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Stability in exponential time of Minkowski space-time with a
space-like translation symmetry

Cécile Huneau

Abstract

In this note, we discuss the nonlinear stability in exponential time of Minkowki space-time
with a translation space-like Killing field, proved in [13]. In the presence of such a symmetry,
the 3+1 vacuum Einstein equations reduce to the 2+ 1 Einstein equations with a scalar field.
We work in generalized wave coordinates. In this gauge Einstein equations can be written
as a system of quasilinear quadratic wave equations. The main difficulty in [13] is due to the
decay in % of free solutions to the wave equation in 2 dimensions, which is weaker than in
3 dimensions. As in [21], we have to rely on the particular structure of Einstein equations
in wave coordinates. We also have to carefully chose an approximate solution with a non
trivial behaviour at space-like infinity to enforce convergence to Minkowski space-time at
time-like infinity. This article appears under the same form in the proceedings of the Laurent
Schwartz seminar.

1. Introduction

1.1. Einstein equations

The equations of general relativity, introduced by Einstein in 1915, link the geometry of space-time
to the distributions of matter and fields present in the universe. The space-time is described by a 4
dimensional manifold M, equipped with a Lorentzian metric g, that is to say a metric of signature
(—1,1,1,1). Einstein equations can be written

1
Ruu - igul/ = Tm/- (11)

The right-hand side T},, is the energy-momentum tensor, which describes the masses, electro-
magnetic fields and other physical fields arising in the universe. The left-hand side describes the
curvature of our space-time (M, g). More precisely, R, is the Ricci tensor and R is the scalar
curvature, which is defined by the trace of the Ricci tensor. The Ricci tensor is a nonlinear second
order operator acting on the metric g.

In the vacuum case, T,, = 0, Einstein equations can be written

Ry, = 0. (1.2)

A trivial solution in this case is given by Minkowski space-time R3*! equipped with the Minkowski
metric

m = —(dt)? + (dz*)? + (dz?)? + (da®)2.
This special solution is a flat metric. Its Riemann curvature tensor is zero, and consequently its
Ricci curvature tensor is zero. However, in dimension greater or equal to 4, not all the solutions
of (1.2) are flat. An efficient way to study the set of solutions of (1.2) is to formulate Einstein
equations as a Cauchy problem.
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1.2. The Cauchy problem

The Cauchy data for Einstein equations are given by a triplet (3, g, K), where ¥ is a 3 dimensional
manifold, g is a Riemannian metric on ¥ and K is a symmetric 2-tensor, which is heuristically the
data of 9;g. Solving Einstein equations with initial data (3, g, K) consists in finding a space-time
(M, g) satisfying (1.2) such that ¥ C M, g is the restriction of g to X, and K is the second
fundamental form of the embedding of ¥ into M.

The initial data cannot be chosen arbitrarily. There are compatibility conditions, known as the
constraint equations, that the initial data (X, g, K') must satisfy. More precisely, the equations

Roi =0, Roo — %Rgoo =0,
can be expressed in terms only of the initial data. They can be written
R~ K K7 + (K"y)? =0,
9;(K"y) — DpK"; =0,

where R is the scalar curvature of g and D is the Levi-Civita connection associated to g.
The constraint equations are a necessary and sufficient condition on the initial data for the
existence of local solutions, as proven in the pioneer result of Choquet-Bruhat and Geroch.

Theorem 1.1 ([7]). For initial data (X, g, K) sufficiently smooth and solutions of the constraint
equations, there exists a unique maximal globally hyperbolic developpement, solution of Einstein
vacuum equations.

Finding solutions to the constraint equations is a research area in itself (see the review [4]).

1.3. Stability of Minkowski

Theorem 1.1 is a local result. Due to the nonlinear character of Einstein equations, the local
solutions do not in general extend globally. What could be expected is the stability of special
solutions. In this setting, a fundamental question is the stability of Minkowski solution.

The initial data for Minkowski are (R3, e, 0) where e is the Euclidean metric. In [9], Christodoulou
and Klainerman proved the following : for initial data (R?,g, K) sufficiently smooth, such that g
is closed to e, K small, and asymptotically flat (g tend to e and K tend to 0 with a specified
decay rate), the Cauchy development is geodesically complete, and the solution converges at in-
finity to Minkowski solution. An other proof of the stability has been given later by Lindblad and
Rodnianski in harmonic gauge (see [21]).

1.4. Einstein equations with a translation symmetry

FEinstein equations being a quite difficult nonlinear system, one way to study them and have a
better understanding of their structure is to introduce some symmetries. The translation symmetry,
studied by Choquet-Bruhat and Moncrief in [8] allows to reduce the 3 + 1 dimensional problem
to a 2 4+ 1 dimensional one. More precisely, we look for solutions of the 3 + 1 vacuum Einstein
equation, on manifolds of the form ¥ x R,, x Ry, where ¥ is a 2 dimensional manifold, equipped
with a metric of the form
g = e 2Pg + e (da)?,

where ¢ a scalar function, and ¢ a Lorentzian metric on ¥ x R, all quantities being independent of
x3. For these metrics, Einstein vacuum equations are equivalent to the 2 + 1 dimensional system

Oy =0
{ RZV = 28u¢au¢a (13)

where R, is the Ricci tensor associated to g. Choquet-Bruhat and Moncrief studied the case
where ¥ is compact of genus G > 2. In [8], they proved the stability of a particular expending
solution. Here we will work in the case ¥ = R2. Then a particular solution is given by Minkowski
solution itself. It corresponds to ¢ = 0 and g equals to the Minkowski metric in dimension 2 + 1.
A natural question one can ask is the stability of this solution.
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In [13] we prove the existence of solutions in exponential time : for initial data for ¢ in some
weighted Sobolev spaces, of size € small, there exist solutions to (1.3) for times ¢ < exp (%) We
recall the definition of weighted Sobolev spaces

9+18]
e = > 1+ [22) 72 DOl e.
[B]<m

Theorem 1.2. Let0 < e < 1. Let N > 40,
such that

1<0<1and0<p< 3. Let (¢o,¢1) € Hy T x HY,

6oll s + 1y, =

There exists a constant C such that if T < exp (%) and € is small enough, there exist a coordinate
system (t,x1,22) and a solution (¢,g) of (1.3) on [0,T] x R? such that

(¢a at¢)|t:0 = (¢Oa ¢1)a

and we have the estimates
|g&ﬁ - maﬁ| S g,
e

B <
TEIEA

‘gaﬁ - moe,B| S

where map is Minkowski metric on R?*1.

For a more precise statement of Theorem 1.2, we refer to [13].

Comments on this theorem.

e The initial data for g must satisfy the constraint equations. The only freedom in this solving
is the choice of the initial hypersurface. The construction of solutions to the constraint
equations for this problem is done in [12].

e The perturbations we consider are not asymptotically flat in 3+ 1 dimension, since asymp-
totic flatness is not compatible with a translation spacelike symmetry.

e The method used to prove this theorem is by using a wave gauge. In this sense it is similar
to Lindblad and Rodnianski proof of the stability of Minkowski.

QOutline of this note.

e In Section 2, we present the wave coordinate condition, which is a gauge choice which allows
to write Einstein equations as a system of quasilinear wave equations. Then we present
the methods for proving long-time existence for small data for such systems of nonlinear
wave equations. We then exhibit more precisely the structure of Einstein equations in wave
coordinates.

e In Section 3 we explain how to construct an approximate solution for our system. To give
an intuition, we present first a family of exact radial solutions : Einstein-Rosen waves. We
then explain how to adapt the analysis in the non-radial case. We present the new choice
of coordinates which we need to make to be compatible with the constructed approximate
solution.

e In Section 4 we give a brief outline of the proof of Theorem 1.2, focusing on the main
technical tools which are needed : weighted energy estimate, L> — L°° estimate. We also
explain how the constructed approximate solution is helpful in proving Theorem 1.2, and
how it leads to the restriction to exponential time.
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2. Einstein equations in wave coordinates

2.1. The choice of coordinates

In a coordinate system x®, the Ricci tensor is given by

1 1
B} (9upO H? + 91p0, H") + ip,w(g)(@g, dg), (2.1)

where P,,(9)(9g,0g) is a quadratic form in dg and

1 1
Ruy = _§gapaa8pguu + §Hpapguu +

1
H* =042 = —Ohg — ig’\“aagm. (2.2)

The wave coordinate condition (respectively the generalized wave coordinate condition) consists
in imposing H* = 0 (respecively H® = F'* a fixed function, which may depend on g but not on
its derivatives).

Proposition 2.1. If the coupled system of equations
_%gapaaapgw + %Fpapgw + % (9upOF? + gup0uFP) + %P#V(g)(agu 9g) = 20,60, ¢
90,0, — FP0,¢ =0

(2.3)

with F a function which may depend on ¢, g, is satisfied on a time interval [0,T] with T > 0, if
the initial induced riemannian metric and second fundamental form (g, K) satisfy the constraint
equations, and if the initial compatibility condition

F*—0 = H*|¢=o, (2.4)

is satisfied, then the equations (1.3) are satisfied on [0,T], together with the wave coordinate con-
dition
F* = H*.

For a proof of this result, we refer to [22], or the appendix of [13].

2.2. Long-time existence problem for system of nonlinear wave equations

The aim of this section is to give some methods and results on the study of equations of the type
Ou = (Qu)®.
We consider first the equation in R*+!

Uu =0,
{ (uvatu)|t=0 = (UQ,Ul). (25)

By multiplying this equation by d;u and integrating over R? we obtain the conservation of
energy

/ (Opu)? + |Vul* = /u% + | Vug % (2.6)
R2

To obtain point-wise decay from the energy estimate, we introduce the following family of vector
fields which are isometries and conformal isometries of Minkowski space-time :

Z ={0a, Qo = =008 + 2304, S = t0: + 70}
These vector fields satisfy the following commutation property :
[O,7] =C(2)g,

where
C(2)=0,Z2#5S, C(9)

Therefore if (u = 0 then OZu = 0 and the energy estimat ( ylelds

6)
/((jtzf ) +VZIu|2> (t,z)de = (( ) +|vzfu2> (0, z)dx (2.7)

where Z'u denotes any combination of I vector fields of Z.
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The following estimate, called Klainerman-Sobolev inequality gives a more precise information
than Sobolev embedding H*® C L* for s > 3, providing we control the L? norms of Z1u (which
results from (2.7)). It can be written

n—1 1
L+t+]a) = (L4t —fz)2fota) <C Y [1Z270]|ze. (2.8)
[T]<%4+1

Thanks to this inequality we recover the decay rate u ~ t="% for a solution of Ju = 0. More

over, a simple calculation gives (we note r = |x|)

S+ 2y,

8,54-8,- — Zz-l T 0 ,
t+r

O — 0, = 5= Yt 5 i
t—r

Consequently, the derivative tangential to the light cone, that we will denote 9, have a better decay
rate given by du ~ =
We now consider a nonlinear problem
Ou = (0u)P,
(Du) (2.9)
(u, Oru) =0 = (uo,u1),

with initial data (ug,wu;) of size € small. The energy estimate yields

/n(au)z(t,x)da? < /n(au)z(t,O)dx + /Ot/(au)p+1(x,s)dxds.

If we suppose a priori estimates compatible with the linear case
Ce

(1+1¢)

19

n

/ (Ou)?(t,x)dx < Ce, |du| <

2

we obtain

t
/ (Ou)?(t, x)dx < / (Ou)?(t,0)dx + Cp'Hap'H/ % s,

n n 0 (1+3)(p—1) 3
Therefore, if (p — 1)"7_1 > 1, the space-time integral in the right-hand side converges, which is
the first step to prove global existence (see for example [15] for the case n > 3 and p = 2). In the
opposite case, there are counter-examples to global existence (see [14]).

When the nonlinearity has structure, it is possible to obtain a better result. Let’s assume for
example n = 3 and p = 2 Then we have (p — 1)% =1, and there is not always global existence.
However if we can write the nonlinearity under the form dudu, the energy estimate, together wih
the a priori estimates on tangential derivatives

Ce
(1+1)2’

|0u| <

yields

[ owrtaae < [ @0+ o | t =

which suggest global existence. It is the case for systems of the form

Ou' = P'(0u?, Ou®), (2.10)
where the P? satisfy the null condition, introduced by Klainerman in [16]. This condition consists
in saying that the P; are linear combinations of the following forms

Qo(0u, Ov) = Qudv — Vu.Vu, Qap(0u, 0v) = 0,udpv — dqvdau.

In 2 + 1 dimensions, to show global existence, one has to be careful with both quadratic and
cubic terms. Quasilinear scalar wave equations in 2 + 1 dimensions have been studied by Alinhac
in [1]. He shows global existence for a quasilinear equation of the form

Ou = ¢ (0u)da0pu,
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if the quadratic and cubic terms in the right-hand side satisfy the null condition. Global existence
for a semi-linear wave equation with the quadratic and cubic terms satisfying the null condition
has been shown by Godin in [10] using an algebraic trick to remove the quadratic terms, which
does however not extend to systems. The global existence in the case of systems of semi-linear wave
equations with the null structure has been shown by Hoshiga in [11]. It requires the use of L> — L*>°
estimates for the inhomogeneous wave equations, introduced in [17] (see also Proposition 4.3).
The null condition is not a necessary condition to obtain global existence. An example is given

by the following system
I:l =
{ 91=0, (2.11)

Ogo = (Orp1)*.

The decoupling allows to solve (2.11). However, ¢ has the decaying rate ¢ ~ t~!1In(t), which is
less than the behaviour in ¢t~! for the corresponding linear wave equation. It is the same for the
equation

O2u — ulu,
studied in [18], [2] and [19]. These two examples possess a structure, introduced in [20] called weak
null structure. Lindblad and Rodnianski proved the stability of Minkowski space-time in wave

coordinates by showing that Einstein equations in these coordinates have the weak null structure
(see [21]). The proof of theorem 1.2 is also based on this weak null structure

2.3. Structure of Einstein equations in wave coordinates

The structure of Einstein equations can be seen when we write them in the null frame L = 0,
L=0,U-= %, where (r,0) are the polar coordinates and ¢ = r — ¢t and s = r + t are the null
coordinates. We decompose the metric under the form

g=m+g+grrdg’,

where m is the Minkowski metric. Then, if we neglect all the nonlinearities involving a good
derivative, we obtain the following model system for (1.3) in wave coordinates

06 + grLd3¢ = 0,

005 + 91,025 = 0,

Dg@ + gLLagg@ = —4(&1(;5)2.
The quadratic terms involving gr are handled by making use of the wave coordinate condition,
as in [21] : the condition H® = 0 where H® is defined by (2.2) implies 4911, ~ 0g. Therefore, the

quadratic terms involving gr; behave like terms having the null structure. Consequently, we are
left with the model sustem

O¢ =0,

Dg@ = 74(&1(}5)2.
Thanks to the decoupling it is of course possible to solve such a system. However, in 2 + 1 dimen-
sions, for initial data of size ¢ the energy estimate yields

10gLLllr> < ev1+t,

and the metric coeflicient gr;, has no decay, not even with respect to ¢ = r —¢. This is not enough
to solve the full coupled system. To prove Theorem 1.2 it will be important to look more precisely
at the behaviour which can be expected for our solutions.

3. Construction of approximate solutions

To understand what behaviour may be expected for our solutions, we will look at special solutions
of vacuum FEinstein equations with a translation space-like Killing field : Einstein-Rosen waves.
These solutions have been discovered by Beck (see [5], and also [3] and [6] for a mathematical
description).
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3.1. Einstein-Rosen waves

Einstein-Rosen waves are solutions of vacuum Einstein equations with two space-like orthogonal
Killing fields : 05 and dy. The 3 + 1 metric can be written

g = 22(dz®)? + 2= (—dt? + dr?) 4+ e~ 2%r2dp>.
The reduced equations

R,uu = 28p¢au¢a
Lg¢ =0,

can be written in this setting

Ry = 0%a — 0%a + %&a = 4(01)?, (3.1)

R, = —02a+ 0%a+ %ara = 4(0,9)?,

Ry = %ata = 40,¢0,¢.
The equation for ¢ can be written, since ¢ is radial

0y = ~36 + 020 + 0,0 =0,
where g is the metric
g = > (—dt® 4 dr?*) + r*do*.

The equation for ¢ decouples from the equations for the metric. Therefore we can solve the flat wave
equation ¢ = 0, with initial data (¢, 0;¢)|1=0 = (¢, ¢1) and then solve the Einstein equations,
which reduces to

ara =2r ((ar¢)2 + (at¢)2) ) (32)

with the boundary condition ¢|.—¢ = 0 in order to have a smooth solution. Since ¢ = 0, if (¢o, ¢1)
have enough decay, we have the following decay estimate for ¢

1
0p(r,t)| < -
[0¢(r )] I+t+r(1+|t—r))2

Therefore since

R
a= 2/0 r ((8T¢) + (0:0) ) dr

we have
1
< <t
1
—2F < > t,
0 =28 S e forT

where the energy
B6) = [ (0.0 + @0)dr

does not depend on ¢. For r > ¢, we have a ~ E(y) and hence is only bounded. In particular, the
metric

e22dr? + r2dp?

exhibits a deficit angle at space-like infinity, that is to say the circles of radius r have a perimeter
growth of e 2E(®) 271 instead of 2. However, in the interior, the decay we get is far better than
the one we could have found with standard estimates, if we had used (3.1) instead of (3.2).
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3.2. Asymptotic behaviour

We would like to adapt the analysis of Section 3.1 in the case where we only assume one Killing
field (i.e. in the case where 03 is Killing but not 9p). Let assume that Einstein-Rosen waves are
still approximate solutions to (1.3). As in this case ¢ also depends on 6, we will have

(oo}
lim a(t, R, 0) = / r ((0:0) + (0,6)?) dr = bi(t,0).
R—o0 0
We have to be careful with the dependence on 6. The metric
e%((’])(—dt2 + dr?) 4 r2do?

is no longer a Ricci flat metric when b depends on 6. Consequently it is not a good guess for
the behaviour at infinity of our metric solution g. A good candidate should be Ricci flat in the
region r > t. Indeed if we considered compactly supported initial data for ¢, by finite speed of
propagation, ¢ should intuitively be supported in the region r < t. Consequently, the equation

R/JV = u¢au¢

would imply that g should be Ricci flat for r > ¢.

To get an intuition of the behaviour of our solution without the additional rotational symmetry,
let’s assume for a moment we had found a coordinate system (not the wave gauge) in which all
the metric coefficients have at least the decay of a solution to the free wave equation. Then we can
compute, on the light cone

Since we also have

we see that the only term which could balance this behaviour is 83 guvu- This leads to introducing
the following family of metrics

go = —dt* + dr? + (r + x(q)b(0)q)*d6?, (3-3)

where (r,0) are polar coordinates, ¢ = r — ¢, x is a cut-off function such that x(¢) =0 for ¢ < 1
and x(q) =1 for ¢ > 2, and b(0) is a function of 6 that we would like to satisfy

b(6) = / (0y0)*rda,

where Y1 ¢ is the half line of fixed angle # in the hypersurface ¢ = T. A calculation yields that all

the Ricci coeflicients of g, are zero except

~ b(0)93(ax(q))
7+ b(0)gx(q)

Therefore, the metrics g, are Ricci flat in the region r > ¢+ 2, and correspond to Minkowski metric
in the region r < ¢+ 1.

(Ro)rL = (3.4)

3.3. The generalized wave coordinates

This choice of background metric will force us to work in generalized wave coordinates, instead of
usual wave coordinates. Indeed, for the metric g, defined by (3.3), the coordinates (¢, z1,x2) are
not wave coordinates, not even asymptotically. We will choose coordinates x® such that

Oga® = Hy dff Og,z*.

We look for solutions of the form g = g + g. Then (1.3) can be written

Dg(b = 07 _ (35)
Dgguu = 728p¢8u¢ + 2(Rb)m/ + P[LV(g)(a§3 ag) + P;w(aa gb)a

where P, (g)(9g, 09) is a quadratic form in Jg and 15'/“/@, gp) contains only crossed terms between
g and gp.
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4. Outline of the proof of Theorem 1.2

The proof is based on a bootstrap argument. We take T" < exp (%) such that there exists a
solution (¢,g = g» + g) on [0,T] such that

o 0Z1¢ and 021§ satisfy weighted L? estimates for I < N.

o 0Z1¢ and 0Z'§ satisfy point-wise estimates for I < % :

Ce
(1+g))z

Ce

zt < 7l < ———
|Z grL| < | gl_(HHT)%,p

)

Ce

1ZT¢| < —.
VIFt+r(l+|g))z—%

e b(0) satisfy the estimate

[\

< (4.1)

b(0) + /Z (0y0)?rdr Nii

HN-4(81)

To prove Theorem 1.2, we show that we can improve these estimates.

4.1. L? estimates

To improve the L? estimates, we use a weighted energy inequality. We consider a weight function
w(q) > 0 such that w’(q) > 0.

Proposition 4.1. We assume that (¢ = f. Then we have

300 [ w0 (@2 +1VoP) + 5 [ w0 ((as¢>2+ (M)> < [wlalral.

The use of weights serves many purposes

e They allow to use some Hardy inequalities in order to estimate the weighted L? norm of g
in term of the weighted L? norm of dg (with a bigger weight).

e The term in w'(q) in the left-hand-side gives an extra integrability condition for the good
derivatives. It allows to make use of the null structure when we estimate 92 g. This is the
principle of Alinhac ghost weights, used in [1], and also in [21].

e The decomposition of the metric in the null frame does not commute with the wave operator.
It creates terms of the form %59. The use of weights permits to trade a growth in /¢ in the
energy estimates of the bad coefficients (namely grr) into a loss in the weight for the good
coefficients.

4.2. L™ estimates

We can obtain L*° estimates from the energy estimates thanks to the weighted Klainerman-Sobolev
inequality. The following proposition, proven in the Appendix of [13], concerns the 241 dimensional
case and is the analogous of Proposition 14.1 in [21] for the 3 + 1 dimensional case

Proposition 4.2. We have the inequality

1

SJ w%.—tZIsz.
| \/1+t+|x|\/1+||x—t|zl| (-=0Z ]l

I1<2

|f(t,2)w? (Jz| - t)
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With the condition w’(q) > 0 for the energy inequality, we are not allowed to take weights of
the form (1 4 |¢|)®, with a > 0 in the region ¢ < 0. Therefore, Klainerman-Sobolev inequality
cannot give us more than the estimate

1
VIitlgvi+ts

in the region ¢ < 0, for a solution of u = f. However, we know that for suitable initial data, the
solution of the wave equation Clu = 0 satisfies

|0ul <

1 1
lul S ————ux, .
V1+[gvVI+s (1+|g)2vI+s

To recover some of this decay we will use the following proposition.

|0u| <

Proposition 4.3. Let u be a solution of

Ou = F,
{ (u, Opu)|i=0 = (0, 0).
For > %, v > 1 we have the following L> — L*° estimate
Jut, @)|(1+ ¢+ [2])2 < O, v) M (F) (1 + [t — [ao]|[) 72700,
where
My, (F) = sup(1+ [y| + )" (1 +|s — [y[})" F(y, s),

and where we used the convention Alel+ = A™ax(@0) 4f o £ 0 and AP+ =1n(A).

This is proven in the appendix of [13]. This inequality has been introduced by Kubo and Kubota
in [17].

4.3. Estimation of g, : transport equation

With our new decomposition g = g, + g, the model problem for gz, becomes

O¢ = 0,
’ 2 92(qx(q)) (4.2)
Ogrr = —4(049)° — 4b(0) ———=.

In this paragraph, we focus on this model problem. The analysis can be well adapted to the
quasilinear case. To obtain some decay for grr, we will approximate it by the solution hg of the
following transport equation

Dyho = —4r(8,6)” — 4b(6)2(4x(q)). (4.3)

We recall the estimates satisfied by ¢, solution of the free wave equation with regular enough initial

data of size ¢ :
€

VItttrr(l+|q)s

Consequently (4.3) yields dgho = O (ﬁ) Moreover, we may express the d’Alembertian in

100> <&, |9¢| <

coordinates s, q, 6
1 1
O = 40,0, + ;(88 +0,) + ﬁag. (4.4)
Therefore, using the fact that ¢ satisfy O¢p = 0 we obtain

0:00 ~ 0606 =0 ((1 TR |q|>2> |

Consequently, by integrating this estimate with respect to ¢ we obtain

&mo(uféﬁ. (4.5)

II1-10



To estimate hy itself, we need to use the condition on b, to compensate the integral of (9¢)? which
would lead to an estimate hy = O(¢?) in the region ¢ < 0. If b() = fET 0(8q¢)2rdr, by integrating
the transport equation (4.3) at ¢ = T, and then (4.5) at fixed ¢ we obtain

ho = O ((1j2|q|)> . (4.6)

The same estimate is also satisfied by dphg and 95ho. Consequently, thanks to (4.4) we may
calculate

9o e?
Ohy = == +0 (<1+q|><1+s>2>
o2 e?
= 42,0 - 0) 1D 1 o (<1+q|><1+>>

and thanks to Proposition 4.3, we obtain

22
grr = ho + 0O ( T T ) )
— (1+s)7(1+[q))27"

which is better that what we would have obtained by applying directly Proposition 4.3 to (4.2).
By taking into consideration the quasilinear terms, we are led to a loss in /1 + |g| in our
estimates, which yields the pointwise estimate of Theorem 1.2.

4.4. Improvement of the estimates for b(f) and restriction to exponential time

In this paragraph we briefly explain how to improve the estimates for b. The procedure is different
for the three first coefficient in the Fourier extension

/ b(0)d6, / b(0) cos(6)db, / b(0) sin(0)do), (47)

and for the remaining. The coefficients (4.7) can not be chosen arbitrarily. They correspond to the
asymptotic deficit angle and linear momentum and are imposed by the resolution of the constraint
equations (see [12]). We can obtain an estimate of the type of (4.1) by integrating the constraint
equations on the hypersurface ¢ = T'. The improvement for the remaining is done with an iteration
process. The restriction to exponential time comes from the following fact : we have a small growth
in the higher energy norms :
102V 612 S e(1 +HOVE.
Consequently, if we set b(0) = fZT,e (04¢)*rdr we obtain

[ONB(0)]| 2 < (1 +T)CVE,

which lead us to assume T < exp (%) .

References

[1] S. Alinhac. The null condition for quasilinear wave equations in two space dimensions I. Invent.
Math., 145(3):597-618, 2001.

[2] S. Alinhac. An example of blowup at infinity for a quasilinear wave equation. Astérisque,
(284):1-91, 2003. Autour de I’analyse microlocale.

[3] A. Ashtekar, J. Bi¢ak, and B. G. Schmidt. Asymptotic structure of symmetry-reduced general
relativity. Phys. Rev. D (3), 55(2):669-686, 1997.

[4] R. Bartnik and J. Isenberg. The constraint equations. In The Einstein equations and the large
scale behavior of gravitational fields, pages 1-38. Birkhéuser, Basel, 2004.

[5] G. Beck. Zur theorie binarer gravitationsfelder. Zeitschrift fir Physik, 33(14):713-728, 1925.

[6] B. K. Berger, P. T. Chrusciel, and V. Moncrief. On “asymptotically flat” space-times with
Go-invariant Cauchy surfaces. Ann. Physics, 237(2):322-354, 1995.

II1-11



[7]

8]

[17]

[18]

[19]

[20]

[21]

22]

Y. Choquet-Bruhat and R. Geroch. Global aspects of the Cauchy problem in general relativity.
Comm. Math. Phys., 14:329-335, 1969.

Y. Choquet-Bruhat and V. Moncrief. Nonlinear stability of an expanding universe with the
St isometry group. In Partial differential equations and mathematical physics (Tokyo, 2001),
volume 52 of Progr. Nonlinear Differential Equations Appl., pages 57-71. Birkhéduser Boston,
Boston, MA, 2003.

D. Christodoulou and S. Klainerman. The global nonlinear stability of the Minkowski space,
volume 41 of Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 1993.

P. Godin. Lifespan of solutions of semilinear wave equations in two space dimensions. Comm.
Partial Differential Equations, 18(5-6):895-916, 1993.

A. Hoshiga. The existence of global solutions to systems of quasilinear wave equations with
quadratic nonlinearities in 2-dimensional space. Funkcial. Ekvac., 49(3):357-384, 2006.

Céline Huneau. Constraint equations for 3 + 1 vacuum einstein equations with a translational
space-like killing field in the asymptotically flat case II. http://arxiv.org/abs/1410.6061,
2014.

Céline Huneau. Stability in exponential time of minkowski space-time with a translation
space-like killing field. http://arxiv.org/abs/1410.6068, 2014.

F. John. Blow-up for quasilinear wave equations in three space dimensions. Comm. Pure Appl.
Math., 34(1):29-51, 1981.

S. Klainerman. Uniform decay estimates and the Lorentz invariance of the classical wave
equation. Comm. Pure Appl. Math., 38(3):321-332, 1985.

S. Klainerman. The null condition and global existence to nonlinear wave equations. In Nonlin-
ear systems of partial differential equations in applied mathematics, Part 1 (Santa Fe, N.M.,
1984), volume 23 of Lectures in Appl. Math., pages 293-326. Amer. Math. Soc., Providence,
RI, 1986.

H. Kubo and K. Kubota. Scattering for systems of semilinear wave equations with different
speeds of propagation. Adv. Differential Equations, 7(4):441-468, 2002.

H. Lindblad. Global solutions of nonlinear wave equations. Comm. Pure Appl. Math.,
45(9):1063-1096, 1992.

H. Lindblad. Global solutions of quasilinear wave equations. Amer. J. Math., 130(1):115-157,
2008.

H. Lindblad and I. Rodnianski. The weak null condition for Einstein’s equations. C. R. Math.
Acad. Sci. Paris, 336(11):901-906, 2003.

H. Lindblad and I. Rodnianski. The global stability of Minkowski space-time in harmonic
gauge. Ann. of Math. (2), 171(3):1401-1477, 2010.

R. M. Wald. General relativity. University of Chicago Press, Chicago, IL, 1984.

DEPARTEMENT DE MATHEMATIQUES ET APPLICATIONS (UMR CNRS 8553)
45 RUE D’ULM

75005 PARIS

FRANCE

cecile.huneau@ens.fr

II1-12


http://arxiv.org/abs/1410.6061
http://arxiv.org/abs/1410.6068
mailto:cecile.huneau@ens.fr

	1. Introduction
	1.1. Einstein equations
	1.2. The Cauchy problem
	1.3. Stability of Minkowski
	1.4. Einstein equations with a translation symmetry

	2. Einstein equations in wave coordinates
	2.1. The choice of coordinates
	2.2. Long-time existence problem for system of nonlinear wave equations
	2.3. Structure of Einstein equations in wave coordinates

	3. Construction of approximate solutions
	3.1. Einstein-Rosen waves
	3.2. Asymptotic behaviour
	3.3. The generalized wave coordinates

	4. Outline of the proof of Theorem 1.2
	4.1. L2 estimates
	4.2. L estimates
	4.3. Estimation of gL L : transport equation
	4.4. Improvement of the estimates for b() and restriction to exponential time

	References

