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OBSERVABILITY AND CONTROLLABILITY FOR
THE SCHRODINGER EQUATION ON QUOTIENTS OF
GROUPS OF HEISENBERG TYPE

BY CroriLpE FErmMANIAN KamMmERER & CyriL LETROUIT

AssTract. — We give necessary and sufficient conditions for the controllability of a Schrédinger
equation involving the sub-Laplacian of a nilmanifold obtained by taking the quotient of a group
of Heisenberg type by one of its discrete sub-groups. This class of nilpotent Lie groups is a ma-
jor example of stratified Lie groups of step 2. The sub-Laplacian involved in these Schrédinger
equations is subelliptic, and, contrary to what happens for the usual elliptic Schrédinger equa-
tion for example on flat tori or on negatively curved manifolds, there exists a minimal time of
controllability. The main tools used in the proofs are (operator-valued) semi-classical measures
constructed by use of representation theory and a notion of semi-classical wave packets that we
introduce here in the context of groups of Heisenberg type.

Résumii (Observabilité et controlabilité de I’équation de Schrédinger sur des quotients de groupes
de type Heisenberg)

Dans cet article, nous donnons des conditions nécessaires et des conditions suffisantes pour
la controélabilité d’une équation de Schrodinger impliquant un opérateur sous-elliptique sur
une variété compacte. Cet opérateur est le sous-laplacien d’une variété obtenue en quotientant
un groupe de type Heisenberg par l'un de ses sous-groupes discrets. Cette classe de groupes
nilpotents est un exemple important de groupes de Lie de pas 2. Le sous-laplacien est alors
un opérateur sous-elliptique et nous montrons qu’a la différence de ce qui se passe pour le cas
elliptique sur le tore ou sur des surfaces & courbures négatives, il existe un temps minimal de
contrélabilité pour I’équation de Schrodinger associée a ce sous-laplacien. Les principaux outils
que nous utilisons sont des mesures semi-classiques a valeurs opérateurs construites via la théorie
des représentations et une notion de paquets d’ondes semi-classiques que nous introduisons ici
dans le contexte des groupes de type Heisenberg.
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1. INnTRODUCTION

In this paper, we consider a nilmanifold M, that is a manifold M = f\G which
is the left quotient of a nilpotent Lie group G by a discrete cocompact subgroup r
of G. We assume here that the Lie group G, as a differential manifold, is an H-type
group (also called “group of Heisenberg type”). On the manifold M, we consider the
sub-Laplacian —Ajp; and we are interested in the Schrédinger operators —%A M-V
for analytic potentials V. We study the controllability and the observability of the
associated Schrodinger equation on M thanks to the Harmonic analysis properties of
the group G. We give in the next section precise definitions about these notions and
develop concrete examples in Section 1.2.

1.1. Tue NiLMANIFOLD M AND THE SCHRODINGER EQUATION. — An H-type group G is
a connected and simply connected nilpotent Lie group whose Lie algebra is an H-type
algebra, denoted by g. This means that:

— g is a step 2 stratified Lie algebra: it is equipped with a vector space decompo-
sition
g=0D3,
such that [v,0] = 3 # {0} and 3 is the center of g.

— g is endowed with a scalar product (-,-) such that, for all A\ € 3*, the skew-
symmetric map

Jy:0—0
defined by
(1.1) (IN0),V)=X|U,V]) VUV e€v
satisfies J§ = —|A|?Id. In other words, J) is an orthogonal map as soon as |A| = 1.

Here, to define |\|, we first identify 3* to 3 thanks to (-,-), then we define |A| as the
norm (deriving from (-,-)) of the image of A through this identification.

The Lie group G, as a differential manifold, is diffeomorphic to R24+?, where p is the
dimension of the center of the group. H-type groups were introduced in [33], the main
motivation being that the sub-Laplacians in these groups admit explicit fundamental
solutions of an elementary form. The Heisenberg groups H¢ ~ R24+1 are examples of
H-type groups (with p = 1), as will be recalled below.

We consider f, a discrete cocompact subgroup of G. A concrete example is given
in Example 1.1. Then, we set M = f\G

Via the exponential map
Exp:g — G

which is a diffeomorphism from g to G, one identifies G and g as sets and manifolds.
We may identify g with the space of left-invariant vector fields via

d
(1.2) Xf(z) = o f(zExp(tX)) )

JIEP. — M., 2021, tome 8



(OBSERVABILITY AND CONTROLLABILITY FOR THE SCHRODINGER EQUATION I/|GI

which acts on functions of x € G and on functions of x € M since it passes to the
quotient. Choosing an orthonormal basis (V})i1gj<24 of v and identifying g with the
Lie algebra of left-invariant vector fields on GG, one defines the sub-Laplacian

2d
Ay =)V}
j=1

on M, where dimv = 2d. Note that this makes sense since the V; are left-invariant,
and thus pass to the quotient.
We consider the hypoelliptic second order equation (see [31])

(1.3) 0 + 5 Ayp +Vip =0

on M, where V is an analytic function defined on M (the latter assumption could be
relaxed as soon as a unique continuation principle holds for %A m 1V, see Remark 3.4
below).

1.2. ExampLEs or NiLMANIFOLDS. — Let us describe now an example of a quotient
manifold M to which our result will apply. It is known (see [8, Th. 18.2.1], and also [4])
that any H-type group is isomorphic to one of the “prototype H-type groups”, which
are defined as follows: let P(V), ... P(®) be p linearly independent 2d x 2d orthogonal
skew-symmetric matrices satisfying the property

PMPE) L pEIpM) — 0 Vrse{l,...,p}, r#s.

Let us denote by (w, s) = (w1, . ..,waq, 81, - - -, Sp) the points of R24+P_ that is endowed
with the group law

(w,s) - (w',s) = w+
’ v sj—l—s;-—&-%(mP(j)w’), j=1,....p)"
This defines a Lie group with a Lie algebra of left invariant vector fields spanned by
the following vector fields: for j running from 1 to 2d and k from 1 to p,

p  2d
Xji=0u, + %ZZU/Z PMo,.  and 0.
k=1 1=1
For more explicit examples of H-type groups, see [8, §18.1] (e.g. Ex. 18.1.3). It includes
the Heisenberg group H? (of dimension 2d + 1), but also groups with a center of
dimension p > 1.
In this representation, the Heisenberg group H¢ corresponds to p = 1 and the

choice of
P(l) _ O 1Rd
—1ga 0 )7

The group law then is

x+a
(z,y,s)- («',y,s") = yd+ Yy ,
s+ + % Zj=1(xj?43 - :c;»yj)

J.E.P. — M., 2021, tome 8



1462 C. Fermanian Kavverer & C. LeETrROUIT

where z,y, 2,y € R and s, s’ € R. We define the scalar product on v by saying that
the 2d vector fields

(1.4) Xj:awj—%as, Y]:ayﬁ%as, j=1,....d

form an orthonormal basis, and we define the scalar product on 3 by saying that O
has norm 1 (and v and 3 are orthogonal for the scalar product on g). Then we obtain

d d
Jx (Z(ajxj + bm)) = A (b X, + a;Y;),
j=1

=1

where Jy has been introduced in (1.1).

Examere 1.1. An example of discrete cocompact subgroup of the Heisenberg
group H? is
Ty = (V21 2)* x 7Z,

and the associated quotient manifold is the left quotient My = fO\Hd. The mani-
fold My is a circle bundle over the 2d-torus T?¢, its fundamental group is fo which is
non-commutative, implying that M is not homeomorphic to a torus. For more general
examples of discrete cocompact subgroups in H-type groups, see [15, Chap. 5].

1.3. CONTROLLABILITY AND OBSERVABILITY, GEOMETRIC CONDITIONS. One says that
the Schrodinger equation (1.3) is controllable in time T on the measurable set U C M
if for any ug,u; € L?(M), there exists a function f € L%((0,T) x M) such that the
solution ¢ € L*((0,T) x M) of

0 + 5 Ap + Vi = fly

(where 1y denotes the characteristic function of U) with initial condition (0, z) =
uo(x) satisfies at time T the relation (T, x) = uy(z). By the Hilbert Uniqueness
Method (see [42]), it is well-known that controllability is equivalent to an observability
inequality.

The Schrédinger equation (1.3) is said to be observable in time T' on the measurable
set U if there exists a constant C7 > 0 such that

T
at(L 2
(1.5) Vug € L*(M),  |luoll7zar < CT,U/ e t(%Az‘HV)UOHLQ(U)dt-
0

For the usual (Riemannian) Schrédinger equation, it is known that if the so-called
Geometric Control Condition is satisfied in some time T” (which means that any ray of
geometric optics enters U within time T”), then observability, and thus controllability,
hold in any time T > 0 (see [38]). Much less is known about the converse implication,
due to curvature effects.

Our main result gives a similar condition, replacing the rays of geometric optics by
the curves of the flow map on M x 3*:

®5 : (x,\) — (Exp(sd2™ /2)x, \),

JIEP. — M., 2021, tome 8



(OBSERVABILITY AND CONTROLLABILITY FOR THE SCHRODINGER EQUATION T/|G%

where, for
A=Y NZres
1<j<d
(where (Z7)1<j<p is the dual basis of an orthonormal basis (Z1,...,Z,) of 3), P
is the element of 3 defined by 2" = > 1<j<p(Ni/ A1) Z;. Equivalently, EAE VI
after identification of 3 and 3*. Note that the integral curves of this flow are transverse
to the space spanned by the V’s. We introduce the following H-type geometric control
condition.

(H-GCC) The measurable set U satisfies H-type GCC' in time T if
V(z,\) e M x (3~ {0}), Fse(0,T), @5((z,N)eUxjs".

Derinrrion 1.2. We denote by Teec(U) the infimum of all T > 0 such that H-type
GCC holds in time T (and we set Taoc(U) = 400 if H-type GCC does not hold in
any time).

In the sequel, we will also consider an additional assumption (A). To give a rigorous
statement, we write the coordinates v = (v1,...,v94) of a vector in the orthonormal
basis V = (V1,..., Vaq) of b:

V=uyVi+- - +uvyVaq €v.
Given w € v*, we write w; for the coordinates of w in the dual basis of V, and we

2d 2 _
=W = 1.

(A) For any (z,w) € M x v* such that |w| = 1, there exists s € R such that
d
Exp(s 25:1 w;V;)az € U.
Note that this condition is independent of the choice of the basis V.

write |w| =1 when w satisfies )

Exampre 1.3. Let us compute the flows involved in the above conditions in the
context of Example 1.1. Denoting by (z,y,t) the elements of Mj,

d
D5 (z,y,t,\) = (x,y,t+s§sgn(/\),)\), seR
and choosing the basis V = (X1,..., X4, Y1,...,Yy) of v (see (1.4)),
Exp(s Z?Zl(anj +b;Y;))(z,y,t) = (m+sa,y+ sb,t + g(x b—y- a)) , s€ER.

These trajectories are the lifts in H? of the geodesics of T2¢. A typical open set
U C I'o\H? of control which one may consider is the periodization of the complemen-
tary of a closed ball in a fundamental domain:

A=M~ (Ty-B),

where B C [0,v/27)2? x [0,7) is a closed ball (for the Euclidean norm for example)
whose radius is strictly less than w. Note that in the definition of A, the symbol ~
stands for the difference of two sets, and not for the quotient. One can also verify that
both Assumption (A) and (H-GCC) (in sufficiently large time, which depends on I)
are satisfied.

J.E.P. — M., 2021, tome 8



1464 C. Fermanian Kavverer & C. LeETrROUIT

1.4. MAI~N RESULT. With these geometric definitions, we are able to state conditions
for observability and thus controllability of the subelliptic Schrédinger equation with
analytic potential on H-type nilmanifolds.

Turorem 1.4. Assume that the potential V in (1.3) is analytic. Let U C M be open
and denote by U its closure.

(1) Assume that U satisfies (A) and that T > Tgcc(U), then the observability
inequality (1.5) holds, i.e., the Schridinger equation (1.3) is observable in time T
on U and thus (1.3) is controllable in time T on U.

(2) Assume T < Tgec(U), then the observability inequality (1.5) fails, and thus
the controllability in time T also fails on U.

Although this will be commented more thoroughly in Remark 3.2, let us already
say that the authors conjecture that the observability inequality (1.5) holds in U
at time T under the only condition that T > Tgec(U) (and thus one could avoid
using Assumption (A)). We also point out Remark 3.4 about the assumption that the
potential is analytic. Finally, we notice that in general Tgcc(U) # Tacc(U). This is
due to the possible existence of “grazing rays”, see Remark 4.7 for more comments
on this issue.

The existence of a minimal time of control in Theorem 1.4 contrasts strongly with
the observability in arbitrary small time, under Geometric Control Condition, of the
usual elliptic Schrodinger equation (see [38]), which is related to its “infinite speed of
propagation”. In the subelliptic setting which we consider here (meaning that Ay, is
subelliptic but not elliptic), in the directions defined by 3, the Schrédinger operator
has a very different behaviour, possessing for example a family of traveling waves
moving at speeds proportional to n € N, as was first noticed in [5, §1] (see also [19,
Th. 2.10]). The existence of a minimal time of observability for hypoelliptic PDEs
was first shown in the context of the heat equation: for instance the case of the heat
equation with Heisenberg sub-Laplacian has been investigated in [6] and the case of
the heat equation with “Grushin” sub-Laplacian has been studied in [34], [16] and [7].

More recently, in [10], it was shown that the Grushin Schrédinger equation

i0u — Oru — x26§u =0 in theset (—1,1), x T,
is observable on a set of horizontal strips if and only the time T of observation is

sufficiently large. With related ideas, it is shown in [41] that the observability of the
Grushin-type Schrédinger equation

iOpu+ (=02 — [2[*702)°u =0 in (-1,1), x T,

(with observation on the same horizontal strips as in [10]) depends on the value of the
ratio (y+1)/s: observability may hold in arbitrarily small time, or only for sufficiently
large times, or even never hold if (v + 1)/s is large enough. These results share
many similarities with ours, although their proofs use totally different techniques.
Finally, in contrast with the usual “finite time of observability” of elliptic waves (under
GCCQ), it was shown in [40] that subelliptic wave equations are never observable.

JIEP. — M., 2021, tome 8



(OBSERVABILITY AND CONTROLLABILITY FOR THE SCHRODINGER EQUATION I/|G5

We can roughly summarize all these results by saying that the subellipticity of the
sub-Laplacian slows down the propagation of evolution equations in the directions
needing brackets to be generated.

The proof of Theorem 1.4 is based on adapting standard semi-classical approach
to prove observability for a class of Schrédinger equations with subelliptic Lapla-
cian, through the use of the operator-valued semi-classical measures of [19] which
are adapted to this stratified setting. The proof also uses the introduction of wave
packets playing in this non-commutative setting a role similar to the ones introduced
in [14] and [29] in the Euclidean case. To say it differently, we follow the usual scheme
for proving or disproving observability inequalities, but with all the analytic tools
(i-e., pseudodifferential operators, semiclassical measures and wave packets) adapted
to our subelliptic setting: we do not use, for instance, classical pseudodifferential op-
erators.

1.5. Stratecy oF THE proOF. — The theorem consists in two parts: firstly that the
condition (A) guarantees that the observability holds when T' > Tgcc(U) and, sec-

ondly, that it fails when T' < Taoce(U). Beginning with the first part, it is standard
(see [38]) to start with a localized observability result as stated in the next lemma.

Lemwa 1.5 (Localized observability). — Assume the set U satisfies assumption (A)
and that (H-GCC) holds in time T for U. Let h > 0 and x € C((1/2,2),]0,1)).
Using functional calculus, we set

(1.6) Puf =x (1 (5 D +V)) £, f € L*(M).

Then, there exists a constant Cy > 0 such that for any sufficiently small h > 0 and
any up € L*(M),

T
it(1 2
(1.7) | PnuollZ2ar) < CO/O ||et<;AA4+v>@hu0||L2(U)dt.

Remark 1.6. By conservation of mass in the LHS (and invariance of H-type GCC
by translation in time), this inequality also holds when the integral in the RHS is
taken over an arbitrary time interval (77,7%) such that To — T} > T.

The proof of the localized observability is done in Section 3.1 below. The argument
is by contradiction (as in [11] or [2, §7]) and it uses the semi-classical setting based
on representation theory and developed in [20, 19] that we extend to the setting of
quotient manifolds in Section 2. In particular, this argument relies in a strong way on
the operator-valued semi-classical measures constructed in Sections 2.3 and 2.4.

The role of semiclassical measures in the context of observability estimates was
first noticed by Gilles Lebeau [39] and has been widely used since then [44, 2, 1, 47],
with all the developments of semi-classical measures, especially two-scale (also called
two-microlocal) semi-classical measures that allow to analyze more precisely the con-
centration of families on submanifolds. These two-scale measures introduced in the end
of the 90-s (see [17, 18, 22, 50, 49]) have known since then a noticeable development
in control theory (see the survey [46]) and in a large range of problems from conical

J.E.P.— M., 2021, tome 8



1466 C. Fermanian Kavverer & C. LeETrROUIT

intersections in quantum chemistry [35, 23] to effective mass equations [12, 13]. The
semi-classical measures that we consider here have common features with the two-
scales ones in the sense that they are operator-valued. This operator-valued feature
arises from the inhomogeneity of the nilmanifolds, in parallel with the homogeneity
introduced by a second scale of concentration as in the references above. However, the
operator-valued feature is more fundamental here since it is due to non-commutativity
of nilmanifolds and is a direct consequence of the original features of Fourier analysis
on nilpotent groups: it is thus intrinsic to the structure of the problem.

The second step of the proof of the first part of Theorem 1.4 consists in passing
from the localized observability to observability itself. Standard arguments (see [11])
that we describe in Section 3.2 allow to derive from Lemma 1.5, a weak observability
inequality in time 7" on the domain U: there exists C7 > 0 such that

(1.8) Vug € L*(M),

T
it(L 2 _
l[uol|Z2 ar) <Cl/0 Het(zAMW)uoHLz(U)dtvLClH(Id—AM) Yuo|72 (ar)-

Note that compared to (1.5), the latter inequality has an added term in its RHS which
controls the low frequencies. This weak observability inequality (1.8) implies (1.5) via
a Unique continuation principle for the operator A + V (see [9] and [36]), as we
describe in Section 3.3. It is then not surprising that the result of Theorem 1.4 holds
as soon as a Unique continuation principle is known for %A m + V, without further
assumption of analyticity on V (see Remark 3.4).

For proving the second part of Theorem 1.4 — the necessity of the condi-
tion (H-GCC) — we construct a family of initial data (uj) for which the solu-
tion (¢°(t)) of the Schrédinger equation (1.3) concentrates on the curve ®f(xq, \o),
for any choice of (g, o) € M X 3~ {0}. As mentioned above, this set of initial
data is the non-commutative counterpart to the wave packets (also called coherent
states) in the Euclidean setting [14, 29]. These aspects are the subject of Section 4.
Our proof relies on a statement of propagation of semiclassical measures which was
proved in [19] when V = 0 and that we adapt to our setting. A second proof consists
in using the results of Appendix C, which are of independent interest: we prove that,
if the initial datum is a wave packet, the solution of (1.3) is also (approximated by)
a wave packet.

Our approach could be developed in general graded Lie groups through the gen-
eralization of the tools we use: for semi-classical measures in graded groups, see [20,
Rem. 3.3 & 4.4], and for an extension of non-commutative wave packets to a more
general setting, see [21, §§6.3 & 6.4] (based on [51]).

Acknowledgements. — We thank Véronique Fischer, Matthieu Léautaud, Fabricio
Macia and Chenmin Sun for interesting discussions. The authors are also grateful
to the referees for their remarks and suggestions.
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2. SEMI-CLASSICAL ANALYSIS ON QUOTIENT MANIFOLDS

Semi-classical analysis is based on the analysis of the scales of oscillations of func-
tions. It uses a microlocal approach, meaning that one understands functions in the
phase space, i.e., the space of position/impulsion of quantum mechanics. As the im-
pulsion variable is the dual variable of the position variable via the Fourier transform,
microlocal analysis crucially relies on the Fourier representation of functions, and on
the underlying harmonic analysis.

Recall that, in the usual Euclidean setting, the algebra of pseudodifferential oper-
ators contains those of multiplications by functions together with Fourier multipliers.
These operators are defined by their symbols via the Fourier inversion formula and
are used for analyzing families of functions in the phase space. Indeed, their bound-
edness in L? for adequate classes of symbols allows to build a linear map on the
set of symbols, the weak limits of which are characterized by non-negative Radon
measures. These measures give phase space information on the obstruction to strong
convergence of bounded families in L?(R?). In a context where no specific scale is
specified, they are called microlocal defect measures, or H-measures and were first in-
troduced independently in [26, 52]. When a specific scale of oscillations is prescribed,
this scale is called the semi-classical parameter and they are called semi-classical (or
Wigner) measures (see [30, 25, 27, 43, 28]). If these functions are moreover solutions
of some equation, the semi-classical measures may have additional properties such as
invariance by a flow.

In the next sections, we follow the same steps, adapted to the context of quotients of
H-type groups, which are non-commutative: following the theory of non-commutative
harmonic analysis (see [15, 53] and some elements given in Appendix A), we de-
fine the (operator-valued) Fourier transform (2.7), based on the unitary irreducible
representations of the group, recalled in (2.6), which form an analog to the usual
frequency space. Then, adapting the ideas of [20] to the context of nilmanifolds, we
use the Fourier inversion formula (2.8) to define in (2.11) a class of symbols and the
associated semi-classical pseudodifferential operators in (2.13). From this, Proposition
2.10 guarantees the existence of semi-classical measures, whose additional invariance
properties for solutions of the Schrédinger equation are listed in Proposition 2.12.

2.1. HARMONIC ANALYSIS ON QUOTIENT MANIFOLDS. — Let G be a stratified nilpotent
Lie group of H-type and I' be a discrete cocompact subgroup of G. We consider the
left quotient M = I'\G and we denote by 7 the canonical projection

m:G— M

which associates to z € G its class modulo T'.
For each A € 3* \ {0}, one associates with A the canonical skew-symmetric form
B(\) defined on v by

BN(U, V) = AU, V]).

J.E.P. — M., 2021, tome 8
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The map Jy : v — v of Section 1 is the natural endomorphism associated with B(\)
and the scalar product (-, -). In H-type groups, the symmetric form —Jf is the scalar
map |A|?Id (note that —J3 is always a non-negative symmetric form). Therefore, one
can find a A-dependent orthonormal basis

A A A
PN, PN QM

of v, where J) is represented by

e QDY)

(IA(U),V) = BA)U,V) = \NU' IV with T :<—OIdI(§1>7

the vectors U,V € v being written in the (PI(A)7 e ,Py‘), g)‘), cee Q(({\))—basis.
We then decompose v in a A\-depending way as v = py + q with

p = p) := Span (Pl()‘), .. .,Py‘)), q:=qy:= Span( g)‘), ey El)‘)).
Denoting by z = (#1,...,2,) the coordinates of Z in a fixed orthonormal basis

(Z41,...,%Z,) of 3, and once given A € 3* \ {0}, we will often use the writing of
an element x € G or X € g as

x = Exp(X),

(2.1)
X=p PV 4 4 paPY + QWY+ +0aQ)Y + aZi+ 4 22,

where X = P+ Q+ Z, p = (p1,...,pa) are the A-dependent coordinates of P on
the vector basis (Pl(’\), e, Pé/\)), qg=(q1,--.,q4) those of Q on (Qg’\), cel, Q((i)‘)). Note
that the coordinates z = (21,...,2p) of Z are independent of A.

Examere 2.1. — In the Heisenberg group H¢, there is a natural choice of coordinates,
those we used in Section 1.2 (see [53, Chap.1]). However, it does not coincide with
the (p, q, z) coordinates that we could define as above by associating with A = adz,
a € R, the vectors Pj(’\) = Xj, Qg.)‘) =Y, for > 0, and the vectors Pj(k) = X;

Qg)‘) = Y, for a < 0. One then finds coordinates (p,q, z) that are not the usual

coordinates (z,y, s) of the Heisenberg groups:
(2.2) (x,y,8) = (p,q,2) if A>0 and (z,y,s)=(p,—¢,2) if A<O.

In general H-type groups, there is no canonical choice of coordinates, unlike for Heisen-
berg groups.

As already mentioned in Section 1.4, we also fix an orthonormal basis (V1, ..., Vag)
of v to write the coordinates v = (vy,...,vaq) of a vector

V=viVi4+ - Fwv94Voq € v;

both this orthonormal basis and the coordinates are independent of A\. With these
coordinates, we define a quasi-norm by setting

23) ol = (o + -+ Josal* + [P 4+ 5) Y e =Exp(V+2) €G.

We recall that it satisfies a triangle inequality up to a constant.
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2.1.1. Functional spaces. We shall say that a function f on G is f—leftperiodic if
we have

VeeG, Vyel, f(yz)=f(a).

With a function f defined on M, we associate the f-leftperiodic function fom defined
on G. Conversely, a f—leftperiodic function f naturally defines a function on M. Thus
the set of functions on M is in one-to-one relation with the set of f—leftperiodic
functions on G.

The inner products on v and 3 allow us to consider the Lebesgue measure dv dz
on g = v @ 3. Via the identification of G with g by the exponential map, this induces
a Haar measure dr on G and on M. This measure is invariant under left and right
translations:

vfeL'(M), Vel /N ROTE /M f(ay)dy = /Mf(yx)dy-

The convolution of two functions f and g on M is given by
Fra@) = [ Sy oty = [ gt )

Using the bijection of the set of functions on M with the set of f—leftperiodic functions
on GG, we deduce that f % g is well-defined as a function on M. Finally, we define

Lebesgue spaces by
1/q
flran = ( [ 170017 a)
M

for ¢ € [1,00), with the standard modification when g = co.

2.1.2. Homogeneous dimension. — Since G is stratified, there is a natural family of
dilations on g defined as follows: for ¢ > 0, if X belongs to g, we decompose X
as X =V +Z with V €v and Z € 3 and we set

5 X =tV +¢22Z.

The dilation is defined on G via the identification by the exponential map as the map
Exp od; oExp ™' that we still denote by d,. The dilations d;, ¢t > 0, on g and G form a
one-parameter group of automorphisms of the Lie algebra g and of the group G. The
Jacobian of the dilation &; is t<, where

Q@ :=dimv+2dimj =2d+ 2p

is called the homogeneous dimension of G. A differential operator T on G (and
more generally any operator T defined on C$°(G) and valued in the distributions
of G ~ R2?¥P) is said to be homogeneous of degree v (or v-homogeneous) when
T(fod;) =tY(Tf)od;. We recall that the quasi-norm introduced in (2.3) satisfies the
relation |6,x| = r|z| for all r > 0 and = € G. It is a homogeneous quasi-norm and we
recall that any homogeneous quasi-norm is equivalent to it.
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2.1.3. Irreducible representations and Fourier transform. For the sake of complete-
ness, many details about the results of this section, which are standard in non-
commutative harmonic analysis, are given in Appendix A.

The infinite dimensional irreducible representations of G are parametrized by
3~ {0}: for \ € 3* ~ {0}, one defines 7 : G — L?(py) ~ L%(R%) by

(2.4) P(E) = N2 +(/2) A patin/IN €-q (& + /N p),

where z has been written as in (2.1). The representations 7%, A € 3* ~ {0}, are
infinite dimensional. The other unitary irreducible representations of G are given by
the characters of the first stratum in the following way: for every w € v*, we set

(2.5) 70w — ¢w(V) 4 —Exp(V+Z)eG, withV evand Z €.

xT

The set G of all unitary irreducible representations modulo unitary equivalence is
then parametrized by the set (3* ~ {0}) Ll v*:

(2.6) G = {class of ™ | A € 3* ~ {0}} U {class of 7(**) | w € v*}.

The subset v* of G is often thought as a bundle over A\ = 0 (see the discussions
about the Heisenberg fan in [20, Lem. 2.2]). This explains the 0 in the notation (0, w)
that we use here to differentiate 7(®%) from 7. It is natural since we think of v* as
“horizontal” and 3* as “vertical”.

We will identify each representation 7* with its equivalence class. Note that the
trivial representation 1z corresponds to the class of 70%) with w = 0, i.e., lg =
7(0:0) The dilation . extends on G by e -7 = 75 for A € 3* ~ {0} and ¢ - 7(0%) =
7(059) for w € v*.

The set G x G will be interpreted in our analysis as the phase space of G, and
M x G as the phase space of M, in analogy with the fact that R¢ x R¢ and T% x R?
are respectively the phase space of the Euclidean space R? and of the torus T¢.

ExamprLe 2.2, — In the case of the Heisenberg group, the formula (2.4) differs from the
usual one for the Heisenberg groups [53, Eq. (2.23) in Chap. 1] because the coordinates
(p,q, z) are different from the canonical ones (z,y,s) (see Example 2.1). They are
related by the relation (2.2).

The Fourier transform is defined on G and is valued in the space of bounded
operators on L2(py): for any A € 3%, A # 0,

(2.7) Ff(A) = /Gf(m) (7[;\)* dz,

Besides, above finite dimensional representations, the Fourier transform is defined for
w € v* by

F0,0) = ZF(0,0) = /G F@) @0y dg = / FEp(V + Z))e— Vv az.
X3
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Functions f of L'(G) have a Fourier transform (Z(f)(A))re;+ which is a bounded

family of bounded operators on L?(py) with uniform bound:

IF F( M)z z2pr)) < /G LF @) 222 wayde = 1 fllLi(o),

since the unitarity of 7* implies ||(72)*||.2(r2(p,)) = 1.

Examere 2.3. — In the Heisenberg group H?, using the link exhibited in Example 2.1

between the coordinates in the basis (Pj()‘), Q§-)‘))1gj<d and the variables (x,y,s) of

Section 1.2, we obtain that the Fourier transform of f € .#(H¢) writes

V® e .7 (RY),

/ eiAs+%Az'y+iﬁ5'y®(§ +Vz)dz dy ds if A >0,
R2d+1

/ st arey=iV/INEVg (¢ 4 /N[ 2)dadyds if A < 0.
R2d+1

The Fourier transform can be extended to an isometry from L?(G) onto the Hilbert
space of measurable families A = {A(X)}xe;+q0} of operators on L?(py) which are
Hilbert-Schmidt for almost every A € 3* ~ {0}, with norm

1/2
1Al = ( / ||A<A>|zsmw|x|ddx) < o0,
3*~{0}
‘We have the Fourier-Plancherel formula:
/ f@)dz = / 1Z F O sz A2,
G 3*~{0}

where ¢y > 0 is a computable constant.

Remark 2.4. — This relation shows that Plancherel measure of G is du := co|A|%dA
and is supported in the subset {class of 7 | A € 3*~.{0}} of G, in particular the subset
{class of (%) | w € v*} of G is of mass 0 for the Plancherel measure. Therefore, the
integral on 3* \ {0} of the Fourier-Plancherel formula can be thought as an integral
on G, thinking v* above {\ = 0}, as suggested by the notation.

Finally, an inversion formula for f € .(G) and x € G writes:

(2.8) f(@) = co / L (=27 F0) A,

where Tr denotes the trace of operators of Z(L?(p,)) (see [53, Th.2.7]). This formula
makes sense since for Schwartz functions f € .%(G), the operators .Z f(\), A€3*~{0},
are trace-class, with enough regularity in A so that fz*\{O} Tr ’ﬁf()\)’ [A|? dA is finite.

To conclude this section, it is important to notice that the differential operators
have a Fourier resolution that allows to think them as Fourier multipliers. In partic-
ular, the resolution of the sub-Laplacian —Ag is well-understood

VfeS(G), F(=Aaf)A)=HNZ(f)N).
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At 709w € v* it is the number .7 (—Ag)(0,w) = |w|?, and at 7, A € 3* ~ {0},
it is the unbounded operator

d

(2.9) HO) =\ (=08 + &),

j=1
where we have used the identification py ~R? and the observation that for A €3*~. {0},
f € L3(py) and for 1 < j < d,

F(PN ) =i0e, Z(f) and F QY f) = &7 (f).
One writes

(2.10) PV =ide, and QW) =€, Aez {0}, 1<j<d.

2.2. SEMI-CLASSICAL PSEUDODIFFERENTIAL OPERATORS ON QUOTIENT MANIFOLDS

As observables of quantum mechanics are functions on the phase space, the symbols
of pseudodifferential operators on M are functions defined on M X G. In this non-
commutative framework, they have the same properties as the Fourier transform and
they are operator-valued symbols.

Following [19, 20], we consider the class of symbols 2% of fields of operators defined
on M x G by

o(z,\) € L(L2(py), (x,)) €M xG,

that are smooth in the variable 2 and Fourier transforms of functions of the set .7 (G)
of Schwartz functions on G in the variable X: for all (z,\) € M x G,

(2.11) o(z,\) = Fre(N), k€ F(M,7(Q)).

A similar class of symbols in the Euclidean context was introduced in [43, §3]. Note
that in (2.11), we have kept the notation A also for the parameters (0,w), w € v*
and that in that case, the operator Fk,((0,w)) = o(z, (0,w)) reduces to a complex
number since the associated Hilbert space is C.

If € > 0, we associate with k, (and thus with o(x,\)) the function x% defined
on G by
(2.12) KE(2) = e 9hp(0.-1(2)).

We then define the semi-classical pseudodifferential operator Op, (o) via the identifi-
cation of functions f on M with I'-leftperiodic functions on G:

(213) Op.(a)(@) = [ wiy™' ) (w)a
When ¢ = 1, we omit the index ¢ and just write Op instead of Op,.

Remark 2.5. — The formulas (2.13), (2.12) and (2.11) may be compared to the formu-
las of the semiclassical (standard) quantization on the torus T" = (R/27Z)™, namely,
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for o(x,€), x € T", £ € R™ and f a (27Z)™-periodic function,

Op!’ (o) f(z) = - K¢ (z,x —y) f(y)dy where K°(x,2) = "K(x,e '2),

K(z,w) =

e L€l s € CX( S (@),

ie., o(z,8)=(Z¥ K)(z¢).
We observe the following facts (the proofs of points (3) to (7) are discussed more
in details in Appendix B).
(1) The operator Op_ (o) is well-defined as an operator on M. Indeed,
Op.(e)(a) = [ wau(™92) f0)dy = | o) fw)dy = Op.(o)f(2).

G
Here we have used a change of variable and the relations r.;(-) = kz(-) and f(yy) =

f(y).
(2) Using (2.8) and (2.11), we have the useful identities

Op.(0)f(z) =2 [ walbers(y o))y
G
— / Tr(ﬂlj\_lwa(x@ . /\))f(y)\/\ldd)\dy.
Gx(37~{0})

In view of Remark 2.4, using the notations of the dilations on @, we have the general
formula (as in [20, Rem. 3.3])

Op.(0)f(z) = e Tr(my-150(2, & - m)) f(y)dp(m)dy.

(3) The kernel of Op, (o) is given by
ke(z,y) =Y ks '),

ver

(4) The family of operators (Op,(c)).- is uniformly bounded in Z(L?(M)):

(2.14) 1 Op.(0)Lz2ary < / sup [ia ()| dy.
G xeM

(5) Semi-classical pseudodifferential operators act locally: let o € &% be compactly
supported in an open set  such that € is strictly included in a fundamental domain %
of T and x € €°(4) such that xo = 0. Then, by definition

Op. (o) = Op.(xo) = x Op. (o)

and for all N € N; there exists a constant ¢y such that, for any ¢ > 0,

(2.15)  0p-(0) = X Op.(9)x ]| ¢ (z2(ary) = 0P(0) = O (@)Xl o (12(ary) < ene™.

Remark 2.6. — The last property is crucial for our analysis since it allows to transfer
results obtained in the nilpotent group G for functions in L2 _(G) to the case of

square-integrable functions of the homogeneous manifold M. Indeed, if f € L?(M),
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then f can be identified to a f—leftperiodic function on L2 _(G). In particular, we

have xf € L?(G) and Op_(c)xf = x Op.(c)xf coincides with the standard definition
of [20, 19]. Then, for f,g € L?(M) and o, x as before, we have for all N € N

(Op.(0)/, Q)Lz(M) = (Op.(o)xf, X!])m(c) + O(5N||f||L2(M)||9||L2(M))-

This correspondence between computations in M and in G will be further developed
at the beginning of Section 4.1, notably through the periodization operator P. It is also
at the root of the next two properties. For stating them, we introduce the difference
operators, acting on .Z(L?(py)):

A;} = |)‘|71/2[€j7 ']v A()I\] = |A|71/2[i8§7" '}7 1< j <d.

We also use the operators 7r’\(Pj(/\)) and 7T)‘(Q§»/\)) calculated in (2.10).
(6) The following symbolic calculus result holds:

Provosition 2.7. — Let o € o. Then, in £ (L*(M)),
(2.16) Op.(0)" = Op.(c*) —e Op(PY - Ado™ + QW - Ado™) + O(e?).
Let 01,09 € 9. Then in £ (L*(M)),

(2.17)  Op.(o1) o Op.(02)
= Op.(0102) — € Op, (Azol - PM gy 4 Aq/\al QW 02) +0(?).

(7) The main contribution of the function (z,z) — £,(2) to the operator Op_ (o),
o(x, A) = .F(k;)(A) is due to its values close to z = 1¢.

Provosirion 2.8. — Let xo € €°°(G) be compactly supported close to 1 and x. =
Xo © 0c. With 0 = F(ky)(N\) we associate 0. = F(kzxe). Then, in L2(M), for all
N e N,

Op.(7) = Op,(0e) + O(e™).

2.3. SEMI-CLASSICAL MEASURES. When given a bounded sequence (f€).~q in L?(M),
one defines the quantities ¢, (o) in analogy with quantum mechanics as the action of
observables on this family, i.e., the families

gf(o)z(ops(o’)favfa)? UE«%-

Since these quantities are bounded sequences of real numbers, it is then natural to
study the asymptotic e — 0. The families (¢.(0)).>0 have weak limits that depend
linearly on o and enjoy additional properties. We call semi-classical measure of (f€)c>0
any of these linear forms.

For describing the properties of semi-classical measures, we need to introduce a few
notations. If 7 is a locally compact Hausdorff set, we denote by .# (Z) the set of finite
Radon measures on Z and by .# 7 (Z) the subset of its positive elements. Considering
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the metric space M x G endowed with the field of complex Hilbert spaces L2(py) de-
fined above elements (z, A) € M x G, we denote by .., (M x G) the set of pairs (v,T),
where v is a positive Radon measure on M x G and

T ={I(z,)) € Z(L*(px)) | A € G}

is a measurable field of trace-class operators such that
Tarlla = [ TG M) < o
MxG

Here, as usual, |T'| := v/ITT*. Note that T'(x,)\) is defined as a linear operator on
the space L?(py) which does not depend on z but which depends on \. Considering
that two pairs (y,I') and (7/,T”) in /Z/;V(M x @) are equivalent when there exists a
measurable function f : M x G — C ~ {0} such that

dy' (z,\) = f(x,\)dy(z,\) and T'(z,)\) =

1
T'(x, A
TERyR
for y-almost every (xz,\) € M x @, we define the equivalence class of (v,T") by I'dy,
and the resulting quotient by #,, (M x G). One checks readily that #,,(M x G)
equipped with the norm || - ||z is a Banach space.

Finally, we say that a pair (v,I') in .#,, (M x G) is positive when I'(z, ) > 0 for
v-almost all points (z,\) € M x G. In this case, we write (v,T') € ., (M x G), and
Idy > 0 for Ddy € 4,(M x G).

With these notations in mind, one can mimic the proofs of [19], considering the C*-
algebra <7 obtained as the closure of & for the norm SUD(, \)eM G llo (2, Ml 22pa))-

Indeed, the properties of this algebra depend on those of G and the analysis of the
set and of [20, 19] also applies in this context. Then, arguing as in [20, 19], one can
define semi-classical measures as follows.

Turorem 2.9. — Let (f€)es0 be a bounded family in L>(M). There exist a sequence
(k) € RN, &g T 0, and Tdy € M} ,(M x G) such that for all 0 € o,
— 400

(Ope, () F*, f ™) L2y, _Tr(o(z, (2, A))dy(z, A).
=T JMxG

Given the sequence (ex)ken, the measure T'dy is unique up to equivalence. Besides,
[ (T (e ) <l ]
MxG e—0

We emphasize on the operator-valued nature of I'(x, A)1x¢;+(A) in opposition to
the fact that we have I'(z,\)1 ecp+(\) € RT (since finite dimensional representations
are scalar operators).

The link of semi-classical measures with the limit of energy densities |f¢(x)|>dx
will be discussed below, it is solved thanks to the notion of e-oscillating families (see
Section 2.4.1).
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2.4. TIME-AVERAGED SEMI-CLASSICAL MEASURES. The local observability inequality
takes into account time-averaged quadratic quantities of the solution of Schrédinger
equation. Physically, it corresponds to an observation, i.e., the measurement of an
observable during a certain time. For example, when V = 0, the right-hand side of
inequality (1.7) can be expressed with the set of observables introduced in the previous
section using the symbol o(z, A) = Lyepx(H(N)) (see (2.9) for a definition of H(A)).
Therefore, when considering time-dependent families, as solutions to the Schrédinger
equation (1.3), we are interested in the limits of time-averaged quantities: let (u®)cq
be a bounded family in L>(R, L?(M)), 6 € L'(R) and o € <, we define

L(6,0) = / 0(2) (Op. (o) (£), w8 (£)) o o, dt

and we are interested in the limit as € goes to 0 of these quantities.

When introduced, semi-classical measures were first used for systems with a semi-
classical time scaling, i.e., involving £0; derivatives, which is not the case here when
multiplying the equation (1.3) by 2. It is then difficult to derive results for the
semi-classical measures at each time t. However, one can deduce results for the time-
averaged semi-classical measures that hold almost everywhere in time. Indeed, these
measures satisfy important geometric properties that can lead to their identification
(for example in Zoll manifolds). This was first remarked by [44] and led to important
results in control [2, 1, 48], but also for example in the analysis of dispersion effects
of operators arising in solid state physics [12, 13]. This approach has been extended
to H-type groups in [19] and, arguing in the same manner as for the proof of Th.2.8
therein, we obtain the next result on the nilmanifold M.

Prorosrrion 2.10. Let (u)e>0 be a bounded family in L™= (R, L?>(M)). There erist a
sequence (g;) € (RY)N with ey, N 0 and a map t — Tydy in LR, A4,(M x Q))
c— 100

such that we have for all € L'(R) and o € <,

/R 0(6)(Op.., (0)u™ (), %" (£)) 2 ar

— 0(t) Tr(o(x, NTe(x, N))dye(z, N)dt.
k=400 Jrx Mx@

Given the sequence (gx)ken, the map t — Tidy; is unique up to equivalence. Besides,
// Tr(Ty(x, X)) dye (z, N)dt < hmsupHu ||Loo (R,L2(M))-
MxG

2.4.1. e-oscillating families. The link between semi-classical measures and the weak
limits of time-averaged energy densities is solved thanks to the notion of e-oscillation.
Let (uf)->0 be a bounded family in L>(R, L?(M)). We say that the family (uf).~
is uniformly e-oscillating when we have for all T' > 0,

limsup su 1_. u®(t — 0.
E_mpte[_gﬂ 11 con,>ru( )||L2(M) R too
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Prorosirion 2.11 ([19, Prop. 5.3]). Let (uf) € L>(R, L?(M)) be a uniformly e-oscil-
lating family admitting a time-averaged semi-classical measure t — T'ydy, for the
sequence (ex)ken. Then for all p € €°(M) and 6 € L*(R),

lim 0(0)6 () [u* (¢, ) [2dwdt = / o(t) /M 0@ Te (C ) dy (o ) .

k—=+oo Jrx M R

2.4.2. Semi-classical measures for families of Schrodinger equations. — Families of
solutions to the Schréodinger equation (1.3) have special features. We recall that in
the (non compact) group G, the operator
d
HO) =\ (=02 + &)

j=1
introduced in (2.9) is the Fourier resolution of the sub-Laplacian —Ag above A €
3"~ {0}. Up to a constant, this is a quantum harmonic oscillator with discrete spec-
trum {|A[(2n 4+ d) | n € N} and finite dimensional eigenspaces. For each eigenvalue
[A|(2n + d), we denote by HSI)‘) and 7/71()‘) the corresponding spectral orthogonal pro-
jection and eigenspace. Even though the spectral resolution of —Ag and —Aj; are
quite different, we shall use the operator H()) as one uses the function & — [¢]? on
the phase space of the torus T¢, when studying the operator —Ara.

Prorosirion 2.12. —  Assume Tydy; is associated with a family of solutions to (1.3).
(1) For (x,\) € M x 3*
(2.18) Doz, ) =Y T, A) with Tpy(x,A) = TIIT (2, VI,
neN

Moreover, the map (t,x, \) = T'y, ((z, N)dvy(z, \) defines a continuous function from R
into the set of distributions on M x (3* ~ {0}) valued in the finite dimensional space
.Z(”//n()‘)) which satisfies

(2.19) (O — (n+ d/Q)Q”(A)) (Dt (@, A)dye(z, ) = 0.
(2) For (z,(0,w)) € M x v*, the scalar measure Tydvy: is invariant under the flow
2 (z,w) — (zExp(sw - V),w).
Here, w-V = Z?il w;V;, where w; denote the coordinates of w in the dual basis of V.

The proof of this proposition follows ideas from [19] that we adapt to our situation.
We give some elements on the proof of this Proposition in Appendix B.2, in particular
we explain the continuity of the map ¢ +— I'ydy;.

We have now all the tools that we shall use for proving Theorem 1.4 in the next
two sections.

3. PROOF OF THE SUFFICIENCY OF THE GEOMETRIC CONDITIONS

We prove here the first part of Theorem 1.4, that if U satisfies condition (A) with
Teee(U) < 400 and if moreover T' > Tgoc(U), then the Schrodinger equation (1.3)
is observable on U in time 7.
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3.1. PROOF OF LOCALIZED OBSERVABILITY. We argue by contradiction. If (1.7) is
false, then there exist (ulg)keN and (hg)ren such that ulg = @hku’g,

T
at(L 2
(3.1) Jugllz2ry =1 and /Het<éAM+V>9hku§||L2(U)dt — 0.
0

Because uf = 2, uf with x compactly supported in an annulus (see (1.6)) and V is
bounded, the family uf is hj-oscillating in the sense of Section 2.4.1 and so it is for

wk(t) = eit(%AMJrV) L@hkug

We consider (after extraction of a subsequence if necessary), the semi-classical mea-
sure I'ydy, of ¢ (t) given by Proposition 2.10 and satisfying the properties listed in
Proposition 2.12.

Prorosition 3.1. — We have the following facts:
(1) There holds

T
(3.2) / Tr(Ty (2, A))doe (2, At = 0.
0 UxG
(2) The measure v; is supported above 3* ~ {0} for almost every t € R.

Proof of Proposition 3.1. — To prove (1), let us recall that for § € L'(R) and o € 4,

/R 0(t)(Opp, (0)Uk(t), ¥i(t)) L2 (arydt

— 0(t) Tr(o(x, \)T(x, N))dye(z, N)dt.
k=400 JryxMxG

We take ¢;(x) a sequence of smooth non-negative functions converging to 1y (),
bounded above by 1 and such that supp(y;) C U, and o € C°((—1,1)) non-negative
with & = 1 in a neighborhood of 0. Since ¢ (t) is uniformly e-oscillating for ¢ = hy,
we have

T
/ / ~ TI‘((pj (J?)Ft (37, )‘))d’yt(xa A)dt
0 RxMxG
T

= dim i (Op, (2 (e)aCR HOD R0, V(0) -

Besides, Opy,, (¢;(2)a(R™*H(N))) = ¢j(x)a(—hiR™'Ay), thus
[ Opy,, (¢ (2)( R H(N)))[| 22 ary) < 1

and
T T
[ Omn (o3 @R OO, 000 | < [ 10O

We deduce from (3.1) that

/0 /RXMX@ Tr(p; (2)e(x, A))dye (2, A)dt = 0.
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Taking the limit j — +oo and using Lebesgue’s dominated convergence theorem
(since I'ydy: > 0), we get (3.2).

Point (2) follows from Point (1), the positivity of I'td7y;, Assumption (A) and
Point (2) of Proposition 2.12. O

Set
Yt (s A) = Tr (Lo e (2, A)) ez, A).
We have obtained

0= // (T (2, N))drye(z, N)dt = // dryn,(z, N)dt,
Z UxG ' )) ! Z UxG !

neN neN

whence the positivity of I'; (and thus of v, ;) yields
/ dyn(z,\) =0, for almost every t € [0,T], Vn €N,
Uxjs*

where we have also used that the support of dv,, ¢ is above 3* \ {0}.
We now use transport equation (2.19). For n € N and A € 3* \ {0}, we set
Zn(\) = (n+d/2)z™
and we have
|Zn(N)] =n +d/2.

We introduce the map @ defined for s € R and n € N as an application from
M x (3* ~ {0}) to itself by

P (z,A) — (Exp[sZ,(N)]z, \).
The flows ®; and ®f are related by

/ 2
D5 (2, ) = ] (x,N), s = (§ + 1)3.

The transport equation (2.19) implies that for any interval I and any A C Mx(3*~{0}),

d
A </ df}/ntdt) = 07
ds (I+s)x®3(A)

which means

(3.3) / dryp 1dt = / dryp 1t
(I+5)x®3, (M) IxA

Since T > Tgcce(U), we may choose T’ such that Tocc(U) < T7 < T and (H-GCC)
holds in time 7. Assume that there exists 7 with 0 < 7 < T — T” such that

0 M x3*
We seek for a contradiction.

Writing v, = Y.~ ¥nt, with all 4, being non-negative Radon measures on
M x (3* ~ {0}) (since Point (2) of Proposition 3.1 ensures that it has no mass on
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the trivial representation), we see that there exists ng € N and a bounded open
subset A C M x (3* ~ {0}) such that

/ /d%o,tdwo.
0 A

Fix (z,A) € A and s € (0,7") such that ®5((x,A)) € U x 3*. Note that, making A
smaller if necessary, by continuity of the flow and using that U is open, ®§((z', X)) €
U x 3* for any (z/,\) € A. Therefore @iﬁ”O)((x’,A’)) € U x 3* for any (2/,\) € A,
where s(ng) = sd/(2ng + d) (with a slight abuse of notation).

From (3.2), we get

Vgt (5N (A)) =0, ae.t € (0,T),

T
/ / dvno,tdt =0.
s(no) J @550 (A)
T—s(no)
/ / d’Yno,tdt =0.
0 A

Since 7 < T —T' < T — s(ng), we get

/ / d'Yno,tdt = 07
0 A

which is a contradiction. Therefore

0 M x3*

This implies 7 = 0 for almost every ¢t € (0, 7). In turn, this contradicts the fact that
|k (t)]| L2 = 1. Therefore (1.7) holds.

and in particular

Therefore, by (3.3),

Remark 3.2. Assumption (A) corresponds to the usual Geometric Control Con-
dition which is known to be a sufficient condition for the control/observation of the
Riemannian Schrédinger equation (see [38]). It is well known that, in the Riemann-
ian setting, this condition is not always necessary : it is not for the Euclidean torus
(see [32, 2, 11]) while it is for Zoll manifolds [45] (these manifolds have geodesics
that are all periodic); so, it depends on the manifold. As already mentioned in the
introduction, the authors tend to think that in the particular case considered in this
paper (quotients of H-type groups), Theorem 1.4 still holds without this assumption.
Assumption (A) has been used in the proof of Point (2) of Proposition 3.1, and it is
the only place of the paper where we use it. By analogy with the results of [2, 1, 10], it
is likely that as in [10, §7], a key argument should be a reduction to a problem on the
Euclidean torus, as those studied in [1] for example. Then, the semiclassical analysis
of this reduced problem would show that the part of the measure 7; located above
M x v* vanishes. That would prove that H-type GCC alone is enough and would
avoid the use of Assumption (A).
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3.2. PROOF OF WEAK OBSERVABILITY. We prove here (1.7) = (1.8). Consider a par-
tition of unity over the positive real half-line R*:

(3.4) Vo eRY, 1=xo(2)”+ Y x;(2)%
j=1

where, for j > 1, x;(z) = x(277z) with x € C>((1/2,2),[0,1]). To construct such a
partition of unity, consider ¢ € C°((—-2,2),[0,1]) such that ) = 1 on a neighborhood
of [-1,1], and set x(x) = /¥ (z) — 1 (2x) for z > 0, which is smooth for well-chosen ).
Finally, define xo(z) for z > 0 by xo(z)? = 1 — Z;’il x; ()2, so that xo(z) = 0 for
x 2 2. Then (3.4) holds.

We follow the proof of [11, Prop.4.1]. Set h; = 279/2 for j > 1, and note that
Pn; = x;j(—(3An+V)). We choose K so that hx < ho, where hg is taken so that (1.7)
holds for 0 < h < hg. We take € > 0 such that 77+ 2¢ < T and ¢ € C2°((0,7), [0, 1])
with ¢» =1 on a neighborhood of [¢,T7” + 2¢|. Then

luoll3z ) = I x5 (—38a + V) wo|72 0,

j=0
K o]

=Y IZnuolieny + Y 1Pnuollizan
J=0 J=K+1

<O =Gan+V) w0y + D 1200l any
J=K+1

_ > at(L 2
< NI =An) Mol Gz +C D [0 AT Py o
j=K+1

0,T)xU)’

where in the third line we bounded above the low frequencies with a constant C' =
Ck, and in the last line we used (1.7) (with the term on U being integrated for
t € (e,T" + 2¢), which is of length > T”, see Remark 1.6). Note that we also used the
fact that V is analytic and thus bounded, and therefore the resolvents of the operators
%A v +V and Ay are comparable in L? norm. Using equation (1.3), we may change
P, = x;(—(3Anm +V)) into x;(—Dy), where Dy = 0, /i. We get

Juol|F2ary < Cll(1d =Anr) Mo |72 (ar

+C Z HT/J(t)Xj(_Dt)eit(%AMJrV)uO||i2((0,T)><U)'
j=K+1

If ¢ € Ce°((0,T),]0,1]) satisfies ¥ =1 on supp(t), we note that

P ()x;(=De) = »(E)x;(=D(1)0(t) + (@) [ (t), x; (—Dy)]
= $(Ox; (~D(O)P(1) + E;(t, Dy),
where FE; is smoothing, i.e.,

0 E; = O({t) ™ (r) N2 )

JE.P.— M., 2021, tome 8



1482 C. Fermanian Kavverer & C. LeETrROUIT

for any a € N, any V € N and uniformly in j. This fact follows from symbolic calculus
and the remark that, on the support of 1, {/}v is constant and all the derivatives of 7:/;
are zero on the support of 1.

Therefore, integrating by parts in the time variable in the second term of the right-
hand side and absorbing the error terms E;(¢t, D) in |[(Id —Aps) " tugl|3 2, we get

luollZ2(ary < CNN(Td =Anr) " tuo |72

+C Z W(t)Xj(—DtW(t)eit(EAMW)uo||%2((0,T)xU)
j=K+1

< C|(Id =An) " uoll7zar

oo . Z l
+C 3 (Dbt A g 12,
j=K+1

= C||(1d —Aar) ™ uolF2any

e Z (Xj(*DtVJ(t)eit(%AMW)u(p J(t)eit(%AMW)uO)
J=K+1
< C||(1d —Anr) M uollF 2 any

L2((0,T)xU)

+ C’(Z Xj(_Dt)21Z(t)eit(%Am-i-V)uO7 &(t)eit(;AM-M\/)uO)
=0 L2((0,T)xU)

_ it(L
< O (1d =Anr) " uoll7z () + Clle™ 22 g 13 0.1y

where we used (3.4) in the last line. This concludes the proof of (1.8).

3.3. Proor or osservasiLity. — We prove here (1.8) = (1.5), which concludes the
proof of the sufficiency of the geometric condition (H-GCC). We follow the classical
Bardos-Lebeau-Rauch argument, see for example [11].

For 6 > 0, we set

Ny ={ug € L*(M) | MEAMEY) 0 = 0 on (0,7 —6)x U}.
LLemma 3.3. — There holds Ay = {0}.
Proof. — Let ug € A). We define
(3.5) Voo = %(ew@mﬁw — 1) up.

Ife <6, then e“(%AM*V)vg,o = 0on (0,T—0)xU. We write ug in terms of orthonormal
eigenvectors f of the operator %AM + V (associated with A € Sp, the spectrum of

up =Y uorfa

AESP
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For small enough «, 8, applying (1.8) with a slightly smaller T', we have
_ 2
[va,0 = vg,0ll72 < C||Ad—=An) " (Va0 — v8,0)|
_ 2
< CAd (38 + V)™ (va0 — v50)| 12

ia\ iBX _ 1,2
1 1
<c Y |f _¢ ‘ (14 X)~2Jug.p |2

AESP @ ﬁ

<C Y Na—BPA+ N 2lugal?
AESP

< Cla — B2

Hence there exists vy € L?(M) such that vy = lima_0 Va0, Where the limit is taken
in L2(M). This limit is necessarily in .45 for all § > 0, hence in .45. Moreover, thanks
to (3.5), there holds in the sense of distributions

eit(%AM-i-V),UO — ateit(%A1w+V)u0
and therefore
Vo = Z(%AM + V)UO

Therefore %A M+ VA — A is a well-defined operator. Moreover, according to
(1.8), on 45, we have

I(Id —=An) - N2y < Ol - ez
and, by compact embedding (see Lemma 3.5 below), the unit ball of A5 C L?(M) is
compact. Hence .4 is finite dimensional and there exists an eigenfunction w € A{ of
TANM A+ VM = A, e,
(380 + V)w = pw, w;y =0.
By a standard unique continuation principle (see [9] and [36, Th.1.12]), since V

and Ay are analytic (see [8, §5.10] for example), we conclude that w = 0, hence

o = {0} O

Remark 3.4. — To our knowledge, the unique continuation principle used in the
above proof is only known when V is analytic. In C'°° regularity, counterexamples to
the unique continuation principle exist, see [3]. However, the result of Theorem 1.4
holds as soon as a unique continuation principle holds for %A M+ V.

Lemma 3.5, — Set
A (M) ={uec L*(M)| (Id—Ax)u € L*(M)}.
Then (M) < L*(M) with compact embedding.

Proof. — By [36, Cor. B.1], we have ||ul| g1 (ary < [[(Id =Apr)ul| 2 (ar) since G is step 2.
Therefore, 7 (M) — H'(M) continuously. The result then follows by the Rellich-
Kondrachov (compact embedding) theorem. O
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Assume that (1.5) does not hold. Then there exists a sequence (uf)xren such that
T
at(L 2
66 luflan =1 and [ eI o — o

Since (uf)ren is bounded in L2(M), we can extract from (uf)reny a subsequence
which converges weakly to some u* in L?*(M). By Lemma 3.5, we then have
(Id —Apr)~tuk — (Id —Apns)~tu™ strongly in L2(M). Moreover, the second conver-
gence in (3.6) gives u™ € A5. Thanks to (1.8), we know that

T
at(L 2 _ 2
||Ug||2L2(M) <Gy /0 He t(gAMJrV)ugHLZ(U)dt + C4 H(Id—AM) 1u§HL2(]W) .
Therefore, taking the limit & — 400, we get

1< O (Id —An) ™ u 122 (apy-
Therefore u> # 0, which contradicts Lemma 3.3 since 4> € .45. Hence, (1.5) holds.

4. NO N-COMMUTATIVE WAVE PACKETS AND THE NECESSITY OF
THE GEOMETRIC CONTROL

In this section, we conclude the proof of Theorem 1.4 and prove the necessity of
the condition (H-GCC) (for U). We use special data that we call non-commutative
wave packets that we first introduce, together with their properties, on which we also
elaborate in Appendix C. Then, we conclude to the necessity of the H-type GCC.

4.1. NON-COMMUTATIVE WAVE PACKETS. — Let us first briefly recall basic facts about
classical (Euclidean) wave packets. Given (z9,&) € R? x R? and a € .#(R%), we
consider the family (indexed by ¢) of functions

Uy () = e~ *a ((z — z0)/Ve) eli/e)éo-(z=20) = 4 c RY,

Such a family is called a (Euclidean) wave packet.

The oscillation along & is forced by the term e(#/€)%0'(*=%0) and the concentration
on x is performed at the scale 1/ for symmetry reasons : the e-Fourier transform of
€ el e~ 202 .1 (&/¢) presents a concentration on &y at the scale /. The regularity of
the wave packets makes them a flexible tool. Besides, taking a compactly supported in

U,

the interior of a fundamental domain for the torus, one can generalize their definition
to the case of the torus by extending them by periodicity. For example, let us consider
the torus T? = R?/(27Z)¢, we choose a € €>°((—m,7)%) and we define a.(z) as

ac(z) = a((z — x0)/VE).

We consider the periodization operator P which associates with a function ¢ com-
pactly supported inside a set of the form z¢ + (—,7)¢ the periodic function defined
on the sets k+zq+ (—m, m)? for k € (27Z)¢ by Po(z) = @(x —k). Then, the definition
of a wave packet extends to functions on the torus by setting

uiorus('r) = 5d/4]P)CLE(x)e(i/E)EO'(Ifxo).
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We introduce here a generalization of these wave packets to the non-commutative
setting of Lie groups and nilmanifolds, in the context of H-type groups, which is
strongly inspired by [20]. For 2 € G, we write

r=Exp(V+2Z)=z2, =2,x; with Vev Zej,
where
z,=e? € G, :=FExp(3) and =z, =¢" € G, :=G/G;.
The concentration is performed by use of dilations: with a € €>°(G), we associate
0:(2) = @ (6,1/2())
The oscillations are forced by using coefficients of the representations, in the spirit

of [51]: with A\ € 3* and with ®;, &5, two smooth vectors in the space of representa-
tions (i.e., in .7 (R%)), we associate the oscillating term

A

ee(x) = (W;\E(I)l,(bg) , A= 6—3.

We restrict to e € (0,1) and define the periodization operator P in analogy with
the case of the torus described above, using the multiplication on the left by ele-
ments of I'. We consider a subset % of G which is a neighborhood of 14 and such
that |, r(74) = G and we choose functions a that are in €>°(%) (in other words,
their support is a subset of the interior of A).

ProposiTion 4.1. Let @1, 05 € Z(RY), a € CX(B), w9 € M, \g € 3* ~{0}. Then,
there exists g > 0 such that the family (v°).c(0,e,) defined by

v (z) = |Ae| M2 e7P/? P(eca.)(zy x)
is a bounded -oscillating family in L*(M) with bounded -derivatives and momenta:
(4.1) VkeN, dC,>0, Vee (O,Eo), H(—&QAM)k/Q’UEHLQ(M) < Ch.
Moreover, (vs)ge(gm) has only one semi-classical measure I'dy, where
(4.2) Y = cad(z — 20) ®6(A— Ao)s  ca = ||¢2||2/ la(z,)Pdz,,

3

and I is the operator defined by

1—‘@ — (©7 ¢1)

= d, Yd e L}(RY.
A (R°)

In the following, we shall say that the family v® is a wave packet on M with cores
(20, Ao), profile a and harmonics (®1, ), and write

0¥ = WPE | (a,®1, D) = |\|¥2 P2 P(eca) (25 ' x).

0,0

Remark 4.2

(1) Note that eo is chosen small enough so that for ¢ € (0,&9), the function
G 3 z — ac(z) has support included in a fundamental domain of G for I and thus
z + (ecac)(rg'z) can be extended by periodicity on G, which defines a function
of M.
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(2) Omitting the periodization operator P, we construct wave packets on G that
also satisfy estimates in momenta

VEeN, 3Cp>0, Ve>0, Y |lz[P(—£*Ac)"*v"|12(c) < Ch
1<p+ag<k

(3) The coefficient |\.|?/2¢7P/2 guarantees the boundedness in L?(M) of the fam-
ily (v%)e>o0-

(4) Characterization of wave packets. Let © € M be identified to a point of G and
let us fix the set of parameters ®1, ®5, o and Ag. Then, v¢ is a wave packet on M if
there exist 2o € M, Ao € 3* \ {0}, a € C°(%) and 1, Py € .7 (R?), such that

EQ/4’UE(I0(5\/E(J;)) = ‘A5|d/2€Q/4_p/2a(x)(<I>1, (W?O )*(1)2)

_1/2(x)
(4.3) s
= |Ao|2e™2a(z) (21, (Wé\o ))*‘1)2)-

571/2(4”5

(5) Generalization. The construction we make here extends to more general Lie
groups following ideas from [20, §6.4] and [51].

4.2. Proor or Prorosition 4.1. — The proof of Proposition 4.1 is relatively long,
and we decompose it into several steps.

4.2.1. The norm of wave packets. — By the definition of the periodization operator P,

/ [v°(2)[*de = P‘e|d5_p/ |ac (a5 @) *|ec (xg ') da.
M G
We then use (4.3) and we write

1) = Dol [ fa(@) (=32, 1. B2) P

—1/2%

= Dal? [ a3 e(an)ay) P (w20, @) P
G

<([ s latmaan, ) (natt [ 12w on)an,)
Gj ynEGn Gy

Let us note that the following relation holds for any ®, CI), v, Ve (R%):

(4.4) \A0|d/ (T ®, ) (m20®, U)dz, = (B, D) (W, V).
Gy
Therefore,
Dl [ (e, @a)fdo, = 22
Go

We deduce that v is uniformly bounded in L?(G).
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4.2.2. The e-oscillation and the regularity of wave packets. Straightforward compu-
tations give that if we have A € 3* \ {0}, ®1, P2 € S (R?), 2, = Exp[P+Q)], = = wyz;
with

d d
A A
P=3%pP) and Q=3 qQ}",
j=1

j=1
then, for 1 < j < d,

VIA g (m) @1, ®2) = ([W;\’ia&j]‘l’h‘%),

(4.5)

VAP (@1, @2) = ([73,€;]P1, D2).
Besides,
(4.6) P (m2@1,@2) = VA (9, 7201, ),

QY (m2®1, ®2) = in/[A[(m2 1, Bs).

For proving this formula for Pj()‘), we use (1.2) and we observe

t
Exp(tP™N) Exp(P + Q + Z) = Exp(tP) + P+ Q + Z + 5[Pj“), P +Q)).

Since [Pjo‘), QE-A)] = 2O and for k # j, [Pj(’\), P,?‘)] = [Pj(’\), Q,(;\)] =0, we deduce
t
Exp(tPV) Exp(P + Q + Z) = Exp (tPj(’\) +P+Q+Z+ quﬂ*)).
Therefore, using A(2) = ||, we obtain for ® € .#(R%) and ¢ € RY,
d( \
e—

The proof for Q;’\) is similar. We deduce (4.1) and that the family (v°) is uniformly
e-oscillating by the Sobolev criteria of [20, Prop. 4.6].

= /N7 0, ®(€) + il Ay m2 () = /N9, w3 8 (€).
t=0

4.2.3. Action of pseudodifferential operators on wave packets. — For studying their
semi-classical measure, it is convenient to analyze first the action of pseudodiffer-
ential operators on wave packets.

Levva 4.3, Let ®1, &3 € L(R?), (20,\) € G x 3%, a € €X(B). Let 0 €
compactly sup]lorted in an open set Q such that Q is strictly included in a fundamental
domain % of T'. Then there exist €1,c1 > 0 such that for all e € (0,e1),

x x

|Op. ()W P, 5, (a,®1, ®2) — WP;,  (a,0(x0, Ao)®1, q>2)HL2(M) < e /e

Remark 4.4. — The proof we perform below shows that there exist a sequence of
profiles (a;)jen and a sequence of harmonics ((IDSJ), @é]))jeN such that for all N € N,

x

) N o o
0P ()W, 5, (a, @1, @) = 3230 7 2WPE, (a5, 2, 05| ) < e (VONH.
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Moreover, by commuting the operator (—e2Ag)*/? with the pseudodifferential oper-
ators, one can extend this result in Sobolev spaces. Note also that the same type of
expansion holds in G, in refined functional spaces where momenta are controlled:

||Ope(o')VVPs

0,0

N N
(a, @1, ®a) — S0 /2WPE | (ay, o', ‘I,ga))||2§(G) < ey eWVHD/2,

where ¥ is the vector space of functions f € L?(G) for which the semi-norms

k
(47) £l = 3 (el Fllzz) + 1(~2A0) 1)

£=0

are finite.

Proof. — We first observe that, in view of Remark 2.6, it is enough to prove the
result for wave packets in G. Indeed, consider y € €>°(%) with yo = o. Then for
any function f € €>°(%) and = € M identified to the point = of G N %, we have for
all N € N, thanks to (2.15),

Op. (0)B(f)(x) = Op.(0)XB(f)(z) + O(e™)
= Op.(0)xf(z) + O(e™) = Op.(0) f(x) + O(e™).

Therefore, we are going to prove the result of Lemma 4.3 for wave packets and pseu-
dodifferential operators in G. Besides, for simplicity, we assume that o(x,-) is the
Fourier transform of a compactly supported function. This technical assumption sim-
plifies the proof which extends naturally to symbols that are Fourier transforms of
Schwartz class functions.

We write

Op,(o)v®(z) = co|)\5|d/25*p/2/G éTr(w;\_le(m,52)\))ae(x51y)(7r:§1y<1>1,@2)|)\|dd/\dy
X

= COl)\£|d/25_p/2/ ATT(W;;—lele(xa 52)\))%(?/)(7725@1, <I>2>|)\|dd)\dy.
GxG wo

where we have performed the change of variable y — xpy. We now focus on
e~@/* Op,(0)v° (200 zz) in order to simplify the computations. Note that this
quantity is uniformly bounded in L?(G).

Op,(0)v* (206, )

:co|)\5|d/25*p/2/ ATr(wz’!\_léﬁxa(xoé\/gx,52)\)as(y)(7r;\5<1>1,<I>2)|)\|dd)\dy.
GxG

We perform the change of variable y = §.-1,2y and X = 2X\. We have

_ /e Y Ae _ No/E% _ o
Ty=16z0 = M5 e(y=ta) = To_1pp@ 2y Ty =76 5 = M5 10y

and
IX|4dAdT = £24e2Pe= Q2| \|PdAdy = /2| \|%d\dy.
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We obtain
Opg(a)va(xoéﬁx) = co|)\5|d/2€_p/2€_Q/2

X g Tr(ﬂi,l/z (y=12)0 (Z00 /2, )\))a(y)(ﬂfs\ofm(y)q’ly D) [A|?dAdy.
X €

The change of variables w=4_-1/2(y~z) (for which dy=e%/2dw and y=x(5 zw) ™))
gives

Op.(0)v*(20d, z7) = co|)\5|d/2€_p/2
A -1 A d
x /G | Temho{eodem \)a@(Ee0) ) -1 P1 P P
= CO|>\E|d/2€7p/2
X /GxaTr(wl/},a(xo(i/gac,A))a(m(é\/gw)_l)(wi‘),l@l,(7r§‘6"71/2(z))*®2)|)\|dd)\dw.

Computing the integral in A thanks to the inverse Fourier transform formula (2.8)
and denoting by &, the Schwartz function such that o(z, ) = %#(k,) we have

gQ/4 Op,(0)v* (206 /z7)
- |A0\d/25*d/2/GMogﬁx(w)a(x(aﬁw)*l)(wjuf)_l@l, (ﬂ(;\soim(m))*ég)dw
that we can rewrite
g@/4 OpE(O')’Us(J)o(S\/gl‘) = |)\o|d/2£_d/2 (Qs(x)i’l, (Wz?aofl/z(w))*qh)

with
Q°(x) :/ ﬁxogﬁx(w)a(m(éﬁw)_l)wi‘)",ldw.

By performing a Taylor formu?a on the functions

T — Hzo(gﬁgﬁ(w) and w+—> a(a:((s\/gw)*l),
we see that the operator Q°(z) admits a formal asymptotic expansion of the form
(4.8) Q°(z) = Qolx) + VeQu(x) + -+ 77Q () + - -
with

Qo(x) = a(x) /G K (w)wi’:(’,ldw = a(z)o(zg, No)-

It remains to prove the convergence of this asymptotic expansion by examining the
remainder term.
We examine the one-term expansion. We write

(4.9) a(z(0 zw)~") = a(z) + A(z, 0 zw)
with
2d
(4.10) Az, w)| < Z‘ sup. 2| [Vja(zz)] < Calwl,
j=1l2Islw
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where for z € G, |z| denotes the homogeneous norm defined in (2.3). We obtain
(4.11)  e9*Op_(0)v* (206, z2)
= Pol¥2e™2 (Qor, (m)° | ()" ®:) ala) + VEri(@) + Veri(x)

C (@)
with
rs(x) = |Ao|¥ 242 (RS (2) @1, (ﬂ(?:il/z(m))*ég),
£(0) =72 [ (hags o) = sy ()@ o
and
r5(@) = [Xo| 22 (R3(2) @1, (73\:71/2(93))*‘1’2),
R5(z) = 671/2/G/@xogﬁx(w)A(x,d\/gw)wi‘l‘lldw.
Levmva 4.5. — The families (r5)eso and (r§)e>o are uniformly bounded in L*(G).

Applying (4.3) to the first term in the right hand side of (4.11), we see that
Lemma 4.5 implies Lemma 4.3. ]

Proofof Lemma 4.5. — The idea is that, for j = 1,2, there holds

T;(ZII) = 57d/2’7:§(55—1/2 (1’0)7583,13) Wlth y — ?;(ythyzwx)v

that is, in L?(G), uniformly with respect to e, with continuity of the map z +
75 ().
With this idea in mind, we write, for j = 1,2,

_ N 2
175 2@ = Pol’e™ [ |(Ri@@r, (m), , )" ®2) o

2
:|>\0|d/ | (RS (61/2 () ;) @1, (m0) @) | dwodar;.
G

Let us first deal with r{. Writing a Taylor formula, we notice that

RS (8.1/2(p),) = e~ /2 /G(ﬁzo(;a(%)gﬁ(%)(w) — Rag (w))a(m)wi‘ﬂldw

_E /G B(x, w)a(z)m, duw,

where (z,w) — B(z,w) is continuous and compactly supported in w. Therefore
R5(6.1/2(zy)x;) is a bounded operator for any « € G. Since a is compactly supported,
it implies that (75).~¢ is uniformly bounded in L?(G).

Let us now deal with 5. We are going to use that for all multi-indexes o € N24,
the map

(412) T +— Zl’gé (R§(551/2 (xu)xé)q)l, (7'(')\0)*(1)2)

Ly
is uniformly bounded and has compact support in x;. Let us first prove these prop-
erties.
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By assumption on the support of x,, we know that the w’s contributing to the
integral defining R5(z) are contained in a compact set (independent of x). Then,
using (4.9) and the fact that a has compact support, we obtain that R§ has compact
support. It follows that the map (4.12) has compact support in z;, i.e., there exists
Ry > 0 such that |z;] < Rp for all z that are in the support of R5(0.1/2(xy)x;).
Because of (4.10) and because the integral is compactly supported in w, R§(z) is a
bounded operator for all z € G. Besides, the bound is uniform since x belongs to a
compact set. Therefore, there exists a constant Cy > 0 such that

|(B5(82172 (20)23) @1, (m20) " @2) | < Cola, <y (2).
One now wants to prove also decay at infinity in x,. For this, we use the rela-
tions (4.5) and the fact that ®; and ®; are in the Schwartz class to absorb the

factor |z,| in the right part of the scalar product. Therefore, for all & € N, there
exists C,, such that

|20 [ (R5 (0172 (20) ) @1, (12°)* @2) | < Cala, <o ()

As a conclusion, there exists C' > 0 such that

« 2
/ (RS (8.1, (00) )1, (120)* @) | il
G
< C/lm\gRo(l + |ﬂc,,|2)_]\]alxt,dgc3 < 400

by choosing N large enough. This implies the uniform boundedness of the family (75)
in L%(G), which concludes the proof of Lemma 4.5. O

Let us now shortly discuss the generalization of this proof in order to obtain an
asymptotic expansion at any order, as stated in Remark 4.4. The idea is to use a
Taylor expansion at higher order (see [24, §3.1.8]). The terms of the expansion (4.8)
are of the form

Qj(x) = xo‘a(x)/ wﬁnmo(w)wi‘f_ldw,
G
where o and 3 are multi-indexes such that the sum of their homogeneous lengths is

exactly j. Denoting by A, s0(z, \g) the Fourier transform of w + w’k,, (w), we ob-
tain
Qj(z) = z%a(x)Ayso(z, o).
Observe that the operator A,s is a difference operator as defined in [24]. It order
to justify Remark 4.4, one then needs to remark that the rest term produced by the
Taylor expansion at order N is of the form
riv(@) = ol 2 (Riy (@)1, (1) ()" @2)

—1/2 (z
and Ry(z) = 8_(N+1)/2/ '%mozi\/gm(w)AN+1(33a5ﬁw)7rz\;o—1dw7
G

where A1 satisfies convenient bounds so that an argument similar to the preceding
one can be worked out. We do not develop the argument further because we do not
need such a precise estimate for our purpose.
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4.2.4. Semi-classical measure. We can now deduce (4.2) from Lemma 4.3 and the
following lemma.

Levva 4.6. — Let (xo, Ao) € Gx (3*~{0}) a,b € €>°(A), where B is a fundamental
domain of M, and consider ®1,®o, V1, ¥y € S (RP). Then

(W & (a;q)l;@2),WP§07)\0(1)7\1117\]:]2)>L2(M)

0,0

= (@ 9B 0) [ aay )z, + O(V5).

3

Proof. — Define u® = WP;_ , (a,®1,®2) and v = WP;  (b,¥;,V¥s) the wave

T 0,0

packets in G. We first use that

(WPE (a‘7 (I)la (I)2)7 WPEO,)\O (ba ‘1’17 \112))L2(M) = (usa UE)Lz(G)'

Zo,/\o xr

Besides,
(u%,v) p2(q) = |)\5|ds’p/Gas(xglx)g(xglx)(w;\oilw@l,@g)(w;\oilw\lll,\Ilg)dz

- |)\0\d/Ga(5\/5(361,)%)5(5\@@9)%) (TR0 Dy, o) (120 Uy, U )dwydas.
A Taylor expansion of the map z +— a(d§ ﬁ(xv)xa)m gives

a(5\/g(xn):c3)b(5\/g(zn)x3) = a(x;)b(z;) + Ve Z vjrj(xa,é\/g(zn)),
1<j<2d
where 2y, = Exp(}_;¢;c0qv;V;) and with |r;(z,w)| < C; for some constants Cj,
1 < j < 2d. We deduce (using (4.5))

(u,v%) 2y = |)\O|d/ a(%)b(%)d%/ (W;\S‘I’l,@z)(ﬁé\g‘l’h‘l’z)d% + O(Ve)
G,

o

— (@), 0,)(, 1) /G alw,)b(z;)dz, + O(VE),

3

where the second line follows from (4.4). O

Here again, the reader will observe that the expansion can be pushed at any order.
It follows from Lemma 4.3 and Lemma 4.6 that

(Op. (o)W Py, ,(a,®y,02), WPy (a,®y,P2))

T x

= (WP;, ,(a,0(x0, \0)P1, ®2), WP;,  (a,®1,P2)) + O(Ve)

0,0

= (o(0, o)1, @) 2] [ Jae,)Pdz, +O(VE)

3

which concludes the proof of Proposition 4.1.
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4.3. E~np oF Tt proOF oF Throrem 1.4, By the results of Section 3, we only need
to prove that if T < Tgoc(U), the observability inequality (1.5) does not hold.

We first note that if the observability inequality (1.5) is satisfied for some T > 0,
then there exists 6 > 0 such that (1.5) also holds in time 7' — 4. Indeed, if it were not

the case, there would exist uf € L*(M) such that ||lug||r2(ar) = 1 and
T_277l ] . 2
1= [lug |72 (ar) > ”/ Helt(iAMJrV)“gHLz(U)dt
0

T it(Ap+V), 1|2 n
>n/0 et g2 a2

due to conservation of energy, and (1.5) would not hold in time T'. Therefore, we shall

assume in the sequel that T < Tgec(U).

Let T < Tacc(U) and (xg, Ao) € G x (3% \ {0}) such that
(4.13) for all s € [0,7], ®§(wo, o) ¢ U x 3*.

Let us chose initial data u§ in (1.3) which is a wave packet in M with harmonics given
by the first Hermite function hg:

ug = WP

Z0,A0

(a7 h07 hO)

As a consequence, the semi-classical measure of (u§) is T'o(x, A)dyo with Ty the or-
thogonal projector on hg (this is where we use the fact that hg is the first Hermite
function) and

Yo(@, A) = cd(z — x0) @ 6(A — o),
where ¢ = limsup [|ugl/z2(ary > 0. Let us denote by u°(t) the associated solution,
us(t) = eit(@Av+V)ye By Proposition 2.12, any of its semi-classical measures I'ydr
decomposes above G X 3* according to the eigenspaces of H()) following (2.18). More-
over, by Proposition 2.12, the maps (¢, z, A) — I'y, 1 (z, A)dy:(z, A) are continuous and
satisfy the transport equation (2.19). We deduce that for n # 0, T',, ¢ (2, A) = 0,

(4.14) (T, \) = c5<1: - Exp(t g ffw)xo) 25\ — o)

and T'g is the orthogonal projector on hyg.
As a consequence of the conservation of the L?-norm by the Schrédinger equation,

lu® ()| L2ary = llugl L2 (ar)-

Besides, the e-oscillation (see Proposition 2.11) gives that, for the subsequence defin-
ing ['ydyy,

lim [[u® (1) 720y = / Tr(Te(z, A)dve(x,A), VieR.
e—0 MxG
We deduce that we have, for any t € R,

/ DTy, Nyl A) = [ Tr(To(e, A))do(a, A).
MxG MxG
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On the other hand, the positivity of the measure Tr(I'i(z, A))dy:(x,A) combined
with (4.14) gives

/ TR(Cy (e, ) (2, A) > / Te(Cy (2, )y (2, \)
MxG Mx3
:/ Tr(To(x, A))dyo(z, A)
Mx3

_ / (Do (, A))dvo (@, ).
MxG

We deduce that 741, = 0. Now, using (4.13), there exists a continuous function
¢ : M — [0,1] such that we have ¢(P§(zo,Ag)) = 0 for any s € [0,7] and ¢ = 1 on
U x 3*. Using Proposition 2.11 for the subsequence defining the semi-classical measure
Tidy, we get

u® tx xdt
|*dad
/ /(b )|u® tw|dxdt—>/ / x)dye(z, \)dt =
e—0 Mx3*

Therefore, the observability inequality (1.5) cannot hold.

Remark 4.7. — As already noticed in the introduction, it can happen that TGCC(U) <
Tacoc(U), and in this case, Theorem 1.4 does not say anything about observability
for times T such that Tgcc(U) < T < Tacc(U). This is due to the possible existence
of grazing rays, which are rays which touch the boundary OU without entering the
interior of U. This phenomenon already occurs in the context of the observability
of Riemannian waves, as was shown for example in [37, §VI.B]. The example given
in this paper is the observation of the wave equation in the unit sphere S? from its
(open) northern hemisphere: although the GCC condition is violated by the geodesic
following the equator, observability holds in time 7' > 7. Intuitively, even wave packets
following this geodesic have half of their energy located on the northern hemisphere.

AI’I’EN])IX A. RE]’RESE\IT/\TIONS orF H-TYPE GROUPS

In this Appendix, we provide a proof of the description (2.6) of G. This material
is standard in non-commutative Fourier analysis, see for example [15].

A.1. Tur orBiTs OF g. — As any group, a nilpotent connected, simply connected Lie
group acts on itself by the inner automorphism i, : y — xyz—'. With this action, one
derives the action of G on its Lie algebra g called the adjoint map
Ad: G — Aut(g)
x+— Ad, = d(iz)

1a>
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and its action on g*, the co-adjoint map
Ad* : G — Aut(g")
z— Ad}
defined by
VeeG, Vicg', VY ecg, (AdOY)=1LAd'Y).

It turns out that the orbits of this action play an important role in the representation
theory of the group. Let us recall that the orbit of an element ¢ € g* is the set Oy
defined by

O, ={Ad () | z € G}

The next proposition describes the orbits of H-type groups.

Prorosition A.1. — Let G be a H-type group, then there are only two types of orbits.

(i) O-th. dimensional orbits. If £ € v*, then Oy = {{}.
(ii) 2d-th. dimensional orbits. If £ = w + X with w € v* and A € 3* \ {0}, then
Oy = Oy and

O\ ={w + | v}
Proof. — Let x = Exp(V, + Z,) € G and y = Exp(V, + Z,) € G. Then

Zz(y) = l'yxil = EXP(Vr + Zac) EXP(Vy + Zy) EXP(*VT - Zr)
=Exp(Vy, + Z, + [Vi, Vy]).

We deduce that if Y = Vy + Zy € g,
AdN(Y) = Vo + Zy + [Va, V).
Therefore, if { = w + A with A € 3* and w € v*,
AL U(Y) = (6Ad (Y)) = (@, W) + (N Zy +[Va, V) = {0+ a(Va), V) + (X Zy ).

As a consequence, if A =0, Ad;, £(Y) = £(Y) for all Y € g. We deduce Ad}, £ = ¢ for
all x € G, which gives the first type of orbits.
If now A # 0 and if w’ € v*, one can find V. € v such that

W\ V)y=(w+J\(V,),V), VVen.

One deduces that for all Y € g, Ad}, £(Y) = ¢/(Y) with ¢/ = &’ + X\. We deduce that
any of these ¢’ is in the orbit of £, which concludes the proof. O

Let A € 3* \ {0}, the sets p) @ 3 and gy & 3 are maximal isotropic sub-algebras

of g for the bilinear map B(A) (with associated endomorphism Jy). Such an algebra
is said to be a polarizing algebra of g. We shall use these algebras in the next section.
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A.2. UNITARY IRREDUCIBLE REPRESENTATIONS OF G. The wunitary representations of
a locally compact group are homomorphisms 7 of G into the group of unitary operators
on a Hilbert space that are continuous for the strong topology. The representations
for which there is no proper closed 7(G)-invariant subspaces in 7, are called irre-
ducible. Arbitrary representations can be uniquely decomposed as sums of irreducible
representations.

Kirillov theory establishes a one to one relation between the orbits (&y)ecq+ and
the irreducible unitary representations of G for any nilpotent Lie group which is
connected and locally connected. We shall first explain how one associates to an
orbit € a representation 7y (which only depends on the class of the orbit &}). Then,
in the next subsection, we shall explain how the Stone-Von Neumann Theorem implies
that any representation can be associated with an orbit.

— Let w € v*. The map x,, defined below is a 1-dimensional representation of G.
Yo : G — St
Exp(X) — (%),
Note that x,, = 7(>*) as defined in (2.5).
— Let A € 3* . {0}. We consider the polarizing sub-algebra associated with A
my=qx®D3}

and the subgroup of G defined by M := Exp(my). Then, if £ € 0, {([my, m,]) =0,
and the map
X\ M - M — S1
Exp(Y) — ),

is a one-dimensional representation of M. This allows to construct an induced
representation 7 on G with Hilbert space py ~ L2?(RP) via the identification of
Exp(Y0_, & PY) € Exp(py) with € = (&1,...,&) € R Indeed, let us take £ € py
and x = Exp(X), with X = P+ Q + Z and P € p), @ € qx and Z € 3. We have, by
the Baker-Campbell-Hausdorff formula,

Exp(€) Bxp(X) = Bxp(@ + Z +[6,Q] + 5 [P, Q]) Exp(é + P),
with )
Q+Z+[60Ql+5[PQlemy and &+Pep.

Let us denote by p,q € R? the coordinates of P and @ in the bases (Pj(/\))lgjgd and

(Qg/\)hgjgd respectively. Following [15], we define the induced representation by
1
(@) (&) = xa (Exp(Q + Z + [6,Q) + 5 [P. QD) £(§ +p).
Using A([PY, QW) = BOY (P, QYY) = |A[, we obtain

(@) f(€) = N TENPatidea p(e 4 ).
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We can then use the scaling operator T defined by
Taf(&) = A F(IN'26)

to get the equivalent representation 7 := Ty (x)T) written in (2.4).

This inductive process can be generalized to the case of groups presenting more than
two strata. For our purpose, it remains to prove that any irreducible representation
is equivalent to one of those, which is a consequence of the Stone-Von Neumann
Theorem.

A.2.1. Stone-Von Neumann Theorem. Let us recall the celebrated Stone-Von Neu-
mann theorem (see [15, §2.2.9] for a proof).

Turorem A.2. — Let p1, pa be two unitary representations of G = R in the same
Hilbert space F satisfying, for some a # 0, the covariance relation

1 ax-y

p1(x)p2(y)p1(z)”" =e

Then € is a direct sum J = 4 © 5 @ ... of subspaces that are invariant and
irreducible under the joint action of p1 and py. For any k, there is an isometry Jy :
A, — L?(RY) which transforms py and ps to the canonical actions on L*(R?):

[p1(2)£1(€) = F(€+2), [P2(y)f1(€) = eV f(¢).

For each o # 0, the canonical pair py,ps acts irreducibly on L*(RY), so p1,ps act
irreducibly on each F4;.

pZ(y)v fO?” all .’E,yGRd.

Let 7 be an irreducible representation of G on ;. Our goal is to prove that it is
equivalent either to a x,, or to a 7y of the preceding section. For Z € 3, the operators
7(Exp(Z)) commute will all elements of the set {m, | g € G}. By Schur’s Lemma
(see [15, Lem. 2.1.1]), they are thus scalar: Tg.p(z) = X(Exp(Z))Id,, where x is a
one-dimensional representation of the center Z(G) = Exp(3) of G. Then, two cases
appear:

—If x = 1, then 7 is indeed a representation of the Abelian quotient group
G/Z(G) = Exp(v), thus it is one-dimensional and of the form y,, for some w € v*.

~If x # 1, there is A € 3* ~ {0} such that x(Exp(Z)) = ¢*%). We keep the
notations of (2.1), the notations P = plPl(/\) 4+ -+de0§’\), Q= qug)‘) +--- +qu£l’\)
and Z = 2121 + -+ + 2zpZ, of the previous section, and we set p = (p1,...,pa),
g = (q1,...,9q4) and z = (21,...,%p). The actions of the d-parameter subgroups
p1(p) = TExp(p) and p2(q) = TExp(@) satisfy the covariance relation

pi(p)p2(a)py (p)pz () = Texp((1/2) (1 [P, QN 14+ +paga PN ,QM]))

— o(i/2)|Alp-q Ide, ,

where we have used [P]-()‘),Q;)‘)] = 7O with \(ZWN) = |\|. The joint action of p;
and po is irreducible since the d-parameter subgroups generate G and 7 is irreducible.

JE.P. — M., 2021, tome 8



1498 C. Fermanian Kavverer & C. LeETrROUIT

Thus, we may apply the Stone-Von Neumann theorem, which gives that there exists
an isometry identifying %, with L?(R?) such that the actions take the form

[p1(p) f1(t) = [TExp(p) f1(§) = f(§ + D),
[02(9) F1(1) = [TEsp() 1(§) = e"MTE £(€)

for all f € L?(R?) and p,q € R Hence, in this model, the action of an arbitrary
element of G is

[TExp(Piar2)f1(€) = XOTEDRPaHINGE f (e 1)

since Exp(P + Q+ Z) = Exp(Z + [P, Q]) - Exp(Q) - Exp(P) by the Baker-Campbell-
Hausdorff formula. This is just the action of 7y modeled in L?(R%). Thus, an infinite-
dimensional irreducible representation 7 is isomorphic to m) for some .

AprrENDIX B. PSEUDODIFFERENTIAL OPERATORS AND SEMI-CLASSICAL MEASURES
In this Appendix we focus on different aspects of the pseudodifferential calculus on

quotient manifolds.

B.1. PROPERTIES OF PSEUDODIFFERENTIAL OPERATORS ON QUOTIENT MANIFOLDS

We prove here properties (3) to (7) of Section 2.

Proof of Property (3). — We write G = U_ M v~ and, using the periodicity of f,

we obtain

[ st ey = > |, o= [ sson s

As a consequence, the action of the operator Op_ (o) writes as a sum of convolution

Op.(0)f(x) = Y f * r5(7)(@).

'y€I~‘
Proofof Property (4). — By Young’s convolution inequality

1f 5 ()2 an < | sup LACDII ALY FAPEIEYR

‘We have
I sup 165 ()l == [ sup beae-ldy = [ sup e w)ldy:
xeEM M xeM ~y=1M xEM
Therefore
100.(0) 2y < I Flzzon 3 / sup ko ()ldy = 1 Fllz2an) / sup |1z (4)|dy,
el y=IM zeM GzeM

which gives (2.14).
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Proof of Property (5). We argue as for the L? boundedness and observe that the
kernel of Op,(c) — Op,(o)x is the function

(z,y) — wo(y o) (1 — x) ().
Writing
ko (y o)1= x(v) = ko (y te)(1 = x)(z(y~'z) )

we deduce that we can write the operator Op,(c) — Op,(0)x as the convolution with
an z-dependent function:

(Op.(0) = Op(o)x)f(x) = Y f = 6°(z,7)

’yef
with 6°(z,2) = e %y (e - 2)(1 — x) (227 !). Therefore, if K = suppo (where y = 1),
we have
Isup 0% (1) ooy < [ sup 21 =)ol - (7)) )l
zeK M zeK
A Taylor formula gives that there exists a constant ¢ > 0 such that for all x € K,

(1= x)(a(e - (v2)) )] < ezl Y.
Therefore,
Isup 02y scany < =™ [ sup s (1)l el
zeK M zeK
We deduce thanks to Young’s convolution inequality
1(Op(0) (1 = x) fllz2(ary < e™ell fllzzan) Z/ sup | (v2) |72 N dz
'yef M z€
= ch||f||L2(M) / sup kg (2)]]2|N dz.
G reEK
Proof of Property (6)
Proof of Proposition 2.7. — We take f,g € L*(M). We use a partition of unity

ZK j<sXj = lg, where the functions x; € %5°(G) are compactly supported in a
fundamental domain of M (which depends on j). We decompose o as

o(@ )= > oi(x,N), oz ) =yx;(@)o(z,N), (z,))€GxG,
1<

and we consider x; € 65°(G), real-valued, compactly supported in the same funda-
mental domain of M as x; with X; = 1 on the support of x;. For proving (2.16),
it is enough to prove it for each of the o;. Besides, the symbol o; and the smooth
function X, satisfy Point (5) and we have

Op. (o) = X; Op.(0;)x; + O(e™)
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for N € N in Z(L*(M)). We will use this property to transform the relations in
L?(M) into relations in L*(G):

(0D2(03)" £,0) acary = (- OBo(0)9) acan
=X/, 0p(05)Xi9) p2(c) + OENIN; Iz X9 2 ()
= (Op.(97)" X3 £+ Xi9) 12y + OV X3 fll 2 () IXs9 12 ()-
We can now use symbolic calculus in L?(G) and we obtain by [20, Prop. 3.6],
(Op:(0)"£:9) 12 (ar)
= (OPe(07)X1 . X19) 12y — €O (PN - AJos + QW - AJoT) NS, Xj9) 12
+ 01X, flL2 @) IX59ll L2 ()
= (00-(05)1.9) 12 ary — €(OP (G (PP - AJ0T + Q™Y - Ado)) f. g)rqany
+ O fllz2anllgll L2(ary)

by (2.15). We now use that X;o; = 0, whence x;0% = 0¥ and also X;Ay0; = A)oj,
%Agl\oj = Ag‘aj. Besides since x; = 1 on the support of o, we deduce

%j(P()\) . A;o’; + Q()\) A;‘o’;) — P()x) X A;O'; + QO\) . A;\O’J

whence (2.16).
Let us now prove (2.17). We argue similarly and write in £ (L?(M))

Op.(o1) = > Op.(xjo1) = Y X;Op:(xjo1)x; +O(")

1<5<J 1<5<T

for N € N. Considering x . smooth, real-valued, compactly supported in a fundamental
domain and equal to 1 on the support of X;, we have

Xi Op.(e2) = Op.(X;02) = Op.(X;02)x, + O(e™)
in Z(L*(Q)) and we deduce that for 1 < j < J

(Op.(x;j01) © Op.(02) f, Q)LZ(M)

= (Ops(Xjal) ° Op(Xjo2)x; XJQ)LZ(G) + O f 2 lgllzz any)-

By symbolic calculus in G
(Op.(xj01) © Op(02)f, 9) 2 (ary
= (Opa(Xjffle —er)x;/; §j9> e T O flle2any lgllz2(any)
with
r(@,A) = A3 (o) - PY (joz) + A3 (xjo1) - QW (Xj02)
= x;j(A)or - PN oy + Ador - QW o),
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where we have used that x; = 1 on the support of x;. Summing the contributions
in j, we obtain

(Ope(al) o Ope(02)f7 g)L2(M)
= Z (OPE(XJ‘(U102 —e(A)or - PV oy + Adoy - QW Uz)))Xjfa )?jg)

1<5<J L2(G)
+ O fllL2anllgll L2(ary)

> (Opa(Xj(Ulaz —e(Apor - PM oy + Adoy - QW U?)))fag)

N

L2(M)

+ O fllr2anllgll p2(ary)
because both X; and X; are equal to 1 on the support of x;. Finally, using

> 1<j<s Xj = 1, we obtain

(Op.(01) © Op.(02) f, 9) 12y

= (Opg(alm - E(A;\Ul PN oy + A201 QY 02))f’g)L2(M)

+ O fllz2anllgll p2can),

whence the result. O

Proof of Property (7)
Proof'of Proposition 2.8. — Here again, we reduce by using a partition of unity to the
case of ¢ as in (5) above, with a fundamental domain % containing 1. We introduce

the associated function x € €°(#) such that xo = 0. We observe that xo. = o.
and we use [20, Prop. 3.4] to write for f,g € L*(M),

(Ops (U)fv g)L2(]M) = (Ops (J)Xfa Xg)LQ(G)
= (Op.(02)xS, X9) 12() + OEN XSl 22 () 19l 22())
= (0p.(0) £+ 9) r2(ary + OEN 122w |9l £2(c):

which concludes the proof. O

B.2. TiME-AVERAGED SEMI-CLASSICAL MEASURES. — We give here comments about the
proof of Proposition 2.12. Note that when V = 0, [19, Th.2.10(ii)(2)] implies the
statement, except for the continuity of the map ¢ + I'tdy;. The key observation is
that for any symbol o € 7,

(B.1) L1_E A, — 2V, 0p (0)] = 1 {—iAM Op.(9)] +0(e)

iel 2 e iel 2 e
in Z(L*(G)) by the boundedness of V. As a consequence, the results of [19,
Th. 2.10(ii)(2)] without potential passes to the case with a bounded potential. Note
in particular that we do not need any analyticity on the potential. The two points of
Proposition 2.12 derive from relation (B.1).
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For (1), using Proposition 2.7 and multiplying (B.1) by ¢, one gets that for any
symbol o € o and any function 6 € L!(G),

[ 80T 0 HOIE o Al At = 0
RxGxG

which implies the commutation of T';(x, \) with H()A) and thus the relation 2.18.

Let us now prove the transport equation and the continuity property; Let Hg‘) be
the projector on the n-th eigenspace of H(X). We prove here the continuity of the
map t — (H%/\)Ftlfﬂg{\),'ytlf). Since HS{\) ¢ o, it is necessary to regularize the
operator H,(f‘)a(x, )\)Hgf\) for o € . In that purpose, we fix x € €°°(R) such that
0< x <1, x(u)=1for on |u| > 1 and x(u) = 0 for |u| < 1/2. We consider o €
a symbol strictly supported inside a fundamental domain of M and associate with it
the symbol

a2, 0) = x(wHM) TV o (2, VIV, neN, wue/(0,1].

In view of [19, Cor. 3.9], this symbol belongs to the class S~ of regularizing symbols.
Besides, it is also supported inside a fundamental domain of M. Fix n € N and
consider the map

tr—r (Op. (o1 )08 (1), 7 (1)) 1= Luc(2),
where ¢°(t) is a family of solutions to (1.3) for some family of initial data (¢§)c>0.

Lemma B.1. — The family of functions t — (Ops(a(“m))ws(t),z/}s(t)) 1s equicontinu-
ous with respect to the parameter ¢ € (0,1).

We recall that from [19, Th.2.5(i)] we have for all o € %, x and u as above,
6 € LY(R), and p,p’ € N with p # p/,

/R9(t) (Op. (T x (wH (A)aTly J9= (1), 47 (1)) dt = O(e).

Proof. — For any symbol o € o7, we have

2

(B2) 4 (Op.(0) (1), v(1)) = =5 ([Op.(0), 5 Anr — V] ue (1), v2(1)
= 5 (Op. ([, HOJW (1), 07(1)) — = (Opo(V -7 (V) (1), 4 (1))

1
(29 a E
— 57 (OP.(ya)u7(6).°(8)) — 7 ([Op.(0), V) ¥* (1), ¥*(0).

For ¢(*™) (which commutes with H())) we have

L pe®) = 25 ([0p2l0 7). =S A — 29w ).0))

(Op (V- 7 (V)™ ge (£), 4F (1))

_ %(opgmwwww,wam) +0(e),

1
1€
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where we used [Op_(c(*™),V] = O(¢) in £(L*(M)) by Proposition 2.7. By [19,
Lem. 4.1], there exists a symbol o1 (z, A) such that

(B.3) V- (V)e ) (2, A) = [o1 (2, ), H(N)]
(V- (V)or(x,N) = (n+d/2)iz™ — L Ay)o™m)(z, N).

The proof of these relations is discussed at the end of the proof of Proposition C.1
where we use quite similar properties. We then write for ¢,t' € R,

Luelt) ~ lue(t) = / (Op. (for, O (s), v (s) ds
21 (OPE(AMU () (s), 0% (s))ds + O(elt — t']).
Besides, using (B.2) for the symbol o1, we deduce

= L (Op.(fou, HONW* (1), v (1)

= S ([0p.(00), VI (1), 6°(8)) — = & (Op, (o) (8) w7 (1)

= (O (V - (V)0 (1), 6°(0)) — 5 (Op (Aasn ) (6), v7(1).
This implies

ucl®) = tuclt) = =1 [ (Op.(V 7 (V)01)07(5),07() ds

t/

t
(B.4) ~ 5 |, ©Op(dare o). v (s)) ds + Ol 1)
— (n+d/2) / (Op.(ZPVa) (5), 4% (s))ds + O(elt — t']),
t/
which concludes the proof. O

The continuity of the map ¢ — (HS{\)Ftla*Hg‘), Y¢1;+) follows from Lemma B.1 and
the Arzela-Ascoli theorem. Note that, equation (B.4) of the proof of Lemma B.1 also
implies the transport equation (2.19).

Finally, let us prove Point (2) of Proposition 2.12. We use the relation

LA, 0.(0)] = £ Op.([H(X),0]) ~ 20p.(V - 7(V)0) — < Op.(Ana).

together with (B.1). We denote by ¢; the scalar measure I';dvy:1,+ and we use that for
the finite dimensional representations 7(%“), we have W(O’“’)(Vj) = iwj;. In the limit
¢ — 0, we obtain that for any function # € L'(R) and any symbol o € <% commuting
with H(A),

/ O(E) Te(V - (V) (@, A)Ty (2, \) )y (0, Nt
RxMx3

+ / 0(t)iw - Vo (z,w)ds(x,w)dt = 0.
RX M xv*
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Since T'y commutes with H(A) and V - m(V)o is off-diagonal when o is diagonal
(see (B.3)), we deduce that the first term of the left-hand side of the preceding relation
is 0. Therefore,

/ O(t)w - Vo(x,w)ds(z,w)dt =0,
RX M x0*

which implies the invariance of ¢;(x,w) by the map (z,w) — (Exp(sw-V)z,w), s € R.

ArPENDIX C. WAVE PACKET SOLUTIONS TO THE SCHRODINGER EQUATION

We assume here V = 0. We prove that the solution of (1.3) with an initial datum
which is a wave packet can be approximated by a wave packet. We focus on the case
where the harmonics verify ®; = &5 = hg, see the discussion preceding Remark C.2
for more details. We work in G, keeping in mind that by Remark 2.6, the result
extends to M. Note that the results of this section give in particular a second proof
of the necessary part of Theorem 1.4 in case V = 0.

Prorosition C.1. — Let u®(t) be the solution of equation (1.3) with V =0 and initial
data of the form

’ZL(E) = WPE':O,AO(a,ho,ho),

x

where (g, Ao) € M x (3* ~{0}), a € L(G) and hg is the first Hermite function.
Then, there exists a map (t,x) — a(t,z) in € (R, S (G)) such that for all k € N,

uE(t, SC) = WP;(t),)\o (a(t7 ’)7 ho, hO) + O(\/g)

in XF (see (4.7) for definition), with
d
z(t) = Exp<§ t.f'f(/\o))xo.

In particular, this proposition means that, contrary to what happens in Riemannian
manifolds, there are wave packet solutions of the Schrédinger equation which remain
localized even in very long time (of order ~ 1 independently of ¢). For example, this is
not the case for the torus (see [2, 11]) or semi-classical completely integrable systems

(see [1]).

In what follows, we use the notation 7*(X) for denoting the operator such that
F(XHN) =mX)F(f), VfeH,

where X € g (recall that X f is defined in (1.2)). Using an integration by part in the
definition of .Z (X f)(\) and the fact that (7))* = 7}, we obtain in particular

X (m)®y, ®y) = (7N X)) Dy, D)
and, in view of (4.6), we have

(C.1) T (PY) = /Nde, and TNQVY) = iv/N;.
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We recall that extending the definition to —Ag, we have 7*(—Ag) = H()\), where
H()\) is the harmonic oscillator

d
(C.2) Z —0F, + &)

Of course, we also have the relations

d d
A
=2V = = (@) Q).
j=1 j=1
In the sequel, in order to simplify notations, since A = X is fixed, we write P; and Q)
instead of Pj(’\‘)) and Qg-’\‘)). We also use the notation II,, instead of H,(f‘o).

Proof of Proposition C.1. — We construct a function v°(¢,x) of the form

A
(C.3) V() = Ne| VPP (0% (8, 0o (g @) T0E, hoyho), A = 5—3
(EO x
which solves for all ¢t € R,
10" + 3 Agv® = O(Ve)

in all the spaces X%, k € N. More precisely, we look for o¢(t,z) = Z;y:1 Ej/QUj(t,I),
for some N € N to be fixed later and some maps (t,z) — o;(t,z) that are smooth
maps from R x G to £ (L?(R%)), and we shall require that oo(t,z) = a(t,z)1d for
some smooth function a satisfying a(0,z) = a(z) (note that, more rigorously, these
operator-valued maps are the values at A = A of fields of operators o;(t,z,\) over
the spaces 4 = L?(R?) of representations, as the symbols of the pseudodifferential
calculus). Then, an energy estimate shows that u®(t) — v*(t) = O(y/€) in L?*(G) for
all t € R.

In view of (4.3), it is equivalent to construct a family v°(t, z) =e?/4v°(t, z(t)d, z(z))
which satisfies

0 — i g F 00 4 %Agﬁa — O(ev5)

and

ZSJ/Z O'j t 1‘ 1) (T)ho,ho), N eN.

We emphasize that if we look for operators o;(t,z) which are of finite rank, then,
decomposing o;(t, z)ho on the Hermite basis, the function (o, (¢, x)ﬂ(/s\o,l/g(m)h()v ho) is

a sum of terms of the form
A
((ljvﬁ (t7 1’)71'5:71/2 (m)hOa h,@)a

which means that v¢(t) satisfying (C.3) is indeed a sum of wave packets.
Let us now construct the operators ¢;(t,z). In order to simplify the notations,
we set Sp = |Ao|¥? and

d 1
=i- Q) _ZA
<z 7/2ff 9 G-
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Note that
d
i 3 FPo)gdo — _g rdo

and that Sy is such that H(\g)ho = 2Spho. We denote by IIj the orthogonal projector
on the eigenspace of the operator H()\g) for the eigenvalue 2Sy. For any operator-
valued o(t, z), we have the following result:

(idy — L) (o(t, 93)71'(’;\:71/2 ()10, o)

S 1
- ?0 (o(t, x)ﬂ-g\:ﬂm(x)ho’ ho) — 2% (o(t, x)H(/\O)W(?;fl/z(x)ho, ho)
: ) 0
i NG (Vot,z) - (V)W‘;\sofl/z(ﬂ)ho’ ho) + ((i€ds — L)olt, x)ﬂg\s—uz(x)hm ho),

where Vo -T1Y(V) = Z?il Violl* (V). Equivalently, we can write the latter relation

under the more convenient form:

. 1
(C.4) (ied, — 2) (J(t,x)w(?"il/z(m)ho, ho) = 2—6([H()\o),a(t,x)]wg\s"il/z(z)ho, ho)

1 .
+ 7 WVolta) T (V)5 | wyhosho) + (€0 — L)o(ta)ms | |, ho ho).

Therefore, for 09 = a € €*(R,.7(QG)) a scalar map, we have

(120 — L) (o0(t, 2)m3° | ko ho) = (r5(t2)m3° . hosho),

S —1/2(= S —1/2(=
with
1
rolt, z) = \ﬁ(VUO(t#ﬂ) 'WAO(V)W:;\:A/Z(I)%, ho)

+ ((iEat - g)O'O (t, .’L‘)’l‘rg\g_l/z(m)h(h ho)

In other words, for any o¢(t, ) which is scalar, the rest term is of order e~ 1/2. At the
end of the proof, we will specify our choice of oy in (C.9).

We now focus on constructing correction terms in order to compensate the rest
term r§(x). Note that since IIphg = hg, we also have

1
r5(t,x) = 7 (IlgVoo(t,z) - w0 (V)w(?:_w ()10, ho)

+ ((ia@t — X)O'() (t, .’L')W?O_lm(w)hm ho)

The multline term involves the scalar operator (icd; — .£)oo(t,z) which commutes
with Iy while the first one depends on IToVao(t, z) - 7*° (V) which does not. For con-
structing oy (t, x), we use the computation (C.4) and the fact that for symbols o (¢, z)
that anti-commute with H(\g), one can find 6(¢, z) such that o(t,z) = [H(\o), (¢, x)].
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Construction of the approximate solution up 1o +/e. We have already noticed in Sec-
tion B.2 that if

d
Go(t,a:) = —ﬁ Z(Pon(t,J?)W)\O(Qj) — Qjao(t,m)ﬂ'Ao(Pj)),

we have the following relations that we prove below

(C.5) Vool(t,z) -7 (V) = —[H(Xo), bo(t, z)],
1

(CG) Ho(Veo(t7 (,C) . 7T/\D (V))HO = 5 HO (Z g QFADO'o(t, l‘) — % Ago'()(t, 1‘))1_[()

1
= 5 Hogo’o(t,fﬂ).

Therefore, setting
o1 (t, 1‘) = 2H090 (t, x),
and using (C.4), we obtain that

. 1
(iedy — L) (01 (t’x)ﬂg\:,l/z(:c)ho’ ho) = —g(VUO(t,x) . Ao (V)”z/s\;l/z(m)ho’ ho)

L (Za'o(t7l‘)71'/\0 ho,ho) + ((Zé‘@t 7.,%)0’1(25,.%)7'()\0 ho,ho).

t e 5, 1/2(2) 5.1/ (x)
Therefore, the function
Vi (t,T) = ((ao(t, r) + Veoy (t,x))w(?:ilm(x)ho, ho)
satisfies in ¥¥ the equation
(iedy — L)0i(t,x) = ri(t,z) + O(e\/e)
with
ri(t,z) = —Ve(Lo (t,x)ﬂg‘:ﬂ/zmho, ho) + ie (90 (t, x)ﬂg\:,l/z(x)h()’ ho).
Construction of the approximate solution up to €. — We observe that by construction

Oo(t,x) and o1(t,z) anticommute with H(\g). Therefore, there exists oa(t,z) such
that

(C.7) Loi(t,x) = = [H(No), 02(t, )],

N | =

and the function
v5(t,x) = ((ao(t, T) +Veoi(t,z) + eveoal(t, ac))w(?:ilﬂ(x)ho, ho)
satisfies the equation
(ic0y — L)05(t, x) = r5(t, z) + O(eV/2)
with
r5(t,x) = e(Voo(t,z) - 7r/\0(V)7r§‘: (10, ho) + iz (Ds00(t, x)ng_ (zy10, o).

—1/2 1/2
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At this stage of the proof, we observe that by choosing an adequate term o3, the
off-diagonal part of the symbol Vo - 720 (V) can be treated in the same manner than
the off-diagonal term .Zo;. Finally we are left with

%5(t,2) = ((o(t,2) + Veor(t, z) + ev/eoa(t, x) + e2o3(t, x))wt’s\‘il/z ()10 ho)
and the equation
(ied, — L)U5(t,z) = r§(t, ) + O(e3/?)
with
r5(t,x) = e((i0s00 + MoVaa(t, x) - 7 (V)IIo)my° ho, ho).

—1/2 (z)

Construction of the approximate solution up to £3/>. — For concluding the proof, we use
the specific form of the term IlIoV oo (t, z) - m*° (V)IIy. We claim, and we prove below,
that there exists a selfadjoint differential operator . such that

(C.8) Voot z) - 7 (V) = Loy (t, 2)I,.
Therefore, it is enough to choose the function oo (¢, x) as the solution of the equation

(C.9) i0oo(t, z) + Loo(t,z) =0, 00(0,2) = a(x).

Proof of relations (C.5), (C.6) and (C.8). — Let us begin with (C.5). Using (C.1)
and (C.2), we get that for 1 < j < d there holds
[H(X), 7(Q))] = 2i|Alr™ (F;) and  [H(Xo), 7 (F;)] = —2i[Ao|7™(Q;).

Therefore

d
[H (Ao), o] = _ZiT/\I > (PjoolH,7°(Q;)] — Qjo0[H, 7 (P;)])
=1

which gives (C.5).
The relation (C.6) is a direct application of [19, Lem. B.2] which states that if

rim (v ) o (3 (ur (@) - Qur (P ).

Ji=1 J2=1
then )
I, TTL, = Ao ((n +d/2) P 4 % Ac)nn,
where II,, denotes the orthogonal projector on Vect(ho, |a| = n) (recall that II,

depends on ) since it is defined from H(\g) but we omit this fact in the notation).
Note that these relations are nothing but consequences of the elementary properties
of the creation-annihilation operators ¢, and i¢;.
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Let us now prove the claim (C.8). We use the notations of [19] and introduce the
operators

1 ) = 1 )
Rj = i(ijZQj), and Rj = i(P]‘FZQj)

By (4.6), the operators

E

[\
2

5y _ VIl
T (R;) = (9, +¢&) and 70(R;) = = (9, — &)
are the creation-annihilation operators associated with the harmonic oscillator H (o).
The well-known recursive relations of the Hermite functions give for o € N? and

j=1,....d,

A §7] A
)\O(Rj)ha = \/|270| \/ﬂjhaflj o (Rj)ha _ \/m

2

Q(OAJ' + 1) hoz+1_7~ .

In the preceding formula, we use the convention ko1, = 0 as soon as a;; = 0. Actually,
one has m(R;)ho = 0. We will also use the expression of Ilom(R;) that derives from
these formula.

Let us now compute os. Starting from

d
> (P — Q™ :—mZRW (R;) — R;m™°(Ry)),

j=1

and using [Iom*° (R;) = 0, we obtain
d
211,
( = T z:: J)‘
Therefore o1 = Ilyo11I; can be written

d
H00'1H1 = Z t T H()Tr (Rj)

y‘w

We deduce from (C.7) that

Therefore

We now use that for any operator-valued o(t, ),

d
VO'-H)\O 22 kar Rk +RkU7T (Rk))
k=1
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and we obtain

d
Voy - HAO - |>\0 Z (Rk-iﬂR alt 37)1_[07T (R ) AO(RK)
jk=1

+ ReZRia(t, o) om0 (R;)m AO(Rk))

When computing the diagonal part of the operator above or, more precisely IIgVos -
170 (V)IIp, we use the relation How(R;)7(Ry) = Hom(Rg)7(R;) = 0 when j # k and
we find

d
4 _ _
Vo, - I (V) = TP > R; ZR;alt, x)lom™ (R;)m™ (R;).
j=1
Using
— 1 i —
RiR; = (P} + Q) + 2% and  [R; Rj)= ;2™
we obtain
_ _ — A
R;.ZR; = (& —iZ™)R;R; and Ty (R;)7™(R;) = —%HO
and therefore
9 d
Iy Voy - I1N(V)II, = IT; —iZ PN R;R;ally
2 id
LA )(4AG+ e )aHO
1
- (z ((d/2) — 1) 2O _ 1 AG) (Ag +idZ*))ally,
2| Ao
which concludes the proof of (C.8) with
g1 (z ((d/2) —1) zGo) 1 AG> (Ag +id2™)),
2| Aol
that is clearly self-adjoint. O

In case the harmonics of the initial wave packet are no more equal to hg, e.g.

ug =WPS y (a,ha,ha)

Zo, Ao

with o € N¢ of length n, the operator II,,Voor(V)IL, is not scalar: it is matricial
since one must add terms of the form (bg(t, z)m0hqa, hg) for all B € N? of length n.
Equation (C.9) is then replaced by an equation with values in finite-rank operators.
Setting F(og) = II,Voor(V)II,, F is a linear map on . (G, Z(V,,)), where V,, =
Vect(hq, |a] = n). We endow this set of matrix-valued functions with the scalar
product (a,b) = [, Trev,)(a(z)b(z))dz. Then, one can define two linear maps A
and S such that FF =S+ A with S self-adjoint, A skew symmetric and AoS =So A.
Observing that 0((0) = a(x)Idy, € Ker A, one then solves i0;09 = F(0¢) in Ker A,
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which induces the solution oo(t) = e 0 (0). As a conclusion, noticing that the
argument would be the same for

ug = WP; (@, hy, ha)

x

for o # «y, we deduce the following remark from the linearity of the equation and the
fact that the set of Hermite functions generates L?(R9).

Remark C.2. — The solution to (1.3) with V = 0 and initial data which is a wave

packet is asymptotic to a wave packet in finite time.
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