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GDR 2434 (CNRS)

LECTURE NOTES : Stability of Noncharacteristic
Viscous Boundary Layers

Guy Métivier

1. Introduction

The material included in these lectures is taken from a series of joint papers with
0. Gues, M. Williams and K. Zumbrun. They concern the linear and nonlinear
stability of viscous boundary layers which arise when one considers small viscosity
parabolic perturbations of noncharacteristic multidimensional hyperbolic boundary
value problems. The analysis of boundary layers is a major issue in many appli-
cations, for instance in fluid mechanics, and there is a huge literature in books of
mechanics concerning all kinds of layers. Moreover, after suitable modifications, the
study of layers applies to the analysis of shock waves: shock waves can be seen as
(smooth) solutions of a free boundary value problem, or more accurately as solutions
of a transmission problem across a free interface. Classical Lax’s shocks are nonchar-
acteristic, and constitute a major motivation for the analysis presented here. In this
approach, the conservative character of the equations as well as the classical Lax’s
shock conditions are unessential, so that the analysis presented here also applies
to nonclassical shocks (overcompressive or nonconservative) as long as they remain
noncharacteristic.

Several references for the mathematical analysis of boundary layers for linear
equations are [BBB], [BaRal, [Lio]. The semilinear symmetric dissipative case is
completely solved in [Guel]. This paper gives a rigorous complete asymptotic de-
scription of the layer, at all order of approximation. It also concerns characteristic
and noncharacteristic problems, pointing out a fundamental difference between these
two cases. For noncharacteristic boundaries, the layer has a characteristic width of
order ¢, the magnitude of the viscosity, and the layer profile is given by an ordinary
differential equation; for characteristic boundaries, the characteristic width of the
layer is of order /¢ and the layer is given by a partial differential equation.

The analysis of noncharacteristic boundary layers for quasilinear equations, is
started in [GrGu] for small layers and symmetric systems (see also the results in
one space dimension given in [Gis, GiSe, GrRo] and in [GoXi, Rou2| for shocks).
The case of characteristic boundaries is much more delicate: in the example of
Navier-Stokes equations, the PDE’s governing the layer which are expected after
formal computations, are Prandtl’s equations, which are known to present strong
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unstabilities, in accordance with well known physical unstabilities. This is why,
motivated by the analysis of shock waves and some particular examples of in or out-
flow boundary conditions for Navier-Stokes and MHD equations (see [GMWZ8] and
the references therein), we will restrict our attention to noncharacteristic boundaries.
In [GrGu], the linear and nonlinear stability of the layer is proved under a suf-
ficient smallness condition, whose analogue for shocks is never satisfied. The sharp
conditions for stability can be analyzed using a spectral (Fourier-Laplace) analysis.
The spectral stability conditions have a nice natural formulation in terms of Evans
function. Evans functions have been introduced in the study of the stability of planar
viscous shocks and boundary layers (see, e.g., [GaZu, ZuHo, ZuSe, Zum2, Ser, Roul],
and references therein). They play the role of the Lopatinski determinant for bound-
ary value problems with constant coefficients. When they vanish in the open left half
plane, the problem is strongly unstable and when they do not vanish in the closed
half space, the problem is expected to be strongly stable. In space dimension one,
this has been proved to be correct for boundary layers in [GrRo] and in [Rou2]
for shocks. Next, this has been extended to any dimension in [MéZul], for fully
parabolic perturbations of hyperbolic systems with constant multipliciy (see also
[GMWZ1, GMWZ2, GMWZ3] for shocks). The case of partial viscosities such as
Navier-Stokes equations and hyperbolic systems with variable multiplicity such as
magneto-hydodynamics is treated in [GMWZ4, GMWZ5, GMWZ6].

We now briefly describe the main lines of these lectures. We denote by ¢ the time
variable and by (y,z) € R?%! x R the space variables. We consider a boundary value
problems, for simplicity in the half space {z > 0},

L(u,0)u — eB(u,0u,0®u) =0, 7Y(u,e0u) = 0. (1.1)

Here L is a first order hyperbolic problem, B a second order term, partially elliptic
in the spatial derivatives and Y denotes the boundary conditions. The precise as-
sumptions are given in Section 2. The main goal is to study the small viscosity limit
¢ — 0. The limiting hyperbolic equation is

L(u,0)u =0 (1.2)

for which the boundary conditions T are not (in general) adapted. In the interior,
the solutions u. of (1.1) converge to a solution ug of (1.2). Part of the problem is to
find the boundary conditions

Lo(u) =0 (1.3)

satisfied by the limit ug. In general, u. — ug is small in the interior but is large at the
boundary because of the mismatch of the boundary values. This means that u. — ug
has a rapid variation near the boundary : this is the boundary layer.

Example 1.1. Consider the model case

{(‘Zus — Oy — £0%u, = f, x>0,

u:(0) = 0. (1.4)

The limiting problem is
5’tu — axu = f,
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without any boundary condition (the field is propagating to the left). For f =e™*,
the stationary solution is

1 1

- €_I/E.

T l-c¢ 1—¢

The first term converges to ug(z) = e * and the second term is the boundary
layer which makes the connection with the boundary condition u.(0) = 0. It is
exponentially decaying in z/¢; this will be a general feature of the layers considered

in these notes.

The main idea is that the solutions u. of (1.1) look like
uc(ty, @) = uolt,y,2) + Ult,y, ) + Oe) (L5)

where u is a solution of (1.2) and U satisfies

lim U(t,y,z)=0.

z—-+00

Plugging (1.5) into the equation, reveals a singular term in e~!. Equating this term
to 0 shows that for fixed (¢,y,z), the function z — w(z) = u(t,y,z) + U(t,y, 2)
satisfies a second order ordinary differential system

Lh(w, 0w, 0*w) = 0. (1.6)
Moreover, for x = 0, w must satisfy the boundary condition
T(w,0.0) .m0 = 0 (1.7)
and the end point condition
Zgrlloow(z) = uo(t,y,0). (1.8)

This indicates what are the natural boundary conditions for ug:

Definition 1.2. Let C denote the set of end points u such that there is a solution of
(1.6) — (1.7) which converges to u at infinity. Then the natural boundary conditions
for the limiting hyperbolic system (1.2) are

U0|x:0 eC. (19)

In these lectures, we will discuss the following aspects of the problem:
- Construction of layer profiles; they are exact solutions

uc(x) = w(%), (1.10)

£
of (1.1). The profiles w(z) are solutions of (1.6) - (1.7) They converge to a limit as
z tends to infinity:
lim w(z) = w. (1.11)

The form of the equations £ = 0 implies that constants are solutions of (1.6).
The central-stable manifold theorem gives the solutions of the profile equation near
infinity, with end state close to a given w. The problem is to find solutions which
extend to z € [0, oo[ and satisfy the boundary condition (1.7). Given such a solution,
the regularity properties of the set C near the end point w depend on transversal-
ity properties of the central-stable manifold and the boundary conditions. This is
detailed in Section 3.
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- Spectral stability; it expresses the well posedness of the linearized equations
near a layer profile. These linearized equations have the form :

L(f,s@t,eay,58$>u = f. T(i, ey, 0,) o = . (1.12)

They have constant coefficients in (¢,y), and following the usual theory of constant
coefficients evolution equations, one performs a Laplace-Fourier transform in (¢, ).
After rescaling, one obtains the spectral equation :

L(z,y+ir,in, 0)u= f,  Y'(u,inu,0u)j—0 = g. (1.13)

The spectral stability conditions concern the well posedness of the equations (1.13)
for v > 0. They can be formulated using a suitable Evans function. A key point
is to link the spectral stability of the viscous and inviscid problems: this was done
first in [ZuSe] (see also [Roul]). We will present here a new proof which reduces the
analysis to a nonsingular perturbation problem and does not require any constant
multiplicity assumption. This is explained in Sections 4 and 5.

- Symbolic symmetrizers; their construction is the main topic discussed in these
lectures, developed in Sections 6 to 9. They are Fourier multipliers that are used
to prove L? a-priori estimates for the solutions of (1.13). Indeed the one space di-
mension methods used in [GrRo, Rou2] do not extend to the multidimensional case
and the L? estimates of the Green’s function (see [Zum2] and the references therein)
are insufficient. This is a consequence of focusing and spreading in the underlying
hyperbolic propagation. We want uniform estimates which give the hyperbolic esti-
mates in the limit ¢ — 0, which translates in the limit ¢ := (7,7,7) — 0 in (1.13)
due to the rescaling. This leads to look for methods which are suitable for the analy-
sis of both hyperbolic boundary-value problems and their parabolic regularizations.
In multi-dimensions we are restricted by the hyperbolic limit to seeking L? — L?
bounds. To satisfy these requirements, we follow Kreiss’ analysis of hyperbolic equa-
tions based on the construction of symmetrizers. The basic estimate concerns the L?
stability of the linearized equations, and is proved using symmetrizers and a suitable
extension of Kreiss’ analysis to parabolic-hyperbolic problems.

- The linear stability; the question is to prove that the linearized equations near
an approximate solution u. of the form (1.5) are well-posed. Keeping only the main
terms, they read

L(t,y,x, ”g,sat,gay,gax>u = f. T(aedyi,edvi) oo =g (L.14)

They are slow perturbations in (t,y,x) of (1.12). The main goal is to prove that
the L? estimates obtained by using Fourier multipliers when u. is a profile (1.10)
extend to the case where u. has the more general form (1.5). This is done using a
suitable pseudo or para-differential calculus, which transforms the Fourier multiplier
calculus into an operator calculus. In this analysis, the Fourier multipliers are used
as the symbols of the operators. However, several calculi are needed to reflect both
the semi-classical aspects and the different homogeneities. This is briefly discussed
in Section 10.

- The nonlinear stability; the objective is to prove the existence, on an interval of
time independent of ¢, of exact solutions satisfying (1.5) of the parabolic-hyperbolic
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equations (1.1). In a first step, one constructs approximate solutions

n

w(t,y) = 3 = (wnlt v ) + Unltoy, D)) (1.15)

k=0
which satisfy the equation up to source term of size O(¢"). Next one constructs
exact solutions of the form

Ue = ug? + ", (1.16)
The equations for v. are solved by iterative methods which involve the resolution
of linearized problems. Bounds for the iterates and convergence follow from the L?
and Sobolev estimates which have been obtained for the linearized equations. Two
methods are presented in Section 11: for fully elliptic viscosities, strong parabolic es-
timates are available for the linearized equations and the standard implicit function
theorem yields the results with first order approximate solutions (n = 1). In the gen-
eral case, one uses hyperbolic type iterates starting from an accurate approximate
solution, that is with n large in (1.15).

2. Hyperbolic-parabolic boundary value problems

2.1. Structure of the equations

Consider a system of equations

L.(u) == Ao(u 6tu+ZA 8u—52 (B (u)dpu) = 0. (2.1)
Jj=1 Jk=1
When ¢ = 0, Ly is first order and assumed to hyperbolic; € plays the role of a
non-dimensional viscosity and for € > 0, the system is assumed to be parabolic or
at least partially parabolic, see below. Systems of conservation laws

d
Lo(u) = i fo(u) + 39, f;(u) — ¢ Z 0; (Bjx(u)ku) = 0 (2.2)
j=1 k=1

are particular cases of systems (2.1) with A;(u) = V, f;(u). Classical examples are
Navier-Stokes equations of gas dynamics, or equations of magneto-hydrodynamics.
The form of the equations is preserved by changes of unknowns u = ®(@) and by
multiplying on the left the equations by constant invertible matrices. To cover the
case of partial viscosity and motivated by the examples of Navier-Stokes equations

and MHD, we make the following assumption

Assumption 2.1. (HO) (Smooth fluxes and viscosity) The matrices A; and B,
are C* N x N real matrices of the variable u € U* C RN. Moreover, for all u € U*,
the matriz Ag(u) is invertible.

(H1) (Block form) Possibly after a change of unknowns u and multiplying the
system on the left by an invertible constant coefficient matriz, there are coordinates
u=(u',u?) € RN' x RN” and f = (f', f2) e RN x RN, with N' + N? = N, such
that the following block structure condition is satisfied :

AH 0 0O O
j7
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We refer to [GMWZ4] for a geometric formulation of condition (H1), independent
of coordinates u € U* and we also refer to [Zum3| for further comments and ex-
planations. From now on we work with variables v = (u!,u?) € U* such that (2.3)

holds. We set
Aj=fi, Aj=Aj'A;, Bjw=Ay'Bjy, (2.4)

and systematically use the notation M? for the sub-blocks of a matrix M corre-
sponding to the splitting u = (u!,u?). Note that

Biad) = Aal ™ Bial) = (gt ) 25)

The triangular form of the equations also reveals the importance of the (1,1) block
which plays a special role in the analysis :

LM (,0) = Y AN wdy, or LM(w,0) = (A (w) L"(wd).  (26)

J=0

In this spirit, the high frequency principal part of the equation is

T (u, 0)u!
{ Opu? — eBP (u, O)u? 27)

with B (u, &) = Y 1 i ]k( u). The first natural hypothesis is that L'*(u, 9) is
hyperbolic and 0; — 22(u, 0) is parabolic in the direction dt.

Assumption 2.2. (H2) (Partial parabolicity) There is ¢ > 0 such that for all
uw € U* and £ € RY, the eigenvalues 0f§22(u,f) satisfy Re u > cl€|*.

(H3) (Hyperbolicity of the 1-1 block) For all u € U* and all £ € RN\{0},
Zn(u,ﬁ) =9, & AR (u) has only real eigenvalues.

For the applications we have in mind such as Navier-Stokes and MHD), the oper-

ator L' is a transport field and (H3) is trivially satisfied.
Next we assume that the inviscid equations are hyperbolic and that Kawashima’s
genuine coupling condition is satisfied for u, in some open subdomain U C U*. Let

d
w,€) =3 &A;(u)  and  B(u,§) = Z §iénBin(u (2.8)
j=1

7,k=1

Assumption 2.3. (H4) (Strict dissipativity near the end states) There is ¢ > 0
such that for u € U and £ € R4, the eigenvalues of iA(u, ) + B(u, &) satisfy

€17
L+ (€2

Remark 2.4. (H4) implies hyperbolicity of the inviscid equation : for all u € Y and
¢ € RO\{0} the eigenvalues of A(u,&) are real. It is important for applications that
U, the domain of hyperbolicity which will contain end states of the layers, can be
strictly smaller than U*.

Reu > ¢ (2.9)

Symmetric systems play an important role, and symmetry will be an important
assumption in some of our results. In particular, the Assumption (H4) is satisfied
when the following conditions are satisfied (see [KaS1, KaS2]):
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Definition 2.5. The system (2.1) is said to be symmetric dissipative if there exists
a real matriz S(u), which depends smoothly on uw € U, such that for all uw € U
and all £ € RN\{0}, the matriz SAy is symmetric definite positive, S(u)A(u, &) is
symmetric and Re S(u)B(u, &) is non negative with kernel of dimension N — N2.

Proposition 2.6. If the system is symmetric dissipative, (2.9) is equivalent to the
genuine coupling condition of Kawashima: no eigenvector of A(u, &) lies in the kernel

of B(u,§) for & € R\ {0}.
Navier-Stokes equations satisfy this condition (see e.g. [KaS2]).

Remark 2.7. For systems of conservation laws (2.2), symmetry is implied by the
existence of a strictly convex entropy, see [KaS2].

2.2. Boundary conditions

We consider a boundary value problem for (2.1) in the model case of a half space,
which is given by {z > 0}, in some coordinates (y1,...,ys—1,x) for the space vari-
ables. We assume that the boundary is not characteristic both for the viscous and
the inviscid equations. The principal term of the viscous equation is block diagonal
as indicated in (2.7). The B?? block is noncharacteristic by (H2). Restricting U* to a

component where the profiles will take their values, the condition for the A" block
reads

Assumption 2.8. (H5) U* is connected and for all uw € U*, det A} (u) # 0.

For the inviscid equation, restricting & to the component where the hyperbolic
solutions will take their value, the condition reads

Assumption 2.9. (H6) U is connected and for all uw € U, det (Ad(u)) # 0.

By Assumption (H3) and Remark 2.4, A, (u) and Ay(u) have only real eigen-
values, which by (H5) and (H6) never vanish. This leads to two important indices

Notations 2.10. With assumptions as above, N, denotes the number of positive

eigenvalues of Ay(u) for u € U and Ni the number of positive eigenvalues of A, (u)
for uw € U*. We also set N, = N2 4 Ni.

The block structure (2.7) suggests that N, is the correct number of boundary
conditions for the well posedness of (2.1), for solutions with values in U*. Indeed,
the high frequency decoupling (2.7) suggests that N? boundary conditions for u?
and N} boundary conditions for u' are required. On the other hand, N, is the
correct number of boundary conditions for the inviscid equation for solutions with
values in Y. Thus we supplement (2.1) with boundary conditions

T (u, edyu?, e0,u*)|p—0 = 0. (2.10)

Without pretending to maximal generality, we assume that they decouple into zero-
th order boundary conditions for u' and zero-th order and first order conditions for
2
u
Tl(u1>|z:0 - Ou
Yo (u?) =0 = 0, (2.11)

Tg(u, 58yu2, 68;,;’&2)‘36:0 = 0.
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with
d-1
T3 (u, Oyu’, O,u”) = Ka0pu® + > Kj(u)oju’.
j=1
Assumption 2.11. (H7) (Smooth boundary conditions) Ty, Ty and Y3 are smooth

functions of their arguments with values in ]RNi, RNV*N? gnd RN respectively, where
N3 € {0,1,...,N?}. Moreover, K; has mazimal rank N* and for all u € U* the
Jacobian matriz Y (u') and Th(u?) have mazimal rank N} and N*—N? respectively.

3. Layers profiles

3.1. The profile equation

To match constant solutions u of the inviscid problem to solutions satisfying the
boundary conditions, one looks for exact solutions of (2.1) (2.10) of the form:

us(t,y,x) = w(i), (3.1)
such that
lim w(z) =u. (3.2)

z——+00

The equation and boundary conditions for w read

Ag(w)d.w — 9. (Baa(w)dw) =0, z>0 (3.3)
Y (w,0,d,w?),=0 = 0. (3.4)
Solutions are called layer profiles. This equation can be written as a first order

system for U = (w, ,w?), which is nonsingular if and only if AL is invertible (this
indicates the strong link between Assumption 2.8 and the ansatz (3.1)):

O:w' = —(Ag") AW,
d.w? = w?, (3.5)
0. (Baaw®) = (AF — AF(A}) AR )w?,

and the matrices Ay and B,y are evaluated at w = (w', w?).
For conservative systems, the equations read

9. fa(w) — 9.(Bya(w)dw) = 0. (3.6)

They can be integrated once and, splitting the components w! and w? they are
equivalent to

fi<w17w2>_k1:0 (3 7)

Byg(w', w?)o,w? = fi(w', w?) — k2, ‘

with k& = (k', k?) constant.
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3.2. Existence of profiles

The constants are trivial solutions of the layer equation (3.3). The invariant manifold
theorem implies that, near u € U, there is a variety of dimension N + N, — N of
solutions
®(z,p, a), (3.8)
depending on the parameters p near v and a in a neighborhood of 0 in R¥ =™+ and
such that
ZlLrglo ®(z,p,a) =p and P(z,p,0) =p,

(see [Mét4] for fully parabolic viscosity and [GMWZ5] for partial viscosity). Extend
these solutions as maximal solutions. The layer profiles are then determined by
solving the boundary conditions (3.4):

T(p,a) :== Y(®,0,9,9%).—o = 0. (3.9)

The existence of small layers can be proved by perturbation arguments (see e.g.
[GiSe] or [GrGu, Métd]). For shocks the existence of small amplitude profiles is
proved in [MaPe, Peg|. In [Gil] the existence of large profiles for gas dynamics is
studied.

3.3. The inviscid boundary conditions

The natural limiting boundary conditions for the inviscid problem read
Ujg=0 € C, (310)

where C denotes the set of end points u such that there is a layer profile w €
C>(R,;U*) satisfying (3.2) (3.3). The properties of the set C depend on the well
posedness of the equation (3.9), which is a system of N, equations for N + N, —
N, unknows. This property is called transversality in [MéZul, Métd, GMWZ5,
GMWZ6].

Definition 3.1. The layer profile w(z) = ®(z,p,a), supposed to be defined on
[0, +00], is said to be transversal if the following two conditions holds

rankV,T(p,a) = Ny — N, (3.11)
rankV,,T(p,a) = N, . (3.12)

This definition immediately implies the following

Proposition 3.2. If the profile w(z) = ®(z,p, a), supposed to be defined on [0, 4-00]
is transversal, then near p, C is s smooth manifold of dimension N — N, defined
by N, independent equations, T'(p) = 0.

Thus, the limiting inviscid boundary conditions (3.10), can be written 7'(u) = 0.
Note that N, is the correct number of boundary conditions for the inviscid equation.
For small layers, the transversality condition is satisfied (see e.g. [GrGu]). It is
noticeable that for Lax shocks, the analogue limiting boundary condition always
reduces to the usual Rankine-Hugoniot conditions. Note also that for extreme Lax
shocks, the transversality condition is automatic. The discussion in [Gil] also includes
transversality.

These geometric conditions can be rephrased in terms of properties of the lin-
earized equations from (3.3) (3.4) near w(z), since the derivatives 0, ,P(z,p,a) are
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solutions of these linearized equations and form a basis of the space of bounded
solutions. We abbreviate the linearized equation and boundary condition as

{L(z,az)w, 2> 0,

3.13
I/(w7 azu‘]2)|z=0 ( )

Proposition 3.3. The layer profile w is transversal if and only if

i) there is no nontrivial solution w of Lw which satisfies the boundary conditions
I,<w7 aZU.JQ)\Z:O = O;

i) the mapping w — L(w, 0,1?)|.—0 from the space of solutions of L = 0 to
C™ has rank N.

3.4. Examples

1. Burgers equation. In space dimension one, consider for z > 0 the Burgers-Hopf
equation:

O+ udpyu — d*u =0, u(0)=0. (3.14)
In this case, the inner-layer o.d.e is
O*u =ud.u, u(0)=0. (3.15)

The equation can be integrated once yielding
1
O.u = §u2—i—k, u(0) =0.

Depending on the sign of the constant k, there are two families of solutions:

1) u(z) = —Atanh ()\z/2)

2) wu(z) = ptan (,uz/Q) :
Changing A into —\ or p into —u does not change the solution, so we can assume
that the parameters are nonnegative. The two families intersect only on the constant
solution u = 0. Solutions of the second family, have a finite time of existence: they
do not provide solutions of (3.14) on the half line. Thus, we restrict attention to
solutions of the first family, which are globally defined. In this case, we have

lim u(z) =-X<0.

zZ—400

The end state —\ is noncharacteristic (i.e. satisfies (H4)) if A # 0. Thus we have
shown:

for the Burgers equation (3.14), the set of noncharacteristic end states p which
can be connected to 0 by a solution of (3.15) is C =] — 00, 0].

2. The linear case. Suppose that Ay and By, are constant (independent of w). The
o.d.e. reads

dut = G528Zu2 ,
(3.16)

Ot = GRo.?,
with G2 = —(A}")1A? and G = (B3) (A% + A2'G}?). The solutions of the
o.d.e are

u'(z) = u(2) +p',
u?(z)

22
p2+€ZGd a,

(3.17)
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with arbitrary constants p and a. Because the eigenvalues of G2? are real and different
from zero, the explicit formula implies the following results.

1. The solution is bounded if and only if a € E~(G%), the invariant space for
G?* associated to eigenvalues in the left half space {Im p < 0}.

2. Bounded solutions of (3.16) converge at an exponential rate at infinity.

3. The bounded solutions of (3.16) form a manifold of dimension N + N?, where
N? = dimE~(G%).

We now add boundary conditions for u! and Dirichlet boundary conditions for u?

F1U1|Z:0 = O, ’LL2|Z:0 =0.
For the solutions of (3.17) this is equivalent to
I''pt =0, p*=—a.

Therefore:
4. The set of end states p = (p*, p?) which can be connected to a data satisfying
the boundary condition is the linear space ker 't x E_(G2?).

3. Shock profiles for isentropic Navier-Stokes equations. Consider in R? the isen-
tropic Navier-Stokes equations

{ Op + div(pu) = 0,

1
Or(pu) + div(pu @ u) + Vp = eAu, (3.18)

with p = P(p). The profile equations with speed velocity o, that is relative to the
front x4 = ot, read
o.m =0,
8. (p + mug) = 02ug, (3.19)
9. (mueg) = 02uyg
with m := p(ug — o). We look for solutions defined for z € R which end points

(p~,u”) and (pT,u™). Integrating once the equations and taking the limits at +oo
and —oo yields the necessary Rankine-Hugoniot conditions:

[m] =0 = [ug] = m|7]
[p] + mlua) =0, (3.20)
musg] = 0.
with 7 = 1/p. Thus,
m? = —[p|/I7], [uq) =m[r], o=ul —mrT =u; —m7". (3.21)

The integrated system (3.19) reads:
ug(z) — o =m7(z)
0:(ug(2) — 0) = m(ug(2) — o) + p(z) — k (3.22)

+

Utg(2) = Ugg = Ugy

with m and k£ constant. We end up with a scalar equation

Ot — mr + Tlnw(T) 5, (3.23)
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with ¢ (7) = P(1/7) and parameters which satisfy the constraints
1 1
m = [ug)/[7], b=m7t + E¢(T+) =m7 + El/J(T_) (3.24)

The constant k in (3.22) is k = m(uj — o) +pT =m(u; — o) +p~.
A 1-shock satisfies

ut—ct<o<ut, u—c¢ >o, (3.25)
where ¢ = ¢(p) = (%P’(p))% is the sound speed for the state p. Thus
O<mrt=u"—o<c", mr=u —0>c. (3.26)

This is equivalent to

m>0, (c/77)><m?®<(ct/rT)2 (3.27)
Since ¢?/7% = —'(7), the Lax conditions for 1-shocks reduce to
+ _ —
P(rT) < ¢(77+) — f_(T ) _ 2 < W(r7) <0,  m>0 (3.28)

The sign condition for ¢'(77) ensures the hyperbolicity of the end states.
Similarly, for 3-shocks the conditions read

ut+ct <o w4+ >o>u, (3.29)
mrt =ut —o<—ct, O0>mr =u —0>—c, (3.30)
m<0, (c"/mM)?<m?®<(c /)% (3.31)
We end up with the conditions
Jr _ -
W) <M ey <0, meo (332)

As expected, we get the same condition as (3.28) with 71 and 7~ exchanged, since
one passes from 1-shocks to 3-shocks changing = to —zx, u,o0,m to —u,—o, —m,
keeping p and inverting the indices + and —.

The equation (3.23) reads
0.7 = F(7). (3.33)
The Rankine Hugoniot condition (3.24) implies that F(77) = F(71) = 0. Thus, for

all initial data in the open interval limited by 7% and 7~ the solution of (3.23) is
globally defined and remains in this interval. The stability conditions at o0 read

F'(t7) <0, F'(t7) >0,

that is
Wyt - MU o
m o (3.34)
1{1//(7) () ¢ET )} S0

As expected, they are implied by the Lax shock conditions (3.28) (3.32).
Moreover, for a, and therefore all, solution to pass from 7~ to 77, it is necessary
and sufficient that F' has no rest points in the open interval I limited by 7~ and 77:
_ o+ _ + -\ _ +
m

T—7t T —717F

Vrel: F(r)=
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If 9 is strictly decreasing and strictly convex, all these conditions are satisfied when

PR o o o S
TH—77

Lemma 3.4. Assume that ¢’ <0 and ¢" > 0 on an interval I C|0,+oo[. Then for

all (17,77) € I x I and m satisfying the stability condition (3.36) and for all initial

data in the open interval limited by T and 77, the solution of (3.23) is globally

defined, remain in this interval and converges at exponential rate to 7 at +o00.

— ) <. (3.36)

When the profile for 7 is known, we deduce the profile for u using (3.22).

Remark 3.5. The profile is determined up to an arbitrary choice of 7(0) in the
interval |7+, 77 [. This means that there is a one parameter family of solutions of the
profile equations (3.19). Since the profile 7 is strictly monotone, (because F' does
not vanish) this is equivalent to the expected translation indeterminacy due to the
translation invariance of the shock profiles equations.

4. Spectral stability

4.1. The linearized equations

For further use, it is convenient to enlarge the class of functions w: consider a
function C*°(R,;U*) which converges at an exponential rate to and end state u € U:
there is 0 > 0 such that for all £ € N

|0k (w(z) — g)‘ € L*(R,). (4.1)

We refer to such a function as a profile; it need not be a solution of (3.3), though
it will be in applications. Note that solutions of (3.3) (3.2) satisfy the exponential
convergence above.

Consider the linearized equations from (2.1) (2.10) around u. = w(z/¢e):

L, a=f, Y(i,edyi,edi)—0= . (4.2)

Here Y’ is the differential of T at (w(0),0,0,w(0)). £ is a differential operator
with coefficients that are smooth functions of z := z/e. Factoring out 7! it also
appears as an operator in €0y, €0, €0,

, 1 rx
c :8L<€,50t,58y,58x). (4.3)

Ue

It has constant coefficients in (¢,7), and following the usual theory of constant
coefficient evolution equations, one performs a Laplace-Fourier transform in (¢,y),
with frequency variables denoted by 7 + ¢7 and 7} respectively, yielding the systems

1L<x, e(5 + i?),isﬁ,58x>.
e \¢
Next, we introduce explicitely the fast variable z = x /¢, rescale the frequency vari-
ables as ( = (1,7n,7v) = &(7,7,7) and multiply the equation by ¢, revealing the
equation

L(z,y+ir,in, 0.)u= f, Y'(u,inu,0,u)j.—0 = g, (4.4)
with

L=—B()0%+ A(z,0)0. + M(z,() (4.5)
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with in particular, B(z) = Bgg(w(z)) and A'(z,¢) = Al (w(z)). We do not give
here the explicit form of A and M. Using (H2) and Assumption 2.2, the equation
is written as a first order system

0.U=G(zQU+F, T(Q)U.=0=g. (4.6)
for
Ul
_ u _ 2 N+N?2
(A" (2)~ 1 f!
F = 0 . (4.8)

(B#(2)) 7 (= /2 + A% (2) (A" (2)) 71 f)

Similarly, one considers the linearized equations from the inviscid hyperbolic prob-
lem Lo(u) = 0 around the constant solution w:

Ly = f. (4.9)
After performing a Laplace-Fourier transform, this equation reads
Lo(u,y +i7,in, 0y )u = f (4.10)
or
D = Holu, Qu+ A7 (w)f, (4.11)
with
d—1
Ho(u, ) = —(Au(w))™! ((z’r IRNYROEDS mjAj(u)). (4.12)
j=1

4.2. Structure of the linearized equations

The analysis of (4.4) or (4.6) depends on the size of the frequencies (. When ¢
is large, the parabolic character is prominent for the component u?. For small or
bounded frequencies ¢, we use the conjugation lemma of [MéZul]. The condition
(4.1) implies that there is 6 > 0 and an end state matrix G(u, (), depending on the
endstate u of w, such that

05(G(2,¢) — G(w,¢)) = O(e™*). (4.13)

Lemma 4.1. Given { € R™, there is a smooth invertible matriz ®(z,¢) for z € Ry
and ¢ in a neighborhood of ¢, such that (4.6) is equivalent to

0.U=Gu,)U+F, T()Upz=g. (4.14)

with U = ®(2,O)U, F = ®(z,)F and T(¢) = T'(Q)®(0,¢). In addition, ® and =
converge to the identity matriz at an exponential rate when z — 00.

Moreover, if the coefficients of the operator and w depend smoothly on extra pa-
rameters p (such as the end state w), then ® can also be chosen to depend smoothly
on p, on a neighborhood of a given p.

Remark 4.2. The linearized profile equations from (3.3) around w, are exactly
(4.4) at the frequency ¢ = 0. In particular, Lemma 4.1 implies that these equations
are conjugated to constant coefficient equations, via the conjugation by ®(-,0).
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Next we investigate the spectral properties of the matrix G. Below, RZ™ denotes

the open half space {( = (7,n,7) : v > 0} and @iﬂ its closure {y > 0}. In addition
to Hy defined in (4.12), we also introduce the matrix

Po(u) = (B3)(AZ - AZ(A) AR, (4.15)

Lemma 4.3. i) For u € U, Py(u) has no eigenvalue on the imaginary azis. We

denote by N? the number of its eigenvalues in {Repu < 0}.

it) Foru e U and ¢ € Riﬂ\{O}, G(u, ) has no eigenvalue on the imaginary

azis. The number of its eigenvalues, counted with their multiplicity, in {Reu < 0}
is equal to Ny + N2 = N, := N* + N3.
i1) For a given uw € U, there are smooth matrices V(u, () on a neighborhood of

(u,0) such that
VlGy — < [g ) ) (4.16)

with H(u,() of dimension N X N, P(u,() of dimension N* x N?, and
a) the eigenvalues of P satisfy |Re p| > ¢ for some ¢ > 0,
b) there holds

H(u,¢) = Ho(u,¢) + O(|¢) (4.17)
¢ )at =0,V has a triangular form
V(u,0) = <I§ ;g) . (4.18)

Proof. i) Take u € U. If v* € ker Py(u), then t( — (A}ll)_lA}va,W) € ker Ay,
implying that 0 is not an eigenvalue of Fj. Similarly, if i€ is an eigenvalue of P then
0 is an eigenvalue of i§ Ay + £2B,, which is impossible by (H4) if £ # 0 is real.

ii) Direct computations show that G(u, () = G4(u, ) M (u, () with

B —Ad Bd . M Onxn2
Gd(u7C)_< J ()>’ M = <0N2sz Id 2y 2

with, in the splitting u = (u!, u?),

By(u) = (0]2%2\:(21;2> , J= (ON2><N7N2 IdNQXNQ) :
and o
A(u, ¢) = Aa(u) = 3 in;(Bja(u) + Ba;(u))
=1
} ’ d—1 -1
M (u, Q) = (i 4 v) Ao(u) + D inAj(u) + > nymeBjr(u) .
=1 k=1

In particular, i€ is an eigenvalue of G(u, ¢) if and only if —(y+i7) is an eigenvalue of
iA(n, &)+ B(n, £), which, by (H4), implies either that v < 0 if £ is real and (1, &) # 0
or that ¢ = 0.

Thus G(u,() has no eigenvalues on the imaginary axis and the number N of
eigenvalues in {Rep < 0} is constant for u € U and ¢ € Riﬂ\{()}. That this
number is equal to N, = Ni + N? is a consequence of the high frequency analysis

in Lemma 9.3 below (see also Lemma 1.7 in [Zum3]).
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iii) Because M (u,0) = 0 and A(u,0) = Ag(u), there holds
(A1 412
0N><N (Ad ) Ad
G(u,0) = Id 2y 2
ON2 <« N Po('Ll/)

Since [ is invertible, G can be smoothly conjugated to a block diagonal matrix as
in (4.16), with V satisfying (4.18) and H(u,0) = 0. More precisely, the matrix V' is

_(Al1\—=1 412 p—
V= ( (4 >P0_f1d fo 1) (4.20)

(4.19)

The expansion (4.17) can be easily obtained by standard perturbation expansions.

For ¢ small, the number of eigenvalues of P in {Re u < 0} is equal to N?, and for
~ > 0, the number of eigenvalues of Hy(u,() in the negative half space is constant,
by hyperbolicity, and equal to N, . This implies that N = N, + N2, 0

As mentioned in Remark 4.2, the linearized equations from (3.1) around w cor-
respond exactly to the first order system (4.4) with ¢ = 0. Thus the homogeneous
problem for (3.13) read

L(z,0,0.)0i =0, z>0,
{ (4.21)

T (4, 0, 8,10*) .0 = 0.

A corollary of Lemmas 4.1 and 4.3 is that the solutions of the homogeneous equation
L(2,0,0.)w = 0 form a space of dimension N + N2, parametrized by (uz,up) €
CN x CN*

W(z) = Oy(z,0)ug + Pp(z,0)e”PWyp (4.22)

where the matrices ®y(z,0) and ®p(z,0) are smooth and bounded on Ry and

®p(2,0) — Id as z — Id. The solution is bounded if and only if up belongs to the

negative space E~(Py(u)) of Py(u), that is the invariant space of Py(u) associated

to the spectrum lying in {Repu < 0}; thus the space S of bounded solutions has

dimension N + N2. The space of solutions that tend to zero at infinity, denoted by

8o, has dimension N2, corresponding to the conditions uy = 0 and up € E~(Py(u)).
The boundary conditions in (3.13) read

Cyup + Lpup ==L, 0,00%) =0 = 0. (4.23)

Because of Proposition 3.3, the next definition extends to profiles the previous
definition of transversality given in Definition 3.1 for layer profiles.

Definition 4.4. The profile w is said to be transversal if

i) there is no nontrivial solution w € Sy which satisfies the boundary conditions
E(w7 asz)\ZZO =0,

ii) the mapping w +— L(w, 82w2)|Z:0 from S to C™o has rank Ny.

Equivalently, i) means that kerI'p NE~(FPy(u)) = {0} and i7) that the rank of the
matrix (L, Lp) from CV x E=(Py(u)) to CM is N,
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If the profile satisfies condition i), there is a decomposition
CY =Fy ©Fp, Fp:=LpE (Po(u)) (4.24)

with dimF, = N, and dimFp = N2. Denote by 75 and 7p the projections asso-
ciated to this splitting.
For w € S given by (4.22), one can eliminate up from the boundary conditions
(4.23) and write them
£reduH = O, up = EPUH, (425)
with
£7"ed = 7TH£H7 EP = _(EP)_IWPEH (426)

and (Cp)~! is the inverse of the mapping ['p from E~(Py(u)) to Fp.

With these notations, ii) means that I',.; has rank N,. Its kernel ker I, is the
space of @ € R? such that there is a solution of  of (3.13) with end point . It has
dimension N — N,.

Remark 4.5. When w is a layer profile, solution of (3.3), the transversality con-
dition implies that near the end point u, the set C in (3.10) which describes the
limiting hyperbolic conditions is a smooth manifold of dimension N_ = N — N, and
ker ', ., is the tangent space to C at u. Therefore, the natural boundary conditions
for the linearized hyperbolic equation, and in particular for (4.9), are

£T€du = h. (427)

4.3. Evans functions and Lopatinski determinant; weak sta-
bility

For a given ( € ﬁiﬂ\{O}, we now investigate the well-posedness of equation

(4.4) or equivalently (4.6) or (4.14). Introduce the space E~(¢) of initial condi-
tions (u(0),0,u?(0)) (or equivalently U(0)) such that the corresponding solution of
L(z,¢,0,)u = 0 (or 0,U — G(2,0)U = 0) is exponentially decaying at +oo. Lem-
mas 4.1 and 4.3 show that

E7(¢) = ©(0,O)E (G(v, () (4.28)
where we use the following notations:
Notations 4.6. Given a square matrix M, E~(M) [resp. E*(M) denotes the in-
variant space of M associated to the spectrum of M contained in {Re u < 0} [resp.
{Rep > 0}].

In particular, by Lemma 4.3, E~(() is a smooth vector bundle for { € Riﬂ\{O}
and dim(E~(¢)) = N,.

The problems (4.4), (4.6) or (4.14) are well posed if and only if
E-(()nkerD() = {0} or E-(GuO)nkerF(Q)={0}.  (4.29)

Note that, because the rank of I' is at most N, and the dimension of E™ is NV, this
condition implies and is equivalent to

CNN —E~(¢) @ kerT'(¢) or CN*N = E~(G(w, ¢)) ® ker I'(C). (4.30)
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This condition can be expressed using the notion of Evans function, which mea-
sures the “angle” between the two spaces (see e.g. [Zum2, Zum3] and the references
therein). It is defined as

D(¢) = [det 2 (E7(0), ker I()) (4.31)

where, for subspaces E and F of C", det,,(E, F) is equal to 0 if dim E4+dim F # n and
is the n x n determinant formed by orthonormal bases in E and F if dimE+dim F =
n.

Remark 4.7. The definition of the determinant above depends on choices of bases.
Note that changing orthonormal bases in E and F changes the determinant by
a complex number of modulus one, thus leaves |det(E,[F)| invariant. But it also
depends on the choice of a scalar product on C". Changing the scalar products (or
arbitrary changes of bases in C")) changes the function det(E,F) to a new function
det(E,F) such that ¢|det(E,F)| < |det(E,F)| < ¢ '|det(E,F)| where ¢ > 0 is
independent of the spaces E and F. We will denote by

det ~det or D~ D (4.32)

this property. In particular all the stability conditions stated below are independent
of orthonormal bases in [E= and ker I' and independent of the choice of the scalar
product.

Remark 4.8. If the coefficients of the operator and the profile depend smoothly on
parameters p, then the Evans function is also a smooth function of the parameters.

These notations being settled, the weak stability condition is a necessary condition
for the well posedness of (4.2) in Sobolev spaces. It reads:

Definition 4.9. Given a profile w, the linearized equation (4.4) satisfies the weak

spectral stability condition if D(C) # 0 for all ¢ € @iﬂ\{O}.

The next lemma is useful and elementary.

Lemma 4.10. Suppose that E C C" and I' : C" — C™, with rank I' = dimE = m.
If | det(E,ker I')| > ¢ > 0, then there is C, which depends only on ¢ and |[T*(TT*)!|
such that

YU € E, |U| < C|T'U|.
Conversely, if this estimate is satisfied then | det(E, kerI')| > ¢ where ¢ > 0 depends
only on C and |T'|.

Proof. Let m = I'*(I'T*)~'I" denote the orthogonal projector on (ker I')*. Diagonal-
izing the hermitian form (me, 7e), yields orthonormal bases {e;} and {f;} in E and
(ker I')* respectively, such that me; = A;f; with 0 < \; < 1. Take any basis {gx}
of kerI'. Expressing the e; in the base { fi, ¢}, implies that |det(E, kerI')| = [TA;.
Since A; < 1 for all j, if this determinant is larger than or equal to ¢ > 0, then
min A\; > c and for all e € E

cle|] < |me| < |F*(FF*)’1\ |Te|.

Conversely, if the estimate is satisfied, then |e| < C|I'||re| since I'e = I're for all
e € E. Therefore A\;C|I'| > 1 and the determinant is at least equal to (C|I'|)~™. O
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Proposition 4.11. For fized ¢ € Riﬂ\{O}, the following properties are equivalent:

i) the weak stability condition D(C) # 0 is satisfied,
i) there is a constant C' such that for all f € L*(R,) and g € CNe, the problem
(4.4) has a unique solution v € H'(R,) and

lullz2 + 110207l 2 + [w(0)] + 0:u(0)] < C([If]|z2 + lg]). (4.33)

iii) there is a constant C' such that for all F € L*(R,) and g € C™e, the problem
(4.6) has a unique solution U € L*(Ry) and

1Ullzz + 1UO) < C(IF][ 22 + 1g])- (4.34)

Proof. We show that i1) = i) = iii).

a) Uniqueness in 7i) implies that E~(¢) Nker I' = {0}, thus 7).

b) By Lemma 4.1, the linearized equation (4.6) is conjugated to the constant
coefficient system (4.14). By Lemma 4.3 the kernel of 9,—G(u, ¢) in L? has dimension
equal to NNV,, which is the number of boundary condition. Thus the operator (0, —
G(u,(),T) has index 0 from H*' to L? x CM. Therefore, condition ) which means
that it is injective, implies that it is surjective and iii) follows.

c) By reduction to first order (4.4) is equivalent to (4.6) for particular F'. Thus
i11) immediately implies 7). O

There are analogous definitions for the linearized hyperbolic problem (4.9) with
boundary conditions (4.27). For v > 0, Hy(u, () has no eigenvalues on the imagi-
nary axis, as a consequence of the hyperbolicity assumption (see Remark 2.4). The
Lopatinski determinant is defined for ¢ € RT™ := { > 0} by

Dyop(€) = |det (E™ (Ho(u, €)), ker Tyeq )| (4.35)

By homogeneity of Hy, this determinant is homogeneous of degree zero in ¢ and it
is sufficient to consider the case where ¢ € S¢ = {|¢| = 1}.

Definition 4.12. The linearized equation (4.9) (4.27) satisfies the weak spectral
stability condition if Dyo,(¢) # 0 for all ¢ € REH.

Moreover, there is an analogue of Proposition 4.11, for v > 0.

4.4. Maximal estimates and uniform spectral stability con-
ditions

The next step in the study of the linearized equation is to perform an inverse Fourier-
Laplace transform. This requires suitable estimates for the solutions of (4.4), with
a precise description of the constants in the estimate (4.33) above.

By continuity in ¢, the weak stability condition implies that the estimate (4.33) is

satisfied with a uniform constant C' when ¢ remains in a compact subset of Ri“\{@}.
Thus the true question is to get a detailed behavior of the estimate when ( — 0 and
when |¢| — oo.
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4.4.1. Low and medium frequencies

Consider first the low frequency case. Following [MéZul|, the expected mazimal
estimates for low and medium frequencies for the solutions of (4.4) read

llullzge,) + 110207 2y + [u(0)] + [0:07(0)] <

C(= Il + lo)

where ¢ = (74 |¢[?)2 with C independent of ¢ € Riﬂ\{O}, IC| < po. Note that for
fixed |C| > 0, this estimate is equivalent to (4.33).

Similarly, the maximal estimates for solutions of the first order system (4.6) read

(4.36)

1
ellull 2@,y + 63| 2@,y +U0)] < 0(;|1FHL2<R+> +g1) (4.37)

where U = (u,u?) € CN x CV°. For the constant coefficient system (4.14) the
analogous expected estimates read :

. . ~ 1, -
ollll e,y + 13| 2,y + 10(0)] < C(;uFuLz@m +lg1)- (4.38)
Lemma 4.13. The estimates (4.38) imply (4.37) which imply (4.36).

Proof. (See [MéZul]). Clearly, (4.36) is a particular case of (4.37) applied to source
terms F' of the special form (4.8). Moreover, using the conjugation Lemma 4.1, there

holds U = O(1)U and U = O(1)U and similar estimates for F' and F. Moreover,
Ut=01)U, U*=0(e%)U"+001)0?

with 6 > 0. We use the inequality

le™*TM = S 1UH(0)] + (100l z2-
Moreover, the form of G(u, () at ¢ = 0 shows that

d.U' = O(|¢NU* + 0(1)U? + F.
Therefore,

U212 S TPz + [THO)] + ST 122 + 1EY | 2.

Since (] < ¢, this shows that (4.38) implies (4.37). O

Taking f = 0, we point out the following necessary condition for the validity of
the maximal estimates:

Proposition 4.14. A necessary condition for (4.36) to be valid for 0 < |C| < po, is
that there are C' and py > 0 such that
W eR, 0<|¢/<p, YWWEE(Q): [Ul<CITQU]. (4.39)
By Assumption 2.11, the rank of I'(¢) is always Ny, and the norms of I'(¢) and
(I'T*)~! are uniformly bounded for ¢ bounded. Thus, by Lemma 4.10, the condition
(4.39) is equivalent to requiring that D is bounded from below by a positive constant
for 0 < |¢| < po. This leads to the following definition (see [MéZul])

Definition 4.15. Given a profile w, the uniform spectral stability condition for the
linearized equation (4.2) is satisfied for low frequencies when there are ¢ > 0 and

po > 0 such that D(¢) > ¢ for all ¢ € @iﬂ with 0 < |C] < po.
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We have seen that the low frequency uniform stability condition is necessary for
the validity of the maximal estimates. A major issue, which is discussed in Sections
0 to 8 15 to prove a converse statement.

4.4.2. High frequencies

For the high frequency analysis, we use the special form (2.11) of the boundary
conditions. Their linearized version, Y'(u, inu?, d.u?) = g reads
Lyl (0) := T3 (w!(0)) - u!(0) = g,
Pou?(0) := T5(w?(0)) - u?(0) = ¢°, (4.40)
I'3(¢)(u?(0), 0:u*(0)) := Ka0-u*(0) + Kig(n)u?(0) = ¢,

with
d—1

Kig(n) = >_ in; K;(w(0)). (4.41)

=1

The maximal extimates that are proven in [GMWZ4, GMWZ6| read
(1 + Pl 2@ HA I 2y + 10207 22 m, )
(1 47)2[u (0)[+A [ (0)] + A™210.4%(0)] <
C(Hf1|!L2(R+) + AlefQHLQ(Rn)
+C((L+7)2]g"| + A2|g?| + A~2|g"))

(4.42)

with C' independent of { € Riﬂ large. Here, A is the natural parabolic weight

1/4

AQ) = (1+72++*+ ) (4.43)

Remark 4.16. The balance between the weights for u! and for u? is subtle: these
components are decoupled in the high frequency principal system (2.7) and the
choice of the weights depends on the actual coupling of u! and for «? through the
nondiagonal lower order terms and the boundary conditions.

Taking f = 0, (4.42) implies the following necessary condition : there are C' and
p1 > 0 such that

7d R p—
VCERYT, ¢l > p, YU = (u'utu?) € E(C)
(1+7)2 !+ A2 fu?| + A2 [u?] < (4.44)

C((1+ )2 [Tt | + A2 |Tou?] + A73{T5(C) (u?, u?)] ).

This can be reformulated in terms of a rescaled Evans function (see [MéZul] : In
CNH+N* and CM introduce the mappings

Je(u' u? u?) = ((1 +7)%u1,A%u2,A_%u3)

1 1 1 (445)
Jlg', 9% 6%) = ((1+7)2g", A2g”, A2 g%).
Note that J.D(C)U = T%(¢)J.U with
U = (Tyu!, Tou?, K + A~ Kig(n)u?). (4.46)
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Thus (4.44) reads
YU € JE(¢): |U] <ClJT(¢)J: U (4.47)
Introducing the rescaled Evans function
D*(¢) = | det (JE™ (), Jker T(C)) | (4.48)
we see that this stability condition is equivalent to the following definition:

Definition 4.17. Given a profile w, the linearized equation (4.2) satisfies the uni-
form spectral stability condition for high frequencies when there are ¢ > 0 and p; > 0

such that D*¢(¢) > ¢ for all ¢ € Riﬂ with |C| > p1.

Note that for ¢ in bounded sets, J; and .J; ' are uniformly bounded and D(¢) ~
D¢((), thus the condition D**(¢) # 0 is nothing but a reformulation of the weak
stability condition.

By Lemma 4.10, the high frequency uniform stability is equivalent to (4.44). In
section 9, we will recall from [GMWZ4] that the uniform spectral stability implies
the high frequency mazimal estimates (4.42), under structural assumptions on the
system that are satisfied in many examples, including Navier-Stokes and MHD.

4.4.3. The inviscid case

There are analogous definitions for the linearized hyperbolic problem (4.9) with
boundary conditions (4.27). Recall that the Lopatinski determinant is defined at
(4.35). Definition 4.12 of weak stability is strengthened as follows.

Definition 4.18. The linearized equation (4.9) (4.27) satisfies the uniform spectral
stability condition when there are ¢ > 0 such that Dr,(¢) > ¢ for all ¢ € Sﬁlr =
Sin{y > 0}.

This uniform stability condition is equivalent to a uniform estimate for all { € Si:

Vu € E™(Hy(u,()) : ’u‘ <C

£redu‘ (4.49)
The expected maximal estimates for solutions of (4.9) (4.27) are

2 ullz2 + [u(0)] < C (v~ 2|1 fllz2 + |]) (4.50)
with C' independent of ¢ € R%H.

Remark 4.19. The uniform stability condition is satisfied for small amplitude layers
(see [GrGu] for artificial viscosity and [Roul] for real viscosity in 1D). In [GMWZS|
layers for Navier-Stokes equations and in or out-flow boundary conditions are stud-
ied. The analogous uniform stability condition for weak Lax shocks has been recently
proved in [P1Zu]. In the inviscid case, we also refer to [Majl] for the verification of

the uniform Lopatinski condition for Euler’s equation and to [Métl] for weak Lax
shocks.
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5. The Zumbrun-Serre-Rousset Theorem and the reduced
low frequency problem

A famous result of [ZuSe| and [Roul] links the low frequency uniform stability of the
viscous regularizations and the uniform stability of the limiting inviscid problem.
We give here the extension proved in [GMWZ6].

5.1. Transversality is necessary

Proposition 5.1. Given a profile w, if the low frequency uniform spectral stability
condition s satisfied, then w is transversal.

Proof. Lemma 4.3 implies that for ¢ # 0 small enough, U is a solution of (4.14) if
and only if *(ug,up) = V1(C)U satisfies

(‘LUH = H(@, C)UH + fHa (51>
Oup = P(u,Q)up+ fp, (5.2)
T (Qur(0) + Tp(Qup(0) = T(QU(0) = g, (5.3)

where (fu, fp) = VY ()F and Ty [resp. T'p] denotes the restriction of I'V to
CN x {0} [resp. {0} x CN’]. In particular,

B (6w () = V(O (E (H () & E~(P(,))).

With (4.39), this shows that the low frequency uniform stability condition holds if

and only if there are C' and pg > 0 such that for all { € Riﬂ with 0 < [C] < po

Vug €EE7(H(u,()), Yup € E~(P(u,()) :

(5.4)
| + [up| < C|0H(Q)u +Tp(C)up|.

In particular,
Vup € E7(P(u,()) : ‘uP’ < C”Fp(()up‘. (5.5)
By Lemma 4.3, E~(P(u,()) is a smooth bundle for ¢ in a neighborhood of 0.
Moreover, I'(¢) and I'p(¢) are smooth around the origin. This implies that ’up’ <
C‘FP(O)UP‘ on E7(P(u,0)), implying that condition i) of Definition 4.4 is satisfied.
Since dim(E~(G(())) = rank I'(¢) = N,, (5.4) implies that for all h € CM and
all ¢ € Ry with 0 < [¢] < po, there is U(¢) = V(¢) (un(¢),up(¢)) in E-(¢) C
V(()((CN @E‘(P(C))) such that T(¢)U(¢) = h and |U(C))| < ¢|h|. By compactness
and continuity, letting ¢ tend to zero, implies that there is U = V(0) (uH,up) in
V(0) ((CN @ E‘(P(O))) such that T(0)U = h, showing that condition ii) of Defini-
tion 4.4 is also satisfied. O

5.2. The reduced problem

Suppose that the profile w is transversal. Then, by i) of Definition 4.4 and Re-
mark 4.2, I'p({) is an isomorphism from E~(P(u,()) to its image Fy p when ¢ = 0;
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by continuity this extends to a neighborhood of the origin and the decomposition
(4.24) valid at ¢ = 0, extends smoothly on a neighborhood of the origin:

C% =Fpr @Fp(¢), Fr(¢)=Tp(OE (P(u()). (5.6)

Denote by 7y (¢) and 7mp(C) the projections associated to this splitting and define
the reduced boundary operator as

rea(C) := ma(QOLH(C), (5.7)
as well as the reduced boundary value problem
O.ug — H(u, Qug = fu, Trea(Qug(0) = h. (5.8)
The reduced FEvans function is
Drea(C) = | det (E=(H (1, €)), ker Tyea(C) ) | (5.9)
Definition 5.2. The reduced uniform stability condition is satisfied if Dyeq(() >

c¢>0 forall ( € @dﬂ\{()} with || small enough.

This is equivalent to the condition
Vu e E-(Hw,Q)):  Jul < CITrealC)ul, (5.10)
for ¢ € R*\{0} small.

Theorem 5.3. Given a profile w, the linearized equation (4.4) satisfies the low
frequency uniform spectral stability condition if and only if

i) w is transversal,

it) the reduced problem (5.8) satisfies the reduced uniform stability condition.

Proof. We have already shown that the low frequency uniform stability requires
that w is transversal. Moreover, using the splitting (5.6), we see that the uniform
stability conditions (4.39) or (5.4) are equivalent to

‘UH‘ + ‘UP’ < C(

FreduH‘ -+ ‘FPUP+7TPFHUH‘> (511)

for all uy € E=(H) and up € E~(P) (to lighten notations we have omitted the
dependance). Since I'p is surjective from E~(P) onto Fp, for all uy € E~(H) there
is up € E~(P) such that I'pup = —7mpl'guy and (5.11) implies (5.10).

Conversely, if the profile is transverse, the estimate (5.5) is valid at ¢ = 0 and
extend by continuity to ¢ in a neighborhood of 0. With (5.10), this clearly implies
(5.11). 0

5.3. The p — 0 limit for Evans functions

It remains to link the reduced uniform stability condition to the uniform (Lopatin-
ski) stability condition for the hyperbolic boundary value problem, that is for the
problem (4.9) with boundary conditions (4.27). Note that these boundary conditions
are given by [',.; = [',eq(0) (see Remark 4.5).

Because H vanishes at ( = 0, it is natural to use polar coordinates:

(=p¢, p=1¢, ¢S (5.12)
In these coordinates

H(u,¢) = pH(u,(,p), H(u, ¢ p) = How, () + O(p). (5.13)
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Changing z to % = pz, u(z) to @(2) and f(2) to pf(Z) the reduced problem (5.8) is
equivalent to
32?11{ - H(Q, éa p)ﬂH = fHa Fred(C)aH(()) = h7 (514)
which, for p = 0, is exactly the inviscid problem (4.11) (4.27). We are thus led to a
nonsingular perturbation problem.
Clearly, for ¢ € §7 := 54N {§ > 0}, there holds E~(H(u,¢)) = E~(H(u, ¢, p))
and D,.4(¢) = D({, p) with

D(C, p) = |det (B~ (H (u,C, p)), ker Trea(pC)) (5.15)

Remark 5.4. For ¥ > 0, Hy(u,¢) has no eigenvalues on the imaginary axis, as
a consequence of hyperbolicity (see Remark 2.4). By perturbation, this property
holds true for H(u, ¢, p) for p small enough (depending on 5 > 0). This shows that
the vector bundle E~(H (u,(, p)) which was defined on gix]O,po] has a smooth
extension to € S* x [0, po], as well as D. Comparing with the definition of the
Lopatinski determinant (4.35), we see that

Drop(C) = D((,0), for 5 > 0. (5.16)

The next theorem, combined with Theorem 5.3, extends Rousset’s theorem [Roul]
(see also [ZuSe] for shocks).

Theorem 5.5. Given a transverse profile w, if the reduced uniform spectral stability
condition is satisfied, then the linearized hyperbolic problem (4.9) (4.27) satisfies the
reduced uniform stability condition.

Conversely, if the linearized hyperbolic problem is uniformly stable and the vector

bundle E=(H (u, , p) has a continous extension to gi x [0, po], then the reduced uni-
form spectral stability condition is satisfied and the linearized problem (4.2) satisfies
the uniform low frequency stability condition.

Proof. The uniform estimate (5.10) implies that
lul < C|Trea(Q)ul

for u € B=(H(u, ¢, p)), € € ?i and p > 0 small. If ¥ > 0, every term is continuous
up to p = 0 and the estimate above implies (4.49), that is

|ul < C|Trea(0)u|

for u € E~(Hy(u,¢)), ¢ € S¢. This implies that the hyperbolic problem is uniformly
stable. 7d
If E-(H(u,(,p)) has a continous extension to S, X [0, po], the reduced Evans

function has a continuous extension to ?i x [0, po]. The hyperbolic uniform stability
and (5.16) imply that
D(¢,p) = c>0

for ¢ € S¢ and p = 0. By continuity, this extends first to (e ?‘i and next to
p € [0, p1] for some p; > 0. O

Remark 5.6. It is proved in [MéZu3] that when the eigenvalues of the hyper-
bolic symbol A(u, ) have constant multiplicity, and more generally when there is a
smooth K family of symmetrizers (see the definition below), then the vector bundle
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E~(H(u,¢,p)) has a continuous extension to p = 0. The main concern of this paper
is to construct K-families for systems with variable multiplicity. This is possible
under suitable assumptions, and therefore the two theorems above extend a result
of F.Rousset [Roul]. However, we will also show that the bundle E does not always
admit a continuous extension, with the result that the hyperbolic problem can be
uniformly stable while the viscous problem is strongly unstable in the low frequency
regime. This seems to be a new phenomenon.

5.4. The p — 0 limit for maximal estimates

Assuming transversality of w, Theorem 5.3 implies that the uniform spectral stabil-
ity for low frequency is equivalent to the spectral stability for the reduced problem.
There is an analogue for maximal estimates. The maximal estimates for the reduced
problem (5.14) read

(5 + p)2 a2 + @z (0)] < C((5+ p) 2| frll 22 + |B) (5.17)

with C independent of ¢ € gi and p €]0, po]. Note that for p = 0 and 5 > 0,
this is the maximal estimate for the inviscid problem. Scaling back to the original
variables, this estimate is equivalent to

(v + 16?2 unll 2 + [ua(0) < C((v+ ISP 2| fullze + |B])  (5.18)
for the solutions of (5.8).

Theorem 5.7. Suppose that the profile w is transversal. Then the maximal estimates
(4.38) are valid for low frequencies if and only if the maximal estimates (5.17) for
the reduced problem hold true.

Proof. By Lemma 4.3 P(u,() has no purely imaginary eigenvalues. Thus, using
symmetrizers (see e.g. [MéZul] and Section 6 below), there holds
lupllze + [up ()] < 15 Iz, (5.19)
luplicz S [1fplle2 + lup(0)], (5.20)

where + denotes the smooth projections on the spaces E*(P(u, ()).
The splitting (5.6) implies that the boundary condition (5.3) reads

79 = Lrequp(0) + mu T pu}(0),
7pg = Lpup(0) + mpl ruw(0) + T pub(0).
Moreover I'p is invertible on E™~(P), hence |I'pup(0)| ~ |up(0)| and
Creaun (0)] S |mngl + [up(0)],
up(0)] < |mpgl+ |un(0)] + [up(0)].
Suppose that the estimate (5.18) is satisfied. Then,
pllusllz: + lun(0)] < ¢ I frllee + gl + [up(0)].
With (5.19), this implies that
pllullze + llupllz2+lua (0)] + |up(0)]
S ¢ I mllee + 15 e + Mgl + [ub(0)].
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Thus, with (5.19), we obtain that
ellunllzs + lupllzs + [ (0)] + lup(0)] < o fullez + 1 fellee + gl
Because V (u, 0) has the special form (4.18), U = V (ug,up) = (U', U?) satisfies
U' =0 uy + O(Mup, U =O(¢))ug + O(1)up
Therefore, the solutions of (4.14) satisfy
AT i + 152l + 15O S ¢ I Fllzz + gl
that is the maximal estimate (4.38).

Conversely, assume that the maximal estimate (4.38) is satisfied. Suppose that
ug is a solution of (5.1). By transversality, I'p is surjective from E~(P,() to its
image Fp(¢) and there exists there is up(0) in E~(P, ) such that

PPUP(O) = —WPFH’U,H(O) S FP(C) (521)
Consider up = e*Fup(0) which is well defined and rapidly decaying at infinity since
up(0) € E~(P,¢). It is a solution of (5.2) with fp = 0. Then U = V (ug,up) is a
solution of (4.14) with F' = V(fy,0). Thus (ug,up) = VU and there holds

lurlle SN0z, Jun(O) S OO Fllze S | falle

and, by (5.21), TU(0) = T gug (0) + T pup(0) = Trequg (0). Thus the estimate (4.38)
immediately implies (5.18). O

5.5. Viscous unstabilities

The analysis above indicates that when the negative space E~ is not continuous in
(Z ,p), then the Evans function is likely not continuous and one can expect that the
low frequency uniform stability condition for the viscous problem is strictly stronger
than the similar condition for the inviscid problem. In particular, the inviscid prob-
lem can be strongly stable while the viscous one is strongly unstable. We illustrate
here this phenomenon on an explicit example.

1. An example. Consider the system

(c% + 3y)u1 + 8$U2 = €MAU1, (5 22)
(O + Oy)ug + Opuy = evAus. '
Taking linear combinations and changing ¢, the system is equivalent to
(0 + 0,)1d + A, — eBA, A= (é _01> . B= (2 ‘f) , (5.23)

with a = |v — pu|/(v + u) € [0, 1]. This system is symmetric and satisfy the assump-
tions (H1) and (H2).
The hyperbolic part is diagonal: the eigenvalues are

M=n+¢& A=n-—¢& (5.24)

They cross on the line £ = 0 and are trivially geometrically regular (see Defini-
tion 8.1 below) since the system is already in diagonal form. One of the eigenvalue
is incoming, one is outgoing. The decoupling condition (8.9) is satisfied if and only
if a = 0. In the sequel, we assume that a > 0.
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2. Boundary conditions. Next, consider boundary conditions for (5.23):
U|z=0 + 5F8xu|x:0 = 0. (525)

We first compute the limiting inviscid boundary conditions, using boundary layers.
The bounded solutions u = w(z/e) of (5.23) are

w(z) =u+ eZBflAh, heEg., ueC (5.26)

where E,_, , is the negative space of B~'A. Therefore, u is the endpoint of a profile
which satisfies the boundary condition (5.25), if and only if

we (Id+TBA)E;.,. (5.27)

Note that given any complex number ¢, one can choose I' such that this boundary
condition reads

Uy = Cls (5.28)
3. Low frequency stability. The first order system (4.6) reads
0 Id
00~ GO0, 6O = (5 g 5a). (5.29)

with ¢ = (7,7n,7) and 0 = y+i(7+n). Perform the small frequency reduction (4.16),

using the change of unknows
u o (1322
(o) v ()
Then, by Lemma 8.24, there holds

i, (H O
e (10)

with P(0) = B~'A and
H(() = —0A+ (6 =) AB + O(¢]*), (5.30)

Since V(0) has the triangular form (4.18), we see that the boundary condition
reads

ug +T(Qup =0, T(0)=T+A'B. (5.31)

The Evans condition is violated at ¢ if there is uy € E4(¢{) and up € Ep(()
satisfying this boundary condition. The negative space of P({), E5({) is smooth in
¢ and equal to E,_; , when ¢ = 0. Thus, the Evans condition is violated at ¢ if

E;(Q) NT()EH(C) # {0}
Since A™'B = (B~'A)~!, there holds
T(0)Ep(0) = (Id + TB'A)E, 4 ,.

Comparing with (5.27) and (5.28), we see that for ¢ small, the space f(()]E;(() is
generated by “(¢(¢), 1) where ¢(¢) is a smooth function such that ¢(0) = ¢. Therefore,
the Evans condition is violated at ( if and only if

(C(f>> € B (0). (5.32)
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Remark 5.8. The analysis above shows that the reduced boundary condition for
the hyperbolic part H(() reads

uy = ¢(Q)us. (5.33)

Taking ¢ = 0 in this equation, we recover that (5.28) is the natural limiting boundary
condition for the hyperbolic operator H.

Proposition 5.9. There are choices of a and ', such that

i) the inviscid problem (5.23) for ¢ = 0 with the boundary condition (5.28) is
mazximal striclty dissipative thus uniformly stable,

ii) the wviscous problem with boundary conditions (5.25) is strongly unstable for
small frequencies, in the sense that there are arbitrarily small frequencies ¢ with
~v > 0 where the Evans functions vanishes.

Proof. The matrix

10
S_<0 S), s> 0 (5.34)
is a symmetrizer for the inviscid problem. If
lc|? < s, (5.35)

the boundary condition is strictly dissipative for S. This implies that the uniform
Lopatinski condition is satisfied.

We consider frequencies ¢ = p¢ with ¢ close to (—1,1,0) where Hy(¢) = 0 has a
double eigenvalue. More precisely we consider frequencies

(= (=p+0°7,p,0*7). (5.36)
In this case, we see that G is a function of 6 = 4 + i7 and p, holomorphic in &, as
well as V', P, H and c. Moreover

H(() = —p*(6A+A'B+0(p)) = p’H(5,p). (5.37)

The model operator is

ek aap [(~6-1 —a
H(5,00=—6A— A B_< § &+1>

H (1,0) has one eigenvalue with positive real part, with eigenvector ‘(b, 1) with
b= (2++v4 — a?)/a (Note here the importance of the assumption a # 0). Therefore,
for & close to 1 and p small , the negative space of H(6, p) is generated by (b(6, p), 1)
where b is smooth and holomorphic in ¢ and b(1,0) = b. Moreover

1 2
8;:0(1,0) = — (1 4+ ——) £0. 5.38
1,0) = (14 —==) # (5:39
Comparing with (5.32), we see that the stability condition is violated at ¢ given by
(5.36), if and only if
b(6,p) = c(C) = &, p). (5.39)
Given a €]0, 1[, we choose ¢ = b and T" such that the inviscid boundary condition
reads (5.28). Note that ¢(6,0) = ¢ for all 6. Thus the equation (5.39) holds at 6 = 1
and p = 0. Moreover, with (5.38), the implicit function theorem shows that for p > 0
small, there is d(p close to 1 solution of (5.39), providing frequencies ((p) = O(p)
with v(p) ~ p* > 0, where the stability condition is violated. O
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4. Smooth symmetrizers. We briefly discuss here the existence of smooth symmetriz-
ers for the hyperbolic operator H (6.24). In the present case, we deduce from (5.30)
that in polar coordinates ¢ = p(, there holds

H(,p) = —6A+ p(c? —iP)AB + 0(p?), & =7+i(7+17). (5.40)

Fix é = (1, —1,0), which corresponds to a multiple root of the hyperbolic part. Then
0, and near (¢, 0)

a

H(C,p) = —A(51d + pB(()B) + O(p) (5.41)

with B(é) = 1. Dropping the ", and changing pb to p, the matrix H is a perturbation
for (o, p) close to (0,0) of the following canonical example

1 0 1 0 1 a
(0 _1>8x+0<0 1>+p<a 1), Reo >0, p>0. (5.42)

Note that (5.37) derives from (5.41) choosing & = pa.

Denote by E~ the negative space of H for Reo + p > 0. On can check directly on
this example that the negative spaces have no limit as (o, p) — (0,0): the limits are
different when p = 0 and o = 0, since the positive spaces of A and AB are different
when a # 0.

On the other hand, blowing up once more the local coordinates near ¢, that is
taking polar coordinates (o, p) = (7, p), is is clear from (5.41) that E~ is a smooth
function of (4, p).

If ¥(¢, p) is a smooth symmetrizer for H, then (6.25) implies that ¥ = %((,0)
must be a symmetrizer for —(0 A+ pAB) for all o and p, equivalently that S = X A
is a symmetrizer for (5.42), that is

S=5">0, SA=AS, Re(SB)> 0. (5.43)

The first two conditions are satisfied if and only if S is diagonal and positive. Mul-
tiplying it by a positive factor, it must be of the form (5.34).
The third condition holds if and only if

s> a*(1+s)?/4.
Denoting by smin(a) < 1 < Spax(a) < oo the roots of the equation 4s = a?(1 + s?),
the condition reads
Smin(@) < 8 < Smax(a). (5.44)
This shows that the choice of symmetrizers is much more limited in the viscous case

compared to the inviscid one. In particular, when a is close to 1, (5.44) forces to
choose s in a small interval around 1.

The boundary condition (5.33) is strictly dissipative for ¥, then (5.28) is strictly
dissipative for ¥. This holds if and only if s > |c|?. Therefore:

There is a smooth symmetrizer $(C, p) for H on a neighborhood of (¢, 0), adapated
to the boundary conditions (5.33) only if -

lc]? < Smax(@). (5.45)
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6. LF and MF symmetrizers

6.1. The method of symmetrizers

This “method” applies to general boundary value problems
Ou=G@)u+f, Tul0)=g. (6.1)

Here, u and f are functions on [0, co[ with values in some Hilbert space H, and G(z)
is a C1 family of (possibly unbounded) operators defined on D, dense subspace of
H. In this section we apply the method to finite dimensional spaces H = CN+V .
However, after inverse tangential Fourier transform, the space which is actually
considered is rather L?(R%; CN*N 2). Moreover, when passing to variable coefficients,
one has to work directly in this infinite dimensional space.

A symmetrizer is a family of C' functions x + S(z) with values in the space of
operators in H such that there are C)y and ¢ > 0 such that

Ve, S(z)=S(z)" and |S(z)| <y, (6.2)
vz, ReS(x)G(z)+ ;axsm > eld. (6.3)

In (6.2), the norm of S(z) is the norm in the space of bounded operators in H.
Similarly S*(z) is the adjoint operator of S(x). The notation ReT = (T + T*) is
used in (6.3) for the real part of an operator 7. When 7' is unbounded, the meaning
of ReT" > ), is that all u € D belongs to the domain of T" and satisfies

Re (TU,U)H > Auf?, (6.4)

where (-, - )y is the scalar product in ‘H. The property (6.3) has to be understood
in this sense.

Taking the scalar product of Su with the equation (6.1) and integrating over
[0, 00, (6.2) and (6.3) imply

clull* + (5(0)u(0), u(®)),, < Y112 (6.5)

where f = 0,u — Gu. Here, || - || is the norm in L*([0, oco[; H).
The symmetrizer S is adapted to the boundary condition I' if there are constants
6 and Cy such that:

S(0) > o0ld — C{T*T". (6.6)
Hence,

Lemma 6.1. If there is a symmetrizer S adapted to the boundary condition I, then
for all u € C([0, 00[; H) N C°([0, 00[; D), one has
CQ
Allull® + 8lu(©)F* < =HIII* + ClTu(O)]*, (6.7)
where [ := 0,u — Gu.

In the finite dimensional constant coefficients case, the usual construction of sym-
metrizers has two parts: first, one constructs families of symmetrizers S, satisfying
(6.2) and (6.3). This only uses the structural hyperbolicity-parabolicity Assump-
tions and is independent of the boundary conditions. Second, one chooses x such
that the third condition (6.6) holds. There we use the stability condition for the
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boundary condition. In this spirit, we end this section with noticing a general recipe
linking Evans-Lopatinski conditions to (6.6).

Proposition 6.2. Suppose that G is a n X n matriz with no eigenvalues on the
imaginary axis and n~ of them in the half space {Rep > 0}. Denote by E~ the
mwvartant space associated to these eigenvalues. Suppose that I' is a n~ X n matrix
and

|det(E™, kerI")| > ¢ > 0. (6.8)
Suppose that S, is a symmetrizer for G such that
(Skw, ) > K[ uf* - |ITuf?, (6.9)

where IIT denote the projectors associated to a decomposition
C"=E"@E*, dimE =n". (6.10)

Then, there are ko and Cy which depend only on ¢, |U'| and |[T*(TT*)~Y| such that
for k > kg there holds

(Sﬁu,u) > |ul* — Cy|Tul? (6.11)
Proof. By Lemma 4.10, there is C' such that
YueE™:  |u] < C|Tul. (6.12)

Next, we note that all element in E™ is an initial data for an exponentially decaying
solution of d,u — Gu = 0. Therefore, (6.5) implies that for all symmetrizer S of G
there holds

VueE™: (Su,u) <O0. (6.13)
In particular, the assumption implies that
Vu e E-: |ITHul < |l ul, e=K1. (6.14)

Thus the mapping II™ from E~ to E- is injective. Because dimE™ = dim E~ this
implies that there is a linear mapping A from E~ to ET with |A| < e such that

E- = {ui +Au"; u” € I~E’}. (6.15)
Combining with (6.12), we see that if £(1 4+ C|I'|) < 1, then

Vum e BT |uT| < 20w (6.16)
This inequality implies that for x > 2 + 24C?|T'|?

glut? —u™ > > Jut +u | = CyTut + Tu |

and the proposition is proved. O
Remark 6.3. In the limit kK — +o00, (6.14) implies that E- — E~. This shows
that in the splitting (6.10) there is little choice for E™. On the contrary, there is no
need for ET to be close to the positive invariant space E*. This is important for

the construction of symmetrizers for G(¢) when the frequency is close to “glancing
frequencies”.
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6.2. Elliptic points and MF symmetrizers

Lemma 6.4. Suppose that G is a matriz with spectrum in {Repu > 0}. Then, there
1s a symmetric definite positive matrix S such that Re SG > Id.

Proof. The assumption implies that e='“ and e~*“" are exponentially decaying. A
symmetrizer is

S = 2/ et e Gt
0
O

Note that this formula shows that one can choose S depending smoothly on G in
the space of matrices with spectrum in the right open half space.

Proposition 6.5. Suppose that G(p) is a n x n matriz which depend smoothly on
parameters p in a neighborhood of p, with no eigenvalues on the imaginary axis.
Then, for p in a neighborhood of p, there is a family of symmetrizers S, (p) for G(p)
which satisfy (6.9) in the decomposition of C" in invariant spaces E*(p) for G(p)
associated to the eigenvalues in {£Reu > 0}.

Proof. The spaces E*(p) depend smoothly on p, in a neighborhood of p and there
is a smooth matrix V(p) such that

Gt 0
-1 _
vay _<0 G_>

with G* having their spectrum in {#Re u > 0}. Then there are self adjoint matrices
S*(p) such that £5*G* > Id. Then,

(kST 0
AT

symmetrizes G and satisfies (6.9) O

Thanks to Lemma 4.3, this proposition directly applies to the linearized equations
(4.14) for ¢ # 0. For clarity, we drop the tildes and reserve the notations w, U... for
the unknowns and call p € U the parameter called u in this equation, which now
reads

0.U=G(p, QU+ F, T(p,QU(0) =g (6.17)
We assume that the assumptions of Section 2 are satisfied.

Proposition 6.6. For all( € Edﬂ\{O}, there is a neighborhood of (p, ¢) inU x R

such that for (p,C) in this neighborhood there is a smooth splitting
CV' =E (p,¢) @E*(p, (). (6.18)

where B (p, ¢) denote the invariant space of G(p,() associated to the spectrum in
{£Rep > 0}. Denoting by II*(p, () the smooth spectral projectors associate to this
splitting, there is a smooth family 3" (p, () of self adjoint matrices such that for all
(p,C) in the given neighborhood and all k > 1:

i) ReX*G >0,

i) ReXr > w(ITT)*TIT — (II7)*IT". (6.19)

This provides another proof of the estimates (4.34):
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Corollary 6.7. If the weak spectral stability condition is satisfied, then for all ¢ €

RdH\{O}, there are a constant C' and a neighborhood of (p,¢) in U x R™™ such that

for (p,C) in this neighborhood the solutions of (6.17) satisfy
U2 + U ©)] < C(IF 2 + lg)- (6.20)

6.3. LF symmetrizers

We now concentrate on low frequencies. By Lemma 4.3, the matrix G(p, ¢) is locally
smoothly conjugated to a block diagonal matrix (4.16) with diagonal blocks with
H(p, () of dimension N x N and P(p, () of dimension N? x N2. The system (6.17) is
therefore equivalent to the equations (5.1) (5.2) coupled by the boundary conditions
(5.3).

In the block diagonal reduction (4.16), we construct symmetrizers

(X5 0
S = ( 75 ) (6.21)
such that the property (6.9) is satisfied for each block independently.

The construction for the elliptic block P is given by Proposition 6.5, since P(p, 0)

has no eigenvalues on the imaginary axis. Denote by EZ(p, ¢) the subspaces of CY ’
invariant for P(p, (), associated to the spectrum in {£Re p > 0}. Thus, for (p,() in
a neighborhood of (p,0), there is a smooth splitting

CV* =Ep(p,¢) @ Ep(p, (). (6.22)
Denote by Hlig(p, () the smooth spectral projectors associate to this splitting.

Proposition 6.8. There is a smooth family of self adjoint matrices X% on a neigh-

borhood of (p,0) such that

i) ReS%P >0,
) VS (6.23)
it) ReXp > w(Ilp) 1 — (IIp) 1l

This implies the estimates (5.19) (5.20) which where used in the previous section.

To analyze H, we use polar coordinates for ¢ = pC as in (5.12) so that

H(p,¢) = pH(p.C,p),  H(p, (o p) = Ho(p, C) + O(p). (6.24)
By Lemma 4.3, for ¢ € RE™\{0}, I:{ has no eigenvalue on the imaginary axis, hence
the number N~ of eigenvalues of H in {Reu < 0} is constant.

We fix a point é € gi, that is é = (7.1,7) ivn the uni‘E sphere with ¥ ? 0. The
goal is to construct smooth symmetrizers for H, for (p,(,p) close to (p,¢,0). For
convenience we introduce the following terminology.

Definition 6.9. A smooth symmetrizer for H on a neighborhood w of (p,¢,0) is a
smooth self adjoint matriz ¥ (p, ¢, p) such that

ReSPH =Y VSV, (6.25)

where the Vi, and Xy, are smooth matrices on w of appropriate dimension so that the
products make sense, satisfying
i) Y ViV is definite positive,
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ii) either Xy, is definite positive or Xy, = yX 1+ pXgo with X1 and Xy o definite
positive.

Definition 6.10. A family of smooth symmetrizers X" on neigborhoods w" of (p, é, 0)
is called a K-family of symmetrizers for H if there are a decomposition

CV=E, oE} (6.26)
with imE™ = N_ and m(k) — 400 as kK — +00 such that for all k
3%(p, ¢, 0) > m(k)IT5IT, — IT*T1_. (6.27)

where T11 are the projectors associated to the splitting (6.26).
Using (6.14), one proves the following result (see [MéZu3)):

Theorem 6.11. Suppose that there exists a K-family of symmetrizers near (p, g, 0).
Then Ey; is the limit of the negative spaces By (p,C, p) as (p,¢,p) tends to (p, g 0)
with p > 0.

Remark 6.12. This theorem shows that E, is uniquely determined. On the other
hand, E}; is arbitrary, provided that the the splitting (6.26) holds: if (6.27) holds
for some choice of E*, then it also holds for another choice for a multiple of ¥* with
some other function m(k).

Remark 6.13. The advantage of the notion of K-families is that it is independent of
the boundary conditions. Therefore, their construction depends only on an analysis
of H. In particular, we can use a spectral block decompositions of H.

Fix ¢ € §+. Consider the distinct eigenvalues i, of Hy(p, ¢). For (p,{,p) in a
neighborhood of (p, § ,0), there is a smooth block reduction

VIHV = diag(Hy) (6.28)

where the Hj, have their spectrum in small discs centered at p, that are pairwise
disjoints. Equivalently, there is a smooth decomposition

= PE:(p, ¢, p) (6.29)

in invariant spaces for H(p, (, p) and Hj, is the restriction of H to Ej,. We denote by
N}, the dimension of [E,, that is the size of H,.

The K-families of symmetrizers are constructed for each block Hj separately. If
¥ is a K-family for Hy, it is clear that X% = V*diag(2¢)V has the form (6.25) and
is a K-family for H.

When the mode is elliptic, that is when Re p, # 0, the construction of symmetriz-
ers is given by Proposition 6.5

Proposition 6.14. Suppose that p, is an eigenvalue of Hy(p, é) with Rep, # 0.

Then is a smooth family of self adjoint matrices Xf on a neighborhood of (p, g, 0)
such that 3
i) Re(XFHy) >0,

i) ReXjp >kld if Rep, >0, (6.30)
ReXp > —Id if Rep, <O.
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Therefore we now restrict our attention to a nonelliptic mode:
p, =i, &, R (6.31)
By definition of Hy, this implies that —7 + 7% is an eigenvalue A of A(p, §) with
§ = (1, § ,)- In particular, by hyperbolicity, this can only happen when ¥ = 0. By
Lemma 4.3, Hj, has no eigenvalue on the imaginary axis when p > 0, thus the

number of eigenvalues in {Re u < 0} is constant. We call it N, . The next definition
reformulates Definitions 6.9 and 6.10 for nonelliptic blocks Hj,.

Definition 6.15. A smooth symmetrizer for a nonelliptic block H; on a neighbor-
hood w of (p,¢,0) is a smooth self adjoint matriz X(p, (, p) such that, for some C,

¢ > 0, there holds for all (p,(, p) € w,
Re S H;, = 4%, + pXa, (6.32)
with 31 (p, é, 0) and 3s(p, é, 0) definite positive.
A family of smooth symmetrizers X, on neigborhoods w* of (p, é, 0) s called a
K-family of symmetrizers for Hy, if there are a decomposition
E(p.(,0) = By @ Ef (6.33)
with dAimE;; equal to N, and m(k) — +00 as k — 400 such that for all k
Zr(p. €. 0) = m(k) (IL)) " TI — (1)L, (6.34)

where HkjE are the projectors associated to the splitting (6.33).

7. Symmetrizers for nonelliptic blocks; Examples

In this section and the next one, we consider a block H,, associated to a purely
imaginary eigenvalue p, = i€ of Ho(p, () with ¢ = (7,1,0) . Equivalently, —7 is an
eigenvalue of A(p, g), with é = (1, § ,)- To build symmetrizers, some knowledge of

properties of Hj, is necessary. Part of the analysis, is to relate them to properties of
the eigenvalue —7. In this section, we give examples which help to understand the
general analysis.

7.1. Simple hyperbolic points

Suppose that —7 is a simple eigenvalue of A(p, @ Thus, in the vicinity of (p, §, 0),
iA(p, &) 4+ pB(p, €) has a simple eigenvalue

iXp, & p), with 7+ A(p, £ 0)=0. (7.1)
Moreover, by Assumption (H4),

ImA(p,&,0) =0, 9,ImA(p, g 0) < (7.2)
In a neighborhood of (p, g ,0), the eigenvalue H(p, (, p) close to p are j1 = i€ where

€ solves
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The easiest case occurs when § is a simple root of this equation at the base point
(P é, 0), that is when

B = 0, \(p,€,0) #0. (7.4)

Note that 5 € R. In this case, (7, £ ) is called a simple hyperbolic characteristic point.

The condition (7.4) implies that there is a simple eigenvalue p(p, ¢, p) of H(p, ¢, p)
such that

w(p,¢,0) = p, (7.5)
sign d,Re p(p, é, 0) = sign 95Re pu(p, é, 0) = —sign S. (7.6)
From that, we see that the invariant space Ex(p, ¢, p) has dimension equal to one,

and that

E; =E, Ef={0}, when §>0, -
E, = {0}, E} =R, when [ < 0. '

Moreover, H,, is the multiplication by y, and therefore, K-families of symmetrizers

for Hy are multiplications by
Yr=-1 when > 0,
: ) (7.5)
Yi =K when [ < 0.

7.2. Simple glancing modes

We still assume that —7 is a simple eigenvalue but that (7.4) is not satisfied. In
geometric optics which applies to the analysis of propagation of singularities or
oscillations, VeA(p,&,0) is the group velocity at frequency &, and the lines z +
tVeA(p, €, 0) are the rays of propagation (the equation has constant coefficients). The
condition J¢, A = 0 means that the corresponding ray is parallel to the boundary, it
is called a glancing and we say that (7, f) is a glancing mode.

The simplest case occurs when -

aﬁd)‘(@ g? O) =0, B:= 8,52d)‘(£7 g? 0) # 0. (7'9>

In this case, one can show that dim[E, = 2 and that in a smooth basis H, has the
form

Hy = i€ Jd +i (Z é) (7.10)
with

a(B?é? 0) - b(B?éﬂ 0) =0, ( )
Ima=Imb=0  when §=p=0, (7.12)
(7.13)
(7.14)

O;Imb # 0, 0,Imb # 0,
sign 0sIm b = sign d,Im b = sign 3.

The prototype for Hy at p = 2 ¢ = (4, 7,%) and p = 0 is

H = <_%7 6) : (7.15)
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For 4 > 0 the invariant spaces are

E- =C (;) . E*=C (jﬂ) (7.16)

where 1 is the square root of —i(3% such that Re u < 0. Note that these spaces have
the same limit as ¥ — 0. Hence, the spectral projections are not uniformly bounded
so that they cannot be used simultaneously in the construction of symmetrizers.
However, Theorem 6.11 clearly imposes the choice

E- —C (é) (7.17)

which we supplement with

Et=C (?) . (7.18)

Using Taylor expansions at ¥ =0 and p =0
Hy. = Gy + 3Gy + pGo.
The symmetrizers are constructed as

IS AP DAY 3l

k_ [07 €
5-(7 )
with o"(p, 7,7) real, vanishing at (p,7,7), and € € {—1,+41} to be chosen later. In
particular, with E* as above, there holds at (ps é ):

The first term is searched as

(5w, u) > (k= Duaf* — Jua*.

Thus, the condition (6.34) will be satisfied with m(x) = k — 2 on a small neighbor-
hood of (p, {). The function ¢* is determined by requiring that

Re $5Go = 0.

Denoting by ag and by the restrictions of a and b respectively at ¥ = p = 0, which
are real by (7.12), the condition above reads

o" = eag + Kbg.

Next, 3§ and X5 are searched under the form

Z=i <—gf Uof> , Ep =t (—2—; ?)
with of and o4 real. Since
Re X Hy = 4Re (B5G + X5Go) + pRe (S6Ga + S5Go) + O(F% + p?),
for the condition (6.32) to be satisfied on a neigborhood of (p, é ), it is sufficient that
Re (X5G1 + X7Gp) >0 and Re(E;Ga + X5Gg) > 0
at the base point. There,

N K41 0 [ ae 0
a3 0). (i )
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with Im b; # 0 and Im b, # 0, having the same sign as (3. At the base point,

Re (S5Gh + X5Gy) = Re ( by 0 ) ,

ieay + ikby  of

Choosing ¢ = —sign # and o} large enough this matrix is definite positive. Proceed-
ing similarly for of, this finishes the construction of a K-family of symmetrizers.
Note that the condition (7.14) is essential for the simultaneous construction of Xf
and Xf.

7.3. Hyperbolic modes with constant multiplicity

We suppose here that for (p, ) near (p, § ), A(p, &) has a smooth real and semi-simple

eigenvalue A(p, &) of constant multiplicity m, such that
74+ A(p, &) =0. (7.19)

This eigenvalue has a complex analytic extension in &, near § . We further assume
that this mode in nonglancing, that is

B =9 A(p,§) # 0. (7.20)

In this case, near (p, g, 0), iA(p, ) + pB(p, €) has an invariant space E of dimension
m and its restriction to this space has the form

iXp, O1d + pB*(p, &, p). (7.21)
Moreover, Assumption (H4) implies that the spectrum of B*(p, £,0) is contained in
the right half plane {Re p > 0}. )
For (p, ¢) near (p, (), the equation in &
has a unique solution near § and pu(p, ¢) = i€y is a semi-simple eigenvalue of Hy(p, ¢)
with u(p, () = .- Thus

Hi(p, ¢, p) = u(p, Old + pB’(p,C, p). (7.23)
Moreover, denoting by € the sign of 3, there holds
Repu(p, () =0 when 5 =0, (7.24)
sign 0sRe u(p, {) = —e, (7.25)
spectrum B’(p,{) C {—eReu > 0}. (7.26)

This implies that
E, =E,, E/=/{0}, when €= +1,

7.27
E, = {0}, Ef =E,, when €= —1. (7.27)

By Lemma 6.4, there is a smooth symmetric definite positive matrix S(p, ¢, p) on Ej
such that —eSB’ is definite positive. Therefore, a smooth K-family of symmetrizers
is

Yp=-S when (>0,

Yp=kS when [ <0. (7.28)
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7.4. Smoothly diagonalizable hyperbolic modes

Consider here the more general situation where —7 is a semi-simple eigenvalue of

A(p, §V) of mutliplicity m and A(p, ) has, near (p, g), m smooth eigenvalues \;(p, §),
such that

7+ Ai(p,§) =0. (7.29)

We further assume that there exist m smooth eigenvectors, e;(p, ), linearly inde-
pendent:

Ap, €)e;(p, €) = Ai(p, §)e;(p, §). (7.30)

We assume that the A;’s and e;’s have complex analytic extension in £, near § . We
denote by ¢; a dual basis of left eigenvectors:

Li(p, A, §) = A\j(p, )t (p, &), Lj-ej =105 (7.31)

Thus, near (p, §V, 0), iA(p, ) + pB(p, €) has an invariant space E of dimension m and
its restriction to this space has the form

idiag{\;(p, &)} + pB*(p, €, ). (7.32)

Moreover, Assumption (H4) implies that the spectrum of B*(p, £,0) is contained in
the right half plane {Re p > 0}.
Assume that none of the mode in glancing, that is

Vi, B; =0, Ai(p. &) #0. (7.33)

7.4.1. The inviscid case

In the inviscid case, which corresponds exactly to the case p = 0, the analysis is

parallel to the constant multiplicity case. For (p, ) near (p, (), the equations in &,
have unique solutions &4 ;(p, ¢) near § which define eigenvalues p;(p, ¢) of Hy(p, <)
with u(p, () = H,.- Moreover the

6?(]?, C) = ej(p7 777 éd,j(pa é))

are eigenvectors of Hy(p, () associated to the eigenvalues 1;, and there are linearly
independent near (p, ¢). Thus

Hi(p, ¢, 0) = diag{p;(p, )} (7.34)
As above, denoting by ¢; the sign of 3;, there holds

Rep;(p.() =0 when 5 =0,

sign OsRe 11;(p, ¢) = —¢;.
This implies that
E, = span{ez € =~+1},

, (7.35)
E; =span{e} : ¢; = —1}.
One obtains a smooth K-family of symmetrizers setting
¥ = diag{o}} (7.36)
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with
{ —1 when ¢; = +1,

K when ¢; = —1.

(7.37)

7.4.2. The viscous case

The viscous case is much more delicate. In the basis eg» there holds

Hy.(p, ¢, p) = diag{p;(p,C)} + pB’(p. C, p). (7.38)

In general, B* is a full matrix and, if the B;’s have different signs, the real part of
eigenvalues of B” have different signs. As seen in (7.36), the symmetrizers ¥* do
not give the same weight to indices with positive and negative €;. This leads to
impose a natural decoupling condition, which means that all the entries Bb o of B’
with €; # €;/, vanish. But this condition is not yet sufficient: for instance, 1f all the
¢;’s are equal, the diagonal form (7.36) is necessary to symmetrize dlag{u]} On
the other hand, the spectral condition on B* is too weak to ensure the existence of
a symmetrizer of B° having this diagonal form. This leads to a second condition,
which requires that there exists a basis {e;} adapted to B* (see Definition 8.8 below).
These questions will be discussed in Section 8.2 below.

7.5. Totally nonglancing modes and symmetrizable systems

Proposition 7.1 ([GMWZ6)). Suppose that the system is symmetric in the sense of
Definition 2.5. Then, there are K-families of symmetrizers for Hy, if either B, = Ey,
or E, = {0}.

Proof. By symmetry, —7 is a semi-simple eigenvalue of A(p, g), say of multiplicity
m. In [MéZu2], it is proved that the assumption on E, implies that the multiplicity
of p, as an eigenvalue of Hy(p, ¢) = H(p,¢,0) is equal to m. Denote by Vi, a N x m
matrix the columns of which form a basis of Ey, so that Eg(p, ¢, p) = Vi(p, ¢, p)C™
Thus
Vil = HV}. (7.39)
By assumption, there is a definite positive matrix S(p) such that the SA; and
SB,, are symmetric.

Lemma 7.2. The symmetric matriz

is a symmetrizer for Hy, on a neighborhood of (p é, 0). More precisely, there holds

with $1(p, €, 0) and s(p, ¢, 0) definite positive.

In addition, ¥(p, (,0) is definite positive [resp. negative] when E, = Ej [resp.

Ey ={0}/
Proof. According to (6.24), there holds
H(p, ¢, p) = Ho(p,C) + pH'(p,C, ).
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Using (7.39) and the definition (4.12) of Hy, one obtains the identity (7.41) with
Ry = V'SV, (7.42)
Ry = V' (Re SAH') V.. (7.43)
Because S is definite positive, R; also has this property. Next, Lemma 8.24 implies
that H'(p, (,0) = —H,(p, ¢) with H; given by (8.52). Since Hy(p, ¢) = ppld = —i&,1d
on Eyx(p, é, 0), there holds

H'(p, ¢,0)Vi(p, ¢, 0) = =47 (p) B(p, §).
Therefore, at the base point (p, cz,0), there holds

Ry(p,cz,0) = Vi’ (Re SB) V.

The symmetry assumption implies that SB is definite positive on the space Ey(p, é ,0)

ker(A(p, {)+71d), implying that R; is definite positive at (p, cz,0), hence on a neigh-
borhood of that point.

That Y(p,(,0) is definite positive [resp. negative] when the mode is totally in-
coming [resp. outgoing] is proved in [MéZu2]. O

This implies that

o hI in the incoming case,
Xk = { kY,  in the outgoing case. (7.44)
are K-familes of symmetrizers for Hj.
O

8. Main results from [MéZu2] and [GMWZ6]

The reader is refereed to [MéZu2] and [GMWZ6| for complete proofs of the results
quoted in this section.

8.1. Hyperbolic multiple roots

We first recall several notations and definitions concerning the characteristic roots
of the hyperbolic part L. For simplicity, we suppose, as we may, that the coefficient
of 8 is Ay = Id, so that, with notations (2.4), L = L. The characteristic determinant
is denoted by

A(p,1,§) = det(rld + A(p, §)). (8.1)

Definition 8.1. Consider a root (p,7,&) of A(p,7,£)) = 0, of algebraic multiplicity
m in T.

i) (p,7,§) is algebraically regular, if on a neighborhood w of (p,§) there are m
smooth real functions \j(p,§), analytic in &, such that \;(p,§) = —1 and for (p,§) €

W
m

A(p,7,8) =e(p,7,8) H (7’ + A (p, f)) (8.2)

j=1

where e is a polynomial in T with smooth coefficients such that e(p,7,&) # 0.
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i) (p,7,§) is geometrically reqular if in addition there are m smooth functions
e;(p, &) on w with values in CV, analytic in &, such that

A(p, §)ei(p, ) = Ai(p, §)e;(p, €), (8.3)

and the ey, ..., ey, are linearly independent.
i) (p,7,&) is semi-simple with constant multiplicity if all the A\;’s are equal.

Case i) occurs when A(p, ) is a continuous semi-simple eigenvalue of A(p,§)
with constant multiplicity near (p,&), such 7 + A(p,§) = 0. This implies that A is
smooth and analytic in £ as well as the eigenspace ker(A — A). In this case, one can
choose for {e;} any smooth basis of of this eigenspace.

If all the roots at (p, &) are geometrically regular, then, locally near (p, &), A(p,§)
is smoothly diagonalizable, meaning that it has a smooth basis of eigenvectors.

Example 8.2. For the inviscid MHD, the multiple eigenvalues are algebraically
regular, but some are not geometrically regular (see [MéZu2]).

The second notion which plays an important role in the analysis of hyperbolic
boundary value problems is the notion of glancing modes . Recall from [MéZu2| the
following definition. If 7 is a root of multiplicity m of the polynomial A(p, -, &), then
by hyperbolicity, the Taylor expansion of A at (p,7,&) at the order m — 1 vanishes
so that

Alp, 7+ 7,6 +&) = Ay (1,6) + O(|7, ™) (8.4)
and A,, is homogeneous of degree m. Moreover, A,, is hyperbolic in the time direc-
tion. Indeed, any direction of hyperbolicity for A(p, -) is a direction of hyperbolicity
for A,,. Denote by ', the open convex cone of hyperbolic directions fot A,, which
contains dt.

Definition 8.3. The root (p,7,§) of A, of multiplicity m, is said nonglancing when
the boundary is noncharacteristic for A.

It is totally incoming [resp. outgoing] when the inward [resp. outward] conormal
to the boundary belongs to I, .

It is totally nonglancing if is either totally incoming or totally outgoing.

Example 8.4. This definition agrees with the usual one for simple roots, given by
T+ A(p, &) = 0. In this case 0, + VA - 0, is is the Hamiltonian transport field for
the propagation of singularities or oscillations and the glancing condition d¢,A = 0
precisely means that the field is tangent to the boundary. More generally, if the root
(p,T,€) of A is algebraically regular, then, with notations as in (8.2)

A, (r &) =elp. T, [T (T +€- Vel ©)). (8.5)

j=1

The mode is nonglancing if none of the tangential speed O, \;(p,§) vanish. It is
totally incoming [resp. outgoing] if they all are positive [resp. negative]. In particular,
in the constant multiplicity case, all the A\; are equal and they are all glancing,
incoming or outgoing at the same time.

In the study of boundary value problems, the dichotomy incoming vs outgoing
plays a crucial role: for instance, for transport equations one boundary condition is
needed in the first case and none in the second. The symmetrizers are constructed
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in opposite ways. The general Kreiss construction also reflects this dichotomy. In-
troduce the following definition:

Definition 8.5. Suppose that (p,7,§) is an algebraically regular root of A. With
notations as in (8.2), denote by v; the order of §, as a root of order of the equation
T+ NP, &8, 15 ) =0, that is the positive integer such that

1,
D Ni(p,§) =0 fora<wy; and f;:= Qa "Ni(p,§) # 0. (8.6)

We say that \; is of type I when either v; is even or v; is odd and 3; > 0. It is
of type O when v; is odd and 3; < 0.
We denote by Jo [resp. J;] the set of indices j of the corresponding type.

Remark 8.6. When (p, 7, §) is non glancing, then the all the v; are equal to 1, and
being of type I [resp. type O] means to be incoming [resp. outgoing]. They are all
of the same type exactly when the mode is totally nonglancing.

Remark 8.7. The details of the construction of Kreiss’ symmetrizers depend strongly
on being of type I or O, see [Kre, ChPi, Mét4]. There are no reason other than tech-
nical why even roots are of type I rather than O.

8.2. The decoupling condition

The spectral properties of A(£) are modified by the perturbation B. In particular,
since the construction of symmetrizers depends deeply on the property of being in-
coming/outgoing, it is very important that the perturbation respects the decoupling
between the different type of modes.

Definition 8.8. Suppose that (p,7,§) is a geometrically regular root of A of order

m. Consider a basis {e;} as in (8.3) and dual left eigenvectors {; such that

G(rId+ A(p, &) =0, £ ej(p, &) = ;- (8.7)
Consider the m x m matriz with entries
By = L;B(p.Oey (1.8). (8.8)
i) We say that the decoupling condition is satisfied if
Bl =0 when (j,5') € (Jox Jr)U(J; x Jo) (8.9)

where Jy and J; are introduced in Definition 8.5.
i) We say that the basis {e;} is adapted to B if

Re B* > 0. (8.10)

Definition 8.9. We say that the root (p,T,&) of A satisfies the condition (BS) if it
is a geometrically regular root, it satisfies the decoupling condition (8.9) and there
is an eigenbasis {e;} adapted to B.

We give now several examples and counterexamples.

Theorem 8.10 (Constant multiplicity). Suppose that (p,1,§) is a semi-simple char-
acteristic root with constant multiplicity of A. Then the condition (BS) is satisfied.
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Proof. For semi-simple characteristic root A with constant multiplicity either Jo or
Jr is empty so that the decoupling condition (8.9) is trivially satisified. Moreover,
it is proved in [MéZul] that (H1) implies that the spectrum of B* is located in
{Rez > 0}. Thus there is a basis {¢;} in ker(A(p,§) + zId) such that Re B is
definite positive. Next, since any smooth basis {e;} in ker(A — ) satisfies (8.3), one

can choose it such that e;(p,§) = ¢;. O

Proposition 8.11 (Artificial viscosity). Suppose that (p,T,&) is geometrically reg-
ular for iA + B in the sense that there are m smooth functions Ai(p, & p) and m
linearly independent smooth vectors e;(p, &, p) on a neighborhood of (p,§, p), analytic
in &, such that \j(p,£,0) = —1 for all j and

(iA(p, &) + pB(0,€) ) e;(p. &, p) = iN(D, € P)ej (0, €, p)- (8.11)
Then, the decoupling condition is satisfied and the basis {e;j,=0} is adapted to B.

Proof. Alternately, differentiating (8.3) with respect to p and multiplying on the left
by £/, implies that B§,7j = 0 when j # j'. Moreover, (H1) implies that Bg,j >0. O

For example, if (p,1,&) is geometrically regular for A in the sense of Definition
8.1 and if B = A,Id is an artificial viscosity, then (p,7,&) is geometrically regular
for ¢A + B. However, this condition is too restrictive for applications, in particular
when A and B do not commute.

Example 8.12. If the root is totally nonglancing, then the decoupling condition is
trivially satisfied since either J; or Jp is empty. This applies to fast shocks in MHD.

Counter example 8.13. Slow shocks in MHD do not satisfy the decoupling con-
dition, see [GMWZ6].

The decoupling condition is crucial in the construction of symmetrizers. The sec-
ond condition (8.10) is more technical. One could expect that with the positivity
Assumption (H1), one could always find an adapted basis. This is not clear, except
for mutliplicity 2 or symmetric systems.

Proposition 8.14. Suppose that (p,7,§) is geometrically reqular of multiplicity m.
Assume that either m = 2 or that the symmetry assumption (H1’) is satisfied. There
is a basis {e;} adapted to B.

If in addition all the eigenvalues \; are of the same type O or I, then the condition
(BS) is satisfied.

Finally, we recall from [GMWZ6] that the decoupling condition is necessary for
the existence of K-family of symmetrizers and even more, for the continuity of the
negative space [, .

Theorem 8.15. Suppose that (p, 7, §) 1s geometrically regular and nonglancing and
suppose that there ezist j € J; and j' € Jo such that

#
B, #0. (8.12)
Then the negative space E;; (p, ¢, p) has no limit as (¢, p) — (g, 0).

In particular, there are no smooth K -families of symmetrizers for Hy, near (p, g)
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8.3. The hyperbolic block structure condition

We turn back to the construction of symmetrizers for nonelliptic blocks Hj in the
splitting (6.28). The construction of K-families is performed in [MéZul] provided
that H; can be put in a suitable normal form. This is the so called block structure
condition. We first review this condition in the hyperbolic case, and next extend it
to the hyperbolic-parabolic case.

Consider p and a frequency é = (7,1,0) # 0 and a purely imaginary eigenvalue
(6.31) p, = iéd of Hoy(p, (). Let £ = (1, éd). Then (p, 7, €) is a oot of A. We consider
the block Hj associated to , and denote by Ej the corresponding invariant space
of H. We use the notations Hy (p, ¢) = Hi(p,(,0) and Ego(p, ¢) = Ex(p, ¢, 0).

Definition 8.16. ]:Ikp has the block structure property near (p, é) if there exists a

smooth invertible matriz Vi, o on a neighborhood of that point such that ijolﬁfmvk,g
18 block diagonal,

Q1 0
VioHeoVio=1{ 0 . 0 |, (8.13)
0 Qv
with diagonal blocks Q); of size vj X v; such that :

Q;(p, Q) has purely imaginary coefficients when 5 = 0,
0 1 0

x 0 O

Qj(p,¢) = p, Id +i , (8.14)

0
1
0
and the real part of the lower left hand corner of 05Q;(p, (), denoted by q;, does not

vanish.

When v; = 1, Q;(p,() is a scalar. In this case, (8.14) has to be understood as
Q;(p,¢) = p,, with no Jordan’s block. The lower left hand corner of the matrix is

(); itself and the condition reads qg = 05Q;(p, é) # 0.

Proposition 8.17 ([MéZu2]). If the root (p,7,£) is geometrically regular in the
sense of Definition 8.1, the corresponding block Hk,o satisfies the block structure
condition.

Conversely, if H ko satisfies the block structure condition with matrices V' that are
real analytic in C, then the root (p. T, §) 1s geometrically regular.

Remark 8.18. There is a slight discrepancy here between the necessary and the
sufficient condition, due to analyticity conditions. Definition 8.1 requires analyticity
in €. This is used in the proof of sufficiency. In addition, it implies that the block
structure condition holds with matrices V' that are real analytic in (. Thus, there is
an “if and only if” theorem. However, for the construction of symmetrizers, analyt-
icity of V} is not needed, this is why we do not insist on it in the definition above.
In addition, note that for fixed p, the existence of C* eigenvalues and eigenvectors
for A, implies that these eigenvalues are real analytic in £ and that one can choose
analytic eigenvectors (see e.g [Shi, Mal]). The question is to control the domain of
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analyticity as p varies. In applications, for this problem, proving analyticity is not
harder than proving the C'*° smoothness.

To prepare the hyperbolic-parabolic analysis, we have to review the proof of
Proposition 8.17. In particular, we reformulate the conditions of Definition 8.16
in a more intrinsic way. The choice of a smooth matrix V} o is equivalent to the
choice of a smooth basis of Ey g, denoted by {(;(p, ) }1<j<m’ 1<a<s,. The property
(8.14) reads

(Ho(p,{) — p1,)@ja(p, ¢) =0, (8.15)
(Ho(p, ©) = 1,)¢5.0(0:C) = ips0-1(p,,C)s 2 < a< vy (8.16)
With (6.29), there is a unique smooth dual basis 1; ,(p, ¢) such that
LB =0,
Via Ero (8.17)

wj,a . SOj/’a/ = 5j,j’5a,a"
Here, [}, ; denotes the invariant space of Hy(p, ¢) such that CN = Ero © Epo- It is
the sum of invariant subspaces associated to eigenvalues Ky #* By -

In the basis ¢, 4, the entries of the matrix ijolﬁk,ovm are ;. Hopj o The diag-
onal block structure means that

ViaHopyw =0 when j#j. (8.18)
The other conditions read:

Re (¢ Hopja) =0 when 5 =0, (8.19)

Re 85 (¥, Howj 1) (p: O) # 0. (8.20)

We first show how to compute this quantity in terms of A only.

Lemma 8.19. Suppose that Hk,o has a block diagonal decomposition (8.13) in a
smooth basis ;. of Ex(p, ,0) which satisfies (8.15) (8.16). Let V;q denote a dual
basis satisfying (8.17). The lower left hand corner entry of 05Q;(p, é) 15 equal to the
lower left hand corner entry of —i0:Q;(p, g) and equal to

=~ (,0) A7 (D) @51 (p, ). (8.21)

Proof. Let Hy = Ho(g,é). Then H, —
(8.16), this implies that

w, is invertible on [Ej (p ,¢). With (8.15)

range(Hy — 1, 1d) = {1, (2, Q) - - - Y, , (0, O} (8.22)

ker (Ho — 11,1d) = {1.1(1,0), .., 0w (0, O)}. (8.23)
In particular,

(ﬂo - Ekld> i1 =0 and ¢, (ﬂo - gkld) = 0. (8.24)

The entry in consideration is

63(p, Q) = Wi, Hopsn = Gy, (Ho = p,1d) 051 + 1,00, 1.
Therefore, differentiating in ¥ and 7 and using (4.12), implies that
0545(p, ¢) = ~i0:q;(p,C) = q, (8.25)
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is given by (8.21). O

We now discuss how much flexibility there is in the choice of the basis ¢;,. Recall
that we are considering a purely imaginary eigenvalue p, = i¢, of Hy (p, (), so that
—7 is an eigenvalue ) of A(p, ) with £ = (1, gd).

Lemma 8.20. Suppose that I:Ikp has the block structure property near (p, é) m oa
smooth basis ;. and denote by ;. the dual basis (8.17). Then,

i) A is a semi-simple eigenvalue of A(p, @ with multiplicity m equal to the number
m’ of blocks Q;,

ii) on a neighborhood of (p,§), there are m smooth eigenvalues \;(p,€) of A(p,€)

and m smooth linearly independent eigenvectors e;(p, f), such that

2i(p,€) = A, (8.26)
A(p, §)ej(p,§) = Ai(p, §)e;(p. §), (8.27)
€;j (}2; g) = @j,l(ga §>7 (828)

ii1) the order 0f§d as a root of T+ Aj(p,1,-) = 0 is equal to v;,
) denoting by {£;} the left eigenvector dual basis of {e;} as in (8.7), there holds

LiAa(p) = Bivjw, (p. ©)- (8.29)
with B; := ﬁ@g)\j@,g) as in (8.6),
v) the lower left hand corner entry of 05Q;(p, ) is
g,=-1/8 €R. (8.30)

Proof. a) Define ¢;,, = ¢;,. and for a < v;

@j,a(pa C) =—1t (HO(pa g) - Hk)@j,uj- (831)
By (8.13)(8.14), there holds

@j,a(ﬂv é) = goj,a(ga Q (832)
Moreover, in the new basis ¢, ,, the matrix of ); has the form
x 1 0
=i ldti|s O T Of 8.33
@ =1, « 0 ... 1 (8:33)
x 0 0

Thanks to (8.32), the dual basis {1);,} associated to {(;,} also satisfies 1, .(p, {) =

¥;.a(p, ). This implies that the lower left hand corner of 05Q;(p, ) is unchanged in
the new basis.

b) Consider the determinant
Aj(p, €, 6a) = det (&1d +iQ;(p, C)).-

It is independent of the basis {1;,} or {t;4}. Thus, it is real when ¥ = 0 and
vanishes at (p, ¢,§,). Moreover, (8.14) implies that

9:A;(p, é’ ) = 4

[-48



As a byproduct, using also (8.25) this shows that
q; €R thus ¢ =Req, = q; # 0. (8.34)

In particular, the implicit function theorem implies that there is a smooth function
Aj(p, §), in a real neighborhood of (p, ), such that A;(p,§) = —7 and for ¢ = (7,7, 0):

Aj(p, ¢ ) = a;(p, (&) (F + N(p, ©)) (8.35)
with a;(p, ¢, gd) # 0.
c) Consider next the eigenvector equation
(&ald +iQ;(p, ) )e; = 0. (8.36)

By (8.33), in the basis {@j,a}, the v; — 1 first equations determine the last v; — 1
components of e;

(€j)a = (éa— §d)a_1(€j)1; a>2. (8.37)
Substituting these values, the last equation is a scalar equation equivalent to A; = 0.
Introduce

Cj(pﬂ?ag) = ( - )‘j(pa 5)77770>7
and

ei(p,€) = &ia(p, C) + Z (&= € " @jalp: C) (8.38)
This vector is smooth and satisfies (8.36), thus
(Ap, ©) = Xi(p, 1) e;(p, &) = Aa(p) (iHo(p, ) + Eald ) e (p, §) = 0.
Moreover, the e;(p,€) = ¢;1(p, {) are linearly independent.
d) By (8.35), for { = (7,%,0), there holds
det (71d + A(p, €)) = det(Aq) det (iHo(p, ) + &ald)
alp, 7€) ﬁ (7 + 2 (.9)

where a(p, 7, g) # 0 and m’ is the number of blocks ();. This shows that —7 is an

eigenvalue of algebraic order m' of A(p, § ). By step ¢), the geometric multiplicity is
at least m’, implying that —7 is semi-simple of order m/.
Moreover, by (8.15), there holds

Aj <B7 §7 éd) = (éd - §d>1jj7
showing that §d is a root of multiplicity v; of A;, thus of 7 + A;(p, 7, £) =
e) Let {; satisfy (8.7). Thus

Range(]:lo(g, ¢) - Hkld) A7
= AEI(B>{€17 s 7£m}L'
Comparing with (8.22), this implies that

span{z/zj v, (D 0),1<j< m} = span{ﬁj, 1<j< m}. (8.39)
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For a € {1,...,v;}, introduce

1 )
Ca= (a0 28 (8.40)

Because éd is a root of order v; of 7 + \;(p,7,€) = 0, the definition (8.38) implies
that

€ja = Pia(p, Q) = jalp, ) for 1 <a<u;
In particular, (8.17) implies that

wj’,l/j/ (B? Q "Civ; = ¢j’,uj/ (B7 é) 27 (£7 é) = (5]‘,]". (841)
Differentiating the equation
(A(?% £) = Ai(p. 5))%‘(?, §) =0 (8.42)

with respect to &; and at order v; yields

(F1d + A(p, ©)) 9 e;(p. &) = —v;Adp)IE " e;(p, &) + 0 X (0, e (0, §).
Multiplying on the left by £; annihilates the left hand side, implying

L Aa(p)eju; (0 Q) = Bily - ¢5(p,€) = Bidy .
By (8.39), the £;A; and ¢;,, span the same space. , Therefore, comparing with
(8.41) implies that £, A4(p) = Bitjr ., (p é)
f) By (8.21) and (8.29), we have

—Bid; = L031(p, ) = Gej(p.§) = 1.

The proof of the lemma is complete. OJ

Remark 8.21. This lemma is a variation on the necessary part in Proposition 8.17
(see [MéZu2]), with useful additional remarks. It shows that the block structure
condition is closely related to a smooth diagonalisation of A. Conversely, if one
starts from a smooth basis e; and a root of 7 + \;(p,€) with (8.6), one constructs
a basis ¢;, such that ¢;,(p,¢) is given by (8.40), using an holomorphic extension
of e; to complex values of &; (see [MéZu2]). Lemma 8.20 implies that the change of
bases which preserve the block structure form are linked to change of bases which
preserve the smooth diagonalization of A.

The construction of K-families of symmetrizers for the blocks ), is performed
in [Kre, Majl, Mét4]. The sign of 3; and the parity of v; play an important role.
Hyperbolicity implies that Hy and thus the Hj and (); have no purely imaginary
eigenvalues when ¥ > 0. Denote by Eq, the invariant space of (), associated to the

spectrum in {Rep < 0} since the definition of the limiting space Eg,. Recall that

the limit space at (p, () is

Eg, = C% x {0} (8-43)
with
vj/2 when v; is even,
yj’. =< (vj+1)/2  when v; is odd and §; > 0, (8.44)

(vj —1)/2  when v; is odd and §; < 0.
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Remark 8.22. As a corollary, we have the following characterization of the sets J
and Jr:

jeJr if v;iseven or v; is odd and ¢, < 0,
{ b g I (8.45)

jeJo if vjis oddcmdq;>0.

8.4. The hyperbolic-parabolic case

We still consider a block Hj, associated to a purely imaginary eigenvalue (6.31). In
the next section, we show that the following technical conditions are the natural
ones for the construction of Kreiss symmetrizers.

Definition 8.23. Hj, has the generalized block structure property near (p, g, 0) of
there exists a smooth invertible matrixz Vi, on a neighborhood of that point such that

Q. - 0 Bl,l BLm
VilHiVie=| = - 1 | 4p| ot (8.46)
0 e Qm Bm,l o Bm,m
where the Q;(p, C) satisfy the properties of Definition 8.16. Moreover, the m X m
matriz B’ with entries B;,j, equal to the lower left hand corner of Bj j/(p, g, 0) sat-
isfies
Bl =0 when (j,5) € (Jox Jr)U(Jr x Jo) (8.47)
where Jo and J; are defined by (8.45) and there is a real diagonal matriz D°, with
entries d? such that

diq; >0, ReD'B’>0. (8.48)
We show that these conditions are related to the condition (BS) of Definition 8.9

formulated on the original system. We need first a more detailed form of the block
reduction H in (4.16). Introduce the following notations:

d—1
B..(p.Q) = > mimkBjk(p), (8.49)
jk=1
d—1
B.a(p,Q) =3 nj(Bja(p) + Ba;(p)). (8.50)
j=1
Lemma 8.24. One can choose the matriz V' in (4.16) such that there holds
where
Hy = A7 (B*,* —iB.4Hy — Bd,dﬂg). (8.52)

Proof. Direct computations show that the kernel of G(p,0) is C¥ x {0} and, using
that A, is invertible, that ker G(p,0) Nrange G(p,0) = {0}. This shows that 0 is a
semi-simple eigenvalue of G(p,0).

If it is a purely imaginary eigenvalue of G(p, 0), then 0 is an eigenvalue of i A(p, )+
B(p, &) with £ = (0, —iu). By Assumption (H1) this requires that £ = 0, thus g = 0.
This shows that the nonvanishing eigenvalues of G(p,0) are not on the imaginary
axis.
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This implies that there is a smooth matrix V(p, () on a neighborhood of (p,0)
such that (4.16) holds with H(p,0) = 0 and P(p,0) invertible with no eigenvalue on
the imaginary axis.

The image of the first N columns of V' is the invariant space of GG, and H is the
restriction of G to that space. At ( = 0 this space is ker G, and performing a smooth
change of basis in C, we can always assume that the first N columns of V are of
the form

IdN><N

Viip,¢) = 8.53
I(p C) <W(p, C)) ( )

with W of size N? x N vanishing at ¢ = 0. This implies (4.18).

By (4.16) GV; = V;H, hence MV; = G4ViH and
M=-AH + B,WH, W =JH.
Therefore, B

M= —-AH + ByJH? = —AH + By ,H*. (8.54)

Taking the first order term at ( = 0 shows that the first order term in Hy in H

satisfies
d—1

(i +y)Id+ > in;A; = —Aa(p)Hy

j=1
and hence is given by (4.12). The second order term H; in H satsifies

B..=—AqH, +iB. Hy + BgaJH}
implying (8.51) and (8.52). O

Parallel to Lemma 8.19, we can now state:

Lemma 8.25. Suppose that the matriz of Hy, is given by the right hand side of (8.46)
in a smooth basis ;. of Ex(p,(, p) which satisfies (8.15) and (8.16) for p = 0. Let
{¢;} denote the dual basis of {e; = p;1} satisfying (8.7). The entries of B* are

1 ; )
@wz—g&B@@wm@ﬁﬁ) (8.55)
J

Proof. In the block reduction (8.46), the lower left hand corner entry of the (j,7')-
block is

hyj = Vi Hopn = by, (H — )i+ 0550
Differentiating in p and using the relations (8.24) yields

—B;,j’ = aphj,j’ (B, é, O) = _gj,ljj B(Q, é) fj,l’
where wj ~and P4 stand for the evaluation at (p, ¢, 0) of the corresponding function.
7,V L9, /2

Using the explicit form of B and the relations
ﬂofj’l = igdfj’17 ,Qb HO = ngw

Vi — *j:yj
we obtain
~ _ . - . 2
%j,ujB(B’ g)fjjl = yjyl/jAd 1 <B*,*(p7 Q) + §dB*;d(£’ ﬂ) + gdde(p))ng’l
=v,,. B¢,
With (8.29), this implies (8.55). O
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Theorem 8.26. If (p, 7, g) 1s a geometrically reqular characteristic root of A which

satisfies the condition (BS) of Definition 8.9. Then the associated block H,, satisfies
the generalized block structure condition.

Proof. Since (p, T, 5) is geometrically regular, the hyperbolic part H k0 satisfies the
block structure condition. Moreover, if e; is a basis analytic in &, there is a basis
©j.q such that ¢;,(p, () = e;(p, €) (see Remark 8.21 or [MéZu2]). By Lemma 8.25,
(8.9) is equivalent to (8.47).

If once can choose the basis {e;} such that (8.10) holds, then choose d} = —f3;
and by (8.30) and (8.55) there holds d’¢} = 1 so that DB” = B* satisfies (8.48). [

Remark 8.27. Conversely, if the generalized block structure condition holds with
matrices Vi which are real analytic in ¢, then, by Proposition 8.17 (p,7,§) is geo-
metrically regular. By (8.55), (8.47) is equivalent to the decoupling condition (8.9).
Moreover, (8.48) implies that there is a diagonal matrix with positive entries dg- =
> /¢; such that Re D*B* > 0. Consider the diagonal matrix C' = (D¥)~"/2 = diag(c;)
and the new basis €¢; = c¢;je;. The new dual basis is ZJ = cj_lgj and the new matrix
Bt is C"'B!C' = CD!B!C and therefore Re Bf = CRe (D!B*)C is definite positive.

8.5. Existence of K-families of symmetrizers
We can now state the main results of [MéZu2] and [GMWZ6].

Theorem 8.28. Suppose that the Assumptions of Section 2 are satisfied. Assume
further that one of the following two condition is satisfied:

i) all the real characteristic roots (p,7,&) with || = 1 satisfy the condition (BS)
of Definition 8.9.

ii) the system is symmetric dissipative in the sense of Definition 2.5 and the
real characteristic roots (p,7,£) with |{| = 1 are either totally nonglancing in the
sense of Definition 8.3 or satisfy the condition (BS) of Definition 8.9.

Then, for allé € gi, there exist K-families of smooth symmetrizers for H(p,(, p)
near (p, g, 0).

Recall that Theorem 8.10 gives sufficient conditions for the condition (BS) to be
satisfied. In particular, there holds

Corollary 8.29. Suppose that the full system (2.1) is symmetric dispersive in the
sense of Definition 2.5. Suppose in addition that the eigenvalues of the inviscid
system are either semi-simple with constant multiplicity or totally nonglancing in the
sense of Definition 8.3. Then, there are K-families of symmetrizers for the associated
reduced system H.

Finally, we recall that the existence of a K-family of symmetrizers implies that
the maximal estimates are satisfied when the uniform spectral stability condition is
verified.

Theorem 8.30. Suppose that there exists a K-family of symmetrizers for H near
(p,QZ,O) and suppose that the boundary conditions are such that the uniform spec-
tral stability condition is satisfied for low frequencies. Then the uniform stability
estimates (4.38) are satisfied.
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Similarly, if the reduced boundary conditions satisfy the reduced uniform stability
condition then the uniform estimates (5.17) and (5.18) hold true.

9. The high frequency analysis

9.1. The main high frequency estimate

This section is devoted to an analysis of uniform maximal estimates for high frequen-
cies. We still assume that the Assumptions of Section 2 are satisfied and we prove
that the anticipated estimates (4.42) are satisfied when the uniform spectral stabil-
ity conditions are satisfied, under the following additional structural assumptions
which strengthens (H3):

Assumption 9.1. (H8) For all uw € U*, L' (u, d) is hyperbolic with constant mul-
tiplicities in the direction dt.
(H9) L' (u, d) is also hyperbolic with respect to the normal direction dzg.

For Navier-Stokes and MHD equations and in many examples L'! is a transport
field

d
Lll = 815 + Z aj(u)aj (91)
j=1

and the condition reduces to a4(u) # 0 for u € U*, that is to Assumption 2.8, which
means inflow or outflow boundary conditions. The hyperbolicity condition (H9) in
the normal direction is important as shown on an example below. On the other hand
the constant multiplicity condition (H8) is more technical, and could be replaced by
symmetry conditions: this is briefly discussed in Remark 9.12.

We consider the linearized equation (4.6):

dou=G(z,Qu+ f, T(Qu(0) =g (9.2)
with u = f(ul, u2,u?), f = (f1, 2, %), T as in (4.40) and g = (g%, g%, ¢°).

Theorem 9.2. With assumptions as indicated above, assume that the uniform spec-
tral stability condition s satisfied for high frequencies. Then there are p; > 0 and C

such that for all ¢ € @iﬂ with || > p1, the solutions of (9.2) satisfy
(L4l + Allu?||z2 + [u®] 2
+(1+7)2[ul (0)] + A2[u?(0)] + A2 [u?(0)]
<C(IIF e + 1£21z2 + A £ 2)
+C((1L+7)2]g"| + A2|g?| + A~2]g7)).

(9.3)

High frequencies require a particular analysis for two reasons. First, the splitting
hyperbolic vs parabolic is quite different in this regime and second the conjuga-
tion operator ® of Lemma 4.1 is not uniform for large (. The analysis is made in
[MéZul] for full viscosities and Dirichlet boundary conditions. For partial viscosities
and shocks, that is for transmission condition, the problem is solved in [GMWZ4].
The presentation below is more systematic and allows for more general boundary
conditions of the form (2.11).
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We now explain the general strategy of the proof. We use the notations
lullse = (1 + )l f[z2 + Allu®(lz2 + [Ju?| 2,
1A lse = 11F e + 12z + AT e,
[1(0)]sc = (14 7)%[u (0)] + A2 |u(0)] + A™2[u*(0)],
l9le = (1+7)21g"| + A2]g?| + A2 |g.
1) The main step in the proof of the theorem is to separate off the incoming and

outgoing components of u. This is done using a change of variables 4@ = V~!(z, {)u
which transforms the equation (9.2) to

d.0=G(z,Qu+f, T(Qu0)=yg. (9.5)

There are norms similar to (9.4) for 4 and f as well; with little risk of confusion, we
use here the same notations. An important property is that:

[ullse < Cllallse, 1F15e < ClSes

(9.4)

X : (9.6)
[u(0)[se < Clu(0)]se, 4(0)]se < Clu(0)]se,
with C' independent of . Moreover, f‘(C) =T'(¢)V(0, () satisfies
D(Q)i(0)]se < Cli(0)]se- (9.7)
The new matrix G has the important property that
5 g+ 0 5/
= - 9.8
G- (% 4o 9.9
with A
1G 0[5 < e(Q) s (9.9)

where £(¢) tends to 0 as |(| tends to infinity. The block structure corresponds to a
splitting & = (4*,a”) with &= € C™ and 4t € CN*N’~M denoting the incoming
and outgoing components respectively.

2) One proves separate estimates for the incoming and outgoing components:
¥ [|se + |27 (0)] < CJ(D: = G)a* e, (9.10)
[a" [lse < C[(0: = 7)™ [|se + Cla(0)], (9-11)

with C independent of ¢. (The norms are defined, identifying 4~ € C™ to (0,47) €
CN etc). As a result, with (9.9), this implies that if 4 is a solution of (9.5), then

" [lse + [87(0)] < CIllse + ()] ses (9-12)
[ [[se < Cllfllse +e(Olallse + Cla(0)], (9.13)

3) We show that the estimates above imply that, if the uniform spectral stability
condition is satisfied, then the solutions of (9.5) satisfy for |(| large enough

] + 14(0) e < C(IFlse + glsc) (9.14)
implying that the solutions of (9.2) satisfy
[l + [1u(0)se < C(I1f lse + 1g]sc) (9.15)

that is (9.3).
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e Indeed, by definition, h € E~(¢) if and only if there is u solution of d,u = Gu
with %(0) = h. The corresponding @ = V~'u satisfies by (9.13)

[ [[se < Clu™ (0)] + ()" ||se
if ¢ is large enough. Therefore, (9.12) implies that for ¢ large and all h € E~((),
h=V~10,¢)h = (h*, h™) satisfies
B se < ()R ser (9.16)
e In addition E‘(Q = V710, ¢)E(¢) has dimension equal to Ny, as the space of
the h~. Therefore, (9.16) shows that for ¢ large, the projection h +— h~ is bijective

from E~(¢) to CN, with inverse uniformly bounded in the norm | - |s..
The uniform spectral stability condition reads

Vhe E7(Q),  |hlse < CIT(O)N]se (9-17)
(see (4.44)). Using (9.6), this implies
VhEET(Q), |l < CIT(OALse (9.18)

Using the isomorphism between E~(¢) and C | we see that for ¢ large enough and
h= € CM, there is h™ such that (h*,h™) € E~(¢). Together with (9.16) and (9.7),
there holds

A7 |se < Jhlse < CIP(Ohlse < CIEQ)(0, A7) e + (R se-

For ¢ lz}rge, the last term can be dropped, increasing C'. Finally, we conclude that
for all h € CV

[Plse < CIP(Qhluc + ClR* e (9.19)
Applying this estimate to %(0), combining with (9.10) and (9.11) and absorbing the
error term G’ for ¢ large, we immediately obtain (9.14).

The third part of the proof will not be repeated. We will focus on the reduction
(9.5) and on the proof of the estimates for @+,

9.2. Spectral analysis of the symbol

Consider the linearized operator (4.5)

—Bd? + A0, + M.
The coefficients satisfy
B(z) = Bya(w(2))
A(z,€) = Aa(w(2)) - Zl in; (Bya+ Bay) (w(2)) + Bo(2)
M(z,¢) = (it +7) Ap(w(z)) + Zm]( )+ Ey(2)) (9.20)
+ Z_ nimkBix(w(z)) + Eo(2)
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where the Fj are functions, independent of (, which involve derivatives of w and
thus converge to 0 at an exponential rate when z tends to infinity. Moreover, we
note that
El'=0, EZ?=0 fork>0. (9.21)

With (2.3), we also remark that M2 does not depend on 7 and 7.

We start with a spectral analysis of the matrix G in (4.6). It is convenient to use
here the notations u = (u',u? u?) € CN"N* x CV* x CV’. In the corresponding
block decomposition of matrices and using the notations above, there holds

(gll g12 ng)
G=|0 0 1Id (9.22)
g31 g32 g33
where
gll — (./411)_1./\/{11, g31 :<B22)—1(A21g11 +M21)7

G2 = — (AN T2 G2 =(B2)1(AG12 + M22)
gl3 — (All)_1A12 g (822) (.A21913 —i—.AQZ).

Note that G, G12, G3! and G are first order (linear or affine in (), that G is

second order (at most quadratic in ¢) and that G'3 is of order zero (independent of

¢). We denote by Q‘;b their principal part (leading order part as polynomials). We
note that

G (2,¢) = Gp'(w(2),¢)  when (a,b) # (3,1), (9.23)

with

GiMu,¢) = —(A} (w)” (<v+w>A“< )+ it in Al (w)),

G2 (u, Q) = —(Ag(u))” Zd 1A} (u)

Glu)  =—(Ag'(w) AP (u)

Gy'( Q) = (B=() ! 255 L B (),

GB(u,¢) = —(B2(u) " Ll in (B (u) + BE(u)).
The principal term of G3! involves derivatives of the profile w. Denoting by p =

lim, ;o w(z) = w(oo) the end state of the profile w, we note that the end state of
Gl is

G3'(00,¢) = (B(p) ™ (7 +im) A () +ZZ?7]A21 () + AZ (PG} (0, 0)).

There are similar formulas using the matrices Aj and B, of (2.4).
The spectral analysis is easier when all the terms are reduced to first order. If

u = (u',u? u*) is replaced by @ = hjqu = (u',u?|{| 'u?), G is replaced by
- o gt g* [qI% (g pr
G=hgGhig=| 0 0 ICd | = par p (9.24)
|C|71g31 |C|71g32 g33

with obvious definitions of P, Note that é is or order one, while P?! is of order
zero. Thus

6.0 =G0+ 00 6= (% Th) ot @)
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Moreover, since the coefficients in G converge exponentially at infinity, the remainder
in (9.25) is uniform in 2z € Ry and [¢| > 1. Moreover, the principal part of P22 s if
the form P2*(z,¢) = P (w(z),().

Lemma 9.3. i) Forall( € Eiﬂ with~y > 0 andn # 0 and for all and z > 0, Gy(z,¢)
has no eigenvalues on the imaginary axis; moreover, the number of eigenvalues in
{Rep < 0} is N = N3 + N2

i) for all compact subset of U*, there are ¢ > 0 and § > 0 such that for all u
in the given compact and all ¢ € Riﬂ such that either v < 0|C| or |n| < d|C|, the
distance between the spectrum of G1'(u,C) and the spectrum of P2*(u,() is larger
than c|].

Proof. The spectrum of G, is the union of the spectra of G}' and P?*. By homo-

geneity, it suffices to consider ( € ?i.

a) G.'is related to L' since AJ'(i§ + G}'(u,C)) = L™ (u,y + i7,in,if). By As-
sumption (H3), L' is hyperbolic in the time direction, hence G}' has no eigenvalues
on the imaginary axis when v > 0; moreover, the boundary is noncharacteristic for
L' by Assumption 2.8, implying that the number of eigenvalues of G%} in {Re p < 0}
is equal to the number of positive eigenvalues of A}, that is is N3.

Next, note that
>~ ey e

Thus, £ is an eigenvalue of PgQ if and only if 0 is an eigenvalue of B?*(n, £), which is
impossible by (H2) if n # 0. Thus, the eigenvalues of sz2 are not purely imaginary
when 7 # 0. Moreover, the number of eigenvalues in {Re p < 0} is N2 (see [MéZul]).
This finishes the proof of 7).

b) If n =0, G3? and G3? vanish, hence the spectrum of P2? is {0}. On the other
hand 0 is not an eigenvalue of G' = —(y + i7)(Ay') "' Ag' since A}' and Ag' are
invertible and |y +i7| = || = 1.

If v =0 and n # 0, the eigenvalues of PI?Q are not in ¢R. On the other hand,
by Assumption (H9) the eigenvalues of G}}' are purely imaginary, thus P2* and G!
have no common eigenvalue. This finishes the proof of 7). ([l

The analysis in a purely “elliptic” zone {y > 0|¢| and |n| > 6|C|} with § >
0, is easy, see below. The most difficult and important part is to understand the
“hyperbolic-parabolic” decoupling in an arbitrarily small cone

Cs = {0 <~y < 8|¢[} U {Inl < ol¢)} (9.26)

with & such that property i) of Lemma 9.3 holds for w in a simply connected
neighborhood U of a compact set which contains the curve {w(z), z € [0, +oo[}.
There, the usual homogeneity and the parabolic homogeneity are in competition,
leading to different classes of symbols. We use the following terminology: let ( =
(1,7,m) and for a multi-index a = (a,, a,y, ) € N x N=1 x N set

o] = ar + g and (@) = 2ar +as) + [y
Recall that the parabolic weight is A = (1 + 72 4+ 42 -+ |n|*)1.
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Definition 9.4. i ) I'""(Q2) denotes the space of homogeneous symbols of order m,
that is of functions h(z,() € C®(Ry x Q) such that there is 6 > 0 such that for all
a € N* and all k € N, there are constants Cy . such that for |C| > 1 :

|02 h| < Cool¢|™ 1, if k=0, (9.27)

|0502h| < Cy e[, if k>0, (9.28)

ii ) PT™(S2) denotes the space of parabolic symbols of order m, that is of functions
h(z,¢) € C*(R, x Q) satisfying similar estimates with || replaced by A",

We use the same notation for spaces of homogeneous or parabolic matriz symbols
of any fixed dimension.

Lemma 9.5. For allé € S9N Cs, there is a a conical neighborhood ) ofé and there
a;;e matrices W;Z e I'%Q) and ng, homogenous of degree 0 in ¢ for u € U; such
that

21 ~11 221121 21

W, G, —PoW, = [CIP,, (9.29)

GWEE — WP = — P2, (9.30)

Proof. By homogeneity, it is sufficient to construct ng for |(| = 1. By Lemma 9.3,

for ¢ € S NCy and u € Ug, the spectra of G1!(u, () and P2*(u, ¢) do not intersect,
so that the linear system of equation

XGpH(u, Q) = B (u, ()X =Y

has a unique solution X = X(u,()Y". Therefore W2'(z,¢) = |¢|X (w(z), ()P (2, ()
satisfies (9.29) (Note that P?! is of degree 0).
The construction of W;Q is similar, noticing that 73;2 is of degree 1. 0

In the block structure of G, there holds

21 Vr%l 12 pl2 P13

Wy = VSI g W, :( D p) (9.31)

and (9.29) reads
VoG, =kt =0, (9.32)
VG- TG - = 6 059

Similarly,

gUYR2 _ || tyBg — g2 (9.34)
e ) e N [ (9.35)

For further use, we make the following remark : by (9.23), we see that QI})Q and QS2
vanish when 1 = 0. Therefore, (9.34) implies that V'? also vanishes when 7 = 0 and
hence

VE(z,¢) = O(|n|/[¢])- (9.36)
With these notations, let

Id 0 0 Id v o[gve?
Vi(z,{)= [TV Id 0|, V(¢ =[0 1d 0
Vit 0 1Id 0 0 Id
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and V = VV;;. Using the conjugation u = Vu, f = Vf, for ¢ in the in the cone Cj,
the equation (9.2) is transformed to

d.a=Gu+ f, Tu0)=g (9.37)
with G = V7'1GY — V719,V and T'(¢) = T()V(0, ¢).
Lemma 9.6. The entries of G satisfy:
gAn i (gn + |C|71g12vr2)1 + QI3V§1) e Fflj
G2 ¢ 0 G et G et Gl e 1°
gAQQ c FO, g23 o Id c 1‘\—17
gABZ _ (g32 _ V31g12> e 10 G33 _ g33 e 10,

Proof. We first compute the entries of G; = VI_IQVI. Direct computations show that
111 — g4 |C|_1912V§1 I 913V§1, glu _ g, g}g _ g
?2 _g¥ _yge g}a?) _ g _ g,
Moreover,
?1 _ _|C|71V§1911 + V31 N K]*le(K\*lngVEI + gl3v§1)_

The first two terms are of degree zero, and by (9.32), the sum of their principal

terms vanishes; the third term is of degree —1 thus G?' € I'"L. Similarly, G3! is of

degree 1 and its principal part vanishes by (9.33). Thus,
nert, gher
Next
2 || lyRgR e T, 2 g = —|¢[VHGB e T

The computations for G;; = V;}glvn are quite similar. This new conjugation
annihilates the principal parts of G1* and G}3 and contributes to remainder terms
in the other entries.

Finally, direct computations show that V=19,V only contributes to remainder. [

The main idea is to consider (9.37) as a perturbation of the decoupled system

o,0' = GMat + fi, (9.38)
a2\ (0 Id) [a? 12
0. (ﬁ?’) = <Q32 g33> (ﬁ?’) + (fg) : (9.39)
Introduce then
) Gll O 0
Gg=g-[0o o 1d]. (9.40)
0 g32 g33

The next lemma how the estimates are transported by the change of variables u =
V. We use the notations (9.4) for the scaled norms.
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Lemma 9.7. There are constant C' and py such that for all { in the cone Cs with
IC| > p1, there holds

V™ allse < Clltle, VIl < CISIE

sc — sc?

A . (9.41)
V70(0)[se < Cla(0)]se,  [Vu(0)|se < Clu(0)]se,
and R
IT(Q)a(0)]se < Cla(0)]se- (9.42)
Moreover,
1G]] se < CA™H]a|se- (9.43)

Proof. Direct computations, using (9.36), show that u = V' satisfies
ut = 0(L)a' + O([nl [¢|7h)a + O(I¢|~Ha?,
u? = O(|¢|ha' + 0@ + O([¢| e,
uw? = O(1)a' + O(1)a® + O(1)a.

This implies the first estimate in (9.41), using the inequalities

T+l S A T+9)/KIS T, A/JCS L

The proof of the other estimates of (9.41) is similar, using in particular for the traces
the inequality (1+7)z|n]/|¢] < Az.

The inequality (9.42) follows from the second line of (9.41) and the estimate
[Tu(0)|se < |u(0)|se which is a direct consequence of the form (4.40) of the boundary
conditions. R

Finally, Lemma 9.6 implies that f = G'u satisfies

f'=o0a® +o(l¢ e,
f2=o0(¢hat + o)a* + o(l¢| M,
F=o0)ar +o)a* + 0)a?,
and (9.43) follows. O

The parabolic bloc (9.39) is studied in [MéZul|. We now focus on the hyperbolic
block (9.38), recalling and extending the analysis of [GMWZ4].

9.3. Analysis of the hyperbolic block.

9.3.1. The genuine coupling condition

For u € U*, denote by A;(u, &) the distinct eigenvalues of Zu(u,ﬁ), which are real
and have constant multiplicity v; by Assumption (H8). Assumption (H9) implies
the following:

Lemma 9.8. For all u € U*, all £ € R? and all j, there holds O, \;(u, &) # 0, and

all these derivatives have the same sign.

Proof. 1f Og,Aj(u,n,§,) = 0, then the equation 7+ A(n, {a) = 0 would have complex
roots in &g for some 7 close to 7 = —\;(u, 7, § ) (recall that ); is real analytic). Thus
hyperbolicity in the normal direction prevents glancing. Moroever, by continuity
the sign of 9, \;(u,n,&4) is constant for all {; € R when 1 # 0. Thus the functions
Ea — Nj(u,m,&4) are monotone and tend to infinity as &, tends to +oo. Since A\; # Ay,
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when j # k, they must be all increasing or all decreasing. This remains true for n = 0
by continuity. ([l

According to the terminology of Section 4, we will say that the hyperbolic block
LY is incoming [resp. outgoing] when the derivatives d¢,\;(u, &) are positive [resp.
negative].

Corollary 9.9. i) The matrix Gél (u, ) has no purely imaginary eigenvalues when
v > 0. They are all lying in {Re u > 0} if the 11-block is outgoing and in {Repu < 0}
if it is incoming.

i) Near points  with y = 0, Gél (u, () has semi-simple eigenvalues ji;(u, ¢) of con-
stant multiplicity v;, which are purely imaginary when v = 0. Moreover, 0,Re j1; > 0
when the 11-block is outgoing and 0,Re u; < 0 when the 11-block is incoming.

Proof. Note that p is an eigenvalue of Gél (u, ) if and only if —7+1i7v is an eigenvalue
of le(u,n,f) with & = —ip.

Consider the equations in &; : 7+ Xj(u,n,&;) = 0. Since \; is strictly monotone
and tends to infinity at both infinity, it always have a unique solution, ;(u,n, )
and 0;1; has the same sign as —0g,\;. This solution extends analytically for Im 7
small. This yields distinct eigenvalues y;(u, ¢) = i;(u, n, 7 —1iy) of Gél for ¢ close to
the real domain. In particular d,u; = 0:1; and the eigenvalues all lie in {Re > 0}
if the 11-block is outgoing and in {Re x> 0} if it is incoming.

The kernel of G}' — yu; is the kernel of A - A;, thus has dimension equal to the
multiplicity of A;. Since these dimensions add up to N, this shows that GI' has
only semi-simple eigenvalues of constant multiplicity, which all lie in a given half
space when v > 0.

Hyperbolicity of L' implies that G'(u,() has no purely imaginary eigenvalues
when v # 0 and by continuity they all lie in the same half space. 0

Next we need more information on the zero-th order correction of G'*. From (9.20)
(9.21) and (9.22) we see that

G (z,¢) = (VIO = Gl (w(2),¢) + E(2,0), (9.44)
where £ € T'°. Denote its principal part by &,. Its limit at 2 = oo is
Ey(p, Q) = [¢IT' G, OVE (9, O)GY (0, OV (p, €) (9.45)

where p = lim. ;. w(z) and V2'(p,¢), V2'(p, () denote the end points of V2! and
V31 that is the solutions of the intertwining relations (9.32) (9.33) with matrices G&°
replaced bay their endpoint values ng(p, (). The next result is crucial and follows
from the genuine coupling condition (H4).

Proposition 9.10. Fiz ( with |(| = 1 and v = 0. For { in a neighborhood of ¢,
consider a basis where G''(u, () has the block diagonal form diag(p;1d,,). Denote
by E;x(u, () the corresponding blocks of E is this basis. Then, for w € U the eingen-
values of the diagonal blocks Re E; ; have a positive [resp. negative] real part if the
11-block is outgoing [resp. incoming].

Proof. 1t is sufficient to prove the positivity at (. Suppose that v = 0, denote

by ¢;, with p € {1,...,;} a basis of eigenvectors of G'(u,(). Fix j and set
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Ea = —ip;(u,¢) € R, & = (n,&). Then the ¢;,, are right eigenvectors of le(u,Q
associated to the eigenvalue —7 = \;(u, ).

Consider left eigenvectors ¢, of Xn(u, €), dual to the ¢;,,. Then, the left eigenvec-
tors of G (u, ¢) associated to ju; are B%[jﬁ;l with 3; = 9¢,\;(u,n, £), see Lemma 8.20.
The entries of the block E; ; are

1 —mn
Egj,pAd Ey(u,C)pjyp- (9.46)
j

Computing the eigenvalues of order ¢ of B(u,§) + icA(u, £), leads to consider the

matrix
21

A+ eANBP) A (9.47)
The genuine coupling condition (H4) implies that for u € U, its spectrum lies in
Re p > ce for € small, and this implies that the matrix Fj; with entries

—12 522, 121
lipA (B) A g (9.48)
has its eigenvalues in the right half plane {Re u > 0}.
Because G} @, = i€qp;,, the relation (9.32) implies

Votoiw = ST VR Gl = d&alC T Vi v,
and, using the expressions of the matrices G%® yields
_ 1l 112
(K1 GRVHE + GV = =il (A ) AT (1, OV )
and
_ 1522\ 1
(IS GV + GV = VG e = ICI7 (Bag) ™ Baz(n, )V o
By (9.33) this is equal to
522\ 121
~Gylpj = —~i(Bag) A (1,605
Thus

=1 1
|C|_1Vp2190j7p’ - _2(3220775)) A21(n,§)g0j,p/-

and
— 11, _

—12 — —1—91
Epgpj,P' = _(Ad ) 1A (7775) (322(7775)) A (7]7§)¢j,1’"
Multiplying on the left by @-Z;l, this shows that the coefficients in (9.46) and (9.48)
only differ by the factor —1/3;, and the proposition follows. [l
9.3.2. Estimates

We are now in position to prove maximal estimates for the solutions of the equation

(9.38).

Proposition 9.11. There are constants C' and py > 1 such that for all ¢ in the
cone Cs with |C| > py and all @' and f' in L*(Ry) satisfying (9.38), there holds

(1+ )@}z + (14)2]a*(0)]
< O (I + (1)1t (0)])

where 01T = 4! and @'~ = 0 if the 11-block is outgoing and 4'* = 0 and @'~ = 4
iof it is incoming.

(9.49)

1
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Proof. a) Fix (¢ € gi“. We prove the estimate for ¢ in a conical neighborhood of .
Suppose first that v = 0 (the most difficult case). By Corollary 9.9 there is a matrix
V'(z, () homogeneous of degree 0 such that (V'')7'G1 V! = diag(u;(w(z), ¢)Id,,).

Setting 4! = VMu! transforms the equation to
d.u' = (diag(p;(w(z),O)1d,,) + Eut + f1 (9.50)

with £ = & — (V)19 V" € I, whose principal part £, has the same end point
E,(p,C) as &.

As usual, since the p; are pairwise distinct, there is a new change u' = (Id+V_;)a!
with V11 € T, such that the resulting system has the same form with the additional
property that the zero-th order part is also block diagonal, so that gp = diag(&; ;)
and the end points of the blocks &; ; are £ ; introduced in Proposition 9.10.

The term (€ — &,)u is O(|¢|"|ul), is incorporated to f!' and finally absorbed from
the right to the left of the inequality by choosing |(| large enough. This reduces the
proof to the case where the equation reads

0.4 = p;(w(2), Q' + Ej5(Q)i + Fy(z, Q) + f! (9.51)

with |F} ;| < Coe™?.

Consider the outgoing case. Then, Corollary 9.9 implies that there is a constant
¢ > 0 such that Re y1;(u, () > ¢7y. Moreover, Proposition 9.10 implies that the eigen-
values of F;; have a positive real part. Thus, there is a positive definite (constant)
matrix S(¢) > Id such that Re SE;; is definite positive, say Re SE;; > Id. Intro-
duce a = Cy|S| J§ e7%ds such that 9,a > |SF;;| and a is bounded in L* uniformly
with respect to ¢. Therefore, multiplying the equation by ¢?***)S and taking the L?
scalar product with @' implies that

(L+ey)lleat]|Fa + |at (0)° < Cllea |l pzlle” /|2
which implies (9.49). The proof in the incoming case is similar.

b) Suppose next that v = 0. Consider again the outgoing case. Then, the eigen-
values of Glljl satisfy Re p > ¢|¢| in a conical neighborhood of ¢. This is the classical
“elliptic” case. There is a symmetric definite positive matrix S(u,¢) € T'° such that
Re SG!" > ¢[¢|Id and usual integrations by parts imply that

clclllat|F + [a* (0)F < Cllat [lzall 1oz + Cullat |12

where C) involve estimates of the zero-th order terms, which include 0,5 (w(z), ().
This term is eliminated choosing || large enough. The proof in the incoming case
is similar. 0J

Remark 9.12. The proof above contains two ingredients. First, the 11-block is
totally incoming or totally outgoing, in analogy with the terminology of Section
4. Thus the decoupling incoming/outgoing is trivial. More generally, this could be
replaced by a decoupling condition in the spirit of Section 4. For instance, for shocks,
such a decoupling is immediate in [GMWZ4] corresponding to equations on each
side of the front. Next, we construct symmetrizers for the incoming and outgoing
components. There we use the genuine coupling condition. If the eigenvalues are not
of constant multiplicity one can introduce adapted bases or use symmetry also in
the spirit of Section 4.
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9.3.3. About Assumption (H9)

We show on an example that hyperbolicity in the normal direction is crucial in the
proof of estimates of the form (9.49). Suppose that the L'- block reads

{ Ou — Oyu + Oy,

Do + D0 + Dy, (9-52)

Then, on the Fourier side, the 11 equation will be of the form

(i(t —n) +Y)u+ 0.0 +alz)u=f,
{ (i(7 + Z) + 3)12 + 0.u+a(z)v =g, (9.53)

and the only information we have from the genuine coupling condition is that a is
positive at z = 4+00. Suppose that a(zy) < 0 for some z5 > 0. Then glancing waves
for (9.52) will propagate parallel to the boundary and thus may remain in a region
where a is negative and thus may never be damped. This is illustrated by choosing
T =, large, 7 = —a(zp) > and

= 0Ou,
2T+ +a
with y € C§°(R). Then (9.53) is satisfied with f = (a(z) —a(zo))ur+0,v, and g = 0.

Moreover, ||f]|z2 = O(r73)||u|z2 and u(0) = v(0) = 0, showing that no estimate of
the form (9.49) can be valid.

ur(2) = x(73(2 — 20)),  vr(2)

Y

9.4. Proof of Theorem 9.2
9.4.1. In the cone C;

We consider now the equation (9.39) and briefly recall the results from [MéZul].
It is natural to rescale the problem using the parabolic weights: with v? = 42 and
v3 = A7143 and ¢? = f? and ¢ = A~! f3the system reads

o. (%) =an (3] + (4). (9.54)

0 Ald
gp = <A1g32 g31> e P!
of quasi-homogenenous degree one and principal part Gp(w(z), () with

. - 0 Ald
i) = (Al ((ir + DB+ GPum) GYl(u n>> |

Lemma 9.13 ([MéZul]). There is ¢ > 0 such that the spectrum of Gp lies in
{|Re u| > cA}, with N? eigenvalues, counted with their multiplicity, of positive real
part. There is a smooth change of variables W € PT'° such that

e (Pe0O
W gPW—<0 73_)7

with

(9.55)

with Py € PT! having their eigenvalues satisfying £Re i > cA.
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Introduce

Corollary 9.14 ( [MéZul]). There are C and py such that for all { € Cs with
IC| > p1, there holds

Al[o™ ||z + AZ[o*(0)] < C|[(8. — PH)ot| 2,
Allv7 ||z < (8 = P v ||z2 + CAZ v~ (0)].

Scaling back, introduce

)= (5 () () =( Ow(2)

Because, W10, W is uniformly bounded, the Corollary implies the following esti-
mate:

Proposition 9.15. There are C' and py such that for all € Cs with |(| > p1, there

holds
AlJu? || g lu® || 2 4+ A2 [u®(0)] + A”2 [ (0)]

< Ol f sz + CATM e + 12 12 + CAT [ 12,

Alla® ™ g2+ a2 < CAZ[u>~(0)] + CA™2[u~(0)
+ O Pl + CATY |2 + 1|@P]| 2 + CA™ @3] 12
Finally, with 4%* as in Proposition 9.11, introduce
at =tahE et At (9.57)

Adding up the various estimates and using (9.43), one obtains the following esti-
mates.

Proposition 9.16. There are C and py such that for all ¢ € Cs with |C| > p1 and
CL” i € Hl(RJ'_)

[a* lse + 12" (0)] < CN(0: = G)itllse + A7 Ji|se, (9.58)
127 [|se < ClI(9: = Gitllse + A7 ]| + Cla(0)]. (9.59)

As indicated at the end of Section 7.1, these estimates imply the maximal esti-
mates of Theorem 9.2 provided that the boundary conditions are uniformly spectral
stable.

9.4.2. Analysis in the central zone
We now consider the remaining cone where

CeRML y>6[¢] and [n] > 4[¢]. (9.60)
We consider the rescaled G matrix (9.25), for the rescaled unknows i = hiqu =

(ul, u?, [¢| 7', f = hf == (fY 2 [¢]7"f?). We note that in the region under
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consideration we now have (1 + ) =~ A ~ (|, so that the rescaled norms (9.4) are
equivalent to

[l se = [CT ]l 2,
|u(0)lse = |¢[2]a(0)], (9.61)
115 = 11 f Il ze-

By Lemma 9.3, there is a smooth matrix ¥ € I'° such that
V_1<ZC)Q (Z C)V(Z C) = g;’r 0 — gdiag
n ’ 0 g, 7p

where the spectrum of GF € T'! is contained in {+Re z > ¢|¢|}. We use the notations

a:::va::<?f>. (9.62)

u

@t has dimension N + N? — N, and u~ has dimension NN,. The equation for @ reads
d.4 =G+ f, (9.63)

with G = G¥2 1+ O(1). The ellipticity of G2 immediately implies the following
estimates.

Proposition 9.17. There are constants C' and py such that for all { satisfying
(9.60) and |C| > p1 and all © € H'(R,) satisfying (9.63), there holds

[CHIa Nz + I¢2 [t (0)] < Ol flle + Clall e, (9.64)
[CHlIa [lze < Cllfllze + Cllillz2 + CI¢I2[a (0)[*. (9.65)

Thanks to (9.61), this is the exact analogue of Proposition 9.16 and these estimates
imply the maximal estimates of Theorem 9.2 provided that the boundary conditions
are uniformly spectral stable, as explained in Section 7.1.

10. Linear stability

In the previous sections, we have studied the validity of maximal estimates (see
(4.36) and (4.42) in Section 4) for the spectral equation. Scaling back to the original
variables, and using Plancherel’s formula for inverting the Laplace-Fourier trans-
form, they imply weighted L? estimates for the linearized equations (4.3) near a
function wu.(t,y,r) = w(x/e) where w satisfies (4.1). The main goal of this section is
to extend these estimates (see (10.14) below) for the linearized equation near slow
perturbations of w(x/¢), considering the Fourier-Laplace calculus developed in the
preceding sections as a symbolic calculus for suitable pseudo-differential symmetriz-
ers.

10.1. Linearized equations, spectral stability conditions

A possible formalism is the following. Instead of considering a single profile as in
Section 4, we consider now a family of profiles W (p, z), which are smooth functions
defined for p in a domain P and z € R, with values in &4* and such that their
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derivatives converge at an exponential rate as z — 4oco: there are 6 > 0 and a
smooth function W on P with values in U/, such that

sup e%*

p7z

. (W(p, 2) = W(p))| < +00 (10.1)
We further assume that we are given a family of functions p.(t,z,y) on R with

values in a compact subset of P, with at least

SUP [|pe || wi.oo (r1+4y < +00. (10.2)
€

The functions p, stand for the coordinates themselves or some additional function
depending on the iteration process in the resolution of the nonlinear problem.
For € €]0, 1], we consider the linearized equations from (2.1) (2.10) around

. x
e(t,2,y) = W (pe(t.z.y). ). (10.3)
With abbreviated notations, they read

Loa=f, Y=g (10.4)

L is a differential operator with coefficients that are smooth functions of (¢,y,z),

z := wx/e and ¢ € [0,1]. Factoring out 7! it also appears as an operator in
€0y, €0y, €0,
, 1~ x
L, = ELE (t, YT €0, €0y, 581;) (10.5)
The analysis of Section 4 applies for all fixed p € P to the linearized equations
L, i=f T, da—0=4g. (10.6)
near
x
() = W (p. ). (10.7)

With notations parallel to (4.3), we have

1
£ o= 6L(p, i,a@t,aﬁy,aﬁx)u,

Up,e

T;p,su = Y'(p, 0, edyu, €0, 0).

(10.8)

The main idea is that, as far as local stability properties are studied, the operator
L. is sort of a perturbation of the family of operators E;e(p), meaning that
- the terms which involve derivatives of u. with respect to the slow variables
(t,y,x) in (10.3) (i.e. derivatives of p.) contribute only to admissible errors which
do not change the form of the estimates; N
- the stability conditions are expressed by freezing the slow coefficients of L. at
each point (¢,y,z).
Accordingly, we set

Assumption 10.1. (H10) For all p € P, the linearized equations (10.6) satisfy the
uniform spectral stability conditions of Definitions 4.15 and 4.17.
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10.2. Maximal stability estimates

In order to use the symmetrizers of Sections 8 and 9, we supplement the structural
assumptions of Section 2 with the following “technical” conditions:

Assumption 10.2. (H11) (Existence of low frequency symmetrizers) Near all p €

P and ¢ € ?:l_, there exist a K-family of symmetrizers for the matrix ]:I(p,gt,p)
associated to the profile W (p,-).

We refer to Section 8 for geometric sufficient conditions which imply (H11). For
the existence of high frequency symmetrizers, we will further assume that the As-
sumptions (H8) and (H9) of Section 9 are satisfied.

The stability estimates for (10.5) are expressed using weighted estimates. Define
the weights

AQ) = A(e€) = (1 + (er)? + (e9)* + len|h)1, (10.9)
(v+€l¢]?)2,  when |e¢| <1,
Ae(€) = {w when elc] > 1. (10.10)

Observe that the expressions defining A, in the two frequency regimes are of the same
order when |eC| = 1. Moreover, on any set of frequencies such that 0 < |e¢| < R, we
have 1 < A, < Cj.

Given a weight function ¢(¢) we use the notation

jals = ([, é(r v ?lar ) Prdn) (10.11)

where o denotes the Fourier transform of w. When v also depends on z, we set

lulls = (/OOO |u(-,x)|édx);. (10.12)

Theorem 10.3 (L? estimate). Suppose that W and p. satisfy (10.1) and (10.2)
respectively. Assume (H1) to (H11). Then, there exist positive constants C, v > 0,
and €y > 0 such that for v and € satisfying

Y = 70, € € (0, € (10.13)

and all solution w of the linearized boundary value problem (10.4), with 1, andf e
with compact support on @iﬂ and g C* with compact support on R?, there holds

|| 71ty " Ae
+le " ut 0 Aeﬂeﬂt“a‘”:‘)h A 6‘6 " Oztiale= 0‘
- (10.14)
(e fHl+e o)
_ -t .3
+0(je gl tles ’AEAZ%)'

For instance, this implies the following uniform estimates:
Corollary 10.4. With assumptions as in Theorem 10.3, if g = 0, then
’7||6_7tu||L2(RrLd) +VAlle™ w0l L2mey < 015
Cle™ fl gy o)
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10.3. Hints for the proof

Consider the linearized equations (10.4). Introduce u, = e, f, = ¢ f and
gy = e g. Thus

1~
ng (t,y,x, %,8(315 +7),€0,, 583&)117 = fy, Yo tya—o = gy (10.16)

We prove estimates for the w. similar to (10.14), with additional “error” terms in
the right hand side, which are arbitrarily small compared to the left hand side,
uniformly in €, when 7 is large.

a) We note that the terms in
1/~
<L5<t,y,x, £75(8t + 7)7561/7583:) - L( s(tayvx)a g73’5(81‘/ + 7)758117563:))157
€ € €
and
ity — Y(pe(t, y,0), uy, €0y, €0y )
only contribute to error terms and thus can be neglected. Therefore, it is sufficient
to study the equations

1 T
—L(pe, —, (0 +7),€0,,€0; Ju = f,
Y (pe, u, €0yu, £0,U)jp—p = g-
and prove estimates
[ut e + llu?[hea. + Vel 0ru?|la,
1 2
U je=o x| |20 . + €‘axu2|m:0|)\€A;% (10.18)
1 2 1 2 3
< C(IF I+ Hg b +19°] 3 +1%], | -y) +emrors,

where the errors are arbitrarily small compared to the left hand side when ~ is large.

Next, we transform (10.17) to a first order system in z, introducing U = *(u, £9,u?):
1
a:pU = gg(psa ga €<at + 7)7 an, 57)[] + Fa
F(ps)U|a::O =g

(10.19)

b) In Sections 4 to 9, we have studied these equations, when p. is a constant,
using localizations and symmetrizers. We follow the same analysis. The LF / MF /
HF localizations are performed with semi-classical operators

UI = X((’th, 5Dy7 57)(]7

with x(¢) supported in a neighborhood of the origin / in compact sets in R4\ {0}
/ in [¢| large respectively. Here Dy = 10,, D, = 10, and x(eDy,eD,, e7) is defined
as a Fourier multiplier. We use the notation

D = (Dy, Dy, 7). (10.20)

Rule 1 : Commutators
1

[gg(pa g eD), x(eD)]

contribute to error terms.
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Indeed, the semiclassical calculus does not touch the fast variable % and the
commutators win one factor €, erasing the singular factor % in front of G, and one
semiclassical derivative.

c) In the LF and MF regime, we use conjugation operators
x
Urr = ®(p., gafD)UI

with symbols ®(p, z, () given by Lemma 4.1 for all fixed p. Using the same commu-
tator argument as in Rule 1, we see that

1
Ui = =G(p.(t,y,7),=D) U + Fiy,
1= ZG(pelt,,2),<D)Uns + P (10.21)

F(pE)UIHa::O = J4ir,
where f;; and g;; are controlled by the right hand side of (10.18).

d) The symbols S(p,() of the MF symmetrizers are given by Proposition 6.6.
We consider the operators S := S(p.(t, z,y),eD). The semiclassical calculus implies
the following :

Rule 2 (Semi-classical elliptic Garding’s inequality) Because Re S(p,()G(p,() >
cld, the following inequality is satisfied in the sense of symmetric operators:

Re S(p., 5D)iG(p€,aD) v ;8305(]95,61)) > o)

Together with similar estimates for the boundary terms (using now i) of (6.19)),
this implies L? estimates for xyr(¢D)U and its traces.

e) In the LF regime, we use now the block diagonalization

< i ) = V(p.,eD)Up; (10.22)
up
with symbol V(p, () given by Lemma 4.3. This leads to equations
Opup = iH(pE,gD)uH + fu, (10.23)
Oyup = iP(pE,sD)uP + fp. (10.24)

For the elliptic block up, we use the symmetrizers given by Proposition 6.8 and
use Rule 2 again.

For the hyperbolic block ug, we use the polar coordinates

Hp.O) = [B®G I, (= é'

and we note that

71



Lemma 10.5.

1 - - - D
—H(p.,eD) = |D|H(p., D,e|D[), D ==
2 D
is a classical pseudo-differential operator of degree 1 in (t,y) with parameter -,
depending smoothly on x.

As a consequence, for the component uy, we use the classical pseudo-differential
(tangential) calculus with parameter  (see [ChPi]). In particular, the LF sym-
metrizers are given by symbols S(p, (, p) (see Definition 6.9) and we quantify them
as classical tangential pseudo’s of degree 0: S. = S(px, D, e| D).

Rule 3 (Classical elliptic Garding’s inequality) The conditions of Definition 6.9
imply that

Re ((p., D, | DN|DIf (p.. .l D)) = e(3 + [eDID] ~ O(1)
> c(y +¢|DJ?) — O(1).

Note that the conditions of Definition 6.9 imply but are stronger than

Re S(p, ¢, p)H (p, ¢, p) = c(¥ + p).
Knowing only this weaker estimate would force to use the sharp Garding’s inequal-
ity. With the stronger conditions of Definition 6.9, one can use the usual elliptic
estimates.

Combining the estimates for up and uy, one obtains the desired interior estimates
for Urp. To deal with the traces, we note that semiclassical operators of degree 0
supported in a compact frequency set, are classical pseudo-differential operators of
degree 0. Thus, we can again convert the ellipticity of the operators acting on the
traces into estimates.

f) In the HF regime, part of the analysis is made with semi-classical operators
S(pe, 2,eD) : this concerns the block reduction and the use of symmetrizers in the
central zone and also in the cone {v < §|C|} U {|n| < §|¢|} for the hyperbolic 1-1
block. In this cone, for the parabolic block, as already noticed in Section 9, the
correct homogeneity is the parabolic homogeneity given by the weight A. There we
use a semi-classical quasi-homogeneous calculus

S(p., g,gp), S(p, 2,¢) € PT.

where PI' denotes here classes of symbols analogous to those introduced in Defini-
tion 9.4, depending smoothly on the parameter p.

g) To deal with Lipschitzean coefficients, we use para-differential calculi in place
of pseudo-differential calculi. To summarize, we need three different calculi:
- the semiclassical homogeneous calculus,
- the semiclassical quasi-homogeneous calculus,
- the classical homogeneous calculus,
all depending on the parameter . We also need to compare them and to combine
them in certain zones.
For details on these calculi, we refer to the Appendix of [MéZul] and for the com-
plete proof of the estimates, to the papers [MéZul, GMWZ3, GMWZ4, GMWZ5].
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10.4. Further steps

Theorem 10.3 gives global in time weighted L? a-priori estimates. From here, the
path to the nonlinear stability analysis follows more or less classical steps. We briefly
overview four of them, without precise statements.

a) Sobolev estimates. The classical analysis for noncharacteristic problems is to
obtain first tangential H® estimates and then get the normal derivatives from the
equation. However, in the equation (10.19),

2G(p.. % <)
3 €

contains 0-th order terms of amplitude O(1). They depend on (¢,y) and commuting
the equation (10.19) with 9y, yields terms in O(%) which are not admissible errors
in the LF regime.

To obtain tangential H*® low frequency estimates, one can follow the scheme of
the proof of the L? estimates. After the reduction to equations (10.23)-(10.24), the
commutator

1 1
[8t,ya gp(p&ED)]uP = O(g)Up

is admissible because of e lup is controlled. Moreover, since H(p,() vanishes at
¢ =0, the commutator

Oy H(pe, = D)z = O(1
is non singular and yields admissible errors.

Following these ideas, one can actually prove tangential H® estimates, see [MéZul]
an also the next section. But, for purely technical reasons, the proof given in this
paper requires W% smoothness for the coefficients in place of the expected H*
smoothness (for s large enough). Clearing up this difficulty is an open question.

On the other hand semiclassical H® tangential estimates are easy to prove, since
the commutators of D, ,, with the equation (10.19) contains no singular terms.

One final word about the normal derivatives. Because the equation (10.19) is
singular, the easy thing is to get estimates for £0, derivatives. Moreover, the presence
of the boundary layer implies large variations in x at the scale €. Thus the €0,
derivatives are natural in the problem. However, note that the maximal estimate of
Theorem 10.3 implies that \/ed,u? € L.

To make better the transition with the interior estimates, one can also introduce
the x0, derivatives. This shows that conormal Sobolev regularity plays a natural role
in this problem. This also indicates some similarity with characteristic problems in
the proof of Sobolev estimates.

b) Existence of smooth solutions to the linear boundary value problem.
For fully parabolic problems, at any fixed € > 0, this follows from the general theory
of parabolic equations. For hyperbolic-parabolic problems, the existence of smooth
solutions is less classical. It follows from the usual semi-group approach at least
for dissipative equations and boundary conditions. One can also follow the general
scheme of hyperbolic equations (see [ChP1i]): study the backward dual problem and
prove that it has the same form as the original system with time reversed; prove that
it satisfies the uniform stability conditions (only the HF part is necessary for fixed
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¢); deduce uniform estimates for the backward dual problem which imply existence
of weak solutions for the forward system; prove a weak=strong theorem, showing
that the weak solutions are unique and satisfy the a-priori estimates; and finally
prove smoothness of the solutions along the lines of a), for fixed e.

c) The causality principle and local in time estimates. Roughly speaking,
letting v — oo in the estimates, one proves local uniqueness : if the data vanish for
t <0, then u = 0 for t < 0. One can replace 0 by any time T, and this shows that
the solution up to time ¢ depends only on the data for smaller time. This implies
that the estimates (10.14) or (10.15) can be localized on | — 0o, T x R%. We refer
to [ChPi] or [Mét4] for details concerning this general consequence of the estimates.

d) The mixed initial boundary value problem and semi-group estimates.
Using steps b) and c) one solves the initial boundary value (IBV) problem with
vanishing initial data, provided that the data can be extended by 0 in the past. For
general initial data and source terms, compatibility conditions at the edge {t = = =
0} are needed, their number depending on the desired smoothness of the solution
(see e.g. [ChPi] or [Mét4]). For general data, one can solve first the equation in the
sense of Taylor expansions at {t = 0} (that is one determines the traces 9} uj;—g
and lift up the traces). Using the compatibility conditions, this reduces the question
to finding smooth solutions of the boundary value problem which vanish in the
past. For fully parabolic problem, this method is perfectly efficient (see e.g; [Mét4]).
For hyperbolic problem this method yields a loss of 1/2 derivatives from the initial
data to the solution. This difficulty persists for hyperbolic-parabolic problem. The
important question hidden behind this difficulty is the proof of semi-group estimates
(pointwise in time with values in Sobolev spaces). The general proof for hyperbolic
problems is not easy (see [Raul]), unless the system is symmetric, because then
usual integrations by parts yield pointwise estimates in time, knowing L? in space-
time estimates of the traces, which are given by the main Kreiss estimate (see e.g.
[Mét3]). This extends to hyperbolic-parabolic systems.

11. Nonlinear stability

11.1. Statement of the problem and main result

We consider the viscous boundary value problem (2.1) (2.10), assuming that the
Assumptions (H1)-(H10) are satisfied. For simplicity, we restrict here our attention
to problems in a half space, but ]Ri could be replaced by any smooth open set
Q) C R? To start the discussion, we assume that a family of solutions of the profile
equation is chosen, connecting 0 to a set of end states C C U:

Assumption 11.1. (H12) We are given a smooth manifold C C U of dimension
N — N, and a smooth function W from C x [0, 00| to U*, such that for all u € C,

i) W(u,-) is a solution of (3.3)(3.4);

it) W(u, z) converges to w when z tends to +00, at an exponential rate, which
can be chosen uniform on compact subsets of C;

iii) the layer profile W (u, -) is transversal in the sense of Definition 4.4,

iv) the uniform spectral stability condition is satisfied for the linearized equation
associated to the profile W (u,-).
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In particular, by Theorem 5.5, the inviscid problem
£0(U0) = 0, UQ|z=0 eC. (111)

satisfies the uniform stability condition. Following A. Majda [Maj2], this implies
that the mixed boundary value-Cauchy problem

Lo(ug) =0, Ugjz—0 € C, Up=o = ho, (11.2)

is locally well posed, provided that hg satisfies sufficiently many compatibility condi-
tions at the edge. In order to avoid technical discussions on compatibility conditions
at the edge {t = = = 0}, we consider here the simple case where the Cauchy data is
compactly supported away from the boundary and takes its values in & and

Assumption 11.2. (H13) 0 € C and W(0, z) = 0. In particular, T(0) = 0.

Of course, the state 0 has no real significance and can be replaced by any fixed
constant u € U, changing u into u — u.
For € > 0, consider next the viscous problems:

‘CS(U) = 07 T(u€)|x:0 = 0, Ue|t=0 = h57 (113)

where the family {h.}.>¢ is uniformly bounded in H*(R%), supported in a fixed
compact subset of {x > 0}, and such that h. — hg as ¢ — 0. The goal is to
prove that the solution exists on a fixed interval of time [0,7] independent of ¢
and that u. — wug as ¢ — 0. However, the essence of the problem is that this
convergence cannot be uniform, due to the existence of boundary layers. Instead,
a first approximation of the expected solution is obtained by adding to ug a layer
corrector, so that to satisfy the viscous boundary conditions:

Uo e (t, z,y) = W(uo(t,y,0),x/e) —uo(t,y,0) + uo(t, y, x). (11.4)
Note that @, converges to ugp when z > 0.

Theorem 11.3 (Non linear stability). Suppose that the Assumptions (H1) to (H10)
and (H12), (H13) are satisfied. Then if the reqularity index s is large enough, there
are T > 0 and g9 > 0 such that for all € €]0,¢g¢], the problem (11.3) has a unique
solution u. € W*([0,T] x R%) and u. — tg. tends to 0 in L>=([0,T] x R%).

Remark 11.4. In general, (H13) must be replaced by suitable compatibility con-
ditions. Another possible statement is of the form : given a very smooth invis-
cid solution ug of (11.1), there are u. solutions of the viscous equations such that
us —ug e — 0. We refer to [GMWZ2, GMWZ3, GMWZ4] for such statements in the
case of shock waves.

As usual, solving initial-boundary value problems involves technicalities, in part
because the linearized estimates of Section 10 are not semi-group estimates. It is
more convenient to reduce first the problem to solving a continuation theorem, that
is constructing an extension of a solution known in the past {t < 0}, to the price of
introducing source terms. One can proceed as follows.

First, using the equation, one computes the Taylor expansion at ¢t = 0 of the
solutions

J —
at Ue|t=0 = hj,e-
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They are uniformly bounded in H*%~2, if s is large, and supported in a fixed
compact subset of Ri. Next we lift the traces to find upgy. € H s=J (R1+d such that

atjuTay,dt:O = hj. forj < J
and urgy. = 0 near © = 0. f. = L (urqy) satisfies
3ff€|t:0 =0 forj<J-1
With f. = f. in the past and f. = 0 for ¢ > 0, we are thus reduced to solve

L.(u;) = fs, T(te)jp=0 =0, U = Upgy. fort <O0. (11.5)

11.2. High order approximate solutions

By suitable extension of the methods of [GrGu, GuWi, GMWZ3, Mét4], one proves
that provided (i) the inviscid solution wg satisfies the spectral stability condition
imposed by Majda on his constructed solutions and (ii) each tangent profile equa-
tion has a transversal planar viscous profile, then we may construct a hierarchy of
approximate solutions

ugh =Y Ut y, @ a/e), (11.6)

0<n<M
of (2.1). In this expansion one can look for U, as
Un(tay7xaz) :un(t7y7$)+vn(t7y7 Z) (117)

where the V,,(¢,y, z) decays exponentially to zero as z — 4o00; they describe the

successive terms of the viscous boundary layer. The first term uq is a solution of the

limiting inviscid hyperbolic boundary value problem and Wy(t,y, z) := U°(t,v,0, 2)

satisfies the viscous profile equation (3.3), (3.4). The approximate solution uS™
solves the equation with an error O(e™).
The terms U, are obtained inductively:

- u, satisfies the linearized hyperbolic boundary value problem at wug, with

source term depending on (U, ...,U,_1);
- V,, satisfies the linearized profile equation and initial condition at Wy, with
source term depending on (U, ...,U,_1);

- the boundary conditions of wu, are precisely those needed for the existence
of W, (t,z,y) = un(t,y,0) + V,(t,y, z) satisfying the linearized profile equation and
initial condition, converging to w,(¢,y,0) when z tends to +oo.

e,M

=M. we look for exact solutions as

Knowing the approximate solution u

~e, M
Ue = U, + V.

11.3. Parabolic methods

When the perturbation is fully parabolic one can use the standard local inversion
theorem to solve the equation for the remainder v.. We recall here the principle of
the method developed in [MéZul].
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We assume here that the perturbation is fully parabolic that is N> = N. For
simplicity we consider Dirichlet boundary conditions and the following problem
similar to (11.5)

L.(u:) = f, Uelp=o =0, u.=0 fort<D0. (11.8)

assuming that f. is smooth and vanishes for ¢ < 0 (see the more general form in
[MéZul]).

Consider a smooth solution ug on [=T', T X Ri, of the hyperbolic boundary value
problem. Let wuo. be given by (11.4) and consider a first order corrector u; . such
that

Ug,e = Upe + EUL e (11.9)
satisfies
Lo(uge) = f+0(€), Ugelo—o =0, uqe=0 fort<O0. (11.10)
The solution of (11.8) is constructed as
Ue = Ug e + EVe. (11.11)

The equation for v, is written as
L, v +eQ:(ve) = e, (11.12)

where Q. is at least quadratic in v and e. = 0(1) is a given source term which
vanishes in the past.

As mentioned in the previous section, conormal Sobolev spaces play an important
role. Such spaces have already been widely used in the study of boundary value
problems, see e.g. [Rau2|, [Gue2]. Let {Zy }o<r<aq denote a finite set of generators of
vector fields tangent to {z = 0}:

x

Oy
1+

Z():@t, Zj:(?yjforlgjgd—l, Zd:
For U C R x 2 and m € N, define the space
H™(U) = {u € L*U) : Zy, ... Znyu € L*(U),

(11.13)
Vp <m, (k.. k) € {0, d}P ).

This space is equipped with the obvious norm, denoted by || - |[#m .

In order to solve nonlinear problems, we need work in Banach algebras which
means here that we have to supplement the H™ estimates with L* estimates. In-
troduce the following norms

lullwew) = llullze + i > N2k Ziull= . (11.14)
p=11<ks,...,kp<k
We first give estimates for the linearized equation at ug:
£;Mu =f, Uz=0=0, uo=0. (11.15)
Assume that on Qg = [T, To] x Q,
upg € WmH2(Qg,),

s?p] w1 ellwm + €| Vgt e|wm + 52||Viu17€||wm < 00.
€€]0,1

(11.16)
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Theorem 11.5. There are C > 0 and €y > 0 such that for all € €]0,¢¢] and all
f € H™([—Tv, To) x Q) vanishing for t < 0, the solution of equation (11.15) satisfies
lullzen + VellOzullren + ¥2[107ullren < CIlfll2em (11.17)
If in addition m > 2 + L and f € L>([-To,To] x Q), then the solution u also
satisfies
lullwe + ellOzullwr + €202ull e < C(1IFllem +ell Fll=) - (11.18)
Denote by || - [[xm [resp. || - [ly=] the norm given by adding the left [resp. right]
hand sides of (11.17) and (11.18). Then the theorem implies the estimates
[ullxm < C|L,,, ullyr (11.19)
with C' independent of ¢.
Suppose that (11.16) holds with indices m such that
- d+1
2
Proposition 11.6. The quadratic term in (11.8) satisfies the following estimates:

leQ:(v%) [y < eV C(M),

m (11.20)

1/4 (11.21)
16(Q:(v5) — Qe(vE))[|lym < eYAC(M) |Jvy — val|am ,
provided that
ellorflp= <1, ellor || < 1,
(11.22)
elvallaem <M, efvrflxm <M,

where C(M) is independent of € €]0,1].

The nonlinear equations (11.12) and thus (11.8) can be solved using (11.19)-
(11.21) and the standard local inversion theorem in X" (see [MéZul] for details).

Theorem 11.7. There is g > 0 such that for all € €]0,¢] the problem (11.8) has
a unique solution u® = uq . + cv. with v, bounded in X". In particular,

[0 = ugllrm + Jlu—uglle = O(e) . (11.23)

11.4. Hyperbolic-like methods

The method sketched in the preceding section relies on inverting the linearized op-
erator E;a’g at the approximate solution. The key argument uses maximal parabolic
type estimates (with precised dependence on ¢) for all the components of u. For par-
tial viscosities this property fails and, one has to switch to iterative schemes which
use the linearized operators £;, for a sequence of u,, following the lines of iterative
schemes for hyperbolic equations.

We mention here a method of proof for Theorem 11.3 which has been used for ex-
ample in [GrGu, Guel, GMWZ4]|. The idea is to start form a high order approximate
solution

M x
uflws = ZakUk(t,y,x, =)
k=0 €
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which solves the equation up to an error O(e™) (see Section 11.2). Next one looks
for the solution as
U = ufys + M Vg,
where v, solves an equation of the form
L;é\/{g-ﬁ-EMUsva = fg = O(].)
To solve this equation, one uses Picard’s iterates
£;£?E+8]VIU?U;L+1 = fe

in semiclassical Sobolev spaces H?. The core of the analysis is to prove maximal
estimate in H:-type spaces for v""! using only the same control for v". They are
obtained by commutator arguments, as mentioned in Section 10.4, using Moser-
Gagliardo-Nirenberg inequalities in H?. Just to give one typical ingredient, a mini-
mal requirement is a Lipschitzean control of the coefficients a(“é\é +eMun,) of the
linearized equation which follows from the estimate

1" Vo]l e < Cllv]l g

if s >1+d/2and M > 1+ d/2. Here we see that it is crucial for this method
that M can be chosen large enough. This means here that we do start from a high
order approximate solution. We refer to the cited references for details and precise
statements.
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