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Carleman estimates for elliptic operators with
jumps at an interface: Anisotropic case
and sharp geometric conditions

Jérome Le Rousseau Nicolas Lerner

Abstract

We consider a second-order selfadjoint elliptic operator with an anisotropic
diffusion matrix having a jump across a smooth hypersurface. We prove the
existence of a weight-function such that a Carleman estimate holds true. We
moreover prove that the conditions imposed on the weight function are nec-
essary.

1. Introduction

1.1. Carleman estimates

Let P(x,D,) be a differential operator defined on some open subset of R". A Car-
leman estimate for this operator is the following weighted a priori inequality

€7 Pw|| r2@ny 2 €™ w|| r2@ny, (1.1)

where the weight function ¢ is real-valued with a non-vanishing gradient, 7 is a large
positive parameter and w is any smooth compactly supported function. This type
of estimate was used for the first time in 1939 in T. Carleman’s article [5] to handle
uniqueness properties for the Cauchy problem for non-hyperbolic operators. To this
day, it remains essentially the only method to prove unique continuation properties
for ill-posed problems, in particular to handle uniqueness of the Cauchy problem for
elliptic operators with non-analytic coefficients. This tool has been refined, polished
and generalized by manifold authors and plays now a very important role in control
theory and inverse problems. The 1958 article by A.P. Calderén [4] gave a very
important development of the Carleman method with a proof of an estimate of
the form of (1.1) using a pseudo-differential factorization of the operator, giving a
new start to singular-integral methods in local analysis. In the article [7] and in
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his first PDE book (Chapter VIII, [8]), L. Hormander showed that local methods
could provide the same estimates, with weaker assumptions on the regularity of the
coefficients of the operator.

For instance, for second-order elliptic operators with real coefficients! in the prin-
cipal part, Lipschitz continuity of the coefficients suffices for a Carleman estimate to
hold and thus for unique continuation across a ¢! hypersurface. Naturally pseudo-
differential methods require more derivatives, at least tangentially, i.e., essentially
on each level surface of the weight function . Chapters 17 and 28 in the 1983-85
four-volume book [9] by L. Hormander contain more references and results.

Furthermore, it was shown by A. Pli§ [18] that Holder continuity is not enough
to get unique continuation: this author constructed a real homogeneous linear dif-
ferential equation of second order and of elliptic type on R?® without the unique
continuation property although the coefficients are Holder-continuous with any ex-
ponent less than one. The construction by K. Miller in [17] showed that Hoélder
continuity? is not enough to obtain unique continuation for second-order elliptic
operators, even in divergence form (see also the 1998 articles [3], [19] for the par-
ticular 2D case where boundedness is essentially enough to get unique continuation
for elliptic equations in the case of W12 solutions).

1.2. Jump discontinuities

Although the situation seems to be almost completely clarified by the previous
results, with a minimal and somewhat necessary condition on Lipschitz continuity,
we are interested in the following second-order elliptic operator L,

Lw = —div(A(z)Vw), A(x) = (ax(2))i1<jr<n = AT(x), inf (A(x)£€) >0,

" =1

(1.2)

in which the matrix A has a jump discontinuity across a smooth hypersurface.
However we shall impose some stringent —yet natural— restrictions on the domain of
functions w, which will be required to satisfy some transmission conditions, detailed
in the next sections. Roughly speaking, it means that w must belong to the domain
of the operator, with continuity at the interface, so that Vw remains bounded and
continuity of the flux across the interface, so that div(AVw) remains bounded,
avoiding in particular the occurrence of a simple or multiple layer at the interface.
The article [6] by A. Doubova, A. Osses, and J.-P. Puel tackled that problem, in
the isotropic case (the matrix A is scalar ¢Id) with a monotonicity assumption: the
observation takes place in the region where the diffusion coefficient ¢ is the ‘low-
est’. (Note that the work of [6] concerns the case of a parabolic operator but an
adaptation to an elliptic operator is straightforward.) In the one-dimensional case,
the monotonicity assumption was relaxed for general piecewise € coefficients by
A. Benabdallah, Y. Dermenjian and J. Le Rousseau [2], and for coefficients with
bounded variations [11]. The case of an arbitrary dimension without any mono-
tonicity condition in the elliptic case was solved by J. Le Rousseau and L. Robbiano
n [11]: there the isotropic case is treated as well as a particular case of anisotropic

IThe paper [1] by S. Alinhac shows nonunique continuation property for second-order elliptic
operators with non-conjugate roots; of course, if the coefficients of the principal part are real, this
is excluded.

2The counterexample of [17] is Holder continuous with index 1/6.
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medium. An extension of their approach to the case of parabolic operators can be
found in [15].

The purpose of the present article is to show that a Carleman estimate can be
proven for any operator of type (1.2) without an isotropy assumption: A(z) is a
symmetric positive-definite matrix with a jump discontinuity across a smooth hy-
persurface. We also provide conditions on the Carleman weight function that are
rather simple to handle and we prove that they are sharp.

The approach we follow differs from that of [11] where the authors base their anal-
ysis on the usual Carleman method for certain microlocal regions and on Calderén
projectors for others. The regions they introduce are determined by the ellipticity
or non-ellipticity of the conjugated operator. Here, our approach is somewhat closer
to A. Calder6n’s original work on unique continuation [4]: the conjugated operator
is factored out in first-order (pseudo-differential) operators for which estimates are
derived. Naturally, the quality of these estimates depends on their elliptic or non-
elliptic nature; we thus recover microlocal regions that correspond to that of [11].
Note that such a factorization is also used in [10] to prove Carleman estimates at a
boundary in the case of non-homogeneous boundary conditions.

1.3. Notation and statement of the main result

Let 2 be an open subset of R" and ¥ be a € oriented hypersurface of €): we have
the partition

O=0,U3UQ., QL=0Q.U%, Q. open subsets of R”, (1.3)
and we introduce the following Heaviside-type functions
Hy =1q,. (1.4)
We consider the elliptic second-order operator
L=D- -AD = —div(A(x)V), (D =—iV), (1.5)
where A(z) is a symmetric positive-definite n x n matrix, such that
A=H A +H/A,, ALec®™Q). (1.6)
We shall consider functions w of the following type:
w=H w_+ Hiw;, wy€ E(Q). (1.7)

We have dw = H_dw_ + Hidw; + (w; — w_)dgv, where Jy, is the Euclidean hy-
persurface measure on ¥ and v is the unit conormal vector field to X pointing into
Q. To remove the singular term, we assume

wy =w_  at X, (1.8)
so that Adw =H_A_dw_ + H{ A, dw, and
div(Adw) = H_div (A_dw_) + H div (A dwy) + (Ardwy — A_dw_,v)dy.
Moreover, we shall assume that
(Aydwy — A_dw_,v) =0 at X, i.e. (dwy, Arv) = (dw_, A_v), (1.9)

so that
div(Adw) = H_div (A_dw_) + H; div (A dwy). (1.10)
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Conditions (1.8)-(1.9) will be called transmission conditions on the function w and
we define the vector space

W ={H w_ + Hiwy }yier= @) satistying (1.8)-(1.9)- (1.11)
Note that (1.8) is a continuity condition of w across ¥ and (1.9) is concerned with
the continuity of (Adw, v) across ¥, i.e. the continuity of the flux of the vector field
Adw across 2. A weight function “suitable for observation from €, ” is defined as a
Lipschitz continuous function ¢ on €2 such that

¥ = H*QO* + H+90+7 Yr € chO(Q% P+ = P <d90:|:7X> >0 at 27 (112>
for any positively transverse vector field X to ¥ (i.e. (v, X) > 0).

Theorem 1.1. Let Q, %, LW be as in (1.3), (1.5) and (1.11). Then for any compact
subset K of ), there exist a weight function  satisfying (1.12) and positive constants
C, 1 such that for all T > 1 and all w € W with suppw C K,

27 LT Svor
Clle™ Lwl|p2mny 2> T2 || w|| 2@n) + T2 ||€™?Vw|| p2mny + 72| (7P W) 15| 12(x)
1 1
+ T§|(€TSOV’LU+)|E‘L2(E) + 7'5‘<€TSDV/IU_)|2’L2(E). (113)

Remark 1.2. It is important to notice that whenever a true discontinuity occurs
for the vector field Av, then the space W does not contain €*°(£2): the inclusion
¢>°(2) C W implies from (1.9) that for all w € €*(Q), (dw,Ayv — A_v) =0
at 2 so that A,v = A_v at X, that is continuity for Av. The Carleman estimate
which is proven in the present paper takes naturally into account these transmission
conditions on the function w and it is important to keep in mind that the occurrence
of a jump is excluding many smooth functions from the space W. On the other hand,
we have W C Lip(Q2).

1.4. Sketch of the proof

We provide in this subsection an outline of the main arguments used in our proof.
To avoid technicalities, we somewhat simplify the geometric data and the weight
function, keeping of course the anisotropy. We consider the operator

[,0 = E DjCij, Cj(iL') = H+C;_ + H,Cj_, (114)
1<j<n
cf positive constants, Hi = 1{1s, >0}, (1.15)
with D; = -2 and the vector space W, of functions Hywy+H_w_, wy € €2(R"),

such that
at r, =0, wy = w_, Czaanr = ¢,, Opw_ (transmission conditions across z,, = 0). (1.16)
As a result, for w € Wy, we have D,,w = H, D,w, + H_D,w_ and
Low =Y (Hc; Diw, + H_c; Diw_). (1.17)
j
We also consider a weight function®
0 = (apw, + B22/2) Hy + (a_zp + B22/2) H_, ax>0, (>0, (1.18)

ot -

3In the main text, we shall introduce some minimal requirements on weight function and suggest
other possible choices for .
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a positive parameter 7 and the vector space W, of functions H v, + H v_, v. €
¢>°(R™), such that at z,, =0

vy =, (1.19)
cH(Dpvy +iTagvy) = ¢, (Dyv_ +iTa_v_). (1.20)
Observe that w € Wy < v = e™Pw € W,.. We have
e Low = P Loe” ¥ (e™Pw)
.

so that proving a weighted a priori estimate |[e™?Low||r2@mny 2 ||€"?w||p2mny for
w € Wy amounts to getting || L v||p2mn) 2 [|v||L2@ny for v € W,

Step 1: pseudo-differential factorization. Using Einstein convention on repeated
indices j € {1,...,n — 1}, we have

L. = (D, +it¢")en(Dy +i1¢") + Djc;D;
and for v € W,, from (1.17), with my = my(D’) = (Ci)_%(ch?)%,

Lov=H.S <(Dn + ity )% + mi)wr +H_c, ((Dn A m2_)v_
so that
et I+
L.v=H,ck (Dn + (Tl + m+)) (Dn +i(Tyl, — m+)>v+
+H_c, (Dn +i(t¢. — m_)> (Dn +i(t¢. + m_))v_. (1.21)
T T

Note that ey are elliptic positive in the sense that ex = T7ax +my 2 7+ |D'|.
We want at this point to use some natural estimates for first-order factors on the
half-lines Ry: on t > 0 for w € €>°(R), A,~y positive, we compute

|\th+i()\+’yt)w]|%z(R+) (1.22)

= HthH%z(R” + ||()\ + ’Yt)W‘|%2(R+) + 2 Re(th, ’LH(t)()\ + vt)w)
+o00

= (498 +7) O dt + Aw(0)* 2 M| 72qg, ) + Aw(0),

which is somehow a perfect estimate of elliptic type, suggesting that the first-order
factor containing e, should be easy to handle.
Changing X in —\ gives

|Diw +i(—=X + yt)wl 72,y > 2Re(Diw, iH (t) (= + yt)w)
o 2 2
= Tk d = Nwl0),
so that

Dy + i(=A +t)w] T2 m,y + Aw(0)]? = yllwllZem, ), (1.23)

an estimate of lesser quality, because we need to secure a control of w(0) to handle
this type of factor.
Now, changing A\ in —\ and ¢ in —t, i.e., working on the negative half-line, yields

Dy + i(A + 8wl 7@ ) = (Al Ze@ ) + Alw(0)]*. (1.24)
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suggesting that the first-order factor containing f_ should be useful in the case
f- <.

Step 2: case f, > 0. Looking at formula (1.21), since the factor containing e, is
elliptic in the sense given above, we have to discuss on the sign of f,. Identifying
the operator with its symbol, we have f,; = 7(ay + Bz,) — m. (&), and thus 7oy >
my(§') yields a positive f,. Iterating the method outlined above on the half-line R,
we get a nice estimate of the form of (1.22) on R, ; in particular we obtain a control
of v4(0). From the transmission condition, we have v;(0) = v_(0) and hence this
amounts to also controlling v_(0). That control along with the natural estimates on
R_ are enough to prove an inequality of the form of the sought Carleman estimate.

Step 3: case f; < 0. Here, we assume that 7oy < my(£'). We can still use on R
the factor containing e, and by (1.21) and (1.22) control the following quantity

=V,
Co (D +if4)vi(0) = e (Dypvy +iTay Jui (0) —cimy vy (0). (1.25)

Our key assumption is
f+(0) < 0= f_(0) <0. (1.26)

Under that hypothesis, we can use the negative factor f_ on R_ (note that f_ is
increasing with z,,, so that f_(0) < 0= f_(z,) < 0 for z, < 0). With (1.24) we
then control
¢, (Dp +ie_)v_(0) = ¢, (Dyv_ +ita_)v_(0) +c, im_v_(0). (1.27)
—y_

Because of (1.23) we conclude that nothing more can be achieved with inequalities
on each side of the interface. At this point we however notice that the second trans-
mission condition in (1.20) implies V_ = V., yielding the control of the difference
of (1.27) and (1.25), i.e., of

cim_v_(0) + ¢rimyvy (0) = i(c;m, - c:[er)v(O).

Now, as ¢;;m_ + ¢;tm, is elliptic positive, this gives a control of v(0) in (tangential)
H'-norm, which is enough then to get an estimates on both sides that leads to the
sought Carleman estimates.

Step 4: stitching estimates together. The analysis we have sketched relies on a
separation into two zones in the (7,¢’) space. Patching the estimates of the form
of (1.13) in each zone together allows us to conclude the proof of the Carleman
estimate.

1.5. Explaining the key assumption

In the first place, our key assumption, condition (1.26), can be reformulated as

~—

\V/gl c Sn—2’ Oéi Z m+(€

R (1.28)

3
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In fact*, (1.26) means ray < my(¢) = 7a_ < m_(¢') and since ag,m are
all positive, this is equivalent to having m(¢')/ay < m_(£')/a_, which is (1.28).
An analogy with an estimate for a first-order factor may shed some light on this
condition. With

f(t) = Hit)(tay+pt—my)+H(—t)(ta_+Ft—m_), 7,ay,, my positive constants,

we want to prove an injectivity estimate of the type || Dy +if(t)v| r2m) 2 [|v] 22®),
say for v € €°(R). It is a classical fact (see e.g. Lemma 3.1.1 in [16]) that such
an estimate (for a smooth f) is equivalent to the condition that ¢ — f(t) does
not change sign from + to — while ¢ increases: it means that the adjoint operator
D, — if(t) satisfies the so-called condition (¥). Looking at the function f, we see
that it increases on each half-line R, so that the only place to get a “forbidden”
change of sign from + to — is at ¢ = 0: to obtain an injectivity estimate, we have to
avoid the situation where f(0%) < 0 and f(07) > 0, that is, we have to make sure
that f(07) < 0= f(07) < 0, which is indeed the condition (1.28). The function
f is increasing affine on Ry with the same slope § on both sides, with a possible
discontinuity at 0.

Figure 1.1: f(07) <0; f(0%) < 0.

When f(0") < 0 we should have f(07) < 0 and the line on the left cannot go
above the dotted line, in such a way that the discontinuous zigzag curve with the
arrows in Figure 1.1 has only a change of sign from — to +.

When f(0) > 0, there is no other constraint on f(07): even with a discontinuity,
the change of sign can only occur from — to +.

We prove below (Section 5) that condition (1.28) is relevant to our problem in
the sense that it is indeed necessary to have a Carleman estimate with this weight:
should (1.28) be violated, we would be able for this model to construct a quasi-mode
for £,, i.e. a T-family of functions v with L*norm 1 such that || £, v||z2 < ||v|| L2, as

4For the main theorem, we shall in fact require the stronger strict inequality

ay _my({)

—_— > .

o~ m_(¢)
However, we shall see in Section 5 that in the particular case presented here, where the matrix
A is piecewise constant and the weight function ¢ solely depends on x,, the inequality (1.28) is
actually a necessary and sufficient condition to obtain a Carleman estimate with weight .

(1.29)
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//

Figure 1.2: f(07) = 0; f(0%) > 0.

T goes to 0o, ruining any hope to prove a Carleman estimate. As usual for this type
of construction, it uses some type of complex geometrical optics method, which is
easy in this case to implement directly, due to the simplicity of the expression of
the operator.

Remark 1.3. A very particular case of anisotropic medium was tackled in [14] for
the purpose of proving a controllability result for linear parabolic equations. The
condition imposed on the weight function in [14] (Assumption 2.1 therein) is much

more demanding than what we impose here. In the isotropic case, cf = ¢4 for all
j € {1,...,n}, we have my = m_ = [{| and our condition (1.29) reads ay > a_.

Note also that the isotropic case c_ > ¢; was already considered in [6].

2. Framework

2.1. Preliminaries

Let Q, %, L, W, pbeasin (1.3), (1.5), (1.11) and (1.12). Let W, = {w € W, supp w compact }.
For 7 > 0 we define the vector space

W, = {e™Pw}wew, (2.1)

For v € W,, we have v = e™Yw with w € W), so that, using the notation introduced
in (1.4), (1.7), with vy = e™*wy, we have

v=H v_+ Hivg, (2.2)

and we see that the transmission conditions (1.8)—(1.9) on w read for v as

{m —u_at ¥, (2.3)

(dvy —Tvpdey, Ayv) = (dv_ — Tv_dp_, A_v) at 2.

XIII-8



Observing that e+ De~ 7%+ = D + itdpy, for w € W, we obtain from (1.10),
e’ Lw
=H " D-A Dw_+ H, e D-A; Dw,
=H % D-A De ™ v_+H.e¥*D-A . De ™Fu,
=H (D+irdp_) - A_(D +irdp_)v_ + H. (D +itdpy) - Ap (D +itdpy )vg,
so that,
!\eT“”ﬁw\liz<Rn) = HeT(p‘Ceiﬂva%Q(Rn) =
[ [(D+itdp_)-A_(D+irde_)v_|*dx —i—Qf (D +itdpy)- A (D+itdp, vy |*dr.
) i (2.4)
Summing-up, with
= = {positive-definite n x n matrices},
we consider Ay € €*°(E), o1 € €°°(Q), vy € €2(N2) such that
vy =v_, py=p_, (dv_—71dp_,A v)={(dvy —7dp,, A v) atX. (2.5)
We define
Pr=(D+irdpy) - Ar(D +itdpy). (2.6)

From the identity (2.4), proving Theorem 1.1 amounts to finding a proper lower-
bound for the quantity

||H—P—U—||%2(R") + ||H+P+v+||%2(]R") = ||€w£€_wv||%2(w)- (2.7)

2.2. Description in local coordinates

Assuming as we may that the hypersurface ¥ is given locally by the equation {z,, =
0}, we have, using the Einstein convention on repeated indices j € {1,...,n —
1}, and noting from the ellipticity condition that a,, > 0 (the matrix A(z) =

(an(2))1<jk<n),
so that the transmission conditions (1.8)—(1.9) on z,, = 0, are

wy =w_, ap,Dywy +af;Djwy = ay, Dyw_ + ay; Dyw_. (2.8)
We note also that with
we have

L= (Dy+T")au (Do +T) = T*apu Dy — T* T + Djazu Dy, + DjajuDy
and since T* = Dja, ta,;, we have T*a,,D,, = D;an;D,, = D;a;,D,, and
L = (Dy+T")an (Do + T) + Djbjs Dy, (2.10)

where the (n—1)x (n—1) matrix (bj;x) is positive-definite since with & = (&1, ..., &-1)

and § = (', &),
<B£/>€/> = Z bjkgjgk = <A€7£>>

1<j,k<n—1
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where apnén = — Y1<j<p1 ani&;- Note also that bj, = ajr — (anjtnk/ann).
According to (1.10), for w € W, we have
Lw = H_[(Dy+ T )ay,(Dy+ T-)w_ + Db Dyw_|
+ Hy |[(Dy + T5)a, (D + Ty)wy + DibjDyw, | (2.11)
and the transmission conditions (1.8), (1.9) read

w_=wy, a, (Dy+T ) )w_=al (D,+T)wy, at. (2.12)

2.3. Pseudo-differential factorization on each side

For simplicity we consider here the weight function ¢ = H,py + H_¢_ with ¢4
that solely depend on z,,.
We define for m € R the class of tangential standard symbols S™ as the smooth
functions on R™ x R"~! such that, for all (o, 3) € N* x N*=1,
sup (&) (020ga) (x,€)] < oo, (2.13)

(J},f/)ERnXRn71

1
with (¢) = (1 + |§'|2) ?. Some basic properties of standard pseudo-differential oper-

ators are recalled in Appendix A.
Section 2.2 and formulae (2.6), (2.11) gives

Pi = (Dy +irgl + T5)ak,(Dn + iT¢ly + T ) + Db Dy (2.14)

Let M. € op(S?') be the principal part of a pseudo-differential positive selfadjoint
square root of D;b;, Dy.. We denote by my its principal symbol. We have my > C(¢’).
For |¢’| sufficiently large, say |{'| > 1, we have

my = (E;gjgk)é. (2.15)

In particular my is homogeneous of degree one in &', for [¢'| > 1.
Introduce

v =8+ 78% + 8%, Ul = op(8*) + 70p(S°) + op(S°) D,,. (2.16)
Modulo the operator class ¥! we may write
PJr = 'PE+(Z:Lrn’PF+, P_= ’PF,CL;n’PE,, (217)
where
PEi :Dn—i-Si—{—Z(TgO/i—i—Mi), PFi :Dn—i-Si—i—Z(Tgpli —Mi), (218)
—_——— ———
Et Fy
with

+
lng 1
Si = Sw(l’, D/), S = E 713 €j7 so that Si = Si, Si = Ti -+ idiVTi,

1<j<n—1 a’nn

where T is the vector field - <<, 4 % .
We denote by fi and ey the symbols of F. and E. respectively, modulo the
symbol class 21,
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The transmission conditions (2.5) with our choice of coordinates read, at z,, = 0,
v =y, ap,(Dy,+T- +ite’ Yoo =a), (D, + Ty + ity )us. (2.19)

Remark 2.1. Note that the Carleman estimate we shall prove is insensitive to
terms in W' in the conjugated operator P. Formula (2.17) and (2.18) for P, and
P_ will thus be the base of our analysis.

Remark 2.2. In the articles [14, 15], the zero crossing of the roots of the symbol
of P, as seen as a polynomial in &, is analysed. Here, the factorization into first-
order operators isolates each root. In fact, fi changes sign and we shall impose a
condition on the weight function at the interface to obtain a certain scheme for this
sign change. See Section 4.

2.4. Choice of weight-function

From (2.14), the symbols of P, modulo the symbol class X!, are given by p+(z,£,7) =
at, (q% + 2iqf[) with
bt
G = (& +s2)+ &G - T (L)’ g = Tel(& + 1),

nn

and from the construction of m, for [¢'| > 1, we have

Gy = (& +5:)° +mi — (191)" = (&0 + 54)° — frex. (2:20)
We formulate the usual sub-ellipticity condition on the weight function.
Assumption 2.3. The weight function ¢ is such that
¢y =0and ¢ =0 = {g3.,qi} >0,

It is important to note that this property is coordinate free. For elliptic operators
with smooth coefficients this property is necessary and sufficient for a Carleman
estimate as that of Theorem 1.1 to hold (see [8] or e.g. [12]).

There are various “classical” forms for the weight function ¢. For instance, one
may use

oi(x,) = asz, + B22/2, ax >0, B3>0, (2.21)
as already used in the sketch of the proof in the introductory section. One may also
use ¢(x,) = e?#@) with the function ¢ of the form

o=H ¢_+Hody, ¢pc%(R),
such that ¢ is continuous and |¢/.| > C' > 0. In both cases, Assumption 2.3 can be
achieved by choosing the parameter ( sufficiently large. In any case we set
Qs = Py, ot
Of course, with the present non-smooth coefficient case, we shall impose some con-
ditions on the constants a4, depending on the jump discontinuities of the matrix

A. This will be exposed in Section 4.
The sub-ellipticity condition above implies the following lemma.

Lemma 2.4. Let \* = 1+ 72 + |¢/|*. There exist C >0, C" > 07 > 1 and 6 > 0
such that for T > 1

fi] 0N = T/C<|€]<Cr and (& +ss, fi} > C'A.
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3. Estimates for first-order factors

Most of the pseudo-differential calculus arguments we use concern the calculus with
the large parameter 7 presented in Appendix A.2.

The L?*(R™) and L*(R"!) dot-products will be both denoted by (,-). Sobolev
norms with the positive parameter 7 are denoted as follows

|U|'Ho— = TU|/U|L2(RTL71) + |<Dm/>gU|L2(Rn—1), g 2 0 (31)

3.1. Positive imaginary part on a half-line

We have the following estimates for the operators Pgy and Pgr_ given in (2.18).
They can be proven with multiplier techniques.

Lemma 3.1. Let £ > 0. There exists 71 > 1 such that

1H+Pr, ol r2@eme) 2 |W\xn:0+|Hz+% + [ Hiwl r2@peny + [[Hy Dawl[r2@pey,  (32)
and

I1H-Pp_w|lr2@e) + [wWiwn=0-|, 043 2 IH-wllr2@perr) + [[H-Dpw| 2y, (3-3)
form>m1 and w € €X(R™).

Note that the first estimate, in R, is of very good quality as both the trace and
the volume norms are dominated: we have a perfect elliptic estimate. In R_, we
obtain an estimate of lesser quality.

For the operator Pr, we can also obtain a microlocal estimate. We place ourselves
in a microlocal region where f, = 7p™ —m, is positive. More precisely, let x(7,¢’) €
S(\Y), a Fourier multiplier, be such that [¢| < Ct and f, > C;\ in supp(x), C; > 0.

Lemma 3.2. Let ¢ > 0. There exists 71 > 1 such that
HH+7)F+OPW(X)WHL2(R;H€) + ”H+WHL2(R")
2 |0Pw(X)W|mn:0+|He+% + ||H+0Pw(X)W||L2(R;HZ+1)a +||H+Dnopw(X)WHL2(R;HZ),
for 7> 1 and w € €°(R"™).

As for (3.2) of Lemma 3.1, up to an harmless remainder term, we thus obtain an
elliptic estimate in this microlocal region.

3.2. Negative imaginary part on the negative half-line

Here we place ourselves in a microlocal region where f_ = 7~ — m_ is negative.
More precisely, let x(7,&) € S(\°), a Fourier multiplier, be such that |¢'| > CT
and f_ < —C1A in supp(x), C1 > 0. We have the following lemma whose form is
adapted to our needs in the next section. Up to harmless remainder terms, this can
also be considered as an elliptic estimate.

Lemma 3.3. There exists 71 > 1 such that

[H-Pr_ul| 2@y + [|H-w|| L2n) + [ H-Dnwl|z2n) 2 [, =0~ 1,3 + [H-ull @),
(3.4)

fort > and u = a,, Pp_op”(x)w with w € €°(R").
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3.3. Increasing imaginary part on a half-line

The following estimate can be proven by classical techniques for Carleman estimates
using Lemma 2.4, i.e., the sub-ellipticity property of the weight function. This esti-
mate exhibits a loss of a half derivative.

Lemma 3.4. There exists 71 > 1 such that
_1
||Hi7DFiW||L2(R;H/Z) + |W|znzoi| 1 T2 HHiWHLQ(R;HHl) + ||HiDnW||L2(R;Hf) )
Ht3S

form>m1 and w € € (R™).

Remark 3.5. Observe that in any region where 7 > |¢'| the operator My € op(S*)
is not in the calculus with the large parameter. This can create difficulties in some
of the proofs of the estimates below. This technical point can be circumvented by
introducing a cut-off function in (7,¢’). These details are omitted here. They can be
found in [13].

4. Proof of the Carleman estimate

4.1. The geometric hypothesis

The operators My have a principal symbol m.(z,£’) in 8, which is positively-
homogeneous® of degree 1 and elliptic, i.e. there exists A&, A{ positive such that for
€'l =1,z €R",
A 1E < ma(z, &) < ATIE. (4.1)
Our main assumption is the following.
Assumption 4.1. The weight function ¢ is chosen such that
QL Aii—
a_ Ay’
Let us explain the immediate consequences of that assumption: first of all, we can
reformulate it by saying that

Ay = axn¢i|xn:[)i’ (42)

)\—i—
Jo>1, =20 (4.3)
o Ao
Let 1 <og<o.
First, consider (¢,7) € R"! x R™* such that
Ty > oA |€]. (4.4)

Observe that we then have
Tay —my(z,€) > rap = A > 1oy (1 -0y
og — 1 0o

-1
Toy + A€ > CA.

>
- 200 2

As fr =71(¢ —ay) + Tar —my(x,&), for the support of v, sufficiently small, we
obtain f, > C'A, which means that f, is elliptic positive in that region.
Second, if we now have
ras < oAHIE), (45)

>The homogeneity property means as usual m4 (z, p€') = pm(z,£&') for p > 1,|€'] > 1.
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elliptic +

r
[, elliptic —

€]

Figure 4.1: The overlapping cones T',,, T, in the 7, |€’| plane.

we get (note that & # 0 since 7 > 0) that Ta_ < o7')\;|¢|: otherwise we would
have Ta_ > o1 \;|€| and thus
ML oMl aw _ N
oo oy o Ao o

which is impossible.

As a consequence we have

(c—-1)

ra_ —m_(2,¢) < Ta_ = A l€] < =Xgl¢]

< a e ("2‘0” _ (o - Yoo <—on (16)

With f- =7(¢ —a_ )+ 1a_ —m_(z,£), for the support of v_ sufficiently small,
we obtain f_ < —C\, which means that f_ is elliptic negative in that region.

We have thus proven the following result.

Lemma 4.2. Let 0 > 0y > 1, and as, \[,\{ be positive numbers such that (4.3)
holds. For s > 0, we define the following cones in R?fl x R by

T, =7ay > sAF|E], T, =r1ag < sA|E).
For the compact set K sufficiently small, we have R"™! x R* =T U T, and

Loy C {(€,7) ER"IX R, Vay > 0,5 € supp(vy) C K, fr(2,6) > CA},  (47)
T, C {(E’,T)ER”_lx R, Vz, <0,,2 € supp(v_) C K, f_(z,£) < —C)\}. (4.8)
N.B. The key result for the sequel is that Assumption (4.2) is securing the fact that
the overlapping open cones I',,, ', are such that on I',,, f; is elliptic positive and on
[y, f_ is elliptic negative (for the calculus with a large parameter of Appendix A.2).
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Using a partition of unity and symbolic calculus, we shall be able to assume that
either F!, is elliptic positive, or F_ is elliptic negative.

With the two overlapping cones, for 7 > 75, we introduce an homogeneous parti-
tion of unity

1=x0(&,7)+x1(&,7), supp(xo) C I'oy, supp(x1) C I's . (4.9)
—_————
|€'|ST, f+ elliptic > 0 |€'|Z7, f- elliptic <0

We have yo, x1 € S(A\°). with these Fourier multipliers we associate the following
operators.

=, = op(x;), j = 0,1 and we have = + =5 = Id. (4.10)
From the transmission conditions (2.19) we find
E]"U*‘:Bn:of = Ejv+|$n:0+ = Ejfl}‘xnzo—k, (411)
and
a’;n(Dn +1° + Z'TQD,—)Ejv—hUn:O_ = a:n(Dn + T+ + Z.TQO/—Q-)EJ"U#-M”:O"'
+ Opw(F‘;O)UMn:O"’u ] = 07 17

with ko € S(AY), that originates from commutators. Defining V; + = a,(D,, + 5S¢ +
iT@)EjV+,,—o= We find

Vi— =V +0p“(ki)vjg,—o+, k1 € S(A?). (4.12)

We shall now prove microlocal Carleman estimates in the two overlapping regions,
I'y, and T',

4.2. Region ', : both roots are positive on the positive half-
line
On the one hand, From Lemma 3.1 we have
I1H P Zovs 2y 2 Vo — ian, My Eovs g, g+ |, 3 + I1H PriZovs | 2man)-

(4.13)

The ellipticity of F. on the support of x( allows us to reiterate the estimate by

Lemma 3.2 to obtain

174 P1Zovs ([ ra@n) + | Hivillpzgn) 2 Voo — iag, MiZovsp,—g+,,3
+ (2004 g0t I, 3 + 11 Z0v4 | 2mpe2) + [H o DrZov ] 2 @)
Since we have also

Vorl,3 S Wos —iag, MiZovsyy, _grl, 3 + [E0vs s, —o+ |, 3 (4.14)

we obtain
[Hy PrEovi | 2eey + 1 Hivi l2wey 2 Votl,a + 1Z0vsye, o4, 3
+ [H1Z0vi | 2 pe2) + [ H DpZovs || 12 (4-15)
On the other hand, with Lemma 3.4 we have

- o= 1 -
|H-P-Z0v_||L2@n) + Mo, +ia,, M -Zov_, _o-1, 1 27 2| H-Pr-Zov_ | L2mr),

1
HZ
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which with Lemma 3.1 yields
|H-P_Egv_| p2en) + Vo +iag, M-Zov-y, _o-|, 3 + 773|200 4, _o- |,
>r: (||H_EOU_HL2(R;H2) + HH_EODnv_HLZ(R;Hl)).
Arguing as for (4.14) we find

[H-P-Zov_|| 2@ + [Vo,-

’)—[% + |EOU7|$7L:07"H%
_1 — —_
Z T2 (HH—:OU—HL?(Rﬂ-ﬂ) + ||H—:«0Dnv—||L2(R;H1))- (4.16)

Now, from the transmission conditions (4.11)—(4.12), by summing £(4.16) + (4.15)
we obtain

||H_P_E()’U_||L2(Rn) + ||H+P+E()U+||L2(Rn) + ||H+U+||L2(R")
2 Vol 1 + Vol 1 +[Z0va,=0l, 3
1 e _ _
+72 <||:ov||L2(R;H2) + |H-Eo Dnv_|| 2y + ||H+\:0Dnv+||L2(]R;H1))~

by choosing ¢ > 0 sufficiently small and 7 sufficiently large. Finally, recalling the
form of 1V + we obtain

| H-P_Zgo_ | aqemy + | H1 Py Evsllaquny + [ Havs |2 (4.17)

2 |20 Dnv— g, —o- |, 3 B0 Dntspy, o+, 3 + [B0Vje,=0l, 3

_1 —_ —_ —_
—|— T 2 <||:'0U||L2(]R;'H2) + ||H—‘:0Dnv—||L2(R;H1) + +||H+‘:‘0Dnv+||L2(]R;H1))~

4.3. Region I',: only one root is positive on the positive half-
line

This case is more difficult a priori since we cannot expect to control v,,—¢+ directly
from the estimates of the first-order factors. Nevertheless when the positive ellipticity
of Fy is violated, the complement of I'} is included in I'; in which F_ is elliptic
negative: this is the result of our main geometric assumption in Lemma 4.2.

As in (4.13) we have

IH PrErvslr2mny 2 Vi — dag, MyErvyy, —orl, 3 + 1 HL PriZive | eean).
and using Lemma 3.3 for the negative half-line, we have
||H_7D_Elv_ ||L2(Rn) + ||H_U_ HL2(R7L) + ||H_Dnv_ ”L2(Rn)
2 Wi +iag, M_Z0jz,—0-|, 3 + [[H-Pe-E1v_|2aer),

A quick glance at the above estimate shows that none could be iterated in a favorable
manner, since F, could be negative on the positive half-line and E_ is indeed positive
on the negative half-line. We have to use the additional information given by the
transmission conditions. From the above inequalities, we control

R : o . + ;:
|V1,— + ZannM—_‘l'U—Lrn:O_ |'H% + | V17+ + ZannM+*—‘1v+|xn:O+|H%
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which, by transmission conditions (4.11)—(4.12) implies the control of
Vi = Vijia,, M_Zw_, _o- + ia:nMJrElvﬂxn:OqH%
= |(opw(/<4) +a,, M_ + a,an+)Elv|xn:0|H%
For 7 sufficiently large, the positivity of m4 yields
Vi +iay, M_Eo_p, -], 1 + | = Vig +iag, MySivy, ol 3
+ [V, =ol2@n-1) 2 [E1vig,=ol, 3 + 1510001y, —o- |, 1 + [E1 D004y o+ |, 1
We thus have
|H-P-E1v_||2®n) + [ HL P Eroy || 2gn)
+ [[H-v- || z2®n) + [[H-Dnv- || 2Ry + [Vz,=0| 2mn-1)
2 |E10e,=0l, 3 + [E1Dnv—je,—0-1, 3 + 510004y, o+, 1
+ [H-Pe-E1v_| L2 + [Hi PriEavi | 2.

The remaining part of the discussion is very similar to the last part of the argument
in the previous subsection. By Lemmata 3.1 and 3.4 we have

||H—PE—EIU—||L2(R;H1) + ‘Ellen:0|f’_{% Z HH_El’U_HLQ(R;HQ) + ||H—EanU—HL2(R;H1)

and
IH 1 Pr, Ervg 2@ + [E10je,-0l, 3
_1 —_ —_
> 3 (||H+:1v+||L2<R;H2) n ||H+:1Dnv+||Lz(R;H1)>.

Since |Elv‘xn:0|H% is already controlled, we control as well the r.h.s. of the above

inequalities and have

HH,P,Eﬂ}, HLQ(R”) + ’|H+P+51U+HL2(R") (418)
—I— ||H—U—||L2(R”) + ||H_Dnv_||L2(Rn) + |U\xn=0|L2(R"*1)

Z ‘51U|zn=0|H% + ‘EIDHU,‘%:O,]H% + |E1Dn’U+|mn:0+’H%
L= = =
+ 74 (Il o) + 1H-E1Dav- | ara) + [ HiE1Dv lzzqmon )

From the estimates (4.17) and (4.18) obtained in each microlocal region, the final
derivation of the Carleman estimate of Theorem 1.1 is classical. We assumed the
compact set K small here. In fact, this can be relaxed as local Carleman estimates
of the type we prove here can be patched together.

5. Necessity of the geometric assumption on the weight func-
tion

Considering the operator £, given by (1.21), we may wonder about the relevance
of conditions (1.28) to derive a Carleman estimate. In the simple model and weight
used in Section 1.4, it turns out that we can show that condition (1.28) is necessary
for an estimate to hold. For simplicity, we consider a piecewise constant case ¢ =
Hici + H_c_ as in Section 1.4 and we use a weight function of the form of (1.18)
here.
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Theorem 5.1. Let us assume that (1.29) is violated, i.e.,

! n—1 'y m+<€6)
3¢, e R\ 0, 07_<m_(56)’ (5.1)

Then, for any neighborhood V' of the origin, and 9 > 0, there exist

Vr = H+UT7+ + H_UT’_, T Z 70, Ur + € CKCOO(RR), ||U7—||L2(Rn) = 17
satisfying the transmission conditions (1.19)—(1.20) at x,, = 0, such that
supp(v;) C V' and  [|L-v[|2@ny — 0.

The existence of such a quasi-mode v obviously ruins any hope to obtain a Car-
leman estimate for the operator £ with a weight function satisfying (5.1). The
remainder of this section is devoted to this construction.

We set

(Mou) (€ 2,) = Hy(zn)c, (Dn + i6+) (Dn + z’f+)u+ (5.2)
+ H _(x,)c, (Dn + ’ie,) (Dn + z'ﬂ)u,,

that is, the action of the operator £, given in (1.21) in the Fourier domain with
respect to z’. We start by constructing a quasi-mode for M., i.e., functions us (£, ;)
compactly supported in the x, variable and in a conic neighborhood of £ in the
variable ¢ with ||[M,ul/z2 < |Ju||r2, so that u is nearly an eigenvector of M. for
the eigenvalue 0.

Condition 5.1 implies that there exists 7y > 0 such that

mo(&) ___mi(&)
o 0 oy

, which gives ooy —m4 (&) <0 < oo — m_(&).

By homogeneity we may in fact choose (79, &)) such that 73 + [£)]* = 1. We have
thus, using the notation in (1.21),

filwn =0)=Tar —m(£) <0< f (2, =0) =Ta_ —m_({),

for (1,£') in a conic neighborhood T' of (79,&)) in R x R""!. Let x; € €(R),
0 < x1 <1, with x; =1 in a neighborhood of 0, such that supp(¢) C T with

¢(T7f’):X1(T T)X1< )

@+l
fi(en =0) < =Cr, C'7 < f(x,=0) in supp(s).
Let (7,¢") € supp(v). We can solve the equations
(Do +ife(@n€)as =0 on Ry, folwn,&) =76 (ma) —mi(€) = f1(0) + 7z,
(Do +if-(2n,&)a- =0 on R, f (w,,&) =7 (a) —m
(Dn + ie,(xn,f’)))(j, =0 onR_, e (2,,&)=7¢(x,) +m_(§)=e_(0) + 70z,

—&o

7 + 1)}
We thus have
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that is

d+ (gl’ x”) = Q-l—(g,: xn)Q-‘r (fla 0)7 Q-I— (g/’ l‘n) = Gxn <f+(0)+‘rﬁ;n) )

T8z
pe2pa)

q— (&, 2n) = Q_(&,20)q_(€,0), Q_(&,z,) =¢€"" (f—(O) |

. Brn
€)= O (€T (€,0), G_(¢.,) = (=07
Since f1(0) < 0 a solution of the form of ¢, is a good idea on z, > 0 as long as
70z, + 2f+(0) <0, ie., z, < 2|f(0)|/75. Similarly as f_(0) > 0 (resp. e_(0) >
0) a solution of the form of ¢_ (resp. ¢_) is a good idea on x, < 0 as long as
70z, +2f-(0) > 0 (resp. 78z, + 2e_(0) > 0). To secure this we introduce a cut-off
function xo € €>((—1,1);[0,1]), equal to 1 on [—2%, ] and for v > 1 we define

272
usl€) = QulE )i o (Toist).

u-(€10) = aQ (€. (m o
with a,b € R, and
u(,n) = Hy(2n)us (€ 2) + Ho(zn)u(¢, )

The factor « is introduced to control the size of the support in the z, direction.
Observe that we can satisfy the transmission condition (1.19)-(1.20) by choosing
the coefficients a and b. Transmission condition (1.19) implies

a+b=1. (5.3)

Tﬁyxn)7

)+ Q- i €0 (g

Transmission condition (1.20) and the equations satisfied by Q,, Q_ and Q_ imply
cimy =c_(a—bym_. (5.4)

We have the following lemma.

Lemma 5.2. For 7 sufficiently large we have
[Mull72gn-1xr) < C(F° + )y e
and
s oty = O72(1 = 7).
We now introduce
vi (e, 2) = (27) " Dxo(1722/ )i (27, 20) = (27) " Do (|72 iis(—2', 3,

that is, a localized version of the inverse Fourier transform (in ') of uy. The
functions vy are smooth and compactly supported in R%! x R and they sat-
isfy transmission conditions (1.19)—(1.20). We set v(2’, z,) = Hy(z,)vy (2, z,) +
H_(x,)v_(2',x,). In fact we have the following estimates.

Lemma 5.3. Let N € N. For 7 sufficiently large we have
H[’TUH%Q(R"* KR) S O(V2 + 72)77n_16_C/T/7 + C%NT_N
and

||U||%2(R”*1><R) > CT”_2(1 — e—C’r/7> — Oyt
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We may now conclude the proof of Theorem 5.1. In fact, if V' is an arbitrary
neighborhood of the origin, we choose 7 and -« sufficiently large so that supp(v) C V.
We then keep v fixed. The estimates of Lemma 5.3 show that

1£-0ll 2@ sy 10 22 o1y =2, O-

T—00

Remark 5.4. As opposed to the analogy we give at the beginning of Section 1.5,
the construction of this quasi-mode does not simply rely on one of the first-order
factor. The transmission conditions are responsible for this fact. In very particular
cases it could only involve the factors D,, + ¢f+ on both sides. In the more general
case, as studied in this section, the construction relies on the factor D, + if, in
x, > 0, i.e., a one-dimensional space of solutions, and on both factors D,, +if_ and
D, +ie_ in x, > 0, i.e., a two-dimensional space of solutions.

Appendix A. A few facts on pseudo-differential operators

A.1l. Standard classes and Weyl quantization

We define for m € R the class of symbols S™ as the smooth functions on R™ x R*!
such that, for all (a, 8) € N* x N1,

Nas(a) = sup (&)™ )(@0200a)(x,€)] < o0, (A1)

(z,&)eR? xR 1

with (¢')?2 = 1+ |¢|?. The quantities on the Lh.s. above are called the semi-norms
of the symbol a. For a € §™, we define op(a) as the operator defined on . (R") by

(op(a)u)(2, z,) = a(x, Du(a', x,) = [ e ala’, x,, E)(E, x,)dE (2m) ™,

Rnfl
(A.2)
with (2, z,) € R"! x R, where 4 is the partial Fourier transform of u with respect
to the variable 2’. For all (k,s) € Z x R we have

op(a) : H*(R,, ; H¥™™(R™%™)) — H*(R,,; H*(R"™)) continuously, (A.3)

and the norm of this mapping depends only on {Nag(a@)}ja|+|81<p(k,s,mmn), Where p :
ZxRXxRxN—N.

We shall also use the Weyl quantization of a denoted by op™(a) and given by the
formula

(op*(a)u)(2',x,) = a*(x, D"u(z', x,) (A4)
= e n€q(TEY o eVuty, )y de 2m)in.
R2n—2 2

Property (A.3) holds as well for op*(a). A nice feature of the Weyl quantization
that we use in this article is the simple relationship with adjoint operators with the
formula

(0p"(@))" = op"(a). (A.5)
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*

so that for a real-valued symbol a € 8™ (op“(a))* = op“(a). We have also for

a; eS8, j=1,2,

op”(ay)op”(az) = op”(aifas), aifas € S™ ™2, (A.6)
op”(a1)op¥(as) = op”(ajaz) + op®“(ry), r € S™ M2 (A.7)
1
with r, = 5 {ay, a5} + 19, 1y € S™TM272 (A.8)
i
1
lop“(ay),0p®(as)] = opw(g {ay,as}) +op®“(r3), r3€ SmMtm2=3 (A.9)

where {aj, a2} is the Poisson bracket. Moreover, for b; € 8™, j = 1,2, both real-
valued, we have

[op®”(by), iop®(by)] = op™ ({b1,b2}) + 0p“(s3), s3 real-valued € S™ ™73, (A.10)

Lemma A.1. Let a € S* such that a(x,&") > p(€'), with u > 0. Then there exists
C > 0 such that

op”(a) +C > (D),  (op"(a))’ +C = p*(D')*.

A.2. Pseudo-differential calculus with a large parameter

We let 7 € R be such that 7 > 79 > 1. We set A\ = 1 + 72 + |¢'|?. We define for
m € R the class of symbols S(A\™) as the smooth functions on R" x R"~!, depending
on the parameter 7 such that, for all (a, 3) € N* x N*~1,

Nys(a) = sup )\_mﬂm\(@?@ga)(z,f’,Tﬂ < 00. (A.11)

(z,6")eRn xR —1
T>TQ

The associated operators are defined by (A.2). We can introduce Sobolev spaces and
Sobolev norms which are adapted to the scaling large parameter 7. Let s € R; we
set

lulrs = || A%l 2@n-1y,  with A® := op(A?)

and

H =R = {u € SR, [ul
The space H® is algebraically equal to the classical Sobolev space H*(R"™!), which
norm is denoted by ||.||g=. For s > 0 note that we have

Hs < OO}

||u| Hs ™~ TSHUHLZ(Rnfl) + ||<D/>Su||L2(Rn71).

If a € S(A™) then, for all (k,s) € Z x R, we have
op(a) : H*(R,, ; H**™) — H*(R,,; H*(R™™)) continuously, (A.12)

and the norm of this mapping depends only on {Nag(a)}ja|+|81<p(k,s,mm), Where p :
ZxRxRxN-—N.

For the calculus with a large parameter we shall also use the Weyl quantization
of (A.4). All the formulee listed in (A.5)—(A.10) hold as well, with S™ everywhere
replaced by S(A™). We use the Garding inequality as stated in the following lemma.

Lemma A.2. Let a € S(A\™) such that Rea > CN™. Then
w 2
R‘e(op (a)u7u) Z HUHL2(R;H%)’
for T sufficiently large.
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