semistable. The moduli space M (1,k) = My (1,k) can be identified
with Hilb" X = S¥X. Therefore [My(1,k)] = [S*X]/(q — 1) and

Zxa(t) = (g —1) Y [Mr(L R))" = Y [S"X)t* = Zx (1).

k>0 k>0
7.2. ExXpLICIT FORMULA
Turorem 7.2. — For every r > 2, we have
~ _ -0 by, - by,
Zxp(t) = ¢~ )m...;k_r—l [T (1= gt
( Zx(t) kf (1= gtr)g<itZx(g"<it) q"<’€t§><(q’"‘1t)>
L—gntit & (1-g<it)(l—g<nth) L—grest J°

Proof. — For s € N, we apply Lemma 6.1 to the case 7 = s and d = rs; then all
roundings are trivial, and using the simple identities

p—1 k—1
Y (ri+rir)r<i =T<p1r<p, Y (M g i = TopiiTspre
i=1 i=p+1

we can simplify the exponents Ay to E, to
Ag=0, A=(r+1)(s—e), B=1—-g+s)(r—1)—rg(s—e),
Cp+Dp=(1—g+s)rgy —rp(s —e),
Co+Ep=010-g+s)rp+ (rper +1)(s —e).
To perform the summation 2820 Fs(r,rs)t?, we use the identity
Z S[SeX]qas+b(s_e)ts _ qa:btzqffg:t)'
520 e=0
After some elementary calculations, we arrive at the claimed formula. |

In particular, we obtain

Zx(t)  tZx(qt)
1—q?t 1—-t )’
Zx(t)  tZx(q*t)
1—¢3t 1—t
@90 (Ix(t) (L= ¢)tZx(at) _ atZx(4*)
1—¢2 \1-¢* (1-t)(1—q3) 1—qt )
The following result generalizes the counting miracle conjecture [24, Conj. 15] for
arbitrary genus curves.

(74) ZX’Q(t) = qg_lbl <

(75) 2}(73(75) = q39362<

Cororrary 7.3. — The element fo(r,0) = q(l_g)(£>Zx,T(0) is equal to Br_10.
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Proof. — We have

1-9)(3) 7 _ bry - bry
q x,r(0) = Z k—1
ritotrp=r—1 Hi:l (1 - qu‘+Ti+1>
and this is the formula for §,_1 o, see equation (2.9). O
7.3. SprciAL untrorMITY. — In this section we will show that our results are in ac-

cordance with the special uniformity conjecture of Weng [25, Conj. 9] for rank 2 and 3
bundles. Given a curve X over F,, one can define a zeta function E)S(LT (s) associated to
the group SL, (see [23, §3.1] and [25, §2.2]). One can actually define a zeta function
’Z\;LT (t) such that
& () = 237(0"),

We will not formulate the general definition of these functions, but rather give explicit
formulas for A)S(Lz (s) and A)S(LS(S) known from the literature. It was conjectured by
Weng (see [25, Conj. 9] and [23, Th.5]) that

(7.6) Cxr(s) = ex o Oy (—7s)
for some constant cx ,, where ZX’T(S) = ZX’T(q_TS). Using t = ¢~ "%, we can write
Weng’s conjecture in the form
(7.7) Zx,(t) = ex 25 ().
For r = 2, we have (see [24, §2.2])

. Cx(2 Cx(25—1
(78) & <f2s>:1_"q(_§3+2 Xl(_sq% 3

where (x(s) = Zx (¢~*). Taking t = ¢~ 2 we can rewrite (7.8) as

- Zx(t)  tZx(qt)
SLo/,y _ 24X _W4x
(7.9) 7582 (t) = e

Together with formula (7.4) this implies

(7.10) Zxa(t) = ¢ 01 252 (t).
Similarly, for r = 3, we have (see [24, §2.3], where we use Zx(l) = %)

R - PN > 9
(7.11)  Z3(1) = ZX(qz)(lzf;?t - tleﬁqt t)>

Px(1) <2X<t> _qt2x<q2t>>_Px<1> tZx (qt)

+

(-0 -¢)\1-¢*t  1-gt g—1 (1= -¢%)
Together with formulas (7.5) and by = by Zx (q) = b1 Zx (¢~ 2) this implies
(7.12) Zx5(t) = 70, 2 (1),

Equations (7.10) and (7.12) are in accordance with Weng’s conjecture. Moreover,
they suggest that the precise form of this conjecture is

(7.13) Zxo(t) = ¢ V)b, Z58 (1),
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After this paper appeared, we were informed by Weng and Zagier that they obtained
an explicit formula for Z)S(LT (t) for every r and verified Weng’s conjecture using The-
orem 7.2.

8. APPENDIX. SLICE AND INVERSION FORMULAS

The goal of this section is to prove some generalizations of the Zagier formula [26].
Our approach is somewhat similar to the approach of Laumon and Rapoport [14].

8.1. Suice rormura. — Let I' be a lattice with a stability function p and let 'y C T
be a semigroup such that any element in I'y has a finite number of partitions, that
is, the set

Po = {(ozl,...,ak) | ;€ F+, Zai :Oé}
is finite for any € I'y. For example we could take I' = Z" and T'y = N \ {0}.
Let R be a (non-commutative) ring and let
(aa)a€F+7 (ba)aef‘+
be two families of elements in R satisfying
(8.1) bo = Z Aoy - Gay, Vael,.

(a1yeey08)EPo
wlar)>->p(ak)

Remark 8.1. — Usually we interpret the elements a,, as counting semistable objects
having class a and the elements b, as counting arbitrary objects having class a. Then
the above formula corresponds to the Harder-Narasimhan filtration.

It was proved in [19], [15, Th.3.2] that (8.1) is equivalent to

(8.2) ao= Y (1) b, --ba,  VaeTy,
(a1, )EP
ulah)>p(a) Vi, 1<i<k

where o, = a1 +- - -+ «;. In this section we will prove similar formulas for the following
“slice invariants”

<7 >T
(8.3) ay’ = g Gy " " Qo s aZ” = g Qo * Qo

(a1,...,ak)EPs (a1,eeap) EPq
T2p(0)> > (o) pular)>>p(ar) 2T

as well as similarly defined a7, a27 and

(8,4) ag—’ﬂ'] — Z Aoy " " oy,

(a1yeeey ) EPo
> u(an)> > u(ag) 27

defined for any 7, 7/ € R.
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Tueorem 8.2. We have
(1) For pla) <7
ay” = Z (=1)* tbay -+ - by

(10,8 )EPo
ulah)>7 Vi, 1<i<k

aZT = > (=1)F b, -+ b,

(au1,...,05) EPo
pla—al)<t Vi, 1<i<k

ay” = Z (=1)*"ba, by -

(a1yeeyak ) EPo
ulah) =7 Vi, 1<i<k

pla—al)<r Vi, 1<i<k
(5) For 7' < pla) < 7

ar[;,’ﬂ = Z (1) tbay - bay-

(o1,e.,a)EP
pulah)>7 or pla—af)<r’ Vi, 1<i<k

Proof. — Tt is enough to prove the last formula. We will denote the set of sequences
appearing in the last sum by P, (7,7’). The sequences in

P = {(ay,...,a1) € Py | u(al) > p(a) Vi, 1 <i < k}
will be called stable. Note that if @ € PS' and B € Pgt are stable sequences

and p(a) > p(B) then the concatenation (@, ) is again stable. Given a sequence
a=(a1,...ar) € Py, let Ag(r,7') consist of all sets

S={s1 < <s_1}C{l,....,k—1}
such that the sequences (we let so =0, s, = k)
(asi_lJrlv e 7a5i)

are stable and the coarsening sequence ag = (f1,...,[,) of elements §; = o, ,4+1 +
-+ + ay, satisfies

7= p(Br) > > p(Br) =7

After the substitution of (8.2) into (8.4) we can see that the formula we want to prove
follows from

(8.5) > (—1)|S|:{0 @ g Palr.r)

- /
SeA(rr) 1 @€ Py(r, 7).
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If @ € Pu(r,7’) then for any ¢ < k we have either u(a}) > 7 > p(a) or
pla —af) <7 < p(a) which also implies p(aj) > wp(a). Therefore @ is stable.
This implies that if @ is non-stable then the right hand side of (8.5) is zero. On
the other hand the left hand side of (8.5) is also zero as Ag(7,7’') is empty for
non-stable @.

From now on we will assume that @ is stable. Given an element 1 < ¢ < k, there
exists S € Ag(7,7") with i € Sif and only if {i} € Agz(7, 7). Moreover, {i} € Ag(r,7’)
if and only if the sequences (a1, ...,®;) and (@41, ..., qx) are stable and

r > p(od) > pla—al) > 7.
Assume that {i} ¢ Az(7,7’) for some 1 < i < k. Consider the sequence
@ = (g, 1, Qg Q)
and note that Az(7,7’) = Az/(7,7"). We claim that @ € P,(r,7’) if and only if
@’ € P,(r,7'). If this is false, then @ € P, (7, 7'), u(a) < 7 and p(a — af) = 7.

1
Therefore
72> p(a) > pla—al) > 7.
For any 1 < j <4, we have either u(a}) > 7 > p(aj) or p(a — o
The last inequality implies

el — o) < pla— al) < pi(al)
and therefore u(a}) > p(a;). This implies that the sequence (au,..., ;) is stable.
Similarly we can show that (a;41,...,ax) is stable. Therefore {i} € Ag(,7’) contra-
dicting to our assumption. This proves that @ € P, (7, 7’) if and only if & € P, (7,7’)
and we can apply induction to @’.
Assume that {i} € Az(7,7’) for any 1 < ¢ < k. Then the inequalities 7 > pu(81),
p(Br) = 7' in the definition of Ag(7,7’) are automatically satisfied and we can write
Az(7,7") = Ag(oco, —00). Moreover, @ € P, (7,7’) if and only if k = 1. Now we apply
19, Lem. 5.4]
0, k>1,
> -] :
S€ An(00,—00) L k=1L
8.2. Inversion rormura. — Consider the ring of power series R[T" ;] and its elements
b=1+ bay®, ST=14) asTy, PT=14) aZTy,
and similarly defined elements a<7, a>7. The elation (8.1) implies b = a®7a<".

Turorem 8.3. — We have
(1) (@) = 1 5 ayes 575", where
CET = Z (_1)kb0tl "'bak'

(a1,e..,ak)EPy
pla—al)<T Vi, 1<i<k
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(2) (@)t =1+ ZM(C%)?T C(%Tya7 where

057— = Z (_1)kba1 "'bak'

(1.8 )EPA
plal) =7 Vi, 1<i<k

(3) (a=")t=1+ 2 (o)< CaY", where

CET = Z (_1)kb0t1 "'bak'

(a1, ) EPo
pla—al)<r Vi, 1<i<k

4) (aT) =1+ 2 a)>r c2Ty®, where

cg'r = Z (_1)kba1 "'bak'

(1,0 ) EPG
plal)>7 Vi, 1<i<k

>T
«

Proof. — Tt is enough to prove the second formula. Let ¢™ = 1+ ¢
that (a®7)~! = ¢*™ we have to show that

(027)—1a<7 —b

y“. To prove

or equivalently a<™ = ¢*7b. We proved in Theorem 8.2 that, for u(a) < 7, we have

al’ = Z (=1)* by, - ba, .
(1., ) EP
pulal) =27 Vi, 1<i<k
Let us consider the coefficient of ¥y in ¢*7b. For (ay,...,ar) € P, the product
ba,y * b, occurs in this coefficient if and only only if u(af) > 7 for 1 < ¢ < k. If
p(a) < 7 then it occurs once as a summand of cfiak - ba,, . Therefore the coefficient
of y* in ¢>7b coincides with aS7. If u(a) > 7 then the product by, - - - by, occurs
twice, with different signs: as a summand of ¢Z7 - 1 and as a summand of T ba, -

a—oyp
Therefore the coefficient of y® in ¢*7b is zero. O
Tueorem 8.4. — Let al” 7 =1+ D<) <r a[aT/’T]ya and
(a[r',r})fl _ C[T',T] —14 Z Cg/’T]ya,
7' <o)<
Then
') = Z (=1)%bq, - - - ba, -
(a1,...,ak)EP,
u(al) 27" and pla—al)<t Vi, 1<i<k
Proof. — 1If ™71 described by the last formula is inverse to al™ 7} for any 7/ < 7,

then we obtain from the equation

[7',7]

[r'7) = gl ],

a’a

that

[v".7)

[ T _
& a =c
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Conversely, it is enough to prove that the (L'l satisfy this formula, as we know that
7o) g inverse to al™ +o0l,

Let us compare the coefficients of y® on both sides. We can assume that
7' < pa) < 7. We will denote the sequences appearing in the definition of ch 57l
by P/ (7,7') and the sequences appearing in the definition of 7' by PL(t—,7").
Assume that a sequence @ = (aq,...,a;) € Py (that is, the summand by, - - by,,)
appears in the product on the left. There are three possibilities

(1) It is a summand of 1-a”. In this case p(a) = 7 and u(af) > 7 for 1 < i < k.
This implies that @ € P (7, 7).

(2) Tt is a summand of ¢[7>7) . 1. In this case @ € P/, (7, 7) automatically.

(3) It is a summand of cg/’ﬂ -al, where f +v = a. Let 1 < j < k be such that
B=(a1,...,a;) € Pgand ¥ = (aj41,...,ax) € Py. Then 7/ < p(B) < 7, pu(y) =7
and 7 is stable, that is, u(a — aj) < 7 for i > j and p(a — o) = 7. This means
that such j is unique. We claim that @ € P, (7,7'). We know that u(aj) > 7’ and
p(ag —al) > 7> 7' for j <i < k. This implies that p(aj) > 7’ for any 1 <i < k. We
know that for i > j: u(a —a}) <7, pla —a}) =7, and for i < j: p(aj —aj) < 7 and
therefore u(a — o) < 7. This proves that @ € P, (7, 7').

Assume that u(a) = 7 and @ € P/ (7, 7). Then p(a — o) < 7 and therefore also
p(ad) = 7 for any 1 < @ < k. Assume that there is an equality for some i. Then @
appears in cases 2, 3 (with different signs), but does not appear in the first case. If
there is a strict inequality for every ¢ then @ appears in cases 1, 2 (with different
signs), but does not appear in the third case. In both situations the contribution of @
is zero.

Assume that p(a) < 7 and @ € P, (7,7'). The first case cannot appear. We have
pla—af) < 1 for 1 < < k. Assume that there is an equality for some . Let j be the
maximal index with this property. Then (ov,...,a;) € P/(7,7') and (®j41,..., %)
is stable having slope 7. Then @ appears in cases 2, 3 (with different signs) and its
contribution is zero. If there is a strict inequality for every ¢ then @ appears just in

case 2. Moreover, @ belongs to Py (7—, 7). O
CoroLtary 85. — Leta” =143, _ aay” and
(@) t=c =1+ Z cry”.

w(a)=r

Then, for any a with pu(a) =T,
ng: Z (71)kb041"'b04k :057:657'
(a1yees0) €EPo
ulal) =T Vi, 1<i<k

8.3. SLiCE FORMULA FOR CURVES. — We consider the lattice I' = Z?2 and the semigroup

I, ={(rnd)el|r>1}
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with stability u(r,d) = d/r. In contrast to the previous situation the elements in 'y
could admit an infinite number of partitions. One simplification though will be that
the elements b, for & = (r,d) € T';, will be independent of d. Let A be a commutative
ring and let

(aa)aeF+a (br)r}l
be two families of elements in A((x)) such that for any « = (r,d) [26, Eq.24]
b,,, = Z x_%zi<1<ai7a‘7)aal .. .aak,

a1t tag=o
plon)>->p(ak)

where ((r,d), (r',d")) = 2(rd’ —r'd).

Remark 8.6. — In order to relate this equation to (8.1), we consider a non-
commutative ring R = A((z))[[';] with multiplication
y oy’ =am Nyl a, geTy

and elements

U = Y™, bo = bry®

for o = (r,d) € I';.. Then the above equation implies

ba: E aalo...oaak

a1t tap=o
plar)>->p(ay)

which is equivalent to (8.1).

For any 7 € R define new elements
1 . .
G‘ET — E T 2 Zi<_]‘<a“a]>aal C Qg

ap+- o=«
T2 p(0n)> > (o)

<t
a

k

>T

Oé’a

and similarly define a
proof of [26, Th. 3].

a.". Applying the previous results we can give a new

Tureorem 8.7. — We have
(1) For p(a) < 7 (we define v =11+ -+ +1;)

k=1 (ri4rip1) (14 \_TQTJ)
aET — Z (-1)k_1b7'1 ... brkx_(T_Tk')d H r 1 — x”+’ri+1
i=1

k=1 (ritrip)(1=[ri7])
>7 _1\k—1 L. (r—rk)d z
ag, = Z ( ].) brl brk,ir k Hl 1— mr,;+7“i+1

- o 7 et frir]
D DI G ) A I | e
i=1
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—(r1+r,+1) \_r TJ

>T _1\k—1 . (r—rk)d
a/a = Z ( 1) b”‘l b’r‘kx k H 1 _ CCT'L+TH’1 .

Tt TR =T i=1

Proof. — We will prove just the first equation. Using Theorem 8.2 we obtain

(8.6) aST = Z (—1)F 13 Ticslenaily p,

(03

p(a)>7 Vi<k, a;=(r;,d;)

143

D D G Dy TR S N P2

ri+-Frg=r di+---+dr=d
plal)>t Vi<k

k

Let (r1,...,7%), (d1,...,dr) be two sequences and let » = > " 7, d = Ele d;,

k—1 k—1
Z(Tidj — ’l”jdi) = (Tid — (7’1' + Ti+1)d;) = (7’ — Tk)d — (Ti + 7“7;+1)d;.
i<j i=1 i=1
In particular,
1 k-1
3 D i) =Y (ridy —ridi) = (r—r)d =Y _(ri +rig1)d;.
i<j i<j i=1
For a given sequence (r1,...,ry), we have
Z poslaneg) — = (r—ri)d Z pist (ritriga)d;
dy 4-tdy=d dysendy_y
wlag)>7 Vi<k d'»>r(7'

k—1 (T1+T1+1)(1+L7‘ TJ
_ (r—rg)d H
1 — gritrita ’

where we applied the formula

> at=

a>Tt

Remark 8.8. — Note that
k—1 k—1 k—1

D (ritri) A+ 1rir]) = (ritrig) (rim) i) = D (ritriga) () +(r—ri)7r

i=1 i=1 i=1
where (u) = 14 |u] — u. This implies

(T1+Tl+1)<( ) >

<r _1\k—1 . (r—rk)(tr—d)
o = Z ( 1) b"‘l by kL * H 1 — gritritr
ri4-Fre=r i=1

This result was originally proved by Zagier [26, Th. 3] by different methods.
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Remark 8.9. If 7 = p(a) = d/r then a§™ = a,. Therefore

(7‘1+7‘L+1)(1+|_r d/r|)

k—1 —(r—rg)d
Ga = Z (1) bry - b (r=m) H 1 — gritrit1
ritee =T i=1
Remark 8.10. — We can actually write an explicit formula for ae, 7] To do this we

should consider in the proof of the theorem an additional condition p(a — af) < 7/
which is equivalent to d} > d — (r — r)7’. Therefore we should require

d; > min{r,r,d+ (r; —r)7'}.
Repeating the arguments of the theorem we obtain

(rl+rl+1)(1+ \_mln{r T,d+(r,—r)T’ }J)

(r',7] _ _1\k—1 . —(r—rg)d
o - Z (=1) bry -+ by @ * H 1 — gritrita

it =r

Remark 8.11. — Using the variable ¢ = 27!

(87) b’l‘ = Z (_q1/2)2i<j <ai7o‘j>aa1 PP aak,

a1+ Fap=a
plo)>->p(ak)

, we can write

(rit+ris1) [r T—I

27T _ —(r—rg)d q
(8'8) o = Z b 71 d i H 1 — gritrie:
ritetre=r

If 7 = () then a, = aZ” = a$7. This implies

k=1 (r;4rit1) ’—r d/r—‘
— (r—rk)d q
(8.9) ta= D bnebng T

r1+-+rE=r =1
- —(r1+r,+1)\_r d/rj

= Z bm b q(r ) H : 1— qri itTrit1

Pt =T
8.4. InvERsION F()RMULA FOR CURVES. In the same way as in section 8.2 we can
define the elements cS7, ¢27, ¢57, ¢27 in the case of curves. For example

-1
< <
1+ E N TR <1 + E a;Tya) .
we) ST pla)<T

Tueorem 8.12. — We have

(1) For pla) <7
—(77+71+1)|_7 TJ

= Y (D by by >H—

> K dk L gp(ritria) [rir]
D VR R |
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k=1 (ritrip)(1=[rir])
<7 _ _1)k . (r=rx)d z
ST = Z ( 1) b7.1 b,.kl‘ k lill 1 — gritrit:

i =r

(4) For p(a) > 1

k—1 (7‘i+7'i+1)(1+|_T£TJ)
>T _ _1)k —(r=rk)d °
T = Z ( 1) br1 brkJJ k 1:[ 1 — gritriv1

Pt trg=r

Proof. We will prove just the last equation. In the same way as in Eq. (8.6), the
coefficient of (—1)*b,., ---b,, in ¢;7 is

k-1 plritriv)(1+ 77

Z Z‘_%Zi<j<ai7aj> =g (rmrd lI L —gritria
it
i=1

di++dr=d
ulal)>t Vi<k

Remark 8.13. — Let (1432, 0= aa¥®) = 1+ X, (a)=, cay®. Then, according to
Corollary 8.5, we have ¢, = ¢S7 = ¢Z7 for any a with u(a) = 7.

1

Remark 8.14. Using the variable ¢ = 7", we can write

k=1 —(ri4rit1) |_7‘;7'J
>t . (r—rk)d q—
(8.10) Ca = Z b7"1 brkq § li[l 1— qTi+Ti+1

rit-rE=r
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