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HOLDER REGULARITY FOR THE SPECTRUM OF
TRANSLATION FLOWS

BY ALEXANDER I. BurETov & Boris SoLomyak

Asstract. — The paper is devoted to generic translation flows corresponding to Abelian dif-
ferentials on flat surfaces of arbitrary genus g > 2. These flows are weakly mixing by the
Avila-Forni theorem. In genus 2, the Holder property for the spectral measures of these flows
was established in [12, 14]. Recently, Forni [18], motivated by [12], obtained Holder estimates
for spectral measures in the case of surfaces of arbitrary genus. Here we combine Forni’s idea
with the symbolic approach of [12] and prove Holder regularity for spectral measures of flows
on random Markov compacta, in particular, for translation flows for an arbitrary genus > 2.

Résumi (Régularité Holder pour le spectre des flots de translation). — Cet article est consacré
aux flots de translation génériques correspondant a des différentielles abéliennes sur des surfaces
plates de genre arbitraire g > 2. Ces flots sont faiblement mélangeants, d’apres le théoreme
d’Avila-Forni. En genre 2, la propriété de Holder pour les mesures spectrales de ces flots a été
établie dans [12, 14]. Récemment, Forni [18], motivé par [12], a obtenu des estimées Holder pour
les mesures spectrales dans le cas des surfaces de genre arbitraire. Ici, nous combinons ’idée
de Forni avec I'approche symbolique de [12] et nous démontrons la régularité Holder pour les
mesures spectrales des flots sur des « compacta » de Markov aléatoires, et en particulier pour
des flots de translation pour un genre arbitraire > 2.
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1. INnTRODUCTION

1.1. ForMuLATION OF THE MAIN RESULT. — Let M be a compact orientable surface.
To a holomorphic one-form w on M one can assign the corresponding vertical flow h;"
on M, i.e., the flow at unit speed along the leaves of the foliation R(w) = 0. The verti-
cal flow preserves the measure m = i(w Aw@)/2, the area form induced by w. By a the-
orem of Katok [23], the flow h;" is never mixing. The moduli space of abelian differen-
tials carries a natural volume measure, called the Masur-Veech measure [27], [35]. For
almost every Abelian differential with respect to the Masur-Veech measure, Masur [27]
and Veech [35] independently and simultaneously proved that the flow h;" is uniquely
ergodic. Weak mixing for almost all translation flows has been established by Veech
in [36] under additional assumptions on the combinatorics of the abelian differentials
and by Avila and Forni [1] in full generality. The spectrum of translation flows is
therefore almost surely continuous and always has a singular component.

Sinai [personal communication] raised the question: to find the local asymptotics for
the spectral measures of translation flows. In [12, 14] we developed an approach to this
problem and succeeded in obtaining Holder estimates for spectral measures in the case
of surfaces of genus 2. The proof proceeds via uniform estimates of twisted Birkhoff
integrals in the symbolic framework of random Markov compacta and arguments of
Diophantine nature in the spirit of Salem, Erdés and Kahane. Recently Forni [18]
obtained Holder estimates for spectral measures in the case of surfaces of arbitrary
genus. While Forni does not use the symbolic formalism, the main idea of his approach
can also be formulated in symbolic terms: namely, that instead of the scalar estimates
of [12, 14], we can use the Erdés-Kahane argument in vector form, cf. (5.2) et seq.
Following the idea of Forni and directly using the vector form of the Erdés-Kahane
argument yields a considerable simplification of our initial proof and allows us to
prove the Holder property for a general class of random Markov compacta, cf. [7],
and, in particular, for almost all translation flows on surfaces of arbitrary genus.

Let JZ be a stratum of abelian differentials on a surface of genus g > 2. The
natural smooth Masur-Veech measure on the stratum 2 is denoted by p». Our
main result is that for almost all abelian differentials in J#, the spectral measures of
Lipschitz functions with respect to the corresponding translation flows have the Holder
property. Recall that for a square-integrable test function f, the spectral measure o
is defined by
Gr(=t)=(foh,f), teR,
see Section 2.12. A point mass for the spectral measure corresponds to an eigenvalue,
so Holder estimates for spectral measures quantify weak mixing for our systems.

Turorem 1.1. — There exists v > 0 such that for p e -almost every abelian differential
(M,w) € S the following holds. For any B > 1 there exist constants C' = C(w, B)
and 1o = ro(w, B) such that for any Lipschitz function f on M, for all A € [B~!, B]
we have

(1.1) of(AN=r,A+7]) <C|fllr -7 forallr € (0,r0).

This theorem is analogous to Forni [18, Cor. 1.7].
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HOLDER REGULARITY FOR THE SPECTRUM OF TRANSLATION FLOWS 281

Remark 1.2 Our argument, as well as Forni’s, see [18, Rem. 1.9], remains valid for
almost every translation flow under a more general class of measures. Let p be a Borel
probability measure invariant and ergodic under the Teichmiiller flow. Let x be the
number of positive Lyapunov exponents for the Kontsevich-Zorich cocycle under the
measure p. To formulate our condition precisely, recall that, by the Hubbard-Masur
theorem on the existence of cohomological coordinates, the moduli space of abelian
differentials with prescribed singularities can be locally identified with the space H of
relative cohomology, with complex coefficients, of the underlying surface with respect
to the singularities. Consider the subspace H C H corresponding to the absolute
cohomology, the corresponding fibration of H into translates of H and its image, a
fibration .Z on the moduli space of abelian differentials with prescribed singularities.
Each fiber is locally isomorphic to H and thus has dimension equal to 2g, where g is the
genus of the underlying surface. We now restrict ourselves to the subspace of abelian
differentials of area 1, and let the fibration .# be the restriction of the fibration .7;
the dimension of each fiber of the fibration % is equal to 2g — 1. Almost every fiber
of Z carries a conditional measure, defined up to multiplication by a constant, of the
measure p. If there exists § > 0 such that the Hausdorff dimension of the conditional
measure of p on almost every fiber of .# has Hausdorff dimension at least 2g — k + 0,
then Theorem 1.1 holds for p-almost every abelian differential.

In the case of the Masur-Veech measure pp, it is well-known that the conditional
measure on almost every fiber is mutually absolutely continuous with the Lebesgue
measure, hence has Hausdorff dimension 2¢. By the celebrated result of Forni [17],
there are kK = g positive Lyapunov exponents for the Kontsevich-Zorich cocycle under
the measure p 7, so Theorem 1.1 will follow by taking any ¢ € (0,1).

The proof of the Holder property for spectral measures proceeds via upper bounds
on the growth of twisted Birkhoff integrals

R
SPUN = [ e pont(@)ar

Tueorem 1.3. — There exists a € (0,1) such that for uy-almost every abelian dif-
ferential (M,w) € S and any B > 1 there ezxist C' = C'(w, B) and Ry = Ry(w, B)
such that for any Lipschitz function f on M, for all X € [B~™',B] and all x € M,

(1.2) 1SS(£,\)| < C'R™ for all R > Ry.

This theorem is analogous to Forni [18, Th.1.6]. The derivation of Theorem 1.1
from Theorem 1.3 is standard, with v = 2(1 — «); see Lemma 2.7. In fact, in order
to obtain (1.1), L2-estimates (with respect to the area measure on M) of Sg)(f, A)
suffice; we obtain bounds that are uniform in z € M, which is of independent interest.

Remark 1.4. — Using the approach of [13], we expect that we can make the estimate
in (1.1) uniform on the entire real line. Such uniform estimates imply results on

J.E.P.— M., 2021, tome 8



282 A. I. Burerov & B. SoLomyak

quantitative weak mixing in the form

1 R
(13) & [ lront gl a<cre

for some 8 > 0 and f, g of the appropriate Lipschitz class, see [13, Th.1.1]. Forni
[18, Cor. 1.8] derived a result similar to (1.3) from the estimates of twisted Birkhoff
integrals in the form (1.2) using Fourier transform techniques, see [18, Lem. 9.3], under
the additional assumption that f is sufficiently smooth.

1.2. QuanTtiTaTIvVE WEAK MIXING. — There is a close relation between Holder regular-
ity of spectral measures and quantitative rates of weak mixing, see [13, 18]. One can
also note a connection of our arguments with the proofs of weak mixing, via Veech’s
criterion [36]. A translation flow can be represented, by considering its return map to
a transverse interval, as a suspension flow over an interval exchange transformation
(IET) with a roof function constant on each sub-interval. The roof function is deter-
mined by a vector §€ H C R} with positive coordinates, where m is the number of
sub-intervals of the IET and H is a subspace of dimension 2g corresponding to the
space of absolute cohomology from Remark 1.2. Let A(n, a) be the Zorich acceleration
of the Masur-Veech cocycle on R™, corresponding to returns to a “good set”, where a
encodes the IET. Veech’s criterion [36, §7] says that if

limsup |[|[A(n, @) - w5]|gm jzm >0 for all w # 0,
n— oo

then the translation flow corresponding to § is weakly mixing. This was used by Avila
and Forni [1, Th. A.2] to show that for almost every a the set of § € H, such that the
suspension flow is not weakly mixing, has Hausdorff dimension at most g + 1. On the
other hand, our Proposition 5.2 says that if the set

[neN: A, a) - willzm/zn > o}

has positive lower density in N for some ¢ > 0 uniformly in w # 0 bounded away
from zero and from infinity, then spectral measures corresponding to Lipschitz func-
tions have the Holder property. The Erd6és-Kahane argument is used to estimate the
dimension of those § for which this fails. In recent Forni’s work, a version of the weak
stable space for the Kontsevich-Zorich cocycle, denoted W;-(h) and defined in [18, §6],
seems analogous to our exceptional set € defined in (5.8). The Hausdorff dimension
of this set is estimated in [18, Th. 6.3], with the help of [18, Lem. 6.2], which plays a
role similar to our Erdos-Kahane argument.

1.3. ORGANIZATION OF THE PAPER, COMPARISON wWiTH [12] AnD [14]. — A large part of
the paper [12] was written in complete generality, without the genus 2 assumptions,
and is directly used here; for example, we do not reproduce the estimates of twisted
Birkhoff integrals using generalized matrix Riesz products, but refer the reader to
[12, §3] instead. Sharper estimates of matrix Riesz products were obtained in [14],
where the matrix Riesz products products are interpreted in terms of the spectral
cocycle. In particular, we established a formula relating the local upper Lyapunov
exponents of the cocycle with the pointwise lower dimension of spectral measures.

JIEP. — M., 2021, tome 8
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Note nonetheless that the cocycle structure is not used in this paper. Section 3, par-
allel to [12, §4], contains the main result on Holder regularity of spectral measures
in the setting of random S-adic, or, equivalently, random Bratteli-Verhik systems.
The main novelty is that here we only require that the second Lyapunov exponent 6
of the Kontsevich-Zorich cocycle be positive, while in [12] the assumption was that
0, > 03 > 0 are the only non-negative exponents. The preliminary Section 4 closely
follows [12]. The crucial changes occur in Sections 5 and 6, where, in contrast with [12],
Diophantine approximation is established in vector form, cf. Lemma 5.1. The excep-
tional set is defined in (5.8), and the Hausdorfl dimension of the exceptional set is
estimated in Proposition 5.4. Although the general strategy of the “Erd&s-Kahane
argument” remains, the implementation is now significantly simplified. In [12] we
worked with scalar parameters, the coordinates of the vector of heights with respect
to the Oseledets basis, but here we simply consider the vector parameter and work
with the projection of the vector of heights to the strong unstable subspace. In partic-
ular, the cumbersome estimates of [12, §8] are no longer needed. Section 7, devoted to
the derivation of the main theorem on translation flows from its symbolic counterpart,
parallels [12, §11] with some changes. The most significant one is that we require a
stronger property of the good returns, which is achieved in Lemma 7.1. On the other
hand, the large deviation estimate for the Teichmiiller flow required in Theorem 3.2
remains unchanged, and we directly use [12, Prop. 11.3].

1.4. Furtner pirecrions. — As mentioned in the abstract, the result for translation
flows is a special case of a theorem on Holder regularity for spectral measures of
flows on random Markov compacta (see the next section for definitions). Random
two-sided Markov compacta endowed with a Vershik ordering and ergodic flows along
their stable foliations were studied in [7]. This is a very general symbolic framework,
which offers a possibility of other applications. In particular, this includes random
substitution tilings on the line and suspension flows over random S-adic systems. Self-
stmalar substitution tilings have also been studied extensively in higher dimensions.
In [10] we obtained limit theorems for the deviation of ergodic averages for self-similar
tiling R%-actions. It would be very interesting also to obtain Hélder estimates for the
spectrum of such systems. For random substitution R%actions such estimates were
recently obtained by Trevifio [33], who used a generalization of our symbolic approach.
In another direction, Lindsey and Trevifio [24] constructed a wide range of flat surfaces
of infinite genus, but finite area, using bi-inifnite ordered Bratteli diagrams. It would
be of interest to apply our results to translation flows on surfaces of infinite genus (we
are grateful to Rodrigo Trevino for this remark).

Acknowledgements. — We are deeply grateful to Giovanni Forni for generously shar-
ing his ideas with us and for sending us his manuscript containing his proof of the
Holder property in arbitrary genus. We would like to thank Corinna Ulcigrai for her
hospitality in Bristol (B. S.) and Ziirich (A. B. and B. S.), and for many fruitful dis-
cussions. We are grateful to the anonymous referees for a careful reading of the paper
and many helpful critical comments.

J.E.P.— M., 2021, tome 8



284 A. I. Burerov & B. SoLomyak

2. PRELIMINARIES

2.1. Markov compacta. — The symbolic representation of translation flows was given
by Bufetov [7], using the theory of Markov compacta. Here we briefly recall the defi-
nitions.

Denote by & the set of all oriented graphs on m vertices such that there is an edge
starting at every vertex and an edge terminating at every vertex (we allow loops and
multiple edges). For I' € & let &(I") be the set of edges of I'. For e € &(I') denote
by I(e) its initial vertex and by F(e) its terminal vertex. Let A(T') be the incidence
matrix of I' given by

Aij(T)=#{ec &) I(e) =1, F(e) =5}
Assume that we are given a sequence g = {I',,}nez, with T, € &. The Markov
compactum of paths in the sequence of graphs g is defined by
X =X(g) ={e=(¢n)nez : en € ('), Flent1) = I(en)}
We will also need the one-sided Markov compacta X (respectively X_), defined in
the same way with elements (e, )n>1 (respectively (en)n<o). A one-sided sequence of

graphs in & is also called a Bratteli diagram of rank m. For ¢ € X, n € Z™ introduce
the sets

Yi(e)={ e X :¢f=¢;,j >n} To(e)={d eX ¢ =r¢;,j<n}
Yao(e) = U 7 (e): Voo(e) = U 75 (0)-
nez neZ

The sets v (¢) are leaves of the asymptotic foliation F(X) on X corresponding
to the infinite future, and the sets v (¢) are the leaves of the asymptotic foliation
F~(X) on X corresponding to the infinite past.

There is a standard construction of telescoping (= aggregation) [7, 2.4]: for any
sequence 1 = ng < n; < ng < --- we “concatenate” the graphs I'y,,,..., Ty, , 1 to
obtain Fg € &. Telescoping induces an equivalence relation on &%, and the Markov
compacta corresponding to equivalent g and g’ are naturally isomorphic.

Stanping Assumprion. — The sequence {T'y,} (after appropriate telescoping) contains
infinitely many occurrences of a single graph T with a strictly positive incidence ma-
triz, both in the past and in the future.

In this case, as is well-known since the work of Furstenberg (see e.g. [19, (16.13)]),
the Markov compactum X is uniquely ergodic, which means that there are unique
probability measures vy, v_, invariant under the equivalence relations defined by the
future (past) asymptotic foliations respectively.

2.2. VERSHIK'S ORDERINGS AND VERSHIK AUTOMORPHISMS. The Markov compactum
and the asymptotic foliations encode the translation surface and its vertical and hor-
izontal foliations; however, in order to recover the translation flows themselves, one
needs a linear ordering on the leaves of the foliation. This linear ordering is induced
by Vershik’s orderings of the edges of the graphs defining the Markov compactum.

JIEP. — M., 2021, tome 8



HOLDER REGULARITY FOR THE SPECTRUM OF TRANSLATION FLOWS 285

Formally, following Ito [21] and Vershik [37, 38|, we assume that a linear order-
ing (called Vershik’s ordering) is given on the set {e € &(I'y,) : I(e) = i} for every
graph G, and for every vertex i. This induces a linear ordering on any leaf of the
foliation .# . Indeed, if ¢/ € v{ (¢), ¢’ # ¢, then there exists n such that ¢; = ¢ for
j > n but ¢; # ¢}. Since I(e,) = I(e},), the edges ¢, and ¢, are comparable with
respect to our ordering; if ¢, < ¢/, then we write ¢ < ¢’. Denote the resulting ordering
on f; by o. Restricting this ordering to the 1-sided compactum X, we obtain the
adic, or Vershik automorphism ¥, defined as the immediate successor of a path e in
the ordering o. This is a Z-action on the complement of the countable set consisting
of the union of finitely many one-sided orbits of the maximal and minimal paths in
the ordering o. In the literature, the Vershik automorphism is often called a Bratteli-
Vershik dynamical system. By Vershik’s theorem [37, 38], every ergodic automorphism
of a Lebesgue space is measurably isomorphic to the Vershik automorphism on a one-
sided ordered Bratteli-Vershik diagram (in general, of infinite rank). A realization
of a (minimal) IET as a Vershik automorphism (similar to the one described below,
see (2.16), via the Rauzy induction) was given by Gjerde and Johansen [20]. On the
other hand, given a Vershik’s ordering on the 2-sided uniquely ergodic Markov com-
pactum X, Bufetov [7], defined a flow on X, which is isomorphic to a suspension flow
over the Vershik automorphism, with a piecewise-constant roof function. This is the
construction which yields the symbolic representation of translation flows.

2.3. Tur spaceE oF MARKOV COMPACTA AND THE RENORMALIZATION COCYCLE

Let © = &% be the space of bi-infinite sequences of graphs I',, € &, with the left
shift . We have a natural cocycle A over the dynamical system (2, 0) defined, for
n > 0 by the formula:

A(n,g) = A(l'y) - A(T'1), where g = {I'; }nez € Q.
Let Qiny be the subset of all sequences g such that all matrices A(T,,) are invertible.
For g € Qv and n < 0 we set
A(n,g) = A1) - A7 (To),

and let A(0,g) be the identity matrix.

2.4. SusstiTUTIONS AND S-ADIC sysTEMS. — Along with Markov compacta and Ver-
shik automorphisms, it is convenient to use the language of substitutions (see [31, 16]
for background). Consider the alphabet 27, and denote by /T the set of finite (non-

empty) words with letters in &. A substitution is a map ¢ : & — /7, extended
to &/t and o/N by concatenation. The substitution matriz is defined by

(2.1) S¢(%,j) = number of symbols ¢ in the word ¢(j).

Denote by 2 the set of substitutions ¢ on &7 with the property that all letters appear
in the set of words {((a) : a € &/} and there exists a such that |((a)| > 1.
Let a™ = (Cn)n>1 be a 1-sided sequence of substitutions on 7. Denote

¢Mi=GrosoGu, n21.

JE.P.— M., 2021, tome 8



286 A. I. Burerov & B. SoLomyak

Recall that S¢,o¢, = S¢, S¢,. We will sometimes write
S; =S¢, and shl .= S¢in-

We will also consider subwords of the sequence a and the corresponding substitutions
obtained by composition. Denote

(2.2) Sq=S5,---S¢ and A(q):Sfl for g =, ... (.

Given at, denote by X,+ C /% the subspace of all two-sided sequence whose
every subword appears as a subword of ¢[™(b) for some b € &7 and n > 1. Let T
be the left shift on &/%; then (X4+,T) is the (topological) S-adic dynamical system.
We refer to [3, 4, 5] for the background on S-adic shifts.

There is a canonical correspondence between 1-sided Bratteli-Vershik diagrams
with a Vershik’s ordering, having m vertices on each level, and sequences of substitu-
tions at = (¢;)j>1 on the alphabet &/ = {0,...,m—1}. For a stationary BV diagram
(which corresponds to a single substitution), it was discovered by Livshits [25]. Given
a Vershik’s ordering o on a BV diagram {I';},>1, the corresponding S-adic system
is constructed as follows. The alphabet o/ = {1,...,m} is identified with the vertex
set of all the graphs I'j,. The substitution (; takes every b € & into the word in &/
corresponding to all the vertices to which there is a I'j-edge starting at b, in the order
determined by o. Formally, the length of the word ¢;(b) is

GO =D Apa(ly),

and the substitution itself is given by
(2.3) ¢(b) =l .. .u?&j(b)‘, bed, j=0,

where (b, ufj ) € &(T), listed in the linear order prescribed by o. Note that the
Standing Assumption on the sequence of graphs {I';} implies the following:

(A1) There is a word q € A* which appears in a™ infinitely often, for which Sq has
all entries strictly positive.

Property (Al) implies minimality and unique ergodicity of the S-adic shift, see
[3, Th.5.2 & 5.7]; the claim on unique ergodicity parallels that of Markov compactum
and similarly goes back to Furstenberg [19, (16.13)].

We will also assume that the S-adic system is aperiodic, i.e., it has no periodic
points. (A minimal system that has a periodic point, is a system on a finite space,
and we want to exclude a trivial situation.)

Further, we need the notion of recognizability for the sequence of substitutions,
introduced in [5], which generalizes bilateral recognizability of B. Mossé [28] for a single
substitution, see also Sections 5.5 and 5.6 in [31]. By definition of the space X+, for
every n > 1, every x € X,+ has a representation of the form

(2.4) x=TF(¢"(2"), where 2’ € Xyng+, 0< k< [¢"(z0)].

JIEP. — M., 2021, tome 8



HOLDER REGULARITY FOR THE SPECTRUM OF TRANSLATION FLOWS ‘),87‘

Here o denotes the left shift on AN, and we recall that a substitution ¢ acts on 7% by
<( ..a_1.apay .. ) =... C(a_l).C(ao)C(al) e

Derinition 2.1, — A sequence of substitutions a™ = ({;),>1 is said to be recognizable
if the representation (2.4) is unique for all n > 1.

The following is a special case of [5, Th. 4.6] that we need.

Tueorem 2.2 ([5]). — Let a™ = ({;)j>1 € AN be such that det(S¢,) # 0 for every
substitution matriz and X+ is aperiodic. Then a™ is recognizable.

Tueorewm 2.3 ([5, Th. 6.5]). Let g7 = {Ty}n>1 be a 1-sided BV-diagram equipped
with a Vershik’s ordering o, and let a* € AN be the corresponding sequence of sub-
stitutions. If a* is recognizable, then the S-adic shift (Xq+,T) is almost topologically
conjugate, hence measurably conjugate in case the system is uniquely ergodic, to the
Vershik automorphism on X (g").

2.5. SUSPENSION FLOWS AND CYLINDRICAL FUNCTIONS. — Condition (A1) implies that
(Xq+,T) is minimal and uniquely ergodic, and we denote the unique invariant
probability measure by pg+. We further let (%§+,ht,ﬁa+) be the suspension flow
over (Xg+, fta+,T"), corresponding to a piecewise-constant roof function ¢ defined by
5 € R, that is,
O(x) = 83y, =€ Xg+.

The measure jig+ is induced by the product of p,+ and the Lebesgue measure on R.
By definition, we have a union, disjoint in measure:

ar = U [a] x [0,s4],
acol

where X+ = | |,c./[a] is the partition into cylinder sets according to the value of .
It is convenient to use the normalization:

Se AP :={FeRT: ¥ c ta+([a]) - 5a =1},

so that [i5+ is a probability measure on Xf}. Below we often omit the subscript and
write (= fg+, f = liq+, When it does not cause a confusion.

Define bounded cylindrical functions (or cylindrical functions of level zero) by the
formula:

(2.5) Flat) = L(@) - valt), with g, € L0, s4].

a€ol
Cylindrical functions of level zero do not suffice to describe the spectral type of the
flow; rather, we need functions depending on an arbitrary fixed number of symbols.
We assume that the sequence of substitutions a* is recognizable, and say that f is a
bounded cylindrical function of level £ if

(2:6) Fla,t) =) Laag (@) -90(0),  with 9 € L<[0,s{],
acgl

JE.P. — M., 2021, tome 8



288 A. I. Burerov & B. SoLomyak

where
5O = (s )aewr 1= ()15

This way of writing is convenient, but does not stress explicit dependence on words
in «7¢. In the case of IET, this representation corresponds to the m intervals of the
interval exchange obtained after ¢ steps of the Rauzy induction, where we do not
renormalize the total length. Then the “heights” grow, as do the vectors 5% here,
and the dependence of the function on the past from 1 to £ — 1 is “hidden” in the
functions w,(f). The justification of the representation (2.6) requires recognizability
of at, which implies that

(2.7) P ={TH("[a]) :a e o, 0<i<|¢M(a)]}

is a sequence of Kakutani-Rokhlin partitions for n > no(a), which generates the Borel
o-algebra on the space X, +. We emphasize that, in general, ¢[" [a] may be a proper
subset of [¢["(a)].

We have a union, disjoint in measure:

(2.8) o= U Ma] x [0,
acsd

and so bounded cylindrical functions of level ¢ are well-defined by (2.6).

2.6. Surrr ror S-apic systEms. — We next describe the relation between suspension
flows over the recognizable uniquely ergodic S-adic system (Xg+,7), piq+) and the
“shifted” one (X, eq+, T, figtq+ ), which is analogous to the shift of a 2-sided Bratteli-
Vershik diagram. Using the uniqueness of the representation (2.4) and the Kakutani-
Rokhlin partitions (2.7), we obtain for n > ng:

,uaJr([aD - Z S[n] (a7b) Ha+ (<[n] [b])v aed,

beo/

hence

(2.9) Ho = S["]ﬁn’ where fi, = (/La+ (C[n] [b]))bed

is a column-vector. Observe also that
(210) ﬁn = Sn+1ﬁn+17 n = ng.

It follows from the above that, for any £ > 1, the suspension flow (%§+,ﬁa+,ht) is
measurably isomorphic to the suspension flow over the system

(X geqr) 0T o (¢,

with the induced measure, and a piecewise-constant roof function given by the vector
50 = (S5 Notice that (jiy, 5°) = 1. In the symbolic representation of translation
flows, which we describe in detail below in Sections 2.9-2.11, this corresponds to the
Rauzy-Veech induction, in which the intervals of the exchange get shorter and the

“roof” higher. Since (X eq+, fiotq+) is a probability space, we need to renormalize
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(to continue the analogy, to make the new base interval have unit length). It is easy
to see that
He
Hota+ ([b]) =T
(ot Doer = iz,
Thus 59| ||, € AZ’[I, and we obtain the following

a

0 =
. g ~ § Y ~

LEvwa 2.4, The suspension flows (X5 ., fig+, ht) and (3€UzltlﬁF Hl,uaza+,ht) are mea-

surably isomorphic.

2.7. TeLescoriNG AN S-Apic sEQUENCE [5, 5.2]. — Given a sequence of substitutions

a’ = ((u)n>1 and an increasing sequence of integers (ng)r>1 with ny = 1, we define
the telescoping of a™ along (n)r>1 to be the sequence of substitutions at = (Zk),@l
where ¢ = Cny ** Cnpya—1- It is immediate from the definitions that X,+ = X3+,
so the resulting dynamical systems are identical. This is parallel to the operation of
aggregation/telescoping for Bratteli-Vershik diagrams, mentioned in Section 2.1.

2.8. WeakrLy Lipscirrz runcrions. — Following Bufetov [8, 7], we consider the space
of weakly Lipschitz functions on the space %;;, except here we do everything in the S-
adic framework. This is the class of functions that we obtain from Lipschitz functions
on the translation surface M under the symbolic representation of the translation

flow, for almost every Abelian differential.

Derinition 2.5. — Suppose that at € 2V is such that the S-adic system (X4, 7T) is
uniquely ergodic, with the invariant probability measure u. We say that a bounded
function f : X5, — C is weakly Lipschitz and write f € Lip,, (X%, ) if there exists
C > 0 such that for all a € & and £ € N, for any x, 2’ € ¢(!)[a] and all ¢ € [0, sg)], we
have

(2.11) |f(@,t) = (2, )] < Cpg+ (¢a)).

Here we are using the decomposition of X2, from (2.8). The norm in Lip,, (X2,) is
defined by

(2.12) £l = If o + C,

where C is the infimum of the constants in (2.11).

Note that a weakly Lipschitz functions is not assumed to be Lipschitz in the
t-direction. This direction corresponds to the “past” in the 2-sided Markov com-
pactum and to the vertical direction in the space of the suspension flow under the
symbolic representation, and the reason is that any symbolic representation of a flow
on a manifold unavoidably has discontinuities.

Under the isomorphism of Lemma 2.4, for any ¢ > 1 a weakly Lipschitz functions

- i
on X? . is mapped to a weakly Lipschitz function on %Zgl‘ff”l, and this map does not
increase the norm || - || . Similarly, telescoping the sequence a™* does not increase the

norm || - ||, of a weakly Lipschitz function.
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Levmva 2.6. Let f : %f;r — C be a weakly Lipschitz function. Then for any
¢ € N there exists a bounded cylindrical function of level £, denote it f©), such that

1£O)co < | lloe and
1= FOllae < IF1, - e i+ ((Fa]).

Proof. — We use the decomposition (2.8). For each a € & and ¢ choose x,, € (I
arbitrarily, and let

f(e)(x,t) = f(zq.e,t), where zg=a, te€ [O,s((f)].
By definition, the function f) has all the required properties. (|

2.9. INTERVAL EXCHANGE TRANSFORMATIONS AND SUSPENSIONS OVER THEM. — We recall
briefly the connection between translation flows and interval exchange transforma-
tions, discovered by Veech [34, 35]; for more details see, e.g., the surveys by Viana [39],
Yoccoz [40], and Zorich [42]. Let m € &,, be a permutation of {1,...,m} for m > 2.
An interval exchange transformation (IET) f(\, ) is determined by 7 and a positive
vector A = (A1,...,\y,) € R It is a piecewise isometry on the interval

m

I'=J I;, wherel; = [Zk<j )‘kaZkgj )\j) for j=1,...,m,

j=1
in which the intervals I; are translated and exchanged according to the permutation .
To be precise,

fOmx—x+ Z )\j—Z)\j, zel;,
m(f)<m (i) J<i

which means that after the exchange the interval I; is in the m(j)-the place. Here we
are using the convention of Veech; some authors use different notation. We assume
that 7 is irreducible, i.e., w{1,..., k} # {1,...,k} for k <m.

For m = 2 the IET is just a circle rotation (modulo identification of the endpoints
of I), and it can be viewed as the first return map of a linear flow on a torus T?2.
Similarly, for m > 3 by a singular suspension (with a piecewise-constant roof function,
constant on each subinterval I;), the IET can be represented as a first return map
of a translation flow on a suitable translation surface to a specially chosen Poincaré
section, a line segment I, see [34, 35]. Conversely, given a translation surface, one can
find a horizontal segment I in such a way that the first return map of the vertical flow
to I is an IET. Precise connection between the two systems is given by the zippered
rectangles construction of Veech [35].

2'0 RAITZY-\"’EECH-ZORICH INDUCTION AND THE CORRESPONDING COCYCLES

A fundamental tool in the study of IET’s and translation flows is the Rauzy-Veech
induction, introduced in [34, 32]. Let 7 € &,,,, and suppose that (A, 7) is such that
Am 7 Ax—1(m)- Then the first return map of f(A,7) to the interval

[O, Z:il )\i - min{/\ﬂq(m), )\m})
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is an IET on m intervals f(\,n') as well, see, e.g. [39, 40]. This defines a map
QR:RTXGm%RTXGm, QR()\,T('>:()\/,7T/),

on a set of full Lebesgue measure. Moreover, if 7 is irreducible, then 7’ is irreducible
as well. If A, < Ar-1(,), We say that this is an operation of type “a”; otherwise, an
operation of type “b”. The Rauzy graph is a directed labeled graph, whose vertices
are permutations of & = {1,...,m} and the edges lead to permutations obtained by
applying one of the operations. The edges are labeled “a” or “b” depending on the type
of the operation. The Rauzy class of a permutation 7 is the set of all permutations
that can be reached from 7 following a path in the Rauzy graph. For almost every
IET (with respect to the Lebesgue measure on R'), the algorithm is well-defined
for all times into the future, and we obtain an infinite path in the Rauzy graph,
corresponding to the IET. Veech [35] proved that, conversely, every infinite path in
the Rauzy graph arises from an IET in a such a way.

In the ergodic theory of IET’s it is useful to consider an acceleration of the algo-
rithm. Zorich induction [41, 42] is obtained by applying the Rauzy-Veech induction
until the first switch from a type “a” to a type “b” operation, or vice versa. Sometimes
other versions of the algorithm and accelerations are used, see, e.g. Marmi, Moussa,
and Yoccoz [26].

Let (N, 7') = 2gr(\,m), and denote fr = f(A\,m). Write I; = I;(A\,m) and let
J; = I;(N,7’) be the intervals of the exchange f; = f(\,7’). Denote by r; the return
time for the interval J; into J under f;, that is, r; = min{k > 0: fF(J;) C J}. From
the definition of the induction procedure it follows that r; = 1 for all ¢ except one, for
which it is equal to 2. Represent I as a Rokhlin tower over the subinterval J and its
induced map f;, and write

(2.13) = || .

1=1,...,m,

k:O,...,n—l
By construction, each of the “floors” of our tower, that is, each of the subintervals
fF(J;) is a subset of a unique subinterval of the initial exchange, and we define an
integer n(i, k) by the formula

(2.14) FE(T3) C Ingig-

Let ri; = #{0 < k <r; : f¥(J;) C I;} and let Br(\, ) be the linear operator on R™
given by the m x m matrix [r;;]. This matrix is unimodular. Given a Rauzy class R,
the function Bg : R x R — GL(m,R) yields the Rauzy-Veech, or renormalization
cocycle. If, instead, we apply the Zorich induction algorithm, the same procedure
yields the Zorich cocycle.

One can consider the Rauzy-Veech and Zorich induction algorithm also on the
set of zippered rectangles; these can be represented as bi-infinite paths in the Rauzy
graph. After an appropriate renormalization, the Rauzy-Veech map (A, 7) — (X, 7’)
and the Zorich map (A, 7) — (A, #n”) can be seen as the first return maps of the
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Teichmiiller flow on the space of zippered rectangles, with respect to carefully chosen
Poincaré sections, see, e.g. [39, §2.10] and [40, §11.3].

Remark. — The zippered rectangles construction provides natural bases for the ab-
solute and relative homology groups Hi(M \ X,R) and H;(M, X, R); in particular,
R™ may be identified with Hy (M, %, R). The Rauzy-Veech cocycle can then be repre-
sented as acting on the cohomology groups H*(M \ 3, R) and H*(M, ¥, R), as shown
by Veech [35] (see also [39, §2.9]).

2.11. Symoric REPRESENTATION OF [ET’S AND TRANSLATION FLOWS. Let 27 be a
connected component of a stratum of genus g > 2 and R the Rauzy class of a permu-
tation m € &,,, corresponding to 5. It is known that m > 2g. Veech [35] constructed
a measurable map from the space ¥ () of zippered rectangles corresponding to the
Rauzy class R, to 4, which intertwines the Teichmiiller flow on 7 and a renormal-
ization flow P; that Veech defined on ¥'(R). This translation flow on the flat surface is
measurably isomorphic to the suspension flow over an IET in the Rauzy class $R. The
roof function of the suspension is constant on each interval of the exchange and can
therefore be expressed as a vector of “heights”. It was shown by Veech [36] that the
“vector of heights” obtained in this construction necessarily belongs to a subspace
H(w), which is invariant under the Rauzy-Veech cocycle and depends only on the
permutation of the IET. In fact, the subspace H (7) has dimension 2¢g and is the sum
of the stable and unstable subspaces for the Rauzy-Veech cocycle.

Section 4.3 of [7] gives a symbolic coding of the flow P; on ¥ (R), namely, a map

(2.15) Fx s (V(R), D) — (O, P)

defined almost everywhere, where v is the pull-back of v from J#, an invariant and
ergodic map under the Teichmiiller flow on J# and (Q,P) is the space of Markov
compacta with a probability measure P. The first return map of the flow P; for an
appropriate Poincaré section is mapped by Zx to the shift map o on (Q2,P). This
correspondence maps the Rauzy-Veech cocycle over the Teichmiiller flow into the
renormalization cocycle for the Markov compacta. Moreover, the Markov compacta
in the image of Zx are equipped with a canonical Vershik’s ordering. The transforma-
tion Zx induces a map defined for a.e. 2~ € ¥ (R), from the corresponding Riemann
surface M (.2") to a 2-sided Markov compactum X with the Vershik’s ordering, inter-
twining their vertical and horizontal flows.

The vertical flow on X is, in turn, measurably isomorphic to the suspension flow
over the one-sided Markov compactum X, . The Vershik automorphism on X pro-
vides a symbolic representation of the IET from R on m > 2¢g symbols.

In brief, the map Zx is defined as follows. Identify an element of ¥ (9R) with
a suspension over an IET (A, 7). We then run the 2-sided Rauzy-Veech induction,
equivalently, consider a bi-infinite path in the Rauzy diagram, which is well-defined
a.s., and take I';, to be the graph whose incidence matrix is the matrix of the linear
operator Br(2}5 ' (\, 7)) in the standard basis, see (2.13), (2.14).
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In this paper we are going to use the framework of S-adic systems. The justification
for transition from the Bratteli-Vershik coding of [7] to the S-adic coding is provided
by Theorems 2.3 and 2.2, in view of the fact that the matrices of the Rauzy-Veech
cocycle are unimodular, see [35, 36]. In addition, note that the S-adic system is
aperiodic, since the number of admissible “words” of length n in the Rauzy graph is
unbounded as n — oco. The substitution (; in the resulting symbolic representation
can be “read off” the Rokhlin tower (2.13), (2.14) of one step of the Rauzy-Veech
induction:

(2.16) ¢ :ii—n(i,0)...n(,r—1), i=1,...,m.
Thus we obtain
BR()\JT> = [Tij]gbj=1 = Stl.
Note that he property (Al) of the resulting sequence of substitutions holds almost
surely, see Veech [35].

2.12. SPECTRAL MEASURES AND TWISTED BIRKIHOFF INTEGRALS. — We use the following
convention for the Fourier transform of functions and measures: given 1) € L'(R) we
set @(t) = [pe ?™)(w)dw, and for a probability measure v on R we let D(t) =
Jpe Mt du(w).

Given a measure-preserving flow (Y, hs, u)ser and a test function f € L2(Y,pu),
there is a finite positive Borel measure oy on R such that

3]0(77—) _ /Oo p2miwT dO'f(W) — <f o hT,f> for 7 € R.

—0o0
In order to obtain local bounds on the spectral measure, we use growth estimates of
the twisted Birkhoff integral

R
(2.17) SW(f,w) ::/O e"2mWT £ o (y) dr.

The following lemma is standard; a proof may be found in [11, Lem. 4.3].

Lemma 2.7. Suppose that for some fixed w € R, Ry > 0, and « € (0,1) we have

2.18 St ..  <CiR* for all R > Ry.
R L2(Y,p)
Then
2.19 of(lw—r,w+r]) < 22 2a02p2(1-q) for all m < (2Ro) L.
f 1

3. RA\JI)OM S-AI)IC SYSTEMS:. STATEMENT OF THE THEOREM

Here we consider dynamical systems generated by a random S-adic system. In order
to state our result, we need some preparation; specifically, the Oseledets theorem.

Recall that 21 denotes the set of substitutions ¢ on &/ with the property that
all letters appear in the set of words {((a) : a € &/} and there exists a such that
[¢(a)] > 1. Let © be the 2-sided space of sequences of substitutions:

Q={a=...Cpn...CoClo.Cn..s GEN, i€}
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equipped with the left shift . For @ € Q2 we denote by X,+ the S-adic system
corresponding to a® = {(,}n>1-

We will sometimes write ((g) for the substitution corresponding to ¢ € 2. For
aword ¢ = q1...qx € A" we can compose the substitutions to obtain ((q) =
C(q1) ... C(qx). We will also need a “2-sided cylinder set”:

[ggl={a€cQ:(rp1...Go=C.. -G =q}.
Following [9], we say that the word ¢ = ¢ . .. g is “simple” if for all 2 < i < k we have

Gi---Qk Q1 - qr—i+1. If the word g is simple, two occurrences of g in the sequence
a cannot overlap.

Derinition 3.1, — A word v € &* is a return word for a substitution ¢ if v starts
with some letter ¢ and vc occurs in the substitution space X;. The return word is
called “good” if ve occurs in the substitution {(j) of every letter. We denote by GR(()
the set of good return words for (.

Recall that A(a) := Stcl. Let P be an ergodic o-invariant probability measure on {2
satisfying the following conditions:
(C1) The matrices A(a) are almost surely invertible with respect to P.
(C2) The functions a + log(1 + ||[A%!(a)]||) are integrable.
We can use any matrix norm, but it will be convenient the ¢*° operator norm, so
IA]l = [|A||oo unless otherwise stated.

We obtain a measurable cocycle A :  — GL(m,R), called the renormalization
cocycle. Denote

A(e"1a)---Aa), n > 0;
(3.1) A(n,a) = ( 1d, n = 0;
A=Y o "a)---A (o7 a), n<0,
so that
A(n,a) =S'(ay,...ay) :Szl___Cn, n =1
By the Oseledets theorem [29] (for a detailed survey and refinements, see Barreira-

Pesin [2, Th. 3.5.5]), there exist Lyapunov exponents 6; > 6 > --- > 6, and, for
P-a.e. a € €, a direct-sum decomposition

(3.2) R"=E.® - ®E,
that depends measurably on a € 2 and satisfies the following:
(i) for P-a.e. @ € Q, any n € Z, and any i = 1,...,r we have
A(n,a)ElL = ElL.,;
(i) for any v € EY, v # 0, we have
‘nlligloo log ||A§ln,a)fu|| _o,
where the convergence is uniform on the unit sphere {u € E% : ||ul = 1};

(iif) lim, o0 = log Z(B,et Eing: Djecs Egna) = 0 whenever INJ = @.
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We will denote by EY = @{FE. : 0; > 0} and E5! = @{E. : 6; < 0} respectively
the strong unstable and stable subspaces corresponding to a. Any subspace of the
form EJ := EBJ-GJ EJ will be called an Oseledets subspace corresponding to a.

Let oy be the spectral measure for the system (}IiJr, hi, fiq+) with the test func-
tion f (assuming the system is uniquely ergodic). We will use the following notation:
for a word v in the alphabet </ denote by Z(v) € Z™ the positive vector whose j-th
entry is the number of j’s in v, for j < m, and call it the population vector of v. Now

we can state our theorem.

Tueorem 3.2. — Let (Q,P,0) be an invertible ergodic measure-preserving system sat-
isfying conditions (C1)—(C2) above. Consider the cocycle A(n,a) defined by (3.1).
Assume that

(a) there are k > 2 positive Lyapunov exponents and the top exponent is simple;

(b) there exists a simple word q € A* for some k € N, such that all the entries of
the matriz Sq are strictly positive and P([g.q]) > 0;

(c) the set of vectors {E(v) v is a good return word for C} generates Z™ as a free
Abelian group;

(d) Let £q(a) be the “negative” waiting time until the first appearance of q.q, i.e.,
lg(a) =min{n >1: 0 "a € [q.q|}.
Let P(ala™) be the conditional distribution on the set of a’s conditioned on the future
at =ajay... We assume that there exist € > 0 and 1 < C' < oo such that

(3.3) / ||A(€q(a), U‘eq(a)a)HzS dP(ala™) < C  for all a™ starting with q.
lq.q]

Then there exists v > 0 such that for P-a.e. a € Q the following holds:

Let (Xgq+,T, piq+) be the S-adic system corresponding to a™, which is uniquely
ergodic. Let (%i+,ht,ﬁa+) be the suspension flow over (Xg+,T, pq+) under the
piecewise-constant roof function determined by §. Let H. be an Oseledets subspace
corresponding to a, such that E* C H. Then for Lebesgue-a.e. §€ HJ N A™~1 for
all B > 1 there exist Ry = Ro(a,§, B) > 1 and rg = ro(a, §, B) > 0 such that for any
f € Llp;(xi+)7
(34) 1S90 (f,w)| < C(a |fllL)- B2, for allw e (B, B] and R > Ro,
uniformly in (z,t) € X5, , and

(3.5) op(B(w,r)) < Cla,||fllL) 77, forallwe [B~' Bl and 0 < r < ro,

with the constants depending only on a and ||f||L.
More precisely, for any €1 > 0 there exists y(e1) > 0, such that for P-a.e. a € Q
there is an exceptional set €(a,e1) C HJ N AT™L, satisfying

(3.6) dimg (€(a,e1)) < dim(H]) — K + ¢,
such that (3.4) and (3.5) hold for all §€ HI N AT~1 \ &(a, 1) with v = (e1).
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RemARrks

(1) Note that dim(H, N A1) = dim(HJ) — 1 and x > 2, so (3.6) indeed implies
that &(a,e1) has zero Lebesgue measure in H N AL,

(2) The assumption that g is a simple word ensures that occurrences of g do not
overlap. Then we have, in view of (2.2):

3.7) Alg(a),0~ " a) = A(q)A(p)Alq),

for some p € A (possibly trivial). For our application, it will be easy to make sure
that g is simple, as we show in Section 7, unlike in the paper [9], where additional
efforts were needed to achieve the desired aims.

(3) We need to work in the Oseledets subspace H;, rather than the entire space R™,
in order to handle the case of the strata with m > 2g. Indeed, in order to make a
claim for a.e. translation flow in such a stratum, it is not sufficient that it holds for
the suspension with a.e. vector of heights in R™ over a.e. IET in the corresponding
Rauzy class. Rather, we need such a claim to hold for a.e. vector of heights in the
equivariant subspace H(m) of Veech, which has dimension 2g.

Before starting with the proof, we include a mini-dictionary, translating between
the geometric and symbolic language used in this paper.

Symbolic language Geometric language

Q — 2-sided space of substitutions (space | Moduli space of abelian differentials of
of random 2-sided Markov compacta), | genus > 2, with an ergodic measure v,
with a o-invariant ergodic measure P invariant under the Teichmiiller flow

a € (), 2-sided sequence of substitutions | Abelian differential
(Markov compactum)

S-adic system (X,+,7") (Bratteli-Vershik | Interval Exchange Transformation (IET)

automorphism)
Shift o on Q Rauzy-Veech-Zorich induction
Substitution (adjacency) matrices Rauzy-Veech Matrices
Suspension flow over (X +,T) translation flow (suspension over IET)
4. BEGINNING OF THE PROOF OF THEOREM 4.1
4.1. REDUCTION TO AN INDUCED SYSTEM. Here we show that Theorem 3.2 reduces to

the case when
(4.1) a, =qp,q forallneZ,

where q is a fixed word in * for some k € N, such that its incidence matrix is strictly
positive, and p,, is arbitrary. In the next theorem we use the same notation as in
Theorem 3.2.
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Turorem 4.1. Let q be a fized simple word in A* for some k € N, such that the
incidence matriz of the substitution ( = ((q) is strictly positive. Let (Qq,P,0) be
an invertible ergodic measure-preserving system, as in the previous section, satisfying
conditions (C1), (C2), and in addition, every symbol-substitution in the sequences
a = (ap)nez € Qq can be written in the form (4.1). Consider the cocycle A(n,a)
defined by (3.1). Assume that

(&) there are k = 2 positive Lyapunov exponents, and the top exponent is simple;

(<) there exist “good return words” {u;}s_, for ¢ = ((q), such that {£(u;)}5_,
generates Z™ as a free Abelian group;

(d") there existe >0 and 1 < C' < 0o such that

(4.2) / | A(ao)|° dP(alat) < C  for all a*.

Qq

Then the same conclusions hold as in Theorem 3.2.

The properties (a’), (¢'), and (d’) are analogues of (a), (c¢), and (d) from Theo-
rem 3.2. The analogue of the property (b) in Theorem 3.2 holds automatically.

Proof of Theorem 3.2 assuming Theorem 4.1. — Given an ergodic system (2, P, o) from
the statement of Theorem 3.2, we consider the induced system on the cylinder set
Qq := [g.q]. Since g is a simple word, the occurrences of the word q.q in a € Q
are non-overlapping, and so we can represent elements of Q4 symbolically as se-
quences satisfying (4.1). Denote by B, the induced (conditional) measure on §24. Since
P([g.q]) > 0, standard results in Ergodic Theory imply that the resulting induced
system (Qgq,E,0) is also ergodic and the induced cocycle has the same properties
of the Lyapunov spectrum (with the values of the Lyapunov exponents multiplied
by 1/P([q.q])); that is, (a’) holds. The property (¢’) follows from (c) automatically.
Finally, note that (4.2) is identical to (3.3), and so Theorem 4.1 may be applied.
Now, for a P-typical @ € ©Q, let £ > 0 be minimal such that o‘a € [q,q]. Con-
catenating the symbols of oa from one occurrence of [q, g] to the next, we obtain a
B -typical point w € §q. For P-a.e. a € €, from the Oseledets bundle H; given in
Theorem 3.2 we get an induced Oseledets bundle H;) with the property EY C H;.
By Theorem 4.1, we have for some v > 0 the uniform bound on the twisted Birkhoff
integral (3.4) and the Holder property (3.5) for the spectral measure of an arbitrary
weakly Lipschitz function on XZ+, for Lebesgue-a.e. @ € HJ NA™~! with the spectral
measure corresponding to the suspension flow (%Z+,ht,ﬁw+). Note that w™ is ob-
tained from o‘a® by a telescoping procedure, hence the corresponding S-adic spaces
and suspension flows over them are naturally isomorphic. Further, (X%, [i,+, h¢) and

S -
(szl,lllflevﬁ”e““ht) are isomorphic by Lemma 2.4, and a.e. § € HJ N A™~1 gets

mapped into a.e.

5Nl = (SY)'5- el = Al @)F - |ljiell € Hog N AT, 2 Hy NARTY
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Note also that a weakly Lipschitz function on %f:+ yields a weakly Lipschitz function
on X%, without increase of the norm || - [|. Thus the conclusions of Theorem 4.1
yield the desired conclusions of Theorem 3.2, and the reduction is complete. O

4.2. EXPONENTIAL TAILS. For a € Q4 we consider the sequence of substitutions
¢(an), n = 1. In view of (4.1), we have

C(an) = C(q)¢(p,)C(q)-
Recall that
A(P) =St (p,)-
Denote

(4.3) W, = Wy(a) :=log||A(a,)| = log |[Q"A(p,)Q"]-
It is clear that W,, > 0 for n > 1.

Prorosirion 4.2 ([12, Prop.6.1]). — Under the assumptions of Theorem 4.1, there
exists a positive constant Ly such that for P-a.e. a, the following holds: for any § > 0,
for all N sufficiently large (N > Ny(a,?d)),

(4.4) max{>, cg Wat1: ¥ C {1,...,N}, |¥| <N} < Ly -log(1/6) - 6N.
The following is an immediate consequence.

CoroLLARY 4.3. — In the setting of Proposition 4.2, we have for any C > 1:

ON
(4.5) card{n < N : W, 41 > CL;y -log(1/6)} < ol
4.3. EstivatinG TwisTED Birknorr INTEGRALS. — We will use the following notation:

lyllr/z is the distance from y € R to the nearest integer. We will need the “tiling
length” of v defined, for §€ R, by

(4.6) [ols = (£(v), 3),

—

where £(v) is the population vector of v. Below we denote by Oq (1), Oq,5(1), etc.,
generic constants which depends only on the parameters indicated and which may be
different from line to line. Recall that the roof function is normalized by

se AT_l = {§€ R : Zaed pa+ ([a])sq = 1}~

ProrositioN 4.4. Suppose that the conditions of Theorem 4.1 are satisfied. Then
for P-a.e. @ € Q, for any n € (0,1), there exists £, = £,(a) € N, such that for all
£ > {4, and any bounded cylindrical function O of level £, for any (z,t) € .’{i+,
§e A" and w € R,

@7) 18570 (FO,w)|

n 2
< Oao) - IFOU (R + R T (1-e e [lwlc! Jwlslz,z)):
£+1<n<(log R) /46, v

for all R > €81, Here ¢y € (0,1) is a constant depending only on Q.
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The proposition was proved in [12, Prop. 7.1], in the equivalent setting of Bratteli-
Vershik transformations, and we do not repeat it here. The proof proceeds in sev-
eral steps, which already appeared in one way or the other, in our previous work
[11, 12, 14]. In short, given a cylindrical function of the form (2.5), it suffices to
consider f(x,t) = 1g(x) - ¥a(t) for a € &/. A calculation shows that its twisted
Birkhoff sum, up to a small error, equals 1Za times an exponential sum corresponding
to appearances of a in an initial word of a sequence x € X,+. Using the prefix-suffix
decomposition of S-adic sequences, the latter may be reduced to estimating exponen-
tial sums corresponding to the substituted symbols ¢ [”](b), b € /. These together
(over all a and b in «7) form a matrix of trigonometric polynomials to which we give
the name of a matrix Riesz product in [12, §3.2] and whose cocycle structure is studied
in [14]. The next step is estimating the norm of a matrix product from above by the
absolute value of a scalar product, which was done in [12, Prop. 3.4]. Passing from
cylindrical functions of level zero to those of level ¢ follows by a simple shifting of
indices, see [12, §3.5].The term R'/? (which can be replaced by any positive power
of R at the cost of a change in the range of n in the product) absorbs several error
terms.

One tiny difference with [12, Prop.7.1] is that there we assumed a different nor-
malization: ||s||; = 1, hence ||s||, < 1, which was used in the proof. Here we we have
5]l < (Minges pa+ ([a]))fl, which is absorbed into the constant Oq q(1).

4.4. REDUCTION TO THE CASE OF CYLINDRICAL FUNCTIONS. — Our goal is to prove that
for all B > 1, for “typical” §in the appropriate set, for any weakly Lipschitz function f
on %§+, holds

(4.8)  o4(B(w,r)) < C(a,||fllr) 7" forwe [B~', Bl and 0 < r < 19(a, 5, B),

for some v € (0,1), uniformly in (z,t) € X5,. We will specify v at the end of the
proof, see (5.4) and (6.5). The dependence on § in the estimate is “hidden” in oy,
the spectral measure of the suspension flow corresponding to the roof function given
by §. In view of Lemma 2.7, the estimate (4.8) will follow, once we show

(4.9) 185V (f,w)| < Cla, || f||n)- R*/2, forw e [B~', B] and R > Ro(a, 5, B).

Lemva 4.5. — Fixz B > 1. Let a be Oseledets regular for the renormalization cocycle
A(n), vector § € A1 and suppose that for all ¢ > ly(a, 3, B) we have for any
bounded cylindrical function £ of level ¢:

(4.10) S5O, 0)| < Oy (1)-R"/2, forwe B, Bl and R > ¢7 .
Then (4.9) holds for any weakly Lipschitz function f on %fﬁ.
Proof. — Let f be a weakly Lipschitz function f on %iJr. By Lemma 2.6, we have

_ 4@ - max . (14
I = £l < S mavs g (C1]a)),
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for some cylindrical function of level £, with || f]oc < || flleo- By (2.10) and the
Oseledets theorem, since a is Oseledets regular, we have

[n]
lim M =—0,, forallae <,

n—oo n

hence for ¢ > 41 (a),

(4.11) If = FOllos < |IfllL - e 2%

Recall that

R
Sg’t)(f,w) = / e 2T f o by (z,t) dT.
0
Let ¢y = ¢5(a, §, B) := max{/1(a), (a, s, B)} and
Ro = Ro(a, §'7 B) = exp [7_19162].

For R > Ry let

(oe [T

so that ¢ > ¢5 and both (4.10) and (4.11) hold. We obtain

(4.12)

1S5 (fw) = SO, ) < R fll - 720 < /2| fl - RV,

which together with (4.10) imply (4.9). O

5. QUANTITATIVE VEECH CRITERION AND THE EXCEPTIONAL SET

By the definition of tile length (4.6) and population vector, we have
lwol¢™ @)lsllr/z = 1{(w), w(S™) 8 lrjz = [(E(v), Aln, @)(w8)) |12/
For # = (z1,...,%s,) denote by
[Zllrm jzm = mjaXHffjHR/z,
the distance from & to the nearest integer lattice point in the ¢°° metric.

EMMA O.1. — (& Vifi_ [& € gooa reiturn woras jor € suostiturion ¢, Suc a
L 5.1 Let {v;}¥_, be the good ret d the substituti h that

{Z(vj)}le generate Z™ as a free Abelian group. Then there exists a constant Ce > 1
such that

(5-1) C7 M IZrm jzm < max [(€(v;), ) [z < CcllZlzm 2
Proof. — Let & = 7l + &, where 7i € Z™ is the nearest point to . Then ||Z|gm jzm =
[€]loc, and

— - —

1€6(v5), D)llr/z = 1(€(v;), ) lryz < [1€(vs)l1 - [1€lloc,
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proving the right inequality in (5.1). On the other hand, the assumption that
{0(vy) ;?:1 generate Z™ as a free Abelian group means that for each j < m there
exist a; ; € Z such that Z?Zl aiﬁjf(vj) = e;, the i-th unit vector. Then

- k 7 =
1# oz = max |2l z = max || (52, ais(v;), B[
k
< Hg}gzl i3] - e [ (£(v;), &) w2,
=
finishing the proof. O

In view of (5.1), the product in (4.7) can be estimated as follows:

(5.2) H (1 — e -max wl¢™ (”)|S”HJ?§/Z)

€GR
£+1<n<(log R) /46 veGR(C)

< I1 (12 a0 @) @) 2 )

L+1<n<(log R) /461

where ¢; € (0, 1) is a constant depending only on (.

Prorosition 5.2 (Quantitative Veech criterion). — Let a be Oseledets regular, § €
A1 B > 1, and suppose that there exists o € (0,1/2) such that the set

{neN: HA(n,a)(wéﬂ

R7YL/Z7YL 2 Q}
has lower density greater than & > 0 uniformly in w € [B~1, B], that is,
(5.3) card{n eN: ||A(n,a)(cué’)||Rm/Zm >0} > 6N
for allw € [B~', B] and N > Ny(a, 5, B).
Then then Hélder property (4.8) holds with

. (6 —6log(l—¢10%)
(5.4) y :mm{l—G,g—gll}.

Proof. — By Lemma 4.5, it is enough to verify (4.10) for a bounded cylindrical func-
tion £, with £ > ¢y = ly(a, 5, B). We use (4.7) and (5.2), with 7 = /2, to obtain:

(5.5) 1857 (f9),w)|

<Ouo-IfOL (R + R T] (-2 4 a)ws)
L+1<n<(log R) /46

2
R‘m/zm) Y

for ¢ > Ev/g and R > €891¢. Since our goal is (4.10), we can discard the RY2 term
immediately.
Let Ny = Ny(a, 8, B) and

Lo = max{l, s, [4y(No + 1)]}.
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For ¢ > fy take R > ¢ % as required by Lemma 4.5. Then R > €3%1%, since
v < 1/16, so (5.5) applies. Let
N {log RJ

46,
then the choice of R and ¢y implies that N > Ny. Thus we have by (5.3):

I1 (12 80 @) @R[ ) < (1= G022

(5.6)  t+1<n<(log R)/46: <3(1-¢o )(5logR)/(891)
<3R77,
where in the second line we used
log R dlog R
5N7672<5[ 1}4 2 < -3,
46, 46,

¢ < y(logR)/0; < 6(log R)/(166;), and a trivial estimate (1 — ¢;0%)~2 < 3 for
¢ €(0,1), o € (0,1/2). In the last line we used (5.4). Combining (5.5) with (5.6)
yields the desired (4.10). O

For w > 0 and § € A7 ! let K,,(w5) € Z™ be the nearest integer lattice point to
A(n, a)(w§), that is,

(57) Al a)(wd) = Rawd) + 6(wd), ()] = [[A(, a)(wd)|

A
Derinirion 5.3 (Definition of the exceptional set). — Given p,6 > 0 and B > 1,
define
En(0,6,B):={wSeRT :5§€ A"!, we [B™, B,
card{n < N : ||&,(wd)]|oe = 0} <IN},
&n(0,6,B) :={5€ AP "' :Jw e [B™,B], wi€ Ex(p,0,B)},

and
No=1 N=Ny

The definition of the exceptional set is related to that in [12, §9]; however, here we
added an extra step — the set En of exceptional vectors ws at scale N. The reason is
that dimension estimates will focus on the projections of E to the unstable subspace.
On the other hand, it is crucial that the “final” exceptional set € be in terms of s in
order to obtain uniform Hélder estimates for all w € [B~1, B], for 5 ¢ €.

Prorosition 5.4. — There exist ¢ > 0 such that for P-a.e. a € Qg and any €1 > 0
there exists &g, such that for all § € (0,8p), for all B > 1, and every Oseledets
subspace H corresponding to a, containing the unstable subspace EX,

(5.9) dimg (€(o,6, B) N H)) < dim(H)) — k + 1,
where k = dim(EY).

Now we derive Theorem 4.1 from Proposition 5.4, and in the next section we prove
the proposition.
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Proof of Theorem 4.1 assuming Proposition 5.4. Fix €1 >0 and choose p>0and § >0
such that (5.9) holds. It is enough to verify (4.8) and (4.9) for all 5 € AT =1\ &(p, 6, B).
By definition, § € AT~! < €(p, d, B) means that there exists No = Ny(a, 35, B) € N
such that §¢ & (o, d, B) for all N > Ny. This, in turn, means that for all w € [B~1, B],
we have ws € En(o0,0,B). However, this is exactly the quantitative Veech crite-
rion (5.3), and the proof is finished by an application of Proposition 5.2. |

6. Tue ErpOs-KAHANE METHOD: PROOF OF PROPOSITION 5.4

We now present the Erdés-Kahane argument in wvector form. The argument was
introduced by Erdds [15] , Kahane [22] for proving Fourier decay for Bernoulli convo-
lutions, see [30] for a historical review. Scalar versions of the argument were used in
[11, 12] to prove Holder regularity of spectral measures in genus 2.

In this section we fix a P-generic 2-sided sequence a € €24. Under the assumptions
of Theorem 4.1, for P-a.e. a, the sequence of substitutions ((a,), n € Z, satisfies
several conditions. To begin with, we assume that the point a is generic for the
Oseledets theorem; that is, assertions (i)—(iii) from Section 3 hold. We further assume
validity of the conclusions of Proposition 4.2, and when necessary, we can impose
on it additional conditions which hold P-almost surely. All implied constants and
parameters below (e.g. when writing “for n sufficiently large”) may depend on a.
Recall that EY is the unstable Oseledets subspace corresponding to a, and denote
by E¢° the complementary central stable subspace. Let Py be the projection to EY
along E¢°, and similarly, PS® = I — P} the projection to E5° along E.

We defined

A(n, a)(ws) = R:n(wg) + &n(w8),
in (5.7), where K, (w§) € Z™ is the nearest integer lattice point to A(n, a)(w3). Below
we write
I?n = RWL(W§>7 €n = gn(wg)v
and [le, || = |len]lso, to simplify notation. The idea is that the knowledge of K, for
large n provides a good estimate for the projection of ws onto the unstable subspace.
Indeed, we have

A(n,a)PY(ws) = P% A(n, a)(ws) = P Ky + P &,
hence

PY(w3) = A(n,a) ' PY,

on

aXn + A(n,a) " PY, &,
By the Oseledets theorem, we have for P-a.e. a, for any ¢ > 0, for all n sufficiently
large,

|A(n, @) 1PL || < e” @9,

where 6, > 0 is the smallest positive Lyapunov exponent of the cocycle A. We used

that ||P%.,|| < e=™/? for large n, since the angle Z(E,,, E<5.,) may tend to zero only
sub-exponentially. By definition
(6.1) lenl <1/2<1, n=0,
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whence
(6.2) |PY(ws) — A(n, @) " Pl K, || < e e,

for n sufficiently large.
Recall that we defined W,, = log ||A(a,)|| in (4.3). Let

m 1/2
6.3 M, := (2 + exp(W, and pp = ————————.
(63 S P T W)
Levva 6.1. — For alln > 0, we have the following, independent of ws € RY':

(i) Given K, € Z™, there are at most My, possibilities for I?n+1 e Zm;
(ii) if max{||En|l, |Ens1ll} < pn, then K,i1 is uniquely determined by K, .
Proof. — We have by (5.7),
A(n,a)(w3) = K+ &, Al@ni1)An, a)(ws) = K1+ Eny,
hence
Kn+1 - A(an-i-l)Kn = _gtn+1 + A(an—&-l)gn-
It follows that
||Kn+1 - A(an+1)Kn|| < (14 exp(Wyq1)) max{||&n]], [|€nra ]}

Now both parts of the lemma follow easily.
(i) We have by (6.1),

“En+1 - A(an+1)[?n

< (T +exp(Wnya))/2 =17,

and it remains to note that the ¢> ball of radius R centered at A(an“)lzn contains
at most (2Y 4 1)™ points of the lattice Z™.

(ii) If max{||&, ||, |En+1ll} < pn, then the radius of the ball is less than 1/2, and
it contains at most one point of Z™, thus Kn—‘—l = A(an+1)I?n. We are using here
that Z™ is invariant under A(a,+1) since it is an integer matrix. ]

Proof of Proposition 5.4. — Let Ex (68, B) be defined by
En(8,B) :={wseR?:5c A" ! we[BL B,
card{n < N : max{||&, |, |Ens1ll} = pn} < ON}.

We recall that &, = &,(w3), but use the shortened notation for simplicity. First we
claim that P-almost surely,

(6.4) En(5,B) D Ex(0,0/4, B)
for N > Ny(a), where

1/2
(6.5) 0= 7 +/€K7 with K = 2L;log(1/6).

Here L; is from Proposition 4.2. Suppose w3 ¢ En (6, B). Then there exists a subset
'y Cc{1,...,N} of cardinality > d N such that

maX{HgnHy ||5n+1||} Z Pn for all n € I'y.
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Note that p, < g is equivalent to W11 > K by (6.5) and (6.3). Observe that there
are fewer than dN/2 integers n < N for which W,4; > K, for N > Ny(a) by
Corollary 4.3. Thus

card{n < N : max{||&, |, [|E41]I} = 0} = 6N/2,
hence there are at least dN/4 integers n < N with [|&,]] > o, and so ws &
En(0,6/4, B) which confirms (6.4).
It follows that it is enough to show that if 6 > 0 is sufficiently small, then for every
Oseledets subspace HJ D EY,
dimH(é((S, BYNH!) <dim(H]) — k41 =: 8,

where

¢an)= N U &nB),
No=1 N=N,
En(6,B):={5§c A"™1:3w e [B7L,B], wse Ex(6,B)}.
Let 77 denote the S-dimensional Hausdorff measure. A standard method to prove
(6.6) AP(€(6,B) N HY) < o0,

whence dimp (€(8, B) N HJ) < B, is to show that &y (6, B) N H; may be covered by
~ PN halls of radius ~ e~V for N sufficiently large, for some o > 0. Observe that
the map from &y (8, B) to Ey (6, B) is simply w§ s & for w € [B~!, B and § € A1,
which is Lipschitz, with a Lipschitz constant Ogq g(1); thus it is enough to produce a
covering of Ey (8, B) N H.

Denote H] © EY = HJ N E3¢. By assumption, H] = E* & (H] © EY), hence
(6.7) En(5,B)NH]

Bl Fa’
ming g+ ([a])
Here ¢ stands for the direct sum decomposition corresponding to a. Denote by
A (F,r) the minimal number of balls of radius r needed to cover a set F. We have

(6.8) N(Fy ® Fo,1) < Og(1) - N (Fy,7) - N (Fa,r), forany r >0,

since Fy @ Fy is bi-Lipschitz equivalent to F; X Fs. The Lipschitz constant depends
on the angle between F} and F5 and thus only depends on a.
Observe that dim(H; © E*) = dim(H,) — &, so

(6.9) N (Fa,e”N) < Oq,p(1) - exp [aN(dim(H]) — k)]  for any a > 0.

c pu (EN(a,B))@{ge HI o B |1jlh < }:: FL & F.

Thus it remains to produce a covering of Fy = P%(Ex(d,B)). Suppose w§ €
En (4, B) and find the corresponding sequence K, &, from (5.7). We have from (6.2)
that for IV sufficiently large,

(6.10) Py (wS) is in the ball centered at A(N, a)_lP;‘NaI?N of radius e~ 02N,

Since a is fixed, it is enough to estimate the number of sequences I?n, n < N, which
may arise.
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Let ¥y be the set of n € {1,..., N} for which we have max{||&,||, |En+1ll} = pn-
By the definition of En(d, B) we have |¥y| < 6 N. There are >, sy (]:]) such sets.

For a fixed ¥ the number of possible sequences {I?n} is at most

SQNIII II Aﬂz

new N

times the number of “beginnings” I?o, by Lemma 6.1. The number of possible I?O is
bounded, independent of N, by a constant depending on B, since w € [B~!, B] and
§e€ AL In view of M,, < 3me™Wn+1 see (6.3), we have by (4.4), for N sufficiently
large,

a,B(1) - gmoN exp(m ZnE\I/N Wht1)
a.5(1) - 3™ exp[m - Ly log(1/6)(6N)).

Thus, by (6.10), A (Fy, e~ =—oN) :JV(PZ;(EN((S, B)), e~ (0==9)N) is not greater than

611 Oap(): 3 ()37 explm- L1 tox(1/5)(6)

S < Oa,5(1) - exp|La log(1/6)(5N)],
for some Ly > 0, using the standard entropy estimate (or Stirling formula) for the
binomial coefficients. Since 6log(1/d) — 0 as § — 0, we can choose Jy > 0 so small
that § < J§p implies

[Lolog(1/6)(6N)] < e1(6; —€)N.
Combining this with (6.7), (6.8), and (6.9), we obtain that Ey(6, B) N HZ may be
covered by
Oa.5(1) - exp (8 —e)Np] balls of radius e~ ===V

for N sufficiently large, where 8 = dim(H_) — & + ;. This confirms (6.6). The proof
of Proposition 5.4, and hence of Theorem 4.1, is now complete. O

7. DEermvaTioN oF THEOREM 1.1 AND THEOREM 1.3 FROM THEOREM 3.2

This section is parallel to [12, §11]; however, we need to make a number of changes,
in view of the requirements on the word q.

Recall the discussion in Section 2.11 and Remark 1.2. Consider our surface M of
genus g > 2. By the results of [7, §4] there is a correspondence between almost every
translation flow with respect to the Masur-Veech measure and a natural flow on a
“random” 2-sided Markov compactum, which is, in turn, measurably isomorphic to
the suspension flow over a one-sided Markov compactum, or, equivalently, an S-adic
system X4+ for at € 2. The roof function of the suspension flow is piecewise constant,
depending only on the first symbol, and we can express it as a vector of “heights”. This
symbolic realization uses Veech’s construction [35] of the space of zippered rectangles
which corresponds to a connected component of a stratum 57°. Given a Rauzy class ‘R,
we get a space of S-adic systems on m > 2g symbols, which provide a symbolic
realization of the interval exchange transformations (IET’s) from . As shown by
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Veech [36], the “vector of heights” obtained in this construction necessarily belongs to
a subspace H (), which is invariant under the Rauzy-Veech cocycle and depends only
on the permutation of the IET. In fact, the subspace H (7) has dimension 2g and is the
sum of the stable and unstable subspaces for the Rauzy-Veech cocycle. By the result
of Forni [17], there are g positive Lyapunov exponents, thus dim(E%) = g > 2. In the
setting of Theorem 3.2 we will take H(m) = H,(7) to be our Oseledets subspace H_,
containing the strong unstable subspace EY.

Theorem 1.1 (in the expanded form) will follow from Theorem 3.2 by the argument
given in Remark 1.2. Indeed, by the assumption, for p-a.e. Abelian differential, the
induced conditional measure on a.e. fiber has Hausdorff dimension > 2g — k + 6,
hence taking 1 = § and using the estimate (3.6) for the exceptional set, we see that
exceptional set has zero p-measure.

Thus it remains to check that the conditions of Theorem 3.2 are satisfied. The
property (C1) holds because the renormalization matrices in the Rauzy-Veech in-
duction all have determinant £1. Condition (C2) holds by a theorem of Zorich [41].
As already mentioned, property (a) (on Lyapunov exponents) in Theorem 3.2 holds
by a theorem of Forni [17].

Next we explain how to achieve the combinatorial properties (b) and (c) of a word
q € A*. Recall the discussion of Rauzy induction in Section 2.10, which we repeat in
part for convenience. As is well-known, for almost every IET, there is a corresponding
infinite path in the Rauzy graph, and the length of the interval on which we induce
tends to zero. For any finite “block” of this path, we have a pair of intervals J C I
and IET’s on them, denoted 77 and T, such that both are exchanges of m intervals
and T is the first return map of 77 to J. Let Iy,...,I,, be the subintervals of the
exchange T7 and Ji, ..., J,, the subintervals of the exchange T';. Let r; be the return
time for the interval J; into J under Ty, that is, r; = min{k > 0 : TFJ, C J}.
Represent I as a Rokhlin tower over the subset J and its induced map 7'y, and write

I= | | T J;.
i=1,...,m,k=0,...,r;—1
By construction, each of the “floors” of our tower, that is, each of the subintervals
TIkJi7 is a subset of some, of course, unique, subinterval of the initial exchange, and
we define an integer n(i, k) by the formula

TIkJZ C In(z,k)

To the pair I, J we now assign a substitution ;7 on the alphabet {1,...,m} by the
formula

(7.1) Cry:t—n(i,0)n(s,1)...n(i,r; — 1).

Words obtained form finite paths in the Rauzy graph will be called admissible.
By results of Veech, every admissible word appears infinitely often with positive prob-
ability in a typical infinite path. Condition (c¢) of Theorem 3.2 and the simplicity of
the admissible word from (b) are verified in the next lemma.
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Lemva 7.1, There exists an admissible word q, which is simple, whose associated
matriz A(q) has strictly positive entries, and the corresponding substitution ¢, with
Q =S¢ = A(q)" having the property that there exist good return words i, ..., U, €

—

GR(C), such that {£(u;) : j < m} generate the entire Z™ as a free Abelian group.

Proof. — Recall that by “word” here we mean a sequence of substitutions correspond-
ing to a finite path in the Rauzy graph. Denote by (y the substitution corresponding
to a path V. The alphabet may be identified with the set of edges. By construction, if
we concatenate two paths ViV, we obtain (v, v, = (v, (v, . First we claim that there
exists a loop V' in the Rauzy graph, such that A(V) is strictly positive and (y (j)
starts with the same letter ¢ = 1 for every j < m. Indeed, start with an arbitrary
loop V in the Rauzy graph such that the corresponding renormalization matrix has all
entries positive. Consider the interval exchange transformation with periodic Rauzy-
Veech expansion obtained by going along the loop repeatedly (it is known from [35]
that such an IET exists). As the number of passages through the loop grows, the
length of the interval forming phase space of the new interval exchange (the result
of the induction process) goes to zero. In particular, after sufficiently many moves,
this interval will be completely contained in the first subinterval of the initial interval
exchange — but this means, in view of (7.1) that n(,0) = 1 for all 4, and hence the
resulting substitution (v~ has the property that (v (j) starts with ¢ = 1 for all j.
Next, observe that for any loop W starting at the same vertex, the substitution
¢ = Cwyen = CynCyn(w has the property that every (yn(j) is a return word for
it. Indeed, applying ¢ to any sequence we obtain a concatenation of words of the
form (yw(j) for j < m, in some order, and every one of them starts with ¢ = 1. There-
fore, they are all return words. Moreover, every letter j appears in every word (y« (%),
since the substitution matrix of (v is strictly positive. Thus, every word u; := (yn(j)
appears in every ((4), which means that all these words are good return words for (.
The corresponding population vectors Z(UJ) are the columns of the substitution ma-
trix of (yn. As is well-known, the matrices corresponding to Rauzy operations are
invertible and unimodular, which means that the columns of S¢, .. are linearly inde-
pendent and generate Z™ as a free Abelian group. It remains to choose W to make
sure that the word WV?2" is simple. It is known that in the Rauzy graph there are
a- and b-cycles starting at every vertex. Assume that the loop V ends with an edge
labeled by a (the other cases is treated similarly). Then first fix an a-loop Wa starting
at the same vertex as V, so that W5 V2" starts and ends with an a-edge. Then choose
a b-loop W; starting at the same vertex, with the property that |Wi| > [WoV?2"|.
We will then consider the admissible word W;W5V?2", and we claim that it is simple.
Indeed, the word in the alphabet {a,b} corresponding to it, has the form b*a...a,
and it is simple, because its length is less than 2k. The proof is complete. (|

Condition (3.3), a variant of the exponential estimate for return times of the Teich-
miiller flow into compact sets, is proved for an arbitrary genus g > 2 in [12, Prop. 11.3]
by modifying an argument from [6]. Theorem 1.1 and Theorem 1.3 are proved com-
pletely.
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