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Weyl type upper bounds on the number of
resonances near the real axis for trapped systems

Plamen Stefanov

Abstract

We study semiclassical resonances in a box Q(h) of height AV, N > 1. We
show that the semiclassical wave front set of the resonant states (including the
“generalized eigenfunctions”) is contained in the set 7 of the trapped bichar-
acteristics. We also show that for a suitable self-adjoint reference operator
P#(h) with discrete spectrum the number of resonances in Q(h) is bounded
by the number of eigenvalues of P#(h) in an interval a bit larger than the
projection of £2(h) on the real line. As an application, we prove a Weyl type
estimate of the number of resonances in (h) in terms of the measure of 7.
We prove a similar estimate in case of classical scattering by a metric and
obstacle.

1. Introduction

We study resonances in semiclassical scattering in a box Q(h) = [ag, bo]+i[—S(h), 0],
where 0 < S(h) = O(h®), K > 1. In the classical case, we study resonances A with
Rel > 1,0 < —ImA < C(ReA)™®, K > 1. Such resonances may exist only for
trapping geometries if the trapping is “strong” enough. Here we will formulate the
main results and explain the main ideas, the full proofs will be published elsewhere.

We work in the abstract “black box scattering” setting in R", introduced by Sjos-
trand and Zworski [5)7] and developed further by Sjéstrand [S)2] for long range oper-
ators. Let P(h) be such a semiclassical long range operator. First we study the prop-
erties of the resonant states related to resonances near the real axis. Resonant states
are all outgoing “eigenfunctions” u(h) (of infinite energy) that solve the equation
(P(h) — z(h))u(h) = 0 and “generalized eigenfunctions” belonging to the range of
the residue of the resolvent at the resonance z(h) that solve (P(h) —z(h))™u(h) =0
with some m. In view of the a priori polynomial bound N(Q(h)) = O(h™""),
n* > n, where N(Q(h)) is the number of resonances in Q(h), counting multi-
plicities, we have that m = O(h_”#). We prove that all resonant states satisfy
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(P(h) — z(h))u(h) = O(RX1), where K, depends on K. We also prove that for some
Ky = Ky(K) > 1, all normalized resonant states are O(h%?) small, in an annulus
R, < |z| < Ry surrounding the black box and this estimate is uniform with respect
to the resonances and the order m of the resonant state, as long as z(h) € Q(h).
In fact, we do not work with single resonances but with clusters of resonances and
prove the above estimates for any normalized linear combination of resonant states
belonging to such a cluster. Next, we show that the linear independence of the
resonant states belonging to different clusters in Q(h) is stable under certain small
perturbations. If we work with eigenvalues of a self-adjoint operator, this is true
because of the orthogonality of the eigenfunctions, in the case under consideration
this stability replaces the orthogonality property. Those results allow us to show
that all resonances in 2(h) are perturbations of some of the eigenvalues of a suitable
“reference” self-adjoint operator with discrete spectrum.

In the case when P(h) is a second order elliptic semiclassical PDO, we use
propagation of singularities arguments to show that the resonant states are “small”
not only far away from the scatterer, but also they are “small” microlocally along all
non-trapped bicharacteristics. In other words, for a suitable s = s(K), with s > 1,
if K > 1, we show that the semiclassical wave front set WF®(u) is included in the
trapped set 7 C T*R defined as the set of those (z, ) for which the bicharacteristic
through (x, ) never leaves some compact set. This allows us to construct a reference
operator P#(h) from P(h) by adding a barrier near the trapped set and comparing
the spectral density of P#(h) and N(2(h)) as above, to get Weyl type upper bounds
on N((h)) in terms of the measure of 7. We get a similar estimate in the classical
case of scattering by obstacle (and metric).

The idea that the counting function of the resonances (not only near the real line)
is essentially bounded by the spectral counting function of certain reference opera-
tor, which is P(h), modified for |z| > Ry, has been used implicitly or explicitely [/1],
[517], [V], [512] in the proof of the polynomial bound of this function. Sjdstrand [S]1],
under certain assumptions involving analyticity and hyperbolicity of the bicharac-
teristic flow, showed that the resonances in a box of height §, Coh < 6 < 1/Cj is
O(89¢h™"), € > 0, where d is the Minkowski codimension of the set of the trapped
rays. Numerical study of this and other phenomena can be found in [I.Z]. M. Zerzeri
[Z¢] obtained in the classical case an upper bound in a sector in C related to the
measure of the trapped rays but the notion of trapped rays that he uses is weaker
than the common one.

2. Estimates on the resonant states

In the black-box scattering [5)7], [5)2] one works with self-adjoint operator P(h)
on the Hilbert space H = Hg, ® L*(R™ \ B(0, Ry)). We refer to [5j2] for more
details. Important examples are the long range Schrodinger operator —h2A + V(z)
with V(z) analytic in x in the domain {rw; w € C}, r > Ry, dist(w,S"!) <
do, r € C, arg(r) € [0y, 6]}, or the classical or semiclassical Laplacian outside a
bounded obstacle with Dirichlet or Neumann boundary conditions. For simplicity
we assume below that in R™\ B(0, Rg) we have P(h) = —h?A + V(z), where V(z)
is a long range potential as above but our results remain true for more general long
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range perturbations of the semiclassical Laplacian as in [S]2]. The (semi-classical)
resonances ResP(h) of P(h) are defined in a conic neighborhood of the real axis by
the method of complex scaling (see [S]7], [5)2]).

As in [S]7Z], [Sj2], we construct a reference selfadjoint operator P#(h) from P(h)
on H# = Hp, ® L*(M \ B(0, Ry)), where M = (R/RZ)" for some R > Ry. Then

for the number of eigenvalues of P# in a given interval [—\, \], we assume
#{z € SpecP*(h); —A <z <X } <COWRH™2 A>1,
with some n# > n. This implies (see [5]7] and [5)2]) that
#{z € ResP(h); 0 <ay <Rez<by; 0 < —Imz < co} < C(ay, bo,co)h’"#. (1)

For any resonance z(h) there is an outgoing solution u(h) to (P(h) —z(h))u(h) =
0 and possibly “generalized eigenvectors” v(h) satisfying (P(h) — z(h))*™uv(h) = 0.
We will call w and v resonant states. Given Q(h) C C, N(2(h)) will denote the
number of resonances in Q(h) counted with their multiplicities defined as the rank
of the residue of the cut-off resolvent at any resonance.

For technical reasons, we work with the complex scaled operator Py(h). Fix
A < B, such that Ry+1 < A < B—1. Asin [5)7] and [5]2], we choose a real-valued
increasing C'*°—function x(r), r > 0, with the properties:

(i) k(r)=0for 0 <r < B,
(ii) k(r)=1forr > B+ 1/2,

(iii) 0 < w(r) <1,

(iv) K(r) = e Y0=B) for B <r < B+ ¢ with some ¢y < 1.

Set @ = 0(r) := Oyk(r), where 0 < y < 1 will be chosen later. Define fo(r) := e,
As in [5)7], [5)2], we perform the analytic dilation by considering the map

R'>z=rwr— fy(r\we C", weS" (2)

This transforms P into an operator Py on Hp, ® L*(Ty \ B(0, Ry)), where 'y is the
image of (2). We always identify I'y with R™.

It is known that for a fixed h > 0 and z # 0 with arg(z) # —26,, the operator
Py — z is Fredholm with index 0. Moreover, for z # 0 with —arg(z) < 26y, and in
particular for z € Q(h), we have that z is a resonance of P if and only if z is an
eigenvalue of Py and the multiplicities coincide.

Our first starting point is an estimate that is a refinement of [32, Prop. 6.1].
Let p(r) be a smooth function equal to 1 for r < A —1/2 and equal to r(=D/2 for
r>A. Set P:= pPp~ 1. Then P is self-adjoint for the measure dy = p~2r" *drdw
and we denote by H = pH the corresponding Hilbert space.

Let P, be the operator obtained from P by analytic dilation for » > B and
denote by D its domain.
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Proposition 1 There exists By > 0, such that if B > By, then for h > 0 and
0o > 0 small enough, Re z > ag, Im 2z <0, and for any u € Dy we have

o/ (0 + 0) Bl + 0l Vol + |uf?)) drde
i0 (1 —h~1/3 2
< —Im (e (Py — z)u,u)H + <—Imz +e ) ullz, (3)

where C' = min(ag, 1)/2 and the inner product and the norm are taken in H.

For a proof, we refer to [32]. The only new point here is that we give a different
form of the error term represented here by e=h

We note that the estimate above remains true for Im z > 0 as well after replacing
—Im z by — cosfplm z. This shows that

_ 2 _-1/3
1(Fy — 2) 1\|§m’ mz>e™ " (4)

The second starting point is an estimate of the resolvent on a contour around a
cluster of resonances. Fix 0 < ag < by. Choose some a(h), b(h) and ¢(h) such that

ap < a(h) < b(h) <by, b(h)—a(h)=o(1), 2e7"" < ¢(h) < o(1)RGFHD/2 (5)
and let
Q(h) := [a(h),b(h)] + i[—c(h),0]. (6)

Let z1(h), ..., z,(h) be all distinct resonances in Q(h) with multiplicities m4(h),.. .,
my(h). Set m(h) := my+---+m, = N(Q(h)). Assume that there are no resonances
on 0f). Consider the spectral projector associated with the eigenvalues of Py in €2

1

I = — — P)7'd
@ 27TZ BQ(Z 9) %
where 0 is assumed to be positively oriented. Denote Hq := Ranllg. Then it
is well known (see e.g. [K]) that Py acts invariantly on Hg that is the span of all

eigenvectors and generalized eigenvectors of Py with eigenvalues in 2. The dimension
m(h) of Hgq is finite, bounded by Ch™", and equal to the sum of the multiplicities of
z; € Q. Set Py := Pyly,. Then Py is a finite rank operator (matrix) and we denote
by || - ||, the operator norm in Hg. The spectrum of P, consists of {z1,...,2,}
with the same multiplicities. We need the following estimate due to Zworski [/2]
(in this generality, see the proof of Lemma 1 in [T71])

-
|(z—Py)7Y| < CeCh™ 19 for » € Q, dist(z, ResP(h) N Q) > g(h), g(h) < 1,

where € is any simply connected precompact subset of —m < —argz < 26, (inde-
pendent of h). In our analysis Q(h) is always included in such a fixed set, therefore
the constant C' above will be uniform. As a consequence, the resolvent of P, satisfies
the following estimate

(2 = Pa) Y, < CeCh™ w9 for 4 € Qy, dist(z,ResP(h) N Q) > g(h), (7)

where g(h) < 1. This allows us to apply the “semiclassical maximum principle”
([T71], [T72]) as in [St3, Lemma 2] to get the following.
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Proposition 2 Assume that ¢(h) < S(h) < hG"+D/2u(h), w(h) = o(1), as h — 0,
where a(h), b(h) and c(h) are as in (5). Then

_ C =
Iz = Po) g < SORG 09,

where Q == [a(h) — w(h), b(h) + w(h)] + [-h~" S(h), S(h))].

Sketch of the proof. The proof is similar to that of [S5t3, Lemma 2]. We multiply
(2 — Po)~! by
) (2= )™

1 1

)™M (2= 2y

where Z;(h) := z;(h) + 2iS(h), j = 1...p, are obtained from z;(h) by reflection
about the line Im z = S(h). On that line we have ||(z — Po) Y|, < 4/S(h) by (5)
and (4). We have |G(z,h)| <1 for Imz < S(h). The function F := G(z — Py) ™! is
holomorphic below the line Im z = S(h), and in particular in ©(h). This allows us
to apply the “semiclassical maximum principle” [T71] in the form presented in [St3,
Lemma 1] to the function F' in the domain € := [a(h) — bw(h),b(h) + dw(h)] +
i[—S(h)h=2" =1 S(h)] to get that for h small enough

1G(2)(z = Pa) llso < 26°/S(h), ¥z € Q(h). (8)

Next we show that 1/C < |G(z, h)| on dQ(h). This shows that (8) remains true
with a different constant if we remove the factor G(z) there and this completes the
proof of the proposition. 0

G(z,h) = Ez :

ININIEN

This proposition allows us to estimate || Po— 29|, for zo € [a(h),b(h)]. We have
1 1
gL P (s Py)ldr = —— —2)(z— Po)d
20— Pa= g aQ(ZO 0)(z — Po) dz o a()(zo 2)(z — Po) dz,
therefore,

092 _ b—a+w)?
20— Palbia < 12220 — £l = Po) iy < CP2EE (g

Choosing w(h) = h~G""+10/25(1), and minimizing with respect to S(z), we see that
estimate (9) implies the following.

Proposition 3 Let Q and Ilg be as above. Then for zy € [a(h),b(h)] we have
1(Py — z0) f|| < Ch= "2 max{b(h) — a(h),c(W)}||fIl, V[ € Ranllg. (10)

In particular, if f is a resonant state, corresponding to a single resonance zy(h),
then
1(Po(h) = 20(h)) FIl < Ch= /2 maxc{—Tm zo(h), e """ }|| .

The estimate in Proposition 3 above is interesting only if the width of Q(h) does
not exceed K", N > (5n# + 1)/2. We apply this estimate to domains containing
clusters of resonances as follows. Let

ap < a(h) < b(h) < by, 2e7""" < e(h) < o(1)AETHY/2 (11)
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and let Q(h) be as in (6). Assume that there are no resonances on 0Q2(h). A
direct consequence of (1) is that one can group the resonances in (k) into clusters
contained in the interiors of the boxes

Q(h) = [an(h), bi(R)] + i[—c(h),0], k=1,....K(h), K=0(h""), (12)

where Q;(h) do not intersect, moreover, dist{€,,} > 4w(h) for k& # m and
width(Q) = by — a, < Ch™" w(h), where 0 < w(h) = o(1)h"" is fixed in advance.
There are no resonances in 2 outside 2;’s. Denote as before by Il, the spectral
projectors related to the eigenvalues of Py in €2y and let Py, Hq be as before.

We know that the subspaces Ran€)(h) are linearly independent. The following
proposition basically gives us control over the lower bound of the angles between
them.

Proposition 4 Under the assumptions above, if w(h) = h=Gv"+D/2¢(h), then there
exists a constant A = A(ag,by), such that

[TTq, |7, < AR~ P02 =K. (13)
For any fk S Raan<h)7 k= 17 cee 7K; and fO’f any ]{30 we have

1 froll < ARTTFHDR| £ ot fie),
Sketch of the proof. As in Proposition 2, we get that

1z = Pa) "l < on 9y(h), Vk, (14)

C
c(h)
where Qi (h) == [ar(h) — w(h), bp(h) + w(h)] +i[—h " ¢(h), ¢(h)]. Note that Q(h)
have the same properties as Q4 (h) concerning the distance between two such domains
and their widths, with w(h) replaced by w(h)/2. To justify (14), it is enough to
note that in the proof of Proposition 2 we used the fact that there are no poles of
(2 — Po)~! above Im z = ¢(h) only, and the fact that there might be poles to the left
or right of €2 does not play any role as far as those poles are separated by distance
2w(h) (see also [St3]). Notice also that the constant C' in (14) is independent of k.
Since there are no eigenvalues of Py in €, \ Q, one can define g, |3, as integrals
of (z — Po)~" over 9. A direct estimation of that integral, using (14), yields the
proof of the first part.

To prove the second part, write

fro = o (fi+-+ fx)

and use the estimate on Hgko. O

The estimates proven above allow us to estimate the number N(£2(h)) of res-
onances in €(h) from above by the number of eigenvalues of a suitably chosen
reference self-adjoint operator P#(h). To this end we will show first that by cutting
off the resonant states outside a large ball, we get quasimodes that are also quasi-
modes for any such reference operator. Note that next theorem is in some sense
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converse to [St1, Theorem 1] that states that locally existence of quasimodes implies
existence of resonances nearby.
Define the smooth cut-off function 0 < xp(z) <1 as follows:

xs(x) =1 for || < B+3/4, xp(z)=0for |z| > B+ 1. (15)
In what follows, H?® is equipped with the semiclassical norm.

Theorem 1 Let ag < a(h) < b(h) < by, b(h) —a(h) = O(1)h(5n#+1)/2; 9eh <
¢(h) = o(1)RC /2 gnd set

Q(h) = [a(h),b(h)] + i[—c(h),0].

Suppose that P(h) has m(h) = N(Q(h)) resonances (counting multiplicities) in
Q(h). Fiz zo(h) € [a(h),b(h)]. Then zy is a quasimode of multiplicity m(h) for
P(h), in the following sense: The space xgRanllg has dimension m(h) and for any
Y € xpRanllg with ||| = 1 we have

(a) suppyp C B(0,B + 1),

(b) I1(P(h) — z(R)¥| < Ce(h),
where e(h) = h~ G /4 max{b(h) — a(h), c(h)}}/2.

Moreover, if v = xpf with f € xpRanllg, and ||| =1, then

[ = fllm < Ce(h). (16)

Remark. It follows from the propagation of singularities arguments later and from
the theorem above, that one can cut off f for By < |z| < B, before the complex
scaling is performed, if e(h) = O(hY), N > (5n# 4+ 1)/2 or N = oco. In other words,
one can replace f above by non-scaled resonant states.

Sketch of the proof of Theorem 1. Given f € Ranllg, set v = xpf. Then ¢
is supported in B(0, B+ 1). First, observe that by Proposition 1 and Proposition 3,

JovsP+ 1) dr < € (@0 + ) 1P < CE@IAP. v € Ranl,

(17)
with C' > 0 independent of f (and h). Since for |x| > B + 1/2 we have 6 = 6y, we
get

[ = fllar < Ce(h) £ (18)
Normalize ¢ so that [|¢]| = 1, then also ||f]| = 1 + o(1). In particular, this proves
(16).
Next, (Py — 20)Y = [Po,xB]f + x5(Py — 20)f and by (17), we deduce that
I[Py, x5]fI| < Ce(h). Therefore,

1(Fy — z0)|| < Ce(h). (19)

To pass from Py to P, it is enough to show that ||(Py — P)¢| < Ce(h). The
proof of this is based on Proposition 1. Indeed, in the coordinates considered there,
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the coefficients of Py — P are bounded by C(6 + ¢ + |0"]). This, combined with
Proposition 1 allows us to prove the estimate above and thus to complete the proof
of the theorem. O

Let 2(h) and Q(h) be as in Proposition 4. Apply Theorem 1 to each €. In
view of the upper bound of by (h) — ax(h) that we have, we see that we can choose
e(h) to be

e(h) = Cf]f(3rz*‘7ﬁ4r1/2)C1/2(h)7 9

o

)

(
where C' depends only on the constant C(ag, by, co) in (1). Then for each k =
1,...,K(h), Theorem 1 holds for Q(h) with zo(h) there replaced by zp(h) €
[ax(h),br(h)] and €(h) as above.

Definition 1 Let H* be a Hilbert space that can be expressed as H* = Hp, ®
L*(B(0,R) \ B(0,Ry)) ® Hext, R > B+ 1, with Hey another Hilbert space, and
assume that P#(h) is a selfadjoint operator in H¥ with discrete spectrum in a h-
independent neighborhood of the interval [a(h),b(h)], where ag < a(h) < b(h) < by.
We call P*#(h) a reference operator for P(h) in Q(h) with discrepancy 6(h), if for
some decomposition of Q(h) as above such that ResP N = ResP N (UYy) one has
1(P#(h) — 21(h))Yr(h)]| < 6(h) =0, as h — 0 for any ¥r € xpRanllg,, [lvx =1,
where z(h) € Qx(h) NR.

We can choose P#(h) to be The Dirichlet realization of P(h) restricted to a large
ball, and then 6(h) = e(h). This choice of P#(h) does not lead to sharp estimates
however. Later we obtain P# from P not only by modifying it for large = but also
by modifying it outside the wave front set of the resonant states.

Next theorem is a “global” version of Theorem 1, i.e., it applies to resonances in
wider domains Q(h).

Theorem 2 Let 0 < ag < a(h) < b(h) < by, 2¢77"* < ¢(h) < ChY™+3 and set
Q(h) = [a(h), b(h)] + i[=c(h),0].

Let P#(h) be a reference operator in QUh) with discrepancy 6(h) < h%""/2+1. Then
(a)
N(Q(h)) < N*{la(h) = 61(h),b(h) + 1 (R)]}  for h <1,

where &, (h) = h™2""/2-15(h).

(b) If 6,(h) > h=27/2716(h), then each f € Ranllg with ||f|| = 1 is a linear
combination of eigenfunctions of P* with eigenvalues in [a(h) — 61(h),b(h) + 61(h)]
up to an error that in any compact does not exceed

Ch—(Qn#—i-l)/Q (h—(3n#+1/2)cl/2(h) + 5(h)/51(h)>
for 0 < h < hg, with C' and hg uniform with respect to the choice of f.

XIII-8



Sketch of the proof. The basic argument in the proof is that the property that
the resonant states corresponding to resonances in two different clusters in 2(h) are
linearly independent is stable under small perturbations. This property is guaran-
teed by Proposition 4. Let ¢, = xpf, fr € Ranllg, be as in Definition 1. We
project 1, on the space spanned by the eigenfunctions of P#(h) belonging to the
interval [a;(h) — &1(h),b;j(h) + 01(h)]}k(h), k = 1,...,K(h). By Theorem 1 and
the spectral theorem, these projections differ from oy, by 6(h)/6(h) = ho7/2+1,
Then we use Proposition 4, to show that the so perturbed system of functions is
still linearly independent and this implies (a). Part (b) follows in a similar way. [

3. Trapped geodesics and wave front set of the resonant states

In this section we show that in some classical situations the wave front set of the
resonant states is contained in the union of the trapped rays. We consider self-
adjoint differential operators of the form

P(h) = i hD,a:(x)hD,; + i bj(x)hD,, +V(z) + Pi(h) (21)

i,j=1

with smooth coefficients such that {a;;(z)} is a symmetric positively definite matrix
for any x € R™ and a;; — d;; = b; = 0 for || > Ry with some Ry, > 0 while V(z) is a
long range potential as above. Here Py(h) = 3 b;(z, h)hD,, +V (z,h) is assumed to
be a differential operator of first order with coefficients supported in B(0, Ry), such
that Py (h) € LY~! considered as an h-¥DO (note that P(h) € L*°). The operator
P(h) is self-adjoint in L*(R™) and satisfies the black-box assumptions.

We will use propagation of singularities results to get microlocal estimates of
o f/|1of|| away from the trapping trajectories. One can define the semi-classical
wave front WF®(u) and WF(u) of a tempered u as in [G] (see also [S]V], [I]]). We
note that here we will work with finite points of the semiclassical wave front set
only, because we study operators with characteristic variety bounded in the & vari-
able. Consider the bicharacteristics of P(h) related to its semi-classical principal
symbol po(x,§) = >~ aij(2)&&; + 22;0;€ + V(x). They are the integral curves of
the Hamiltonian vector field Hy,, = (0epo)0y — (0xpo)0e. We call a bicharacteristic
t — ~(t) non-trapped, if for any R > 0, there exists 7 (positive or negative), such
that v(7) lies outside 7*B(0, R). We call all other bicharacteristics trapped. Denote
by 7 the trapped subset of T*R", i.e, (z,£) € 7 if and only if the bicharacteristic
passing through (z, &) is trapped.

Theorem 3 Let 0 < ag < a(h) < b(h) < by, b(h) —a(h) < M, M > (5n +1)/2,
and set

Q(h) = [a(h),b(h)] +i[-RN,0], N > M.

Let P(h) be the operator defined above and let f = f(h) € Ranllg, and ||f] =
1. Then for s = M/2 — (5n + 1)/4, WEF*(f) is supported in the set of trapped
bicharacteristics of P(h) on energy levels in py*[ag, bo] uniformly with respect to the
choice of f. More precisely, for any zeroth order symbol q(x, &) with support disjoint
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from T N pytag, bo] there exists C > 0 such that ||q(x, hD)f|| < Ch* for any f(h)
as above.

If Q(h) is as above with 0 < ag < a(h) < b(h) < by, N > (Tn+1)/2 but without
smallness assumptions on b(h) —a(h), then the statement of the theorem is true with
s=N/2—(15n+2)/2.

The proof of Theorem 3 is based on a propagation of singularities argument. It
says that if (P(h) — zo(h))u(h) = g(h) in B(0, R), ||u(h)| r2o,r) < C, and u € H?
microlocally near (xg,&p), then v € H*® microlocally near (z1,&;), provided that
(x0,&0) and (z1,&1) can be connected by a bicharacteristic (of finite length) lying in
T*B(0, R) \ WF**!(g). We apply this argument to 1) = [ that vanishes for large
x, and therefore belongs to any H® there.

4. Upper bounds on the number of resonances close to the
real axis

Let P(h) be the operator (21). In this section we establish an upper bound of the
resonances of P(h) in a box of width independent of h and height Y, N > 1 in
terms of the measure of the trapped set 7, where the measure is considered in T*R".
To this end we choose a suitable reference operator P#(h) that imposes a barrier
outside a small neighborhood of the trapped set 7 by modifying P(h) there. Since
the resonant states are “small” there, the resonant states will be quasimodes for the
new operator. An application of Theorem 2 then will imply an upper bound and
the well-known asymptotics for the eigenvalues of selfadjoint A-WDOs will relate this
bound with meas(7).

Theorem 4 Let 0 < Ey < FEy be fizred and N > 15n + 3. Let P(h) be as in (21)
and set

Q(h) = [Ey, By] +i[—h",0].
Then

1

N(Qn) € s

(meas {T Npy'[Er, E5]} +0(1)), ash—0,
where T is the trapped set related to P(h).

Sketch of the proof. The resonances in §2(h) are contained in UkK:(]f)Qk(h), where

Qi (h) are as in (12) with w(h) as in Proposition 4. Then and by, — a; < RN=("+1D/2,
dist{Q,, U, } > 4hN=0On+D/2 Each €, satisfies the assumptions of Theorem 1. The

corresponding discrepancy function (see (20)) is given by e(h) = ChN/2-Bn+1/2),
Denote
T7"=T ﬂpal[ao -V bO + V]a ,Z;V = {C € T*Rna dlSt{§7TV} < N}7 (22)

where v > 0, 4 > 0 are small parameters. Fix v > 0. Clearly, 7" is a closed set.
Next, Vol(7}) — meas(7"), as t — 0. Denote —Cp = min po(x, &) and let g,(x,§)
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be a smooth function such that ¢, = 0 on 7/, g, = 2by + Cy outside 7, and
0 S C]M S 2b0 +CO Set

P¥#(h) = P(h) + ¢ (z,hD).

Note that Pf (h) is a reference operator in Q2(h) with discrepancy €(h). The principal
symbol of Pf(h) is pu(x,&) = po(x,€) + qu(z,§). The self-adjoint operator Pf(h)
has discrete spectrum in (—oo,2by), because {p,(z,§) < M} is compact for any
M < 2by. Moreover, we have the following estimate for the number N f [ag, bo] of
eigenvalues of P#(h) (see [DS]])

(273,1)” (V2 (fao, bo]) + 0(1)) < NFlao, bo] < (2;h)n (VZ (a0 bo]) + o), (23)
where
VE ([ao, bo]) = Jim, dde. (24)

pu(®,8)€lao—e,bo+e]

We then use the fact that P (h) is a reference operator to get from (23) that

1
N(Q(h)) < @nh) (Vol (p, a0 — v, b0 + v]) +0(1)), as h — 0. (25)
Next, we take the limits y — 0 and ¥ — 0 to conclude the proof. 0

5. Example of sharp lower bounds, generalized potential well

In this section we study again the resonances of the operator (21) under the assump-
tion that for some non-critical energy level Es, the set p,'[—oc0, F»] has at least one
compact connected component. Then we get lower bound in terms of the volume of
the compact component. If in addition we assume that the unbounded component
is non-trapping, we also get an asymptotic formula for the resonances near the real
line and a resonance free zone. This situation can be considered as a generalized
“potential well in an island”.

Fix two energy levels 0 < F; < Fy < max{po(z,£)}. Assume that E; and F,
are non-critical values of py. Assume also that py'(—o0, Es] is not connected, i.e., it
has a non-empty compact component (this component then must have non-empty
interior because FE, is non-critical value of pg). Then

pal[Ela EQ] = I/Vint U Wext7
is a unbounded closed set with smooth boundary, where we denote by Wy the
unbounded connected component and the union of the bounded ones is denoted by

Wine. Then Wy is a compact and consists of trapped points only. The set Wy
contains non-trapped points and may contain trapped ones as well.

Theorem 5
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(a) For some function 0 < S(h) = O(h*>) we have as h — 0

Gty VOl Wine) = O(h) < N((Ev, o] +i[=5(h).0)
< N([Ey, Eo) +i[—h"*2 0])
1
< (27Th)” (VOI (M/int) + meaS{T N Wext} + 0(1)) :

(b) If Wey is non-trapping, i.e., if We N'T = 0, then there exists a function
0 < So(h) = O(h™>) such that for any S(h) such that Sy(h) < S(h) = O(h*),
1

N([Ey, By) + i[-S(h),0]) = ey (Vol(Wiy) + O(h)), ash — 0.

Moreover, if P(h) = —h*A for |x| > Ry with some Ry > 0, then VM > 0 the
function S(h) above can be chosen so that for some hg = ho(M) > 0, there are no
resonances in

[El, EQ] + Z[—Mh, —S(h)] for 0 < h < hyg.

Sketch of the proof. We show first that the x-projections of Wi, and W do
not intersect. This allows us to use cut-off functions depending on x only. Denote
by Xext the (unique) unbounded component of {V(:c) < E5} and let Xj,¢ be the
union of the connected ones. The distance between X and X is positive. Let
Xint + Xext = 1 be a partition of unity associated with those two closed sets, i.e.,
Xint = 1 in a neighborhood of X, and yex = 1 in a neighborhood of X.y. Define

Pyi(h) = P(h) + Vi (2), Vint () 1= aXext(T),
Pext(h) — P(h) + %xt(x)y %xt(x) = O‘Xint(z)7

where @ > Ey—inf V. Then F; and Ej are not critical values for neither symbol p; =
po(w, &) + Vi(w), i = int, ext, and p;{ [F1, Eo] = Wint, pactlE1, E2] = Wey. Moreover,
Pui(h) and Py (h) are selfadjoint, Py (h) has discrete spectrum in [Ey, Es], while
P.(h) is non-trapping for energy levels in [Fy, Fs).

To prove (a), note that the upper bound there follows from Theorem 4. To prove
the lower bound, use the eigenfunctions of P, (h) related to an O(h*) neighborhood
of [Ey, Es] as quasimodes of P(h). More precisely, since Py(h) is elliptic outside
Xint, those eigenfunctions are O(h™) there (and even exponentially small there by
Agmon’s estimates if P(h) is the Schrodinger operator), so after cutting them off
near X, we get compactly supported asymptotically orthogonal quasimodes. An
application of [St1, Theorem 1], allows us to show that there are at least as many
resonances in §2(h). This proves (a).

To prove (b), we first prove an upper bound for N(€2) with remainder O(h). Next,
fix M > 0 and assume that z(h) is a resonance in the domain [Ey, Es] + i[—Mh, 0].
Then there exists an outgoing u(h) belonging locally to the domain of P(h) such that
(P(h) = z(h))u(h) = 0. Let us normalize u(h) by requiring that ||u||;2po.r) = 1
with a fixed R > Ry. Notice that P(h) — z(h) is elliptic for x € X U Xex.
This yields WF(u|p(0,r,)) € T%(Xint U Xext). Choose the smooth cut-off function
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Xox S0 that Xexs = 1 on supp x,,, and x., = 1 in a neighborhood of Xe. Then
(P(h) — z(h))xouu(h) = v(h), where v = [P(h), X.x]Ju(h) = O(h™) is supported
in B(0,R) and WF(x,u) C T*Xe. Then (P(h) — z(h))xou(h) = (Pe(h) —
z(h))xLu(h) = v(h). Since . u(h) = wu(h) for large |z|, we get that . . u(h)
is z(h)-outgoing. Therefore, xL u(h) = Rext(z(h), h)v(h), where Rext(z,h) is the
outgoing resolvent of P.(h). Since Py is non-trapping for energy levels between
Ey and Es, by [B3, Theorem 2], || Xl u(h)||L2(Bo,r) < (C/R)||v(h)|| = O(h™). By
the ellipticity of P(h) we have similar estimate for the H? norm of u(h) near 9B(0, R)
and by the trace theorem, the H' norm of u(h) on dB(0, R) is O(h™) as well. An
application of the Green’s formula in the ball B(0, R) then yields —Im z = O(h®).
This proves part (b) of the theorem. O

An example of operator satisfying the assumptions above is the Schrédinger
operator P(h) = —h*A + V(z), where V(x) has strong local minimum, or more
generally, if {z; V(z) < E,} is not connected. In this case, the construction of
the quasimodes above yields exponentially small error of the kind e~%"*, for any
d is less than the Agmon distance between X, and X.;. Therefore, there are
resonances with exponentially small imaginary part with asymptotic number as
in (a). Our proof does not exclude the existence of other resonances in the strip
[Ey, By] + i[—S(h), —e~¥"] with some S(h) = O(h>) but their number does not
exceed O(h'™"). This case has been studied in much more detail in [HS]] where
other precise results are obtained.

The existence of the resonance free zone in (b) together with the results in [St3]
makes it possible to get polynomial estimates on the spectral projectors Ilg, as in
Proposition 4 acting on the whole space H rather than on a space spanned by reso-
nant states. This implies a resonance expansion of the solution of the corresponding
wave equation as in [172] and [St3]. Moreover, the wave front set of the spectral
projectors are included in the trapped set and that gives us good control over the
terms in that expansion.

6. Sharp upper bounds in the classical case

In this section we formulate a result similar to Theorem 5 in the classical case. Let
X C R" be a domain with smooth boundary and compact complement O. Let

P= Zn: Dg,a;j(x) Dy, + i:bj(l‘)ij + V(x) (26)

ij=1

be a formally symmetric elliptic differential operator with C°°(X) coefficients having
the same properties as those of P(h) in (21). For simplicity, assume that P = —A
for |z| > Ry. We study the resonances A of P near the real line. Denote by P again
the selfadjoint realization of P in L*(X) with Dirichlet boundary conditions on 9.X.
We study the resonances A\ of P near the real axis.

Define the generalized bicharacteristic flow of P as in [\5]] (see also [H]). Recall
that in the interior 7% X the generalized bicharacteristics are the integral curves of
the Hamiltonian po(z,§) = >,; ai;&§;. We assume that the bicharacteristics of P
cannot be tangent to the boundary of infinite order. Under this assumption, any
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generalized bicharacteristics is uniquely determined by any of its points. Define the
trapped subset 7 of T*X as the complement of the set of all ( € T*X, for which
any generalized bicharacteristic passing through ¢ leaves B(0, Ry) x R™ for either
t >0 ort<0. Fix a decreasing function 0 < S(r) = O(r~>°), as r — 00. Set

Qr):={AeC; 1<ReA<r,0< —ImA < S(Re))}. (27)
The main result in this section is the following.

Theorem 6 Let P be the operator (26) and Q(r) be as in (27). Then

n

N < G

where B*X = {(2,€) € T*X; po(a,€) < 1}.

(meas(7 N B*X) +o0(1)), asr — oo,

To prove the theorem, we translate the problem into a semiclassical one. We use
the propagation of singularities results in [\5j]. We construct a reference operator
P#(h) by imposing a pseudodifferential barrier near 7 as above but we do that
outside a small neighborhood of the boundary only. Near the boundary, our operator
remains the same. Then we extend the operator in the whole space. The cut-off
resonant states, extended as zero inside the obstacle, do not belong locally to H?
and are not in the domain of the reference operator P#(h). We work with the
quadratic form (P#(h)f, f)2@n) however, and they do belong to its domain. Using
the min-max principle, we prove the desired estimate.

We would like to give an example of a system with trapped set of positive
measure. Let P = —A in the exterior of a bounded obstacle with smooth boundary
and assume that there exists an elliptic periodic ray satisfying some mild degeneracy
conditions (see [Po]). Then it is known that for some S(r) = O(r=>°), N(Q(r))
admits a lower bound of the kind ¢r™(1+0(1)). The constant ¢ there is positive and
is proportional to the measure of the invariant tori around the elliptic ray, which
existence is guaranteed by the KAM theory. This constant can also be chosen to
be ¢ = (2m) "meas(7y N B*X), where 7y C 7 is a Cantor set of trapped rays near
the periodic elliptic ray. There is no hope that meas(7, N B*X) = meas(7 N B*X)
because 7 is (a part of) the trapped rays that are close enough to a single periodic
ray, while 7 is the set of all trapped rays. Nevertheless, this gives us a two-side
estimate with different constants in the principal terms that have the same nature.
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