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HÖLDER REGULARITY FOR THE SPECTRUM OF

TRANSLATION FLOWS

by Alexander I. Bufetov & Boris Solomyak

Abstract. — The paper is devoted to generic translation flows corresponding to Abelian dif-
ferentials on flat surfaces of arbitrary genus g > 2. These flows are weakly mixing by the
Avila-Forni theorem. In genus 2, the Hölder property for the spectral measures of these flows
was established in [12, 14]. Recently, Forni [18], motivated by [12], obtained Hölder estimates
for spectral measures in the case of surfaces of arbitrary genus. Here we combine Forni’s idea
with the symbolic approach of [12] and prove Hölder regularity for spectral measures of flows
on random Markov compacta, in particular, for translation flows for an arbitrary genus > 2.

Résumé (Régularité Hölder pour le spectre des flots de translation). — Cet article est consacré
aux flots de translation génériques correspondant à des différentielles abéliennes sur des surfaces
plates de genre arbitraire g > 2. Ces flots sont faiblement mélangeants, d’après le théorème
d’Avila-Forni. En genre 2, la propriété de Hölder pour les mesures spectrales de ces flots a été
établie dans [12, 14]. Récemment, Forni [18], motivé par [12], a obtenu des estimées Hölder pour
les mesures spectrales dans le cas des surfaces de genre arbitraire. Ici, nous combinons l’idée
de Forni avec l’approche symbolique de [12] et nous démontrons la régularité Hölder pour les
mesures spectrales des flots sur des « compacta » de Markov aléatoires, et en particulier pour
des flots de translation pour un genre arbitraire > 2.
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1. Introduction

1.1. Formulation of the main result. — Let M be a compact orientable surface.
To a holomorphic one-form ω onM one can assign the corresponding vertical flow h+

t

onM , i.e., the flow at unit speed along the leaves of the foliation <(ω) = 0. The verti-
cal flow preserves the measure m = i(ω∧ω)/2, the area form induced by ω. By a the-
orem of Katok [23], the flow h+

t is never mixing. The moduli space of abelian differen-
tials carries a natural volume measure, called the Masur-Veech measure [27], [35]. For
almost every Abelian differential with respect to the Masur-Veech measure, Masur [27]
and Veech [35] independently and simultaneously proved that the flow h+

t is uniquely
ergodic. Weak mixing for almost all translation flows has been established by Veech
in [36] under additional assumptions on the combinatorics of the abelian differentials
and by Avila and Forni [1] in full generality. The spectrum of translation flows is
therefore almost surely continuous and always has a singular component.

Sinai [personal communication] raised the question: to find the local asymptotics for
the spectral measures of translation flows. In [12, 14] we developed an approach to this
problem and succeeded in obtaining Hölder estimates for spectral measures in the case
of surfaces of genus 2. The proof proceeds via uniform estimates of twisted Birkhoff
integrals in the symbolic framework of random Markov compacta and arguments of
Diophantine nature in the spirit of Salem, Erdős and Kahane. Recently Forni [18]
obtained Hölder estimates for spectral measures in the case of surfaces of arbitrary
genus. While Forni does not use the symbolic formalism, the main idea of his approach
can also be formulated in symbolic terms: namely, that instead of the scalar estimates
of [12, 14], we can use the Erdős-Kahane argument in vector form, cf. (5.2) et seq.
Following the idea of Forni and directly using the vector form of the Erdős-Kahane
argument yields a considerable simplification of our initial proof and allows us to
prove the Hölder property for a general class of random Markov compacta, cf. [7],
and, in particular, for almost all translation flows on surfaces of arbitrary genus.

Let H be a stratum of abelian differentials on a surface of genus g > 2. The
natural smooth Masur-Veech measure on the stratum H is denoted by µH . Our
main result is that for almost all abelian differentials in H , the spectral measures of
Lipschitz functions with respect to the corresponding translation flows have the Hölder
property. Recall that for a square-integrable test function f , the spectral measure σf
is defined by

σ̂f (−t) = 〈f ◦ h+
t , f〉, t ∈ R,

see Section 2.12. A point mass for the spectral measure corresponds to an eigenvalue,
so Hölder estimates for spectral measures quantify weak mixing for our systems.

Theorem 1.1. — There exists γ > 0 such that for µH -almost every abelian differential
(M,ω) ∈ H the following holds. For any B > 1 there exist constants C = C(ω, B)

and r0 = r0(ω, B) such that for any Lipschitz function f on M , for all λ ∈ [B−1, B]

we have
(1.1) σf ([λ− r, λ+ r]) 6 C‖f‖L · rγ for all r ∈ (0, r0).

This theorem is analogous to Forni [18, Cor. 1.7].
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Hölder regularity for the spectrum of translation flows 281

Remark 1.2. — Our argument, as well as Forni’s, see [18, Rem. 1.9], remains valid for
almost every translation flow under a more general class of measures. Let µ be a Borel
probability measure invariant and ergodic under the Teichmüller flow. Let κ be the
number of positive Lyapunov exponents for the Kontsevich-Zorich cocycle under the
measure µ. To formulate our condition precisely, recall that, by the Hubbard-Masur
theorem on the existence of cohomological coordinates, the moduli space of abelian
differentials with prescribed singularities can be locally identified with the space H̃ of
relative cohomology, with complex coefficients, of the underlying surface with respect
to the singularities. Consider the subspace H ⊂ H̃ corresponding to the absolute
cohomology, the corresponding fibration of H̃ into translates of H and its image, a
fibration F on the moduli space of abelian differentials with prescribed singularities.
Each fiber is locally isomorphic toH and thus has dimension equal to 2g, where g is the
genus of the underlying surface. We now restrict ourselves to the subspace of abelian
differentials of area 1, and let the fibration F be the restriction of the fibration F ;
the dimension of each fiber of the fibration F is equal to 2g − 1. Almost every fiber
of F carries a conditional measure, defined up to multiplication by a constant, of the
measure µ. If there exists δ > 0 such that the Hausdorff dimension of the conditional
measure of µ on almost every fiber of F has Hausdorff dimension at least 2g− κ+ δ,
then Theorem 1.1 holds for µ-almost every abelian differential.

In the case of the Masur-Veech measure µH , it is well-known that the conditional
measure on almost every fiber is mutually absolutely continuous with the Lebesgue
measure, hence has Hausdorff dimension 2g. By the celebrated result of Forni [17],
there are κ = g positive Lyapunov exponents for the Kontsevich-Zorich cocycle under
the measure µH , so Theorem 1.1 will follow by taking any δ ∈ (0, 1).

The proof of the Hölder property for spectral measures proceeds via upper bounds
on the growth of twisted Birkhoff integrals

S
(x)
R (f, λ) :=

∫ R

0

e−2πiλτf ◦ h+
τ (x) dτ.

Theorem 1.3. — There exists α ∈ (0, 1) such that for µH -almost every abelian dif-
ferential (M,ω) ∈ H and any B > 1 there exist C ′ = C ′(ω, B) and R0 = R0(ω, B)

such that for any Lipschitz function f on M , for all λ ∈ [B−1, B] and all x ∈M ,

(1.2)
∣∣S(x)
R (f, λ)

∣∣ 6 C ′Rα for all R > R0.

This theorem is analogous to Forni [18, Th. 1.6]. The derivation of Theorem 1.1
from Theorem 1.3 is standard, with γ = 2(1 − α); see Lemma 2.7. In fact, in order
to obtain (1.1), L2-estimates (with respect to the area measure on M) of S(x)

R (f, λ)

suffice; we obtain bounds that are uniform in x ∈M , which is of independent interest.

Remark 1.4. — Using the approach of [13], we expect that we can make the estimate
in (1.1) uniform on the entire real line. Such uniform estimates imply results on
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282 A. I. Bufetov & B. Solomyak

quantitative weak mixing in the form

(1.3) 1

R

∫ R

0

∣∣〈f ◦ h+
t , g〉

∣∣ dt 6 C(f, g) ·R−β ,

for some β > 0 and f, g of the appropriate Lipschitz class, see [13, Th. 1.1]. Forni
[18, Cor. 1.8] derived a result similar to (1.3) from the estimates of twisted Birkhoff
integrals in the form (1.2) using Fourier transform techniques, see [18, Lem. 9.3], under
the additional assumption that f is sufficiently smooth.

1.2. Quantitative weak mixing. — There is a close relation between Hölder regular-
ity of spectral measures and quantitative rates of weak mixing, see [13, 18]. One can
also note a connection of our arguments with the proofs of weak mixing, via Veech’s
criterion [36]. A translation flow can be represented, by considering its return map to
a transverse interval, as a suspension flow over an interval exchange transformation
(IET) with a roof function constant on each sub-interval. The roof function is deter-
mined by a vector ~s ∈ H ⊂ Rm+ with positive coordinates, where m is the number of
sub-intervals of the IET and H is a subspace of dimension 2g corresponding to the
space of absolute cohomology from Remark 1.2. Let A(n,a) be the Zorich acceleration
of the Masur-Veech cocycle on Rm, corresponding to returns to a “good set”, where a
encodes the IET. Veech’s criterion [36, §7] says that if

lim sup
n→∞

‖A(n,a) · ω~s‖Rm/Zm > 0 for all ω 6= 0,

then the translation flow corresponding to ~s is weakly mixing. This was used by Avila
and Forni [1, Th.A.2] to show that for almost every a the set of ~s ∈ H, such that the
suspension flow is not weakly mixing, has Hausdorff dimension at most g+ 1. On the
other hand, our Proposition 5.2 says that if the set

{n ∈ N : ‖A(n,a) · ω~s‖Rm/Zm > %}

has positive lower density in N for some % > 0 uniformly in ω 6= 0 bounded away
from zero and from infinity, then spectral measures corresponding to Lipschitz func-
tions have the Hölder property. The Erdős-Kahane argument is used to estimate the
dimension of those ~s for which this fails. In recent Forni’s work, a version of the weak
stable space for the Kontsevich-Zorich cocycle, denotedW s

K(h) and defined in [18, §6],
seems analogous to our exceptional set E defined in (5.8). The Hausdorff dimension
of this set is estimated in [18, Th. 6.3], with the help of [18, Lem. 6.2], which plays a
role similar to our Erdős-Kahane argument.

1.3. Organization of the paper, comparison with [12] and [14]. — A large part of
the paper [12] was written in complete generality, without the genus 2 assumptions,
and is directly used here; for example, we do not reproduce the estimates of twisted
Birkhoff integrals using generalized matrix Riesz products, but refer the reader to
[12, §3] instead. Sharper estimates of matrix Riesz products were obtained in [14],
where the matrix Riesz products products are interpreted in terms of the spectral
cocycle. In particular, we established a formula relating the local upper Lyapunov
exponents of the cocycle with the pointwise lower dimension of spectral measures.
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Note nonetheless that the cocycle structure is not used in this paper. Section 3, par-
allel to [12, §4], contains the main result on Hölder regularity of spectral measures
in the setting of random S-adic, or, equivalently, random Bratteli-Verhik systems.
The main novelty is that here we only require that the second Lyapunov exponent θ2

of the Kontsevich-Zorich cocycle be positive, while in [12] the assumption was that
θ1 > θ2 > 0 are the only non-negative exponents. The preliminary Section 4 closely
follows [12]. The crucial changes occur in Sections 5 and 6, where, in contrast with [12],
Diophantine approximation is established in vector form, cf. Lemma 5.1. The excep-
tional set is defined in (5.8), and the Hausdorff dimension of the exceptional set is
estimated in Proposition 5.4. Although the general strategy of the “Erdős-Kahane
argument” remains, the implementation is now significantly simplified. In [12] we
worked with scalar parameters, the coordinates of the vector of heights with respect
to the Oseledets basis, but here we simply consider the vector parameter and work
with the projection of the vector of heights to the strong unstable subspace. In partic-
ular, the cumbersome estimates of [12, §8] are no longer needed. Section 7, devoted to
the derivation of the main theorem on translation flows from its symbolic counterpart,
parallels [12, §11] with some changes. The most significant one is that we require a
stronger property of the good returns, which is achieved in Lemma 7.1. On the other
hand, the large deviation estimate for the Teichmüller flow required in Theorem 3.2
remains unchanged, and we directly use [12, Prop. 11.3].

1.4. Further directions. — As mentioned in the abstract, the result for translation
flows is a special case of a theorem on Hölder regularity for spectral measures of
flows on random Markov compacta (see the next section for definitions). Random
two-sided Markov compacta endowed with a Vershik ordering and ergodic flows along
their stable foliations were studied in [7]. This is a very general symbolic framework,
which offers a possibility of other applications. In particular, this includes random
substitution tilings on the line and suspension flows over random S-adic systems. Self-
similar substitution tilings have also been studied extensively in higher dimensions.
In [10] we obtained limit theorems for the deviation of ergodic averages for self-similar
tiling Rd-actions. It would be very interesting also to obtain Hölder estimates for the
spectrum of such systems. For random substitution Rd-actions such estimates were
recently obtained by Treviño [33], who used a generalization of our symbolic approach.
In another direction, Lindsey and Treviño [24] constructed a wide range of flat surfaces
of infinite genus, but finite area, using bi-inifnite ordered Bratteli diagrams. It would
be of interest to apply our results to translation flows on surfaces of infinite genus (we
are grateful to Rodrigo Treviño for this remark).

Acknowledgements. — We are deeply grateful to Giovanni Forni for generously shar-
ing his ideas with us and for sending us his manuscript containing his proof of the
Hölder property in arbitrary genus. We would like to thank Corinna Ulcigrai for her
hospitality in Bristol (B. S.) and Zürich (A. B. and B. S.), and for many fruitful dis-
cussions. We are grateful to the anonymous referees for a careful reading of the paper
and many helpful critical comments.
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2. Preliminaries

2.1. Markov compacta. — The symbolic representation of translation flows was given
by Bufetov [7], using the theory of Markov compacta. Here we briefly recall the defi-
nitions.

Denote by G the set of all oriented graphs on m vertices such that there is an edge
starting at every vertex and an edge terminating at every vertex (we allow loops and
multiple edges). For Γ ∈ G let E (Γ) be the set of edges of Γ. For e ∈ E (Γ) denote
by I(e) its initial vertex and by F (e) its terminal vertex. Let A(Γ) be the incidence
matrix of Γ given by

Aij(Γ) = #{e ∈ E (Γ) : I(e) = i, F (e) = j}.

Assume that we are given a sequence g = {Γn}n∈Z, with Γn ∈ G. The Markov
compactum of paths in the sequence of graphs g is defined by

X = X(g) = {e = (en)n∈Z : en ∈ E (Γn), F (en+1) = I(en)}.

We will also need the one-sided Markov compacta X+ (respectively X−), defined in
the same way with elements (en)n>1 (respectively (en)n60). A one-sided sequence of
graphs in G is also called a Bratteli diagram of rank m. For e ∈ X, n ∈ Zm introduce
the sets

γ+
n (e) = {e′ ∈ X : e′j = ej , j > n}; γ−n (e) = {e′ ∈ X : e′j = ej , j 6 n};
γ+
∞(e) =

⋃
n∈Z

γ+
n (e); γ−∞(e) =

⋃
n∈Z

γ−n (e).

The sets γ+
∞(e) are leaves of the asymptotic foliation F+(X) on X corresponding

to the infinite future, and the sets γ−∞(e) are the leaves of the asymptotic foliation
F−(X) on X corresponding to the infinite past.

There is a standard construction of telescoping (= aggregation) [7, 2.4]: for any
sequence 1 = n0 < n1 < n2 < · · · we “concatenate” the graphs Γnj , . . . ,Γnj+1−1 to
obtain Γ′j ∈ G. Telescoping induces an equivalence relation on GZ, and the Markov
compacta corresponding to equivalent g and g′ are naturally isomorphic.

Standing Assumption. — The sequence {Γn} (after appropriate telescoping) contains
infinitely many occurrences of a single graph Γ with a strictly positive incidence ma-
trix, both in the past and in the future.

In this case, as is well-known since the work of Furstenberg (see e.g. [19, (16.13)]),
the Markov compactum X is uniquely ergodic, which means that there are unique
probability measures ν+, ν−, invariant under the equivalence relations defined by the
future (past) asymptotic foliations respectively.

2.2. Vershik’s orderings and Vershik automorphisms. — The Markov compactum
and the asymptotic foliations encode the translation surface and its vertical and hor-
izontal foliations; however, in order to recover the translation flows themselves, one
needs a linear ordering on the leaves of the foliation. This linear ordering is induced
by Vershik’s orderings of the edges of the graphs defining the Markov compactum.
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Hölder regularity for the spectrum of translation flows 285

Formally, following Ito [21] and Vershik [37, 38], we assume that a linear order-
ing (called Vershik’s ordering) is given on the set {e ∈ E (Γn) : I(e) = i} for every
graph Gn and for every vertex i. This induces a linear ordering on any leaf of the
foliation F+

X . Indeed, if e′ ∈ γ+
∞(e), e′ 6= e, then there exists n such that ej = e′j for

j > n but ej 6= e′j . Since I(en) = I(e′n), the edges en and e′n are comparable with
respect to our ordering; if en < e′n, then we write e < e′. Denote the resulting ordering
on F+

X by o. Restricting this ordering to the 1-sided compactum X+, we obtain the
adic, or Vershik automorphism T, defined as the immediate successor of a path e in
the ordering o. This is a Z-action on the complement of the countable set consisting
of the union of finitely many one-sided orbits of the maximal and minimal paths in
the ordering o. In the literature, the Vershik automorphism is often called a Bratteli-
Vershik dynamical system. By Vershik’s theorem [37, 38], every ergodic automorphism
of a Lebesgue space is measurably isomorphic to the Vershik automorphism on a one-
sided ordered Bratteli-Vershik diagram (in general, of infinite rank). A realization
of a (minimal) IET as a Vershik automorphism (similar to the one described below,
see (2.16), via the Rauzy induction) was given by Gjerde and Johansen [20]. On the
other hand, given a Vershik’s ordering on the 2-sided uniquely ergodic Markov com-
pactum X, Bufetov [7], defined a flow on X, which is isomorphic to a suspension flow
over the Vershik automorphism, with a piecewise-constant roof function. This is the
construction which yields the symbolic representation of translation flows.

2.3. The space of Markov compacta and the renormalization cocycle

Let Ω = GZ be the space of bi-infinite sequences of graphs Γn ∈ G, with the left
shift σ. We have a natural cocycle A over the dynamical system (Ω, σ) defined, for
n > 0 by the formula:

A(n, g) = A(Γn) · · ·A(Γ1), where g = {Γn}n∈Z ∈ Ω.

Let Ωinv be the subset of all sequences g such that all matrices A(Γn) are invertible.
For g ∈ Ωinv and n < 0 we set

A(n, g) = A−1(Γ−n) · · ·A−1(Γ0),

and let A(0, g) be the identity matrix.

2.4. Substitutions and S-adic systems. — Along with Markov compacta and Ver-
shik automorphisms, it is convenient to use the language of substitutions (see [31, 16]
for background). Consider the alphabet A , and denote by A + the set of finite (non-
empty) words with letters in A . A substitution is a map ζ : A → A +, extended
to A + and A N by concatenation. The substitution matrix is defined by

(2.1) Sζ(i, j) = number of symbols i in the word ζ(j).

Denote by A the set of substitutions ζ on A with the property that all letters appear
in the set of words {ζ(a) : a ∈ A } and there exists a such that |ζ(a)| > 1.

Let a+ = (ζn)n>1 be a 1-sided sequence of substitutions on A . Denote

ζ [n] := ζ1 ◦ · · · ◦ ζn, n > 1.

J.É.P. — M., 2021, tome 8



286 A. I. Bufetov & B. Solomyak

Recall that Sζ1◦ζ2 = Sζ1Sζ2 . We will sometimes write

Sj := Sζj and S[n] := Sζ[n] .

We will also consider subwords of the sequence a and the corresponding substitutions
obtained by composition. Denote

(2.2) Sq = Sn · · · S` and A(q) = Stq for q = ζn . . . ζ`.

Given a+, denote by Xa+ ⊂ A Z the subspace of all two-sided sequence whose
every subword appears as a subword of ζ [n](b) for some b ∈ A and n > 1. Let T
be the left shift on A Z; then (Xa+ , T ) is the (topological) S-adic dynamical system.
We refer to [3, 4, 5] for the background on S-adic shifts.

There is a canonical correspondence between 1-sided Bratteli-Vershik diagrams
with a Vershik’s ordering, having m vertices on each level, and sequences of substitu-
tions a+ = (ζj)j>1 on the alphabet A = {0, . . . ,m−1}. For a stationary BV diagram
(which corresponds to a single substitution), it was discovered by Livshits [25]. Given
a Vershik’s ordering o on a BV diagram {Γj}j>1, the corresponding S-adic system
is constructed as follows. The alphabet A = {1, . . . ,m} is identified with the vertex
set of all the graphs Γn. The substitution ζj takes every b ∈ A into the word in A

corresponding to all the vertices to which there is a Γj-edge starting at b, in the order
determined by o. Formally, the length of the word ζj(b) is

|ζj(b)| =
m∑
a=1

Ab,a(Γj),

and the substitution itself is given by

(2.3) ζj(b) = ub,j1 . . . ub,j|ζj(b)|, b ∈ A , j > 0,

where (b, ub,ji ) ∈ E (Γj), listed in the linear order prescribed by o. Note that the
Standing Assumption on the sequence of graphs {Γj} implies the following:
(A1) There is a word q ∈ A∗ which appears in a+ infinitely often, for which Sq has
all entries strictly positive.

Property (A1) implies minimality and unique ergodicity of the S-adic shift, see
[3, Th. 5.2 & 5.7]; the claim on unique ergodicity parallels that of Markov compactum
and similarly goes back to Furstenberg [19, (16.13)].

We will also assume that the S-adic system is aperiodic, i.e., it has no periodic
points. (A minimal system that has a periodic point, is a system on a finite space,
and we want to exclude a trivial situation.)

Further, we need the notion of recognizability for the sequence of substitutions,
introduced in [5], which generalizes bilateral recognizability of B. Mossé [28] for a single
substitution, see also Sections 5.5 and 5.6 in [31]. By definition of the space Xa+ , for
every n > 1, every x ∈ Xa+ has a representation of the form

(2.4) x = T k
(
ζ [n](x′)

)
, where x′ ∈ Xσna+ , 0 6 k < |ζ [n](x0)|.
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Here σ denotes the left shift on AN, and we recall that a substitution ζ acts on A Z by

ζ(. . . a−1.a0a1 . . . ) = . . . ζ(a−1).ζ(a0)ζ(a1) . . .

Definition 2.1. — A sequence of substitutions a+ = (ζj)j>1 is said to be recognizable
if the representation (2.4) is unique for all n > 1.

The following is a special case of [5, Th. 4.6] that we need.

Theorem 2.2 ([5]). — Let a+ = (ζj)j>1 ∈ AN be such that det(Sζj ) 6= 0 for every
substitution matrix and Xa+ is aperiodic. Then a+ is recognizable.

Theorem 2.3 ([5, Th. 6.5]). — Let g+ = {Γn}n>1 be a 1-sided BV-diagram equipped
with a Vershik’s ordering o, and let a+ ∈ AN be the corresponding sequence of sub-
stitutions. If a+ is recognizable, then the S-adic shift (Xa+ , T ) is almost topologically
conjugate, hence measurably conjugate in case the system is uniquely ergodic, to the
Vershik automorphism on X+(g+).

2.5. Suspension flows and cylindrical functions. — Condition (A1) implies that
(Xa+ , T ) is minimal and uniquely ergodic, and we denote the unique invariant
probability measure by µa+ . We further let (X~sa+ , ht, µ̃a+) be the suspension flow
over (Xa+ , µa+ , T ), corresponding to a piecewise-constant roof function φ defined by
~s ∈ Rm+ , that is,

φ(x) = sx0
, x ∈ Xa+ .

The measure µ̃a+ is induced by the product of µa+ and the Lebesgue measure on R.
By definition, we have a union, disjoint in measure:

X~sa+ =
⋃
a∈A

[a]× [0, sa],

where Xa+ =
⊔
a∈A [a] is the partition into cylinder sets according to the value of x0.

It is convenient to use the normalization:

~s ∈ ∆m−1
a :=

{
~s ∈ Rm+ :

∑
a∈A µa+([a]) · sa = 1

}
,

so that µ̃a+ is a probability measure on X~sa+ . Below we often omit the subscript and
write µ = µa+ , µ̃ = µ̃a+ , when it does not cause a confusion.

Define bounded cylindrical functions (or cylindrical functions of level zero) by the
formula:

(2.5) f(x, t) =
∑
a∈A

1[a](x) · ψa(t), with ψa ∈ L∞[0, sa].

Cylindrical functions of level zero do not suffice to describe the spectral type of the
flow; rather, we need functions depending on an arbitrary fixed number of symbols.
We assume that the sequence of substitutions a+ is recognizable, and say that f is a
bounded cylindrical function of level ` if

(2.6) f(x, t) =
∑
a∈A

1ζ[`][a](x) · ψ(`)
a (t), with ψ(`)

a ∈ L∞[0, s(`)
a ],
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where
~s (`) = (s(`)

a )a∈A := (S[`])t~s.

This way of writing is convenient, but does not stress explicit dependence on words
in A `. In the case of IET, this representation corresponds to the m intervals of the
interval exchange obtained after ` steps of the Rauzy induction, where we do not
renormalize the total length. Then the “heights” grow, as do the vectors ~s(`) here,
and the dependence of the function on the past from 1 to ` − 1 is “hidden” in the
functions ψ(`)

a . The justification of the representation (2.6) requires recognizability
of a+, which implies that

(2.7) Pn = {T i(ζ [n][a]) : a ∈ A , 0 6 i < |ζ [n](a)|}

is a sequence of Kakutani-Rokhlin partitions for n > n0(a), which generates the Borel
σ-algebra on the space Xa+ . We emphasize that, in general, ζ [n][a] may be a proper
subset of [ζ [n](a)].

We have a union, disjoint in measure:

(2.8) X~sa+ =
⋃
a∈A

ζ [`][a]× [0, s(`)
a ],

and so bounded cylindrical functions of level ` are well-defined by (2.6).

2.6. Shift for S-adic systems. — We next describe the relation between suspension
flows over the recognizable uniquely ergodic S-adic system (Xa+ , T, µa+) and the
“shifted” one (Xσ`a+ , T, µσ`a+), which is analogous to the shift of a 2-sided Bratteli-
Vershik diagram. Using the uniqueness of the representation (2.4) and the Kakutani-
Rokhlin partitions (2.7), we obtain for n > n0:

µa+([a]) =
∑
b∈A

S[n](a, b)µa+(ζ [n][b]), a ∈ A ,

hence

(2.9) ~µ0 = S[n]~µn, where ~µn =
(
µa+(ζ [n][b])

)
b∈A

is a column-vector. Observe also that

(2.10) ~µn = Sn+1~µn+1, n > n0.

It follows from the above that, for any ` > 1, the suspension flow (X~sa+ , µ̃a+ , ht) is
measurably isomorphic to the suspension flow over the system

(ζ [`](Xσ`a+), ζ [`] ◦ T ◦ (ζ [`])−1),

with the induced measure, and a piecewise-constant roof function given by the vector
~s (`) = (S[`])t~s. Notice that 〈~µ`, ~s`〉 = 1. In the symbolic representation of translation
flows, which we describe in detail below in Sections 2.9–2.11, this corresponds to the
Rauzy-Veech induction, in which the intervals of the exchange get shorter and the
“roof” higher. Since (Xσ`a+ , µσ`a+) is a probability space, we need to renormalize
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(to continue the analogy, to make the new base interval have unit length). It is easy
to see that (

µσ`a+([b])
)
b∈A

=
~µ`
‖~µ`‖1

.

Thus ~s(`)‖~µ`‖1 ∈ ∆m−1
σ`a

, and we obtain the following

Lemma 2.4. — The suspension flows (X~sa+ , µ̃a+ , ht) and
(
X
~s`‖~µ`‖1
σ`a+ , µ̃σ`a+ , ht

)
are mea-

surably isomorphic.

2.7. Telescoping an S-adic sequence [5, 5.2]. — Given a sequence of substitutions
a+ = (ζn)n>1 and an increasing sequence of integers (nk)k>1 with n1 = 1, we define
the telescoping of a+ along (nk)k>1 to be the sequence of substitutions ã+ = (ζ̃k)k>1

where ζ̃k = ζnk · · · ζnk+1−1. It is immediate from the definitions that Xa+ = Xã+ ,
so the resulting dynamical systems are identical. This is parallel to the operation of
aggregation/telescoping for Bratteli-Vershik diagrams, mentioned in Section 2.1.

2.8. Weakly Lipschitz functions. — Following Bufetov [8, 7], we consider the space
of weakly Lipschitz functions on the space X~sa+ , except here we do everything in the S-
adic framework. This is the class of functions that we obtain from Lipschitz functions
on the translation surface M under the symbolic representation of the translation
flow, for almost every Abelian differential.

Definition 2.5. — Suppose that a+ ∈ AN is such that the S-adic system (Xa+ , T ) is
uniquely ergodic, with the invariant probability measure µ. We say that a bounded
function f : X~sa+ → C is weakly Lipschitz and write f ∈ Lipw(X~sa+) if there exists
C > 0 such that for all a ∈ A and ` ∈ N, for any x, x′ ∈ ζ [`][a] and all t ∈ [0, s

(`)
a ], we

have

(2.11) |f(x, t)− f(x′, t)| 6 Cµa+(ζ [`][a]).

Here we are using the decomposition of X~sa+ from (2.8). The norm in Lipw(X~sa+) is
defined by

(2.12) ‖f‖L := ‖f‖∞ + C̃,

where C̃ is the infimum of the constants in (2.11).

Note that a weakly Lipschitz functions is not assumed to be Lipschitz in the
t-direction. This direction corresponds to the “past” in the 2-sided Markov com-
pactum and to the vertical direction in the space of the suspension flow under the
symbolic representation, and the reason is that any symbolic representation of a flow
on a manifold unavoidably has discontinuities.

Under the isomorphism of Lemma 2.4, for any ` > 1 a weakly Lipschitz functions
on X~sa+ is mapped to a weakly Lipschitz function on X

~s`‖~µ`‖1
σ`a+ , and this map does not

increase the norm ‖ · ‖L. Similarly, telescoping the sequence a+ does not increase the
norm ‖ · ‖L of a weakly Lipschitz function.
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Lemma 2.6. — Let f : X~sa+ → C be a weakly Lipschitz function. Then for any
` ∈ N there exists a bounded cylindrical function of level `, denote it f (`), such that
‖f (`)‖∞ 6 ‖f‖∞ and

‖f − f (`)‖∞ 6 ‖f‖L ·max
a∈A

µa+(ζ [`][a]).

Proof. — We use the decomposition (2.8). For each a ∈ A and ` choose xa,` ∈ ζ [`]

arbitrarily, and let

f (`)(x, t) := f(xa,`, t), where x0 = a, t ∈ [0, s(`)
a ].

By definition, the function f (`) has all the required properties. �

2.9. Interval exchange transformations and suspensions over them. — We recall
briefly the connection between translation flows and interval exchange transforma-
tions, discovered by Veech [34, 35]; for more details see, e.g., the surveys by Viana [39],
Yoccoz [40], and Zorich [42]. Let π ∈ Sm be a permutation of {1, . . . ,m} for m > 2.
An interval exchange transformation (IET) f(λ, π) is determined by π and a positive
vector λ = (λ1, . . . , λm) ∈ Rm+ . It is a piecewise isometry on the interval

I =
m⋃
j=1

Ij , where Ij =
[∑

k<j λk,
∑
k6j λj

)
for j = 1, . . . ,m,

in which the intervals Ij are translated and exchanged according to the permutation π.
To be precise,

f(λ, π) : x 7−→ x+
∑

π(j)<π(i)

λj −
∑
j<i

λj , x ∈ Ii,

which means that after the exchange the interval Ij is in the π(j)-the place. Here we
are using the convention of Veech; some authors use different notation. We assume
that π is irreducible, i.e., π{1, . . . , k} 6= {1, . . . , k} for k < m.

For m = 2 the IET is just a circle rotation (modulo identification of the endpoints
of I), and it can be viewed as the first return map of a linear flow on a torus T2.
Similarly, form > 3 by a singular suspension (with a piecewise-constant roof function,
constant on each subinterval Ii), the IET can be represented as a first return map
of a translation flow on a suitable translation surface to a specially chosen Poincaré
section, a line segment I, see [34, 35]. Conversely, given a translation surface, one can
find a horizontal segment I in such a way that the first return map of the vertical flow
to I is an IET. Precise connection between the two systems is given by the zippered
rectangles construction of Veech [35].

2.10. Rauzy-Veech-Zorich induction and the corresponding cocycles

A fundamental tool in the study of IET’s and translation flows is the Rauzy-Veech
induction, introduced in [34, 32]. Let π ∈ Sm, and suppose that (λ, π) is such that
λm 6= λπ−1(m). Then the first return map of f(λ, π) to the interval[

0,
∑m
i=1 λi −min{λπ−1(m), λm}

)
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is an IET on m intervals f(λ′, π′) as well, see, e.g. [39, 40]. This defines a map

QR : Rm+ ×Sm −→ Rm+ ×Sm, QR(λ, π) = (λ′, π′),

on a set of full Lebesgue measure. Moreover, if π is irreducible, then π′ is irreducible
as well. If λm < λπ−1(m), we say that this is an operation of type “a”; otherwise, an
operation of type “b”. The Rauzy graph is a directed labeled graph, whose vertices
are permutations of A = {1, . . . ,m} and the edges lead to permutations obtained by
applying one of the operations. The edges are labeled “a” or “b” depending on the type
of the operation. The Rauzy class of a permutation π is the set of all permutations
that can be reached from π following a path in the Rauzy graph. For almost every
IET (with respect to the Lebesgue measure on Rm+ ), the algorithm is well-defined
for all times into the future, and we obtain an infinite path in the Rauzy graph,
corresponding to the IET. Veech [35] proved that, conversely, every infinite path in
the Rauzy graph arises from an IET in a such a way.

In the ergodic theory of IET’s it is useful to consider an acceleration of the algo-
rithm. Zorich induction [41, 42] is obtained by applying the Rauzy-Veech induction
until the first switch from a type “a” to a type “b” operation, or vice versa. Sometimes
other versions of the algorithm and accelerations are used, see, e.g. Marmi, Moussa,
and Yoccoz [26].

Let (λ′, π′) = QR(λ, π), and denote fI = f(λ, π). Write Ij = Ij(λ, π) and let
Jj = Ij(λ

′, π′) be the intervals of the exchange fJ = f(λ′, π′). Denote by ri the return
time for the interval Ji into J under fI , that is, ri = min{k > 0 : fkI (Ji) ⊂ J}. From
the definition of the induction procedure it follows that ri = 1 for all i except one, for
which it is equal to 2. Represent I as a Rokhlin tower over the subinterval J and its
induced map fJ , and write

(2.13) I =
⊔

i=1,...,m,
k=0,...,ri−1

fkI (Ji).

By construction, each of the “floors” of our tower, that is, each of the subintervals
fkI (Ji) is a subset of a unique subinterval of the initial exchange, and we define an
integer n(i, k) by the formula

(2.14) fkI (Ji) ⊂ In(i,k).

Let rij = #{0 6 k < ri : fkI (Ji) ⊂ Ij} and let BR(λ, π) be the linear operator on Rm

given by the m×m matrix [rij ]. This matrix is unimodular. Given a Rauzy class R,
the function BR : Rm+ × R → GL(m,R) yields the Rauzy-Veech, or renormalization
cocycle. If, instead, we apply the Zorich induction algorithm, the same procedure
yields the Zorich cocycle.

One can consider the Rauzy-Veech and Zorich induction algorithm also on the
set of zippered rectangles; these can be represented as bi-infinite paths in the Rauzy
graph. After an appropriate renormalization, the Rauzy-Veech map (λ, π) 7→ (λ′, π′)

and the Zorich map (λ, π) 7→ (λ′′, π′′) can be seen as the first return maps of the
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Teichmüller flow on the space of zippered rectangles, with respect to carefully chosen
Poincaré sections, see, e.g. [39, §2.10] and [40, §11.3].

Remark. — The zippered rectangles construction provides natural bases for the ab-
solute and relative homology groups H1(M r Σ,R) and H1(M,Σ,R); in particular,
Rm may be identified with H1(M,Σ,R). The Rauzy-Veech cocycle can then be repre-
sented as acting on the cohomology groups H1(MrΣ,R) and H1(M,Σ,R), as shown
by Veech [35] (see also [39, §2.9]).

2.11. Symbolic representation of IET’s and translation flows. — Let H be a
connected component of a stratum of genus g > 2 and R the Rauzy class of a permu-
tation π ∈ Sm corresponding to H . It is known that m > 2g. Veech [35] constructed
a measurable map from the space V (R) of zippered rectangles corresponding to the
Rauzy class R, to H , which intertwines the Teichmüller flow on H and a renormal-
ization flow Pt that Veech defined on V (R). This translation flow on the flat surface is
measurably isomorphic to the suspension flow over an IET in the Rauzy class R. The
roof function of the suspension is constant on each interval of the exchange and can
therefore be expressed as a vector of “heights”. It was shown by Veech [36] that the
“vector of heights” obtained in this construction necessarily belongs to a subspace
H(π), which is invariant under the Rauzy-Veech cocycle and depends only on the
permutation of the IET. In fact, the subspace H(π) has dimension 2g and is the sum
of the stable and unstable subspaces for the Rauzy-Veech cocycle.

Section 4.3 of [7] gives a symbolic coding of the flow Pt on V (R), namely, a map

(2.15) ZR : (V (R), ν̃) −→ (Ω,P)

defined almost everywhere, where ν̃ is the pull-back of ν from H , an invariant and
ergodic map under the Teichmüller flow on H and (Ω,P) is the space of Markov
compacta with a probability measure P. The first return map of the flow Pt for an
appropriate Poincaré section is mapped by ZR to the shift map σ on (Ω,P). This
correspondence maps the Rauzy-Veech cocycle over the Teichmüller flow into the
renormalization cocycle for the Markov compacta. Moreover, the Markov compacta
in the image of ZR are equipped with a canonical Vershik’s ordering. The transforma-
tion ZR induces a map defined for a.e. X ∈ V (R), from the corresponding Riemann
surface M(X ) to a 2-sided Markov compactum X with the Vershik’s ordering, inter-
twining their vertical and horizontal flows.

The vertical flow on X is, in turn, measurably isomorphic to the suspension flow
over the one-sided Markov compactum X+. The Vershik automorphism on X+ pro-
vides a symbolic representation of the IET from R on m > 2g symbols.

In brief, the map ZR is defined as follows. Identify an element of V (R) with
a suspension over an IET (λ, π). We then run the 2-sided Rauzy-Veech induction,
equivalently, consider a bi-infinite path in the Rauzy diagram, which is well-defined
a.s., and take Γn to be the graph whose incidence matrix is the matrix of the linear
operator BR(Qn−1

R (λ, π)) in the standard basis, see (2.13), (2.14).
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In this paper we are going to use the framework of S-adic systems. The justification
for transition from the Bratteli-Vershik coding of [7] to the S-adic coding is provided
by Theorems 2.3 and 2.2, in view of the fact that the matrices of the Rauzy-Veech
cocycle are unimodular, see [35, 36]. In addition, note that the S-adic system is
aperiodic, since the number of admissible “words” of length n in the Rauzy graph is
unbounded as n → ∞. The substitution ζ1 in the resulting symbolic representation
can be “read off” the Rokhlin tower (2.13), (2.14) of one step of the Rauzy-Veech
induction:

(2.16) ζ1 : i 7−→ n(i, 0) . . . n(i, r1 − 1), i = 1, . . . ,m.

Thus we obtain
BR(λ, π) = [rij ]

m
i,j=1 = Stζ1 .

Note that he property (A1) of the resulting sequence of substitutions holds almost
surely, see Veech [35].

2.12. Spectral measures and twisted Birkhoff integrals. — We use the following
convention for the Fourier transform of functions and measures: given ψ ∈ L1(R) we
set ψ̂(t) =

∫
R e
−2πiωtψ(ω) dω, and for a probability measure ν on R we let ν̂(t) =∫

R e
−2πiωt dν(ω).

Given a measure-preserving flow (Y, ht, µ)t∈R and a test function f ∈ L2(Y, µ),
there is a finite positive Borel measure σf on R such that

σ̂f (−τ) =

∫ ∞
−∞

e2πiωτ dσf (ω) = 〈f ◦ hτ , f〉 for τ ∈ R.

In order to obtain local bounds on the spectral measure, we use growth estimates of
the twisted Birkhoff integral

(2.17) S
(y)
R (f, ω) :=

∫ R

0

e−2πiωτf ◦ hτ (y) dτ.

The following lemma is standard; a proof may be found in [11, Lem. 4.3].

Lemma 2.7. — Suppose that for some fixed ω ∈ R, R0 > 0, and α ∈ (0, 1) we have

(2.18)
∥∥S(y)

R (f, ω)
∥∥
L2(Y,µ)

6 C1R
α for all R > R0.

Then

(2.19) σf ([ω − r, ω + r]) 6 π22−2αC2
1r

2(1−α) for all r 6 (2R0)−1.

3. Random S-adic systems: statement of the theorem

Here we consider dynamical systems generated by a random S-adic system. In order
to state our result, we need some preparation; specifically, the Oseledets theorem.

Recall that A denotes the set of substitutions ζ on A with the property that
all letters appear in the set of words {ζ(a) : a ∈ A } and there exists a such that
|ζ(a)| > 1. Let Ω be the 2-sided space of sequences of substitutions:

Ω = {a = . . . ζ−n . . . ζ0.ζ1 . . . ζn . . . ; ζi ∈ A, i ∈ Z},
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equipped with the left shift σ. For a ∈ Ω we denote by Xa+ the S-adic system
corresponding to a+ = {ζn}n>1.

We will sometimes write ζ(q) for the substitution corresponding to q ∈ A. For
a word q = q1 . . . qk ∈ Ak we can compose the substitutions to obtain ζ(q) =

ζ(q1) . . . ζ(qk). We will also need a “2-sided cylinder set”:
[q.q] = {a ∈ Ω : ζ−k+1 . . . ζ0 = ζ1 . . . ζk = q}.

Following [9], we say that the word q = q1 . . . qk is “simple” if for all 2 6 i 6 k we have
qi . . . qk 6= q1 . . . qk−i+1. If the word q is simple, two occurrences of q in the sequence
a cannot overlap.

Definition 3.1. — A word v ∈ A ∗ is a return word for a substitution ζ if v starts
with some letter c and vc occurs in the substitution space Xζ . The return word is
called “good” if vc occurs in the substitution ζ(j) of every letter. We denote by GR(ζ)

the set of good return words for ζ.

Recall that A(a) := Stζ1 . Let P be an ergodic σ-invariant probability measure on Ω

satisfying the following conditions:
(C1) The matrices A(a) are almost surely invertible with respect to P.
(C2) The functions a 7→ log(1 + ‖A±1(a)‖) are integrable.
We can use any matrix norm, but it will be convenient the `∞ operator norm, so
‖A‖ = ‖A‖∞ unless otherwise stated.

We obtain a measurable cocycle A : Ω → GL(m,R), called the renormalization
cocycle. Denote

(3.1) A(n,a) =


A(σn−1a) · · ·A(a), n > 0;

Id, n = 0;

A−1(σ−na) · · ·A−1(σ−1a), n < 0,

so that
A(n,a) = St(an . . .a1) = Stζ1...ζn , n > 1.

By the Oseledets theorem [29] (for a detailed survey and refinements, see Barreira-
Pesin [2, Th. 3.5.5]), there exist Lyapunov exponents θ1 > θ2 > · · · > θr and, for
P-a.e. a ∈ Ω, a direct-sum decomposition
(3.2) Rm = E1

a ⊕ · · · ⊕ Era
that depends measurably on a ∈ Ω and satisfies the following:

(i) for P-a.e. a ∈ Ω, any n ∈ Z, and any i = 1, . . . , r we have

A(n,a)Eia = Eiσna;

(ii) for any v ∈ Eia, v 6= 0, we have

lim
|n|→∞

log ‖A(n,a)v‖
n

= θi,

where the convergence is uniform on the unit sphere {u ∈ Eia : ‖u‖ = 1};
(iii) lim|n|→∞

1
n log∠

(⊕
i∈I E

i
σna,

⊕
j∈J E

j
σna

)
= 0 whenever I ∩ J = ∅.
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We will denote by Eua =
⊕
{Eia : θi > 0} and Esta =

⊕
{Eia : θi < 0} respectively

the strong unstable and stable subspaces corresponding to a. Any subspace of the
form EJa :=

⊕
j∈J E

j
a will be called an Oseledets subspace corresponding to a.

Let σf be the spectral measure for the system (X~sa+ , ht, µ̃a+) with the test func-
tion f (assuming the system is uniquely ergodic). We will use the following notation:
for a word v in the alphabet A denote by ~̀(v) ∈ Zm the positive vector whose j-th
entry is the number of j’s in v, for j 6 m, and call it the population vector of v. Now
we can state our theorem.

Theorem 3.2. — Let (Ω,P, σ) be an invertible ergodic measure-preserving system sat-
isfying conditions (C1)–(C2) above. Consider the cocycle A(n,a) defined by (3.1).
Assume that

(a) there are κ > 2 positive Lyapunov exponents and the top exponent is simple;
(b) there exists a simple word q ∈ Ak for some k ∈ N, such that all the entries of

the matrix Sq are strictly positive and P([q.q]) > 0;
(c) the set of vectors {~̀(v) : v is a good return word for ζ} generates Zm as a free

Abelian group;
(d) Let `q(a) be the “negative” waiting time until the first appearance of q.q, i.e.,

`q(a) = min{n > 1 : σ−na ∈ [q.q]}.

Let P(a|a+) be the conditional distribution on the set of a’s conditioned on the future
a+ = a1a2 . . . We assume that there exist ε > 0 and 1 < C <∞ such that

(3.3)
∫

[q.q]

∥∥A(`q(a), σ−`q(a)a)
∥∥ε dP(a|a+) 6 C for all a+ starting with q.

Then there exists γ > 0 such that for P-a.e. a ∈ Ω the following holds:
Let (Xa+ , T, µa+) be the S-adic system corresponding to a+, which is uniquely

ergodic. Let (X~sa+ , ht, µ̃a+) be the suspension flow over (Xa+ , T, µa+) under the
piecewise-constant roof function determined by ~s. Let HJ

a be an Oseledets subspace
corresponding to a, such that Eua ⊂ HJ

a . Then for Lebesgue-a.e. ~s ∈ HJ
a ∩∆m−1

a , for
all B > 1 there exist R0 = R0(a, ~s,B) > 1 and r0 = r0(a, ~s,B) > 0 such that for any
f ∈ Lip+

w(X~sa+),

(3.4) |S(x,t)
R (f, ω)| 6 C̃(a, ‖f‖L) ·R1−γ/2, for all ω ∈ [B−1, B] and R > R0,

uniformly in (x, t) ∈ X~sa+ , and

(3.5) σf (B(ω, r)) 6 C(a, ‖f‖L) · rγ , for all ω ∈ [B−1, B] and 0 < r < r0,

with the constants depending only on a and ‖f‖L.
More precisely, for any ε1 > 0 there exists γ(ε1) > 0, such that for P-a.e. a ∈ Ω

there is an exceptional set E(a, ε1) ⊂ HJ
a ∩∆m−1

a , satisfying

(3.6) dimH(E(a, ε1)) < dim(HJ
a )− κ+ ε1,

such that (3.4) and (3.5) hold for all ~s ∈ HJ
a ∩∆m−1

a r E(a, ε1) with γ = γ(ε1).
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Remarks
(1) Note that dim(HJ

a ∩∆m−1
a ) = dim(HJ

a )− 1 and κ > 2, so (3.6) indeed implies
that E(a, ε1) has zero Lebesgue measure in HJ

a ∩∆m−1
a .

(2) The assumption that q is a simple word ensures that occurrences of q do not
overlap. Then we have, in view of (2.2):

(3.7) A(`q(a), σ−`q(a)a) = A(q)A(p)A(q),

for some p ∈ A (possibly trivial). For our application, it will be easy to make sure
that q is simple, as we show in Section 7, unlike in the paper [9], where additional
efforts were needed to achieve the desired aims.

(3) We need to work in the Oseledets subspaceHJ
a , rather than the entire space Rm,

in order to handle the case of the strata with m > 2g. Indeed, in order to make a
claim for a.e. translation flow in such a stratum, it is not sufficient that it holds for
the suspension with a.e. vector of heights in Rm over a.e. IET in the corresponding
Rauzy class. Rather, we need such a claim to hold for a.e. vector of heights in the
equivariant subspace H(π) of Veech, which has dimension 2g.

Before starting with the proof, we include a mini-dictionary, translating between
the geometric and symbolic language used in this paper.

Symbolic language Geometric language

Ω – 2-sided space of substitutions (space
of random 2-sided Markov compacta),
with a σ-invariant ergodic measure P

Moduli space of abelian differentials of
genus > 2, with an ergodic measure ν,
invariant under the Teichmüller flow

a ∈ Ω, 2-sided sequence of substitutions
(Markov compactum)

Abelian differential

S-adic system (Xa+ , T ) (Bratteli-Vershik
automorphism)

Interval Exchange Transformation (IET)

Shift σ on Ω Rauzy-Veech-Zorich induction

Substitution (adjacency) matrices Rauzy-Veech Matrices

Suspension flow over (Xa+ , T ) translation flow (suspension over IET)

4. Beginning of the proof of Theorem 4.1

4.1. Reduction to an induced system. — Here we show that Theorem 3.2 reduces to
the case when

(4.1) an = qpnq for all n ∈ Z,

where q is a fixed word in Ak for some k ∈ N, such that its incidence matrix is strictly
positive, and pn is arbitrary. In the next theorem we use the same notation as in
Theorem 3.2.
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Theorem 4.1. — Let q be a fixed simple word in Ak for some k ∈ N, such that the
incidence matrix of the substitution ζ = ζ(q) is strictly positive. Let (Ωq,P, σ) be
an invertible ergodic measure-preserving system, as in the previous section, satisfying
conditions (C1), (C2), and in addition, every symbol-substitution in the sequences
a = (an)n∈Z ∈ Ωq can be written in the form (4.1). Consider the cocycle A(n,a)

defined by (3.1). Assume that

(a′) there are κ > 2 positive Lyapunov exponents, and the top exponent is simple;
(c′) there exist “good return words” {uj}kj=1 for ζ = ζ(q), such that {~̀(uj)}kj=1

generates Zm as a free Abelian group;
(d′) there exist ε > 0 and 1 < C <∞ such that

(4.2)
∫

Ωq

‖A(a0)‖ε dP(a|a+) 6 C for all a+.

Then the same conclusions hold as in Theorem 3.2.

The properties (a′), (c′), and (d′) are analogues of (a), (c), and (d) from Theo-
rem 3.2. The analogue of the property (b) in Theorem 3.2 holds automatically.

Proof of Theorem 3.2 assuming Theorem 4.1. — Given an ergodic system (Ω,P,σ) from
the statement of Theorem 3.2, we consider the induced system on the cylinder set
Ωq := [q.q]. Since q is a simple word, the occurrences of the word q.q in a ∈ Ω

are non-overlapping, and so we can represent elements of Ωq symbolically as se-
quences satisfying (4.1). Denote by Pq the induced (conditional) measure on Ωq. Since
P([q.q]) > 0, standard results in Ergodic Theory imply that the resulting induced
system (Ωq,Pq, σ) is also ergodic and the induced cocycle has the same properties
of the Lyapunov spectrum (with the values of the Lyapunov exponents multiplied
by 1/P([q.q])); that is, (a′) holds. The property (c′) follows from (c) automatically.
Finally, note that (4.2) is identical to (3.3), and so Theorem 4.1 may be applied.

Now, for a P-typical a ∈ Ω, let ` > 0 be minimal such that σ`a ∈ [q, q]. Con-
catenating the symbols of σ`a from one occurrence of [q, q] to the next, we obtain a
Pq-typical point w ∈ Ωq. For P-a.e. a ∈ Ω, from the Oseledets bundle HJ

a given in
Theorem 3.2 we get an induced Oseledets bundle HJ

w with the property Euw ⊂ HJ
w.

By Theorem 4.1, we have for some γ > 0 the uniform bound on the twisted Birkhoff
integral (3.4) and the Hölder property (3.5) for the spectral measure of an arbitrary
weakly Lipschitz function on X~uw+ , for Lebesgue-a.e. ~u ∈ HJ

w∩∆m−1
w , with the spectral

measure corresponding to the suspension flow (X~uw+ , ht, µ̃w+). Note that w+ is ob-
tained from σ`a+ by a telescoping procedure, hence the corresponding S-adic spaces
and suspension flows over them are naturally isomorphic. Further, (X~sa+ , µ̃a+ , ht) and(
X
~s`‖~µ`‖1
σ`a+ , µ̃σ`a+ , ht

)
are isomorphic by Lemma 2.4, and a.e. ~s ∈ HJ

a ∩ ∆m−1
a gets

mapped into a.e.

~s(`)‖~µ`‖1 = (S[`])t~s · ‖~µ`‖1 = A(`,a)~s · ‖~µ`‖1 ∈ HJ
σ`a ∩∆m−1

σ`a
∼= HJ

w ∩∆m−1
w .
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Note also that a weakly Lipschitz function on X~sa+ yields a weakly Lipschitz function
on X~uw+ , without increase of the norm ‖ · ‖L. Thus the conclusions of Theorem 4.1
yield the desired conclusions of Theorem 3.2, and the reduction is complete. �

4.2. Exponential tails. — For a ∈ Ωq we consider the sequence of substitutions
ζ(an), n > 1. In view of (4.1), we have

ζ(an) = ζ(q)ζ(pn)ζ(q).

Recall that
A(pn) = Stζ(pn).

Denote

(4.3) Wn = Wn(a) := log ‖A(an)‖ = log ‖QtA(pn)Qt‖.

It is clear that Wn > 0 for n > 1.

Proposition 4.2 ([12, Prop. 6.1]). — Under the assumptions of Theorem 4.1, there
exists a positive constant L1 such that for P-a.e. a, the following holds: for any δ > 0,
for all N sufficiently large (N > N0(a, δ)),

(4.4) max
{∑

n∈ΨWn+1 : Ψ ⊂ {1, . . . , N}, |Ψ| 6 δN
}
6 L1 · log(1/δ) · δN.

The following is an immediate consequence.

Corollary 4.3. — In the setting of Proposition 4.2, we have for any C > 1:

(4.5) card {n 6 N : Wn+1 > CL1 · log(1/δ)} 6 δN

C
.

4.3. Estimating twisted Birkhoff integrals. — We will use the following notation:
‖y‖R/Z is the distance from y ∈ R to the nearest integer. We will need the “tiling
length” of v defined, for ~s ∈ Rm+ , by

(4.6) |v|~s := 〈~̀(v), ~s〉,

where ~̀(v) is the population vector of v. Below we denote by Oa,Q(1), Oa,B(1), etc.,
generic constants which depends only on the parameters indicated and which may be
different from line to line. Recall that the roof function is normalized by

~s ∈ ∆m−1
a :=

{
~s ∈ Rm+ :

∑
a∈A µa+([a])sa = 1

}
.

Proposition 4.4. — Suppose that the conditions of Theorem 4.1 are satisfied. Then
for P-a.e. a ∈ Ω, for any η ∈ (0, 1), there exists `η = `η(a) ∈ N, such that for all
` > `η and any bounded cylindrical function f (`) of level `, for any (x, t) ∈ X~sa+ ,
~s ∈ ∆m−1

a , and ω ∈ R,

(4.7) |S(x,t)
R (f (`), ω)|

6 Oa,Q(1) · ‖f (`)‖∞
(
R1/2 +R1+η

∏
`+16n<(logR)/4θ1

(
1− c1 ·max

v∈GR(ζ)

∥∥ω|ζ [n](v)|~s
∥∥2

R/Z

))
,

for all R > e8θ1`. Here c1 ∈ (0, 1) is a constant depending only on Q.
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The proposition was proved in [12, Prop. 7.1], in the equivalent setting of Bratteli-
Vershik transformations, and we do not repeat it here. The proof proceeds in sev-
eral steps, which already appeared in one way or the other, in our previous work
[11, 12, 14]. In short, given a cylindrical function of the form (2.5), it suffices to
consider f(x, t) = 1[a](x) · ψa(t) for a ∈ A . A calculation shows that its twisted
Birkhoff sum, up to a small error, equals ψ̂a times an exponential sum corresponding
to appearances of a in an initial word of a sequence x ∈ Xa+ . Using the prefix-suffix
decomposition of S-adic sequences, the latter may be reduced to estimating exponen-
tial sums corresponding to the substituted symbols ζ [n](b), b ∈ A . These together
(over all a and b in A ) form a matrix of trigonometric polynomials to which we give
the name of a matrix Riesz product in [12, §3.2] and whose cocycle structure is studied
in [14]. The next step is estimating the norm of a matrix product from above by the
absolute value of a scalar product, which was done in [12, Prop. 3.4]. Passing from
cylindrical functions of level zero to those of level ` follows by a simple shifting of
indices, see [12, §3.5].The term R1/2 (which can be replaced by any positive power
of R at the cost of a change in the range of n in the product) absorbs several error
terms.

One tiny difference with [12, Prop. 7.1] is that there we assumed a different nor-
malization: ‖s‖1 = 1, hence ‖s‖∞ 6 1, which was used in the proof. Here we we have
‖s‖∞ 6

(
mina∈A µa+([a])

)−1, which is absorbed into the constant Oa,Q(1).

4.4. Reduction to the case of cylindrical functions. — Our goal is to prove that
for allB > 1, for “typical” ~s in the appropriate set, for any weakly Lipschitz function f
on X~sa+ , holds

(4.8) σf (B(ω, r)) 6 C(a, ‖f‖L) · rγ for ω ∈ [B−1, B] and 0 < r 6 r0(a, ~s,B),

for some γ ∈ (0, 1), uniformly in (x, t) ∈ X~sa+ . We will specify γ at the end of the
proof, see (5.4) and (6.5). The dependence on ~s in the estimate is “hidden” in σf ,
the spectral measure of the suspension flow corresponding to the roof function given
by ~s. In view of Lemma 2.7, the estimate (4.8) will follow, once we show

(4.9) |S(x,t)
R (f, ω)| 6 C̃(a, ‖f‖L) ·R1−γ/2, for ω ∈ [B−1, B] and R > R0(a, ~s,B).

Lemma 4.5. — Fix B > 1. Let a be Oseledets regular for the renormalization cocycle
A(n), vector ~s ∈ ∆m−1

a , and suppose that for all ` > `0(a, ~s,B) we have for any
bounded cylindrical function f (`) of level `:

(4.10) |S(x,t)
R (f (`), ω)| 6 Oa,‖f(`)‖∞(1) ·R1−γ/2, for ω ∈ [B−1, B] and R > eγ

−1θ1`.

Then (4.9) holds for any weakly Lipschitz function f on X~sa+ .

Proof. — Let f be a weakly Lipschitz function f on X~sa+ . By Lemma 2.6, we have

‖f − f (`)‖∞ 6 ‖f‖L ·max
a∈A

µa+(ζ [`][a]),
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for some cylindrical function of level `, with ‖f (`)‖∞ 6 ‖f‖∞. By (2.10) and the
Oseledets theorem, since a is Oseledets regular, we have

lim
n→∞

logµa+(ζ [n][a])

n
= −θ1, for all a ∈ A ,

hence for ` > `1(a),

(4.11) ‖f − f (`)‖∞ 6 ‖f‖L · e−
1
2 θ1`.

Recall that

S
(x,t)
R (f, ω) =

∫ R

0

e−2πiωτf ◦ hτ (x, t) dτ.

Let `2 = `2(a, ~s,B) := max{`1(a), `0(a, ~s,B)} and

R0 = R0(a, ~s,B) := exp
[
γ−1θ1`2

]
.

For R > R0 let

(4.12) ` :=
⌊γ logR

θ1

⌋
,

so that ` > `2 and both (4.10) and (4.11) hold. We obtain

|S(x,t)
R (f, ω)− S(x,t)

R (f (`), ω)| 6 R · ‖f‖L · e−
1
2 θ1` 6 eθ1/2 · ‖f‖L ·R1−γ/2,

which together with (4.10) imply (4.9). �

5. Quantitative Veech criterion and the exceptional set

By the definition of tile length (4.6) and population vector, we have

‖ω|ζ [n](v)|~s‖R/Z = ‖〈~̀(v), ω(S[n])t~s〉‖R/Z = ‖〈~̀(v),A(n,a)(ω~s)〉‖R/Z.

For ~x = (x1, . . . , xm) denote by

‖~x‖Rm/Zm = max
j
‖xj‖R/Z,

the distance from ~x to the nearest integer lattice point in the `∞ metric.

Lemma 5.1. — Let {vj}kj=1 be the good return words for the substitution ζ, such that
{~̀(vj)}kj=1 generate Zm as a free Abelian group. Then there exists a constant Cζ > 1

such that

(5.1) C−1
ζ ‖~x‖Rm/Zm 6 max

j6k
‖〈~̀(vj), ~x〉‖R/Z 6 Cζ‖~x‖Rm/Zm .

Proof. — Let ~x = ~n+ ~ε, where ~n ∈ Zm is the nearest point to ~x. Then ‖~x‖Rm/Zm =

‖~ε‖∞, and
‖〈~̀(vj), ~x〉‖R/Z = ‖〈~̀(vj), ~ε〉‖R/Z 6 ‖~̀(vj)‖1 · ‖~ε‖∞,
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proving the right inequality in (5.1). On the other hand, the assumption that
{~̀(vj)}kj=1 generate Zm as a free Abelian group means that for each j 6 m there
exist ai,j ∈ Z such that

∑k
j=1 ai,j

~̀(vj) = ei, the i-th unit vector. Then

‖~x‖Rm/Zm = max
i
‖xi‖R/Z = max

i

∥∥〈∑k
j=1 ai,j

~̀(vj), ~x
〉∥∥

R/Z

6 max
i6m

k∑
j=1

|ai,j | ·max
j6k
‖〈~̀(vj), ~x〉‖R/Z,

finishing the proof. �

In view of (5.1), the product in (4.7) can be estimated as follows:

(5.2)
∏

`+16n<(logR)/4θ1

(
1− c1 ·max

v∈GR(ζ)

∥∥ω|ζ [n](v)|~s
∥∥2

R/Z

)
6

∏
`+16n<(logR)/4θ1

(
1− c̃1 ·

∥∥A(n,a)(ω~s)
∥∥2

Rm/Zm

)
,

where c̃1 ∈ (0, 1) is a constant depending only on ζ.

Proposition 5.2 (Quantitative Veech criterion). — Let a be Oseledets regular, ~s ∈
∆m−1

a , B > 1, and suppose that there exists % ∈ (0, 1/2) such that the set{
n ∈ N :

∥∥A(n,a)(ω~s)
∥∥
Rm/Zm > %

}
has lower density greater than δ > 0 uniformly in ω ∈ [B−1, B], that is,

(5.3) card
{
n ∈ N :

∥∥A(n,a)(ω~s)
∥∥
Rm/Zm > %

}
> δN

for all ω ∈ [B−1, B] and N > N0(a, ~s,B).

Then then Hölder property (4.8) holds with

(5.4) γ = min
{ δ

16
,
−δ log(1− c̃1%2)

8θ1

}
.

Proof. — By Lemma 4.5, it is enough to verify (4.10) for a bounded cylindrical func-
tion f (`), with ` > `0 = `0(a, ~s,B). We use (4.7) and (5.2), with η = γ/2, to obtain:

(5.5) |S(x,t)
R (f (`)), ω)|

6 Oa,Q(1) · ‖f (`)‖∞
(
R1/2 +R1+γ/2

∏
`+16n<(logR)/4θ1

(
1− c̃1 ·

∥∥A(n,a)(ω~s)
∥∥2

Rm/Zm

))
,

for ` > `γ/2 and R > e8θ1`. Since our goal is (4.10), we can discard the R1/2 term
immediately.

Let N0 = N0(a, ~s,B) and

`0 = max{`γ/2, d4γ(N0 + 1)e}.
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For ` > `0 take R > eγ
−1θ1`, as required by Lemma 4.5. Then R > e8θ1`, since

γ 6 1/16, so (5.5) applies. Let

N =

⌊
logR

4θ1

⌋
,

then the choice of R and `0 implies that N > N0. Thus we have by (5.3):∏
`+16n<(logR)/4θ1

(
1− c̃1 ·

∥∥A(n,a)(ω~s)
∥∥2

Rm/Zm

)
6 (1− c̃1%2)δN−`−2

6 3(1− c̃1%2)(δ logR)/(8θ1)

6 3R−γ ,

(5.6)

where in the second line we used

δN − `− 2 6 δ
[ logR

4θ1
− 1
]
− `− 2 6

δ logR

4θ1
− `− 3,

` 6 γ(logR)/θ1 6 δ(logR)/(16θ1), and a trivial estimate (1 − c̃1%
2)−3 6 3 for

c̃1 ∈ (0, 1), % ∈ (0, 1/2). In the last line we used (5.4). Combining (5.5) with (5.6)
yields the desired (4.10). �

For ω > 0 and ~s ∈ ∆m−1
a let ~Kn(ω~s) ∈ Zm be the nearest integer lattice point to

A(n,a)(ω~s), that is,

(5.7) A(n,a)(ω~s) = ~Kn(ω~s) + ~εn(ω~s), ‖~εn(ω~s)‖∞ =
∥∥A(n,a)(ω~s)

∥∥
Rm/Zm .

Definition 5.3 (Definition of the exceptional set). — Given %, δ > 0 and B > 1,
define

EN (%, δ, B) :=
{
ω~s ∈ Rm+ : ~s ∈ ∆m−1

a , ω ∈ [B−1, B],
card{n 6 N : ‖~εn(ω~s)‖∞ > %} < δN

}
,

EN (%, δ, B) :=
{
~s ∈ ∆m−1

a : ∃ω ∈ [B−1, B], ω~s ∈ EN (ρ, δ, B)
}
,

and

(5.8) E = E(%, δ, B) :=
∞⋂

N0=1

∞⋃
N=N0

EN (%, δ, B).

The definition of the exceptional set is related to that in [12, §9]; however, here we
added an extra step — the set EN of exceptional vectors ω~s at scale N . The reason is
that dimension estimates will focus on the projections of EN to the unstable subspace.
On the other hand, it is crucial that the “final” exceptional set E be in terms of ~s in
order to obtain uniform Hölder estimates for all ω ∈ [B−1, B], for ~s 6∈ E.

Proposition 5.4. — There exist % > 0 such that for P-a.e. a ∈ Ωq and any ε1 > 0

there exists δ0, such that for all δ ∈ (0, δ0), for all B > 1, and every Oseledets
subspace HJ

a corresponding to a, containing the unstable subspace Eua,

(5.9) dimH(E(%, δ, B) ∩HJ
a ) 6 dim(HJ

a )− κ+ ε1,

where κ = dim(Eua).

Now we derive Theorem 4.1 from Proposition 5.4, and in the next section we prove
the proposition.
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Proof of Theorem 4.1 assuming Proposition 5.4. — Fix ε1>0 and choose ρ>0 and δ>0

such that (5.9) holds. It is enough to verify (4.8) and (4.9) for all ~s ∈ ∆m−1
a rE(ρ, δ, B).

By definition, ~s ∈ ∆m−1
a r E(ρ, δ, B) means that there exists N0 = N0(a, ~s,B) ∈ N

such that ~s 6∈EN (%, δ, B) for all N>N0. This, in turn, means that for all ω ∈ [B−1, B],
we have ω~s 6∈ EN (%, δ, B). However, this is exactly the quantitative Veech crite-
rion (5.3), and the proof is finished by an application of Proposition 5.2. �

6. The Erdős-Kahane method: proof of Proposition 5.4

We now present the Erdős-Kahane argument in vector form. The argument was
introduced by Erdős [15] , Kahane [22] for proving Fourier decay for Bernoulli convo-
lutions, see [30] for a historical review. Scalar versions of the argument were used in
[11, 12] to prove Hölder regularity of spectral measures in genus 2.

In this section we fix a P-generic 2-sided sequence a ∈ Ωq. Under the assumptions
of Theorem 4.1, for P-a.e. a, the sequence of substitutions ζ(an), n ∈ Z, satisfies
several conditions. To begin with, we assume that the point a is generic for the
Oseledets theorem; that is, assertions (i)–(iii) from Section 3 hold. We further assume
validity of the conclusions of Proposition 4.2, and when necessary, we can impose
on it additional conditions which hold P-almost surely. All implied constants and
parameters below (e.g. when writing “for n sufficiently large”) may depend on a.
Recall that Eua is the unstable Oseledets subspace corresponding to a, and denote
by Ecsa the complementary central stable subspace. Let Pua be the projection to Eua
along Ecsa , and similarly, P csa = I − Pua the projection to Ecsa along Eua.

We defined
A(n,a)(ω~s) = ~Kn(ω~s) + ~εn(ω~s),

in (5.7), where ~Kn(ω~s) ∈ Zm is the nearest integer lattice point to A(n,a)(ω~s). Below
we write

~Kn = ~Kn(ω~s), ~εn = ~εn(ω~s),

and ‖εn‖ = ‖εn‖∞, to simplify notation. The idea is that the knowledge of ~Kn for
large n provides a good estimate for the projection of ω~s onto the unstable subspace.
Indeed, we have

A(n,a)Pua (ω~s) = PuσnaA(n,a)(ω~s) = Puσna
~Kn + Puσna~εn,

hence
Pua (ω~s) = A(n,a)−1Puσna ~Kn + A(n,a)−1Puσna~εn.

By the Oseledets theorem, we have for P-a.e. a, for any ε > 0, for all n sufficiently
large,

‖A(n,a)−1Puσna‖ 6 e−(θκ−ε)n,

where θκ > 0 is the smallest positive Lyapunov exponent of the cocycle A. We used
that ‖Puσna‖ 6 eεn/2 for large n, since the angle ∠(Euσna, E

cs
σna) may tend to zero only

sub-exponentially. By definition

(6.1) ‖~εn‖ 6 1/2 < 1, n > 0,
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whence

(6.2) ‖Pua (ω~s)− A(n,a)−1Puσna ~Kn‖ < e−(θκ−ε)n,

for n sufficiently large.
Recall that we defined Wn = log ‖A(an)‖ in (4.3). Let

(6.3) Mn :=
(
2 + exp(Wn+1)

)m and ρn :=
1/2

1 + exp(Wn+1)
.

Lemma 6.1. — For all n > 0, we have the following, independent of ω~s ∈ Rm+ :
(i) Given ~Kn ∈ Zm, there are at most Mn possibilities for ~Kn+1 ∈ Zm;
(ii) if max{‖~εn‖, ‖~εn+1‖} < ρn, then ~Kn+1 is uniquely determined by ~Kn.

Proof. — We have by (5.7),

A(n,a)(ω~s) = ~Kn + ~εn, A(an+1)A(n,a)(ω~s) = ~Kn+1 + ~εn+1,

hence
~Kn+1 −A(an+1) ~Kn = −~εn+1 +A(an+1)~εn.

It follows that∥∥ ~Kn+1 −A(an+1) ~Kn

∥∥ 6 (1 + exp(Wn+1)) max{‖~εn‖, ‖~εn+1‖}.

Now both parts of the lemma follow easily.
(i) We have by (6.1),∥∥∥ ~Kn+1 −A(an+1) ~Kn

∥∥∥ 6 (1 + exp(Wn+1))/2 =: Υ,

and it remains to note that the `∞ ball of radius R centered at A(an+1) ~Kn contains
at most (2Υ + 1)m points of the lattice Zm.

(ii) If max{‖~εn‖, ‖~εn+1‖} < ρn, then the radius of the ball is less than 1/2, and
it contains at most one point of Zm, thus ~Kn+1 = A(an+1) ~Kn. We are using here
that Zm is invariant under A(an+1) since it is an integer matrix. �

Proof of Proposition 5.4. — Let ẼN (δ,B) be defined by

ẼN (δ,B) :=
{
ω~s ∈ Rm+ : ~s ∈ ∆m−1

a , ω ∈ [B−1, B],

card{n 6 N : max{‖~εn‖, ‖~εn+1‖} > ρn} < δN
}
.

We recall that ~εn = ~εn(ω~s), but use the shortened notation for simplicity. First we
claim that P-almost surely,

(6.4) ẼN (δ,B) ⊃ EN (%, δ/4, B)

for N > N0(a), where

(6.5) % =
1/2

1 + eK
, with K = 2L1 log(1/δ).

Here L1 is from Proposition 4.2. Suppose ω~s 6∈ ẼN (δ,B). Then there exists a subset
ΓN ⊂ {1, . . . , N} of cardinality > δN such that

max{‖~εn‖, ‖~εn+1‖} > ρn for all n ∈ ΓN .
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Note that ρn < % is equivalent to Wn+1 > K by (6.5) and (6.3). Observe that there
are fewer than δN/2 integers n 6 N for which Wn+1 > K, for N > N0(a) by
Corollary 4.3. Thus

card
{
n 6 N : max{‖~εn‖, ‖~εn+1‖} > %

}
> δN/2,

hence there are at least δN/4 integers n 6 N with ‖~εn‖ > %, and so ω~s 6∈
EN (%, δ/4, B) which confirms (6.4).

It follows that it is enough to show that if δ > 0 is sufficiently small, then for every
Oseledets subspace HJ

a ⊃ Eua,

dimH(Ẽ(δ,B) ∩HJ
a ) 6 dim(HJ

a )− κ+ ε1 =: β,

where

Ẽ(δ,B) :=
∞⋂

N0=1

∞⋃
N=N0

ẼN (δ,B),

ẼN (δ,B) :=
{
~s ∈ ∆m−1

a : ∃ω ∈ [B−1, B], ω~s ∈ ẼN (δ,B)
}
.

Let H β denote the β-dimensional Hausdorff measure. A standard method to prove

(6.6) H β(Ẽ(δ,B) ∩HJ
a ) <∞,

whence dimH(Ẽ(δ,B) ∩HJ
a ) 6 β, is to show that ẼN (δ,B) ∩HJ

a may be covered by
≈ eβ·Nα balls of radius ≈ e−Nα for N sufficiently large, for some α > 0. Observe that
the map from ẼN (δ,B) to ẼN (δ,B) is simply ω~s 7→ ~s for ω ∈ [B−1, B] and ~s ∈ ∆m−1

a ,
which is Lipschitz, with a Lipschitz constant Oa,B(1); thus it is enough to produce a
covering of ẼN (δ,B) ∩HJ

a .
Denote HJ

a 	 Eua = HJ
a ∩ Esca . By assumption, HJ

a = Eua ⊕ (HJ
a 	 Eua), hence

(6.7) ẼN (δ,B) ∩HJ
a

⊂ Pua
(
ẼN (δ,B)

)
⊕
{
~y ∈ HJ

a 	 Eua : ‖~y‖1 6
B‖P csa ‖

mina µa+([a])

}
=: F1 ⊕ F2.

Here ⊕ stands for the direct sum decomposition corresponding to a. Denote by
N (F, r) the minimal number of balls of radius r needed to cover a set F . We have

(6.8) N (F1 ⊕ F2, r) 6 Oa(1) ·N (F1, r) ·N (F2, r), for any r > 0,

since F1 ⊕ F2 is bi-Lipschitz equivalent to F1 × F2. The Lipschitz constant depends
on the angle between F1 and F2 and thus only depends on a.

Observe that dim(HJ
a 	 Eua) = dim(HJ

a )− κ, so

(6.9) N (F2, e
−αN ) 6 Oa,B(1) · exp

[
αN(dim(HJ

a )− κ)
]

for any α > 0.

Thus it remains to produce a covering of F1 = Pua (ẼN (δ,B)). Suppose ω~s ∈
ẼN (δ,B) and find the corresponding sequence ~Kn, ~εn from (5.7). We have from (6.2)
that for N sufficiently large,

(6.10) Pua (ω~s) is in the ball centered at A(N,a)−1PuσNa
~KN of radius e−(θκ−ε)N .

Since a is fixed, it is enough to estimate the number of sequences ~Kn, n 6 N , which
may arise.
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Let ΨN be the set of n ∈ {1, . . . , N} for which we have max{‖~εn‖, ‖~εn+1‖} > ρn.
By the definition of ẼN (δ,B) we have |ΨN | < δN . There are

∑
i<δN

(
N
i

)
such sets.

For a fixed ΨN the number of possible sequences { ~Kn} is at most

BN :=
∏
n∈ΨN

Mn

times the number of “beginnings” ~K0, by Lemma 6.1. The number of possible ~K0 is
bounded, independent of N , by a constant depending on B, since ω ∈ [B−1, B] and
~s ∈ ∆m−1

a . In view of Mn 6 3memWn+1 , see (6.3), we have by (4.4), for N sufficiently
large,

BN 6 Oa,B(1) · 3mδN exp(m
∑
n∈ΨN

Wn+1)

6 Oa,B(1) · 3mδN exp[m · L1 log(1/δ)(δN)].

Thus, by (6.10), N (F1, e
−(θκ−ε)N )=N

(
Pua (ẼN (δ,B)), e−(θκ−ε)N

)
is not greater than

(6.11) Oa,B(1) ·
∑
i<δN

(
N

i

)
· 3mδN exp[m · L1 log(1/δ)(δN)]

6 Oa,B(1) · exp[L2 log(1/δ)(δN)],

for some L2 > 0, using the standard entropy estimate (or Stirling formula) for the
binomial coefficients. Since δ log(1/δ) → 0 as δ → 0, we can choose δ0 > 0 so small
that δ < δ0 implies

[L2 log(1/δ)(δN)] < ε1(θκ − ε)N.
Combining this with (6.7), (6.8), and (6.9), we obtain that ẼN (δ,B) ∩ HJ

a may be
covered by

Oa,B(1) · exp [(θκ − ε)Nβ] balls of radius e−(θκ−ε)N

for N sufficiently large, where β = dim(HJ
a )− κ+ ε1. This confirms (6.6). The proof

of Proposition 5.4, and hence of Theorem 4.1, is now complete. �

7. Derivation of Theorem 1.1 and Theorem 1.3 from Theorem 3.2

This section is parallel to [12, §11]; however, we need to make a number of changes,
in view of the requirements on the word q.

Recall the discussion in Section 2.11 and Remark 1.2. Consider our surface M of
genus g > 2. By the results of [7, §4] there is a correspondence between almost every
translation flow with respect to the Masur-Veech measure and a natural flow on a
“random” 2-sided Markov compactum, which is, in turn, measurably isomorphic to
the suspension flow over a one-sided Markov compactum, or, equivalently, an S-adic
systemXa+ for a+ ∈ A. The roof function of the suspension flow is piecewise constant,
depending only on the first symbol, and we can express it as a vector of “heights”. This
symbolic realization uses Veech’s construction [35] of the space of zippered rectangles
which corresponds to a connected component of a stratum H . Given a Rauzy class R,
we get a space of S-adic systems on m > 2g symbols, which provide a symbolic
realization of the interval exchange transformations (IET’s) from R. As shown by
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Veech [36], the “vector of heights” obtained in this construction necessarily belongs to
a subspace H(π), which is invariant under the Rauzy-Veech cocycle and depends only
on the permutation of the IET. In fact, the subspace H(π) has dimension 2g and is the
sum of the stable and unstable subspaces for the Rauzy-Veech cocycle. By the result
of Forni [17], there are g positive Lyapunov exponents, thus dim(Eua) = g > 2. In the
setting of Theorem 3.2 we will take H(π) = Ha(π) to be our Oseledets subspace HJ

a ,
containing the strong unstable subspace Eua.

Theorem 1.1 (in the expanded form) will follow from Theorem 3.2 by the argument
given in Remark 1.2. Indeed, by the assumption, for µ-a.e. Abelian differential, the
induced conditional measure on a.e. fiber has Hausdorff dimension > 2g − κ + δ,
hence taking ε1 = δ and using the estimate (3.6) for the exceptional set, we see that
exceptional set has zero µ-measure.

Thus it remains to check that the conditions of Theorem 3.2 are satisfied. The
property (C1) holds because the renormalization matrices in the Rauzy-Veech in-
duction all have determinant ±1. Condition (C2) holds by a theorem of Zorich [41].
As already mentioned, property (a) (on Lyapunov exponents) in Theorem 3.2 holds
by a theorem of Forni [17].

Next we explain how to achieve the combinatorial properties (b) and (c) of a word
q ∈ Ak. Recall the discussion of Rauzy induction in Section 2.10, which we repeat in
part for convenience. As is well-known, for almost every IET, there is a corresponding
infinite path in the Rauzy graph, and the length of the interval on which we induce
tends to zero. For any finite “block” of this path, we have a pair of intervals J ⊂ I

and IET’s on them, denoted TI and TJ , such that both are exchanges of m intervals
and TJ is the first return map of TI to J . Let I1, . . . , Im be the subintervals of the
exchange TI and J1, . . . , Jm the subintervals of the exchange TJ . Let ri be the return
time for the interval Ji into J under TI , that is, ri = min{k > 0 : T kI Ji ⊂ J}.
Represent I as a Rokhlin tower over the subset J and its induced map TJ , and write

I =
⊔

i=1,...,m,k=0,...,ri−1

T kJi.

By construction, each of the “floors” of our tower, that is, each of the subintervals
T kI Ji, is a subset of some, of course, unique, subinterval of the initial exchange, and
we define an integer n(i, k) by the formula

T kI Ji ⊂ In(i,k).

To the pair I, J we now assign a substitution ζIJ on the alphabet {1, . . . ,m} by the
formula

(7.1) ζIJ : i −→ n(i, 0)n(i, 1) . . . n(i, ri − 1).

Words obtained form finite paths in the Rauzy graph will be called admissible.
By results of Veech, every admissible word appears infinitely often with positive prob-
ability in a typical infinite path. Condition (c) of Theorem 3.2 and the simplicity of
the admissible word from (b) are verified in the next lemma.
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Lemma 7.1. — There exists an admissible word q, which is simple, whose associated
matrix A(q) has strictly positive entries, and the corresponding substitution ζ, with
Q = Sζ = A(q)t having the property that there exist good return words u1, . . . , um ∈
GR(ζ), such that {~̀(uj) : j 6 m} generate the entire Zm as a free Abelian group.

Proof. — Recall that by “word” here we mean a sequence of substitutions correspond-
ing to a finite path in the Rauzy graph. Denote by ζV the substitution corresponding
to a path V . The alphabet may be identified with the set of edges. By construction, if
we concatenate two paths V1V2, we obtain ζV1V2

= ζV2
ζV1

. First we claim that there
exists a loop V in the Rauzy graph, such that A(V ) is strictly positive and ζV (j)

starts with the same letter c = 1 for every j 6 m. Indeed, start with an arbitrary
loop V in the Rauzy graph such that the corresponding renormalization matrix has all
entries positive. Consider the interval exchange transformation with periodic Rauzy-
Veech expansion obtained by going along the loop repeatedly (it is known from [35]
that such an IET exists). As the number of passages through the loop grows, the
length of the interval forming phase space of the new interval exchange (the result
of the induction process) goes to zero. In particular, after sufficiently many moves,
this interval will be completely contained in the first subinterval of the initial interval
exchange — but this means, in view of (7.1) that n(i, 0) = 1 for all i, and hence the
resulting substitution ζV n has the property that ζV n(j) starts with c = 1 for all j.

Next, observe that for any loop W starting at the same vertex, the substitution
ζ = ζWV 2n = ζV nζV nζW has the property that every ζV n(j) is a return word for
it. Indeed, applying ζ to any sequence we obtain a concatenation of words of the
form ζV n(j) for j 6 m, in some order, and every one of them starts with c = 1. There-
fore, they are all return words. Moreover, every letter j appears in every word ζV n(i),
since the substitution matrix of ζV is strictly positive. Thus, every word uj := ζV n(j)

appears in every ζ(i), which means that all these words are good return words for ζ.
The corresponding population vectors ~̀(uj) are the columns of the substitution ma-
trix of ζV n . As is well-known, the matrices corresponding to Rauzy operations are
invertible and unimodular, which means that the columns of SζV n are linearly inde-
pendent and generate Zm as a free Abelian group. It remains to choose W to make
sure that the word WV 2n is simple. It is known that in the Rauzy graph there are
a- and b-cycles starting at every vertex. Assume that the loop V ends with an edge
labeled by a (the other cases is treated similarly). Then first fix an a-loopW2 starting
at the same vertex as V , so that W2V

2n starts and ends with an a-edge. Then choose
a b-loop W1 starting at the same vertex, with the property that |W1| > |W2V

2n|.
We will then consider the admissible word W1W2V

2n, and we claim that it is simple.
Indeed, the word in the alphabet {a, b} corresponding to it, has the form bka . . . a,
and it is simple, because its length is less than 2k. The proof is complete. �

Condition (3.3), a variant of the exponential estimate for return times of the Teich-
müller flow into compact sets, is proved for an arbitrary genus g > 2 in [12, Prop. 11.3]
by modifying an argument from [6]. Theorem 1.1 and Theorem 1.3 are proved com-
pletely.
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[15] P. Erdős – “On the smoothness properties of a family of Bernoulli convolutions”, Amer. J. Math.
62 (1940), p. 180–186.

[16] N. P. Fogg – Substitutions in dynamics, arithmetics and combinatorics, Lect. Notes in Math., vol.
1794, Springer-Verlag, Berlin, 2002, Edited by V. Berthé, S. Ferenczi, C. Mauduit and A. Siegel.

[17] G. Forni – “Deviation of ergodic averages for area-preserving flows on surfaces of higher genus”,
Ann. of Math. (2) 155 (2002), no. 1, p. 1–103.

[18] , “Twisted translation flows and effective weak mixing”, 2019, arXiv:1908.11040.
[19] H. Furstenberg – Stationary processes and prediction theory, Annals of Math. Studies, vol. 44,

Princeton University Press, Princeton, NJ, 1960.
[20] R. Gjerde & Ø. Johansen – “Bratteli-Vershik models for Cantor minimal systems associated to

interval exchange transformations”, Math. Scand. 90 (2002), no. 1, p. 87–100.
[21] S. Ito – “A construction of transversal flows for maximal Markov automorphisms”, Tokyo

J. Math. 1 (1978), no. 2, p. 305–324.
[22] J.-P. Kahane – “Sur la distribution de certaines séries aléatoires”, in Colloque de Théorie des

Nombres (Univ. Bordeaux, Bordeaux, 1969), Mém. Soc. Math. France (N.S.), vol. 25, Société
Mathématique de France, Paris, 1971, p. 119–122.

[23] A. Katok – “Interval exchange transformations and some special flows are not mixing”, Israel
J. Math. 35 (1980), no. 4, p. 301–310.

[24] K. Lindsey & R. Treviño – “Infinite type flat surface models of ergodic systems”, Discrete Contin.
Dynam. Systems 36 (2016), no. 10, p. 5509–5553.

[25] A. N. Livshits – “Sufficient conditions for weak mixing of substitutions and of stationary adic
transformations”, Mat. Zametki 44 (1988), no. 6, p. 785–793, English transl. in Math. Notes 44
(1988), no. 5–6, p. 920–925.

J.É.P. — M., 2021, tome 8

http://arxiv.org/abs/1908.11040


310 A. I. Bufetov & B. Solomyak

[26] S. Marmi, P. Moussa & J.-C. Yoccoz – “The cohomological equation for Roth-type interval ex-
change maps”, J. Amer. Math. Soc. 18 (2005), no. 4, p. 823–872.

[27] H. Masur – “Interval exchange transformations and measured foliations”, Ann. of Math. (2) 115
(1982), no. 1, p. 169–200.

[28] B. Mossé – “Puissances de mots et reconnaissabilité des points fixes d’une substitution”, Theoret.
Comput. Sci. 99 (1992), no. 2, p. 327–334.

[29] V. I. Oseledec – “A multiplicative ergodic theorem. Characteristic Ljapunov, exponents of dy-
namical systems”, Trudy Moskov. Mat. Obšč. 19 (1968), p. 179–210.

[30] Y. Peres, W. Schlag & B. Solomyak – “Sixty years of Bernoulli convolutions”, in Fractal geometry
and stochastics, II (Greifswald/Koserow, 1998), Progr. Probab., vol. 46, Birkhäuser, Basel,
2000, p. 39–65.

[31] M. Queffélec – Substitution dynamical systems—spectral analysis, 2nd ed., Lect. Notes in Math.,
vol. 1294, Springer-Verlag, Berlin, 2010.

[32] G. Rauzy – “Échanges d’intervalles et transformations induites”, Acta Arith. 34 (1979), no. 4,
p. 315–328.

[33] R. Treviño – “Quantitative weak mixing for random substitution tilings”, 2006, arXiv:
2006.16980.

[34] W. A. Veech – “Interval exchange transformations”, J. Anal. Math. 33 (1978), p. 222–272.
[35] , “Gauss measures for transformations on the space of interval exchange maps”, Ann. of

Math. (2) 115 (1982), no. 1, p. 201–242.
[36] , “The metric theory of interval exchange transformations. I. Generic spectral properties”,

Amer. J. Math. 106 (1984), no. 6, p. 1331–1359.
[37] A. M. Vershik – “A theorem on Markov periodic approximation in ergodic theory”, Zap. Nauchn.

Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 115 (1982), p. 72–82, 306, Boundary value
problems of mathematical physics and related questions in the theory of functions, 14.

[38] , “The adic realizations of the ergodic actions with the homeomorphisms of the Markov
compact and the ordered Bratteli diagrams”, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst.
Steklov. (POMI) 223 (1995), p. 120–126, Teor. Predstav. Din. Sistemy, Kombin. i Algoritm.
Metody. I. English transl. in J. Math. Sci. 87 (1997), no. 6, p. 4054–4058.

[39] M. Viana – “Lectures on interval exchange transformations and Teichmüller flows”, Preprint
IMPA, 2008.

[40] J.-C. Yoccoz – “Interval exchange maps and translation surfaces”, in Homogeneous flows, moduli
spaces and arithmetic, Clay Math. Proc., vol. 10, American Mathematical Society, Providence,
RI, 2010, p. 1–69.

[41] A. Zorich – “Finite Gauss measure on the space of interval exchange transformations. Lyapunov
exponents”, Ann. Inst. Fourier (Grenoble) 46 (1996), no. 2, p. 325–370.

[42] , “Flat surfaces”, in Frontiers in number theory, physics, and geometry. I, Springer,
Berlin, 2006, p. 437–583.

Manuscript received 12th September 2019
accepted 13th January 2021

Alexander I. Bufetov, Aix-Marseille Université, CNRS, Centrale Marseille, I2M, UMR 7373,
39 rue F. Joliot Curie, Marseille, France
Steklov Mathematical Institute of RAS, Moscow, Russia
Institute for Information Transmission Problems, Moscow, Russia
E-mail : bufetov@mi.ras.ru

Boris Solomyak, Department of Mathematics, Bar-Ilan University
Ramat-Gan, Israel
E-mail : bsolom3@gmail.com
Url : https://u.math.biu.ac.il/~solomyb/personal.html

J.É.P. — M., 2021, tome 8

http://arxiv.org/abs/2006.16980
http://arxiv.org/abs/2006.16980
mailto:bufetov@mi.ras.ru
mailto:bsolom3@gmail.com
https://u.math.biu.ac.il/~solomyb/personal.html

	1. Introduction
	2. Preliminaries
	3. Random S-adic systems: statement of the theorem
	4. Beginning of the proof of Theorem 4.1
	5. Quantitative Veech criterion and the exceptional set
	6. The Erdős-Kahane method: proof of Proposition 5.4 
	7. Derivation of Theorem 1.1 and Theorem 1.3 from Theorem 3.2 
	References

