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Derivation of the Zakharov equations

Benjamin Texier

1. Introduction

1.1. Physical context

The study of laser-plasma interactions is a field of intense activity, with large-scale
experiments being led in the US at the NIF and in France by the CEA. Energy
losses due to Raman scatterring and Landau damping are key issues. Models based
on the fundamental equations of physics, such as the Euler-Maxwell or the Vlasov-
Maxwell equations, are too complex to allow efficient numerical simulations of these
phenomena. Hence a need for simpler models. We study here the mathematical
validity of a model system of equations introduced by V. Zakharov in the seventies,
starting from the Euler-Maxwell equations.

1.2. The equations

We work on the non-dimensional form of the Euler-Maxwell equations introduced
in [12], in a “cold ions” regime. For small amplitudes, the system has the form:

8tB+VXE:0,

1 1
OF —V x B=—-¢e"v, — —e"v;,
€ .

1
Ove + 0 (ve - V)V, = —0.Vn, — E(E + 0.v. X B),
One + 0.V - v, + 0.(ve - V)ne =0,

(EM)

1
O; + e(v; - Vv; = —a’eVn; + e—(E +ev; X B),

om; +eV-v;+ev; - Vn; = 0.
The variable is U = (B, E, v, ne, vs,n;), where (B, E) € R3*3 is the electromagnetic

field, (ve,v;) € R3*3 are the velocities of the electrons and of the ions and (n.,n;) €
R'*! are the fluctuations of densities of both species. The variable u depends on
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time t € R, and space x € R3. A brief discussion of the relevance of this model

is given in [12]. The small parameter € is ¢ := %to’ where ty is the duration of
p

the laser pulse and w, is the plasma frequency: w, := ,/%, depending on m,
the mass of the electrons and ng the background density of the plasma. A typical
value for € in realistic physical applications is € ~ 107%. The fixed parameter 6,
is the electronic thermal velocity, while « is the ratio of the electronic and ionic
temperatures. Typically, @ < 0. ~ 1073, The “cold ions” hypothesis consists here
in setting the ionic thermal velocity 6; to be equal to e. We investigate the high-
frequency limit ¢ — 0, as 6, and « are held fixed.

Formal computations led in [12] show that in some specific regime, the high-
frequency limit of (EM) is the following Zakharov system:

, i(0, 4 ¢0,)E + AL E =nFE,
¢ o' — A= AL|E|,

where F is the envelope of the electric field and 7 is the mean mode of the ionic
fluctuations of density in the plasma, z is the direction of propagation of the laser
pulse and A is the Laplace operator in the directions transverse to z. This model
was derived by V. Zakharov and his collaborators in the seventies [14].

1.3. Mathematical context

Formal WKB expansions led in [12] showed how the weakly nonlinear limit of (EM)
fails to describe nonlinear interactions; such a phenomenon had been observed by
Joly, Métivier and Rauch in the context of the Maxwell-Bloch equations. This ex-
plains why we consider large-amplitude solutions in this paper. In [2], Klein-Gordon-
waves systems were formally derived from Euler-Maxwell, and the Zakharov system
(Z), was rigorously derived as a high-frequency limit of these Klein-Gordon-waves
systems. We extend here the results of [12, 2|, as we rigorously derive (Z), from

The (local in time) initial value problem for the Zakharov model (Z), has received
much attention. Ozawa and Tsutsumi [9] and Schochet and Weinstein [10] proved
existence of smooth solutions. Many authors studied weak solutions, see [13] for
references.

Following the formal derivation in [12] of the systems (Z), with a non-zero group
velocity ¢, Linares, Ponce and Saut showed its well-posedness in H*(R?), for large
s, and Colin and Métivier showed ill-posedness in a periodic setting.

The study of highly nonlinear geometric optics was originated in [5] for semilinear
Maxwell-Bloch equations. Stability and instability results for systems of conservation
laws in this regime are established in [1]. We deal here with quasi-linear dispersive
equations.

Our proof relies on pseudo-differential and para-differential changes of variables.
As usual in nonlinear problems, we are led to deal with symbols with limited reg-
ularity. Such classes of symbols were studied by Taylor[11] and Grenier [4]. We use
here the precise bounds of Lannes [6].
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2. Statement of the result

We are interested in solutions of (EM) in the form
u(t,z) = elU(et, x). (2.1)

That is, we study large-amplitude solutions in a diffractive regime. For solutions in
the form (2.1), the system (EM) takes the form

D + ;A(e, cu, 20,)u = iB(u, u) + G5 (), (2.2)
where A has the form
Ae, ev,e€) = AV (e€) + e AW (g, v, €€), (2.3)

where A is affine in ¢ (not homogeneous, as the equations modelling light-matter
interactions are dispersive), and where A®) is linear in ¢ and encodes in particular
the convective terms in Euler. We work with the classical Sobolev spaces H*(R?)
for profiles with values in R, endowed with the norms

||U||§/,s = Z ||(5/3x)’%||%2(11@3)‘
1BI<s

We will use ¢’ = 1 and ¢’ = e. We say that a family of profiles v® is bounded in
H?(R3) when it is bounded with respect to the semi-classical norm || - ||. s, uniformly
in ¢ € (0,g), for some g9 € (0,1). Note that the injection HS < W** has norm
O(E_k_3/2).

Consider an initial datum a(z) of the form a = (0, E°,v°,0,0,0) € H°, for some
large o.

Proposition 1. For any | such that o — 1 > oo+ 3/2, for some oq € N, the system
(EM) has a unique approximate solution ut of the form (2.1) satisfying the initial
condition ug(0,z) = a(x) and such that:

£

.U,a

is defined over a time interval [0,t*) independent of &;

e uS satisfies (EM) up to a residual of the form e RS, where R is a bounded
family in HZ=', locally uniformly in t € [0,t*);

o uS decomposes as us = (ug_1e "% 4 ug 1€/ 4 cuy o) + evs, where v5, £20,0°

are bounded families in HZ~'=1, locally uniformly in t € [0,t*), and where the

components of ug1,uo—1 and uyo satisfy a system of the form (Z),.

Consider now a perturbation a® := a + £¥¢°, where ° is a bounded family in
Hot

Theorem 2. Ifk > 3+ %, then the system (EM) has a unique solution u® of the
form (2.1) satisfying the initial condition u®(0,x) = a*(x) and defined over [0,t*).
Moreover, for all 0 < tg < t*, for s smaller than o — [ but large enough, there holds

sup [Juf — ug|., < CeF (2.4)
0<t<to
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That u® is defined over a time interval independent of ¢ is not trivial. A direct H®
estimate for solutions of (2.2) with data of size O(1) would indeed give a bound in
e“*/# hence an existence time O(e) only, precisely because of the large-source term
B /¢ in the right-hand side. Note that in contrast, the contribution of the propagator
A/e% in the H*® estimate is not singular with respect to €, because of the specific
scaling that we chose — see (2.3).

The above theorem asserts that the approximate solution u;, is stable under per-
turbations of the form e¥¢® where ¢ belongs to H?, that is may contain fast
oscillations of the form e**/¢., Remark that the initial datum a is not oscillating.
This amounts to a polarization condition at k = 0 for the initial datum and implies
in particular that the group velocity is ¢ = 0; see Figures 1 and 2. It would be
interesting to consider more general initial data of the form a(z)e™**/¢, with k # 0.
Then, as shown in [12], the limit system is (Z),, with ¢ # 0. The result of Linares,
Ponce and Saut [7] asserts that an approximate solution can be constructed. Is is
stable, in the sense of Theorem 2 7 This is an interesting direction for future work.

In the lower bound for k, 2 4+ 3/2 powers of € account for the embedding H? —
W2 and the extra power of € comes from the rescaling of section 6.2.

Note finally that the estimate (2.4) and the condition k > 3 + 2 imply

sup sup (| E° — (Eo 6™ + c.c.)| + |nf — eneil) < Ce2. (2.5)
0<t<to zeR3

(2.5) is the estimate that validates the Zahkarov model, as it actually gives a de-
scription of the electric field £ and the fluctuation of density n° in (EM) by means
of the solution (Ey 1, ne1,0) of (Z),.

3. WKB approximate solution

We sketch the proof of Proposition 1 in this section. We look for « in the form of a
WKB expansion: u = Z%:o e™u,,, where for all m, u,, has a finite decomposition
in oscillating terms: u,, = > cx,, et/ 62umJg(zf, x), where the profiles w,, , are sought
in W1eo(]0,*(g)], L>(R?)), for some t*(¢) > 0 and where the sets R,,, C Z are finite.
Plugging this ansatz in (EM), one finds a cascade of WKB equations. We also use
below the notation (v), to denote the p—th harmonic of a profile v admitting a finite
decomposition in oscillating terms as above.

Terms in O(1/£?): The equations are

ipw(EO,pa veO,p) = (veO,p> _EO,p)> (31)

while the oscillating components (i. e. corresponding to p # 0) of all the other profiles
of order 0 vanish. From (3.1), one obtains the dispersion relation: w(w? — 1) = 0.

We choose w = 1. Thus Ry C {—1,0,1}. The leading electric field and electronic
velocity are

EO = E07161t/€2 + E07_1€_Zt/€2, Veo = *E(]’leZt/sQ — *E()’_le_Zt/EQ. (32)
w w

Terms in O(1/¢): The equations contain the compatibility condition

ipw(NeoVeo)p — Be(Veo X Bo), = 0. (3.3)
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The nonoscillating terms satisfy in particular

1
—V X By = Ve1,0 — g Vio.0; Ei1og=0.Vney. (3.4)
Terms in O(1): These equations imply in particular that 0;By¢ = 0, because
E, is a gradient. Hence Byy = 0, and (3.3) implies that n.po = 0. As usual in
geometric optics when the ansatz involves three scales, the compatibility condition
for the equations in (Es, v is a Schrédinger equation for Ey ,, p € {—1,1}. For the

variable Ep .= ¢ipt/62 Ey, (correction of frequency due to the ions), the equation is

S g, -
— 2ipwo B, + AE, = —ne 0B, + —E, X By, (3.5)
ipw

where Av 1= 6?V(V - v) — V x (V x v). The nonoscillating terms satisfy
ee((veo : V)er)o = —0.Vne 0 — (B2 + 0c(veo X Bi)o). (3.6)

(3.6) is the crucial equation that provides the noninear coupling between (3.5) and
the evolution equation for n.; g. The third term of the expansion also contains the
relation:

1
V X By = Ve2 — Q*Uil,o + (Ne1Ve0)o- (3.7)

vioo and n; o satisfy a linear wave equation, with null initial data. Hence n;o = 0
and v;00 = 0. With (3.4) and By = 0, one has therefore v.1 ¢ = 0.
Terms in O(g): The nonoscillating terms satisfy in particular

1
2
O +a*Vngg = —Ey,
0.
Omio+ Vvig = 0,

01,0 + 0.V - (Ve20 + (Re1ven)o) = 0.

This last equation and (3.7) imply the quasineutrality relation: n.; o = n10. The
density 1 := ne1,0 = nioo satisfies the wave equation:

8tvi1’0 + (062 + 1)V’ﬁ = —((er . V)’Ue() — Ve X Bl))O
8tﬁ + V- Vi1,0 = 0.

The nonlinear term in the wave equation is Thus the equation satisfied by 7 is
(02 — (@® + 1)A)n = —A|E, | (3.8)

Besides, we have 0;B19 + V X Eyp = 0, and this implies with (3.6) that Esp is
a gradient. Hence By = 0, and the system (3.5)-(3.8) is the announced Zakharov
system (with an elliptic operator operating in three space dimensions). Note that the
crucial coupling term A|Ep|2 comes from the convective term and from the Lorentz
force term.

High-order terms: For m > 2, the terms E,, 5, i m410, p = —1,1 are seen to
satisfy a system that corresponds to the linearization of (3.5)-(3.8) around Ej,,
which can be solved as (Z),, with an existence time that is a priori smaller than
the existence time of the first profiles. The other components of w,,, are given by
polarization and compatibility conditions as in the first terms of the expansion.
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4. Resonances and transparency

For each fixed z € R, the characteristic variety is the set of all (w, k) € RxR3, such
that det (—w+.A(e, ez, k)) = 0. This polynomial equation factorizes as a transverse,
degree 4 equation:

I €
w’w”(w2 1= |/{?‘2 — ﬁ) = 5Z[Ue]w" + §€2Z[Ui]wla
and a longitudinal, degree 5 equation:
2
€
w(w/;g _ 52a2|k‘|2)(w’2 —1— 93“6’2) — _52[1;6](@)”2 _ €2Oé2|/€|2) + ﬁw//(wm _ 93|/€|2),

where z[,,] and z,,) are the electronic and ionic velocity components of z, and where
w' = w—ezp,), W = w—e’zy,). There are six Klein-Gordon modes: {\;}1<;<¢, and
eight acoustic modes: { A }7<k<14. The corresponding eigenprojectors are denoted by
I1;, IT. The acoustic velocities are all O(e), as a result of the “cold ions” hypothesis.

Resonances correspond to constructive interactions of characteristic waves. As
in [2], because the crucial interaction term B is bilinear, writing the system as a
perturbation system around the approximate solution allows to consider only the

resonance relations

ijkvp(f) = )‘j(07 07 f) - Ak(ov 075) +pw = 07

for p € {—1,1}. Examples of resonances for the Euler-Maxwell system are pictured
on Figures 1 and 2.

KG

KGH

o(1) k

Figure 1: Resonances between the Klein-Gordon branches on the
characteristic variety.

Eigenvalues cross at the origin. As a consequence, the eigenvalues and the eigen-
projectors may not be infinitely smooth at £ = 0, and one has to deal with symbols
with limited regularity in k. This wil not be mentioned in the following (the symbols
defined in section 5 are smooth); for more details, see [13].

We let 11 be the total projector on the Klein-Gordon modes and Il be the total
projector on the acoustic modes, so that Il := 2?21 I1;, I == Z,lfﬂ II,.
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KG

ac

O(e) k

Figure 2: Resonances between the Klein-Gordon and the acoustic
branches on the characteristic variety.

To prove existence over time intervals independent of ¢ for large-amplitude so-
lutions of the (EM) system, we need to compute how characteristic waves interact
through the large source term B/c. The eigenvalues can be locally described (with
the dispersion relations above) and the eigenvectors can be explicitly computed in
terms of the eigenvalues. We can compute

Blua. ) + Bl-,u,) = ( > o) ) i (41)

in a basis of eigenvectors. We notice three different behaviours:

(a) transparency: the bottom left entry in (4.1) is small for £ close to the Klein-
Gordon/acoustic resonance depicted on Figure 2.

(b) absence of transparency: the top right entry in (4.1) is large for k close to the
Klein-Gordon/acoustic resonance depicted on Figure 2.

(c) symmetrizability: the top left entry in (4.1) is not small for k close to the Klein-
Gordon/Klein-Gordon resonance depicted on Figure 1, but is symmetrizable.

Because of (b), we will rescale the acoustic component of the solution in section 6.2.
This procedure makes the equations more singular, but the interaction coefficient
mentioned in (a) is sufficiently small to allow such a transformation (it is reduced in
section 6.3). Finally, the interaction coefficient mentioned in (c) is symmetrized in
section 6.4. Note also that because of the cold ions hypothesis, resonances between
acoustic modes are higher-order phenomena, and the interaction coefficients in the
bottom right block of (4.1) do not play any role in the analysis.

5. Symbols and operators

We consider symbols depending on (g,v,£) € (0,1) x R x R3, such that for all
compact K C R, there exists 0 < ex < 1, such that for all «, 3, there exists a
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non-decreasing function C, g i such that

sup sup sup <§>‘5|’m‘8§v8?p(5,1},§)| < Cop k-
e€(0,ei) vEK £

This class of symbols is denoted C*°M™. We consider semi-classical pseudo- and
para-differential operators defined by

op.(q)z = /e”'%(&tw?&&)f(t,&)d& op? (q) := op.(¢*), (5.1)

where ¢¥ is the standard para-differential smooting defined by in/’(n, €)=Y, £)q(n, &),
where v is an admissible cut-off, defined by ¥ (n, ) = 1 if |n| < §,(1 + £[*)'/2, and
Y(n, &) = 0if [n| > 62(1 + |€[*)Y/2, for some 0 < §; < dy < 1. In (5.1), one will take
for instance ¢ = p(v®), where p € C*°M™ and v° is a bounded family of profiles in
L>=([0,t.(¢)] x R3). Then the following bounds hold [8, 6]:

I(op< (p(v)) = oY (p(v%)))ull-s < eC (0" wroe ) (1 + [0°[lc ) [l cimsap
llop? (p(v°)ulles < Cv° o) [lle.stms
lop (P(v%))ulle,s < C(|0%[Loe ) ([[07]|eslltulle.mraq + lulle.stm),

and

Pe (41)0P:\G2) — OP: (G142) — €0D2- (G18G2) )U|le,s > V™ |[w2.oo ) |U||e,s -
I(op? (q1)0p? (g2) — 0pY (q142) — €0b? (qrg2))ulle.s < e2C([1° w00 ) |ul]

Above, C represent non-decreasing functions, dy is greater than 3/2, and in the
last inequality g; = p;(v°), pj € CPM™, ' = s+ 2 —my —mg, and @iy =
Slajet S 020108 e

We use all the above bounds in the proof below, without explicitly referring to
them.

6. Sketch of proof

We sketch the proof of Theorem 2 in this section. We often drop the epsilons, as
we write u, for u;, u for u®, etc. Standard hyperbolic theory provides the existence
of a unique solution u to (2.2) with the initial datum u(0) = a, over a small time
interval [0, t.(¢)], such that t.(¢) = O(e) (see the discussion following the statement
of Theorem 2), with the uniform estimate

sup  sup ||u(t)|les < 6. (6.1)
0<e<en 0<t<t«(e)

We work in the following in [0,%.(¢)]. Our strategy is to transform the equations

to allow uniform energy estimates over [0,t.(¢)], then use a standard continuation
argument.
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6.1. The perturbation equations

The exact solution u is sought in the form u = u, + € (where [y is to be chosen),
that is, as a perturbation of the approximate solution. The initial value problem for
the variable u is

1 1
Oy + 0¥ (A(e,(ug + i) = Lop, (B + op, (D)i + R,
u(0,7) = "¢ ().

(6.2)

where

B = B(ug-)+ B(-,uq) — AW (e, -, €))ua,

D = (G°) (ta) — (AV (e, ta + €1, 0,) — op? (AW (ug + €'11)),

Beoim e (G g + ehit) — G () — (G°) (ua)it) + 0 2B(it, ),
and R® := R° — !~0~1Re_ With (6.1) and the estimates for u, following from the
construction of section 3: for < 1 and |5] < 2,

\(528t)°‘85u|mo < ¢, + e85

where ¢, does not depend on ¢, and where the e=273/2 factor comes from the em-
bedding H? — W2, We choose now ly > 2+ 3/2 and let Cy = ¢, + 5. We
generically denote by R any pseudo- or para-differential operator such that, for
all z € H:(R?), for all ¢t € [0,¢.(e)] :

[R©2lles < Colllullesllzllervar + N12]lc.5)-

6.2. Projection and rescaling

Let
1

vy := op? (o), v, := —op?(Il). (6.3)
£
Then @ = vy + ev,. Note that in (6.3), the spectral projectors Ily and IIy depend
on . We multiply (6.2) by op?(Ily) and op?(Il,) to the left to find the equation
satisfied by v := (vg, vs) :

1 1 1
0w + opt (iA)v = Z(opZ (B) + cop.(D))v + Zopl (B)v+ Ry, (64)
where
. L AHO O 0o 1.
ozA.-( 0 .AHs)EC MY,

{0 0 0 on [0 0 o
'B‘_(BSOO>€C M,D.-(DSO())EC MO, with

BSO = HSBHO + (EatH5>H0;
DsO = HSDHO — (HsﬁA)HO — (HSA)ﬁHO + (HAjB)H(),
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o B = ( %0 1(3) ) € C>°M°, with

BO = HQBHO + (58151_[0)1_-[07 BS = HSBHS + (8atHs>Hs

In (6.4), the variables vy and v, are coupled only by order-zero terms, and the leading
singular term has a nilpotent structure. The system is prepared.

6.3. Reductions

Figure 1 shows that resonances between Klein-Gordon modes happen. Because of
the cold ions hypothesis, resonances between acoustic modes are higher-order phe-
nomena. We split the source term B’ according to resonant and non-resonant terms
as follows: B’ = B" + B™ where

- _( By O [ By 0
e (B 0), (B0
Thus the matrix Bj corresponds to the components II; B'IL;; of I1o BTl such that for

some p € {—1,1}, ®; /(&) = 0 for some &; whereas for all j, k such that I, B"II,
does not vanish, the phase ®;, is bounded away from zero, for all p.

Lemma 3 (reduction of the non-resonant terms). There exists M € C° M~ such
that

[528t + opff(iA), op‘f(M)] = opg’(B"T) +eR(0).

Sketch of proof. Up to symbols of the form e (g), the homological equation reduces
to e20,M + [iA© M] = B, where B is the leading term in B™, which in par-
ticular is linear in u,, and where A the leading term in A, depends only on &. A
solution is given by

_ ipt/e? -1 PNTYT . -1 nr
M= 3 (> @ GBI+ 3 @y, LB ).
pe{-1,1} 1<5,5'<6 7<k,k'<14

The above actually defines a symbol in C*° M ™! because B™ is non-resonant (see
above). O

With the above lemma, the change of variables
0 := (Id+ eopl (M) ™1,
leads to the reduced system
1 1 - 1
00 + ~3op! (1A) = 5 (0! (B) + cop.(D))i + Zop.(B')o + Ry,
where B := B +¢[B, M].

Lemma 4 (reduction of resonant terms). There exists Ng, N € C*° M1 such that,
up to a term of the form £*Rg),

(%0, + opY (iA) — eop? (B"), 0¥ (No) + £0p.(N1)| = op! (B) + eop.(D).
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Sketch of proof. The homological equation reduces to the system

e20,Ny + [iA — eB", Ny| +ic AN, = B, (6.5)
528tN1 + [ZA,N:[] = 1)7

where (6.5) is modulo 2Ry and (6.6) is modulo € Rp). Equation (6.6) is solved by

Ny= Y MY @l DI

pe{-1,1} k<6<j

The above actually defines a symbol in C*° M ™1, as direct computations show that
the interactions coefficients II; DIl are small at the resonances ®;;, = 0 pictured
on Figure 2 (transparency). In equation (6.5), up to symbols of the form 2R
the source term has the form B by By + £By, where By = dop e'Pt/e B, p, and B, =
> e By, + Z R L. Slmllarly, up to symbols of the form 2R, A
has the form A© + 5A , where A depends only on & and AM is linear in 1.
Then, to solve (6.5), it suffices to solve the system

zprO » [zA Nop)] = BOJ,,
ipwNS) + [1AQ NM = By, — AONS),
i(p + p,)WanLp [ZA Np iy ] = Bp+p’ - [iA(l) - B, N(O)]p+p’v

then to let
No=>_ eit/e? (Nég,? + eNé’l;) +e) S NG

P p.p’

The last equation in the above system is solved as in Lemma 3, as it corresponds
to an homological equation with no resonances: the phases X;(0,0,&) — A\¢x(0,0,¢) +
(p+7p')w are indeed all uniformly bounded away from 0. Finally, direct computations
show that the interactions coefficients (that is, the source terms in the homological
equations) in the last two equations are small at the resonances (that is, when a
small divisor appears in the left-hand side of the equation). Thus these equations

can be solved in C® M1, O

With the above lemma, the change of variables

w := (Id— (0p¥(No) + op.(N1)))7,

leads to the reduced system

1 1
oyw + ?opf(iA)w = gopf(BT)w + Royw

6.4. Uniform Sobolev estimates

The system still contains a singular source term in the right-hand side, namely
B". This term cannot be removed using normal form reductions as above, as it
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corresponds to resonances between Klein-Gordon modes and is not transparent (see
section 4). However, A and B" can be simultaneously symmetrizable: an explicit
computation of B shows that there exists a Fourier multiplier S such that

1 :
SR(S(Dx)op (iA)w, w)es < Collw]2

and .
g%(S(Dx)Op?(Br)wa Jw)es < Collwl? .

The initial datum for w is O(e¥~1). Because Iy was chosen to be greater than
2 + 3/2, a sufficient condition to have a uniform H estimate for w is k > 3 + 3/2.
Under this condition, the uniform estimate for w yields a uniform estimate for .
A classical continuation argument finishes the proof of the existence of a solution
over [0,t*). The error estimate (2.4) then follows from the definition of @, with the
choice lp = k — 1.
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