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Journées Equations auz dérivées partielles
Forges-les-Faux, 6 juin—10 juin 2005
GDR 2434 (CNRS)

Global time estimates for solutions to equations of
dissipative type

Michael Ruzhansky James Smith

Abstract

Global time estimates of LP — L9 norms of solutions to general strictly
hyperbolic partial differential equations are considered. The case of special in-
terest in this paper are equations exhibiting the dissipative behaviour. Results
are applied to discuss time decay estimates for Fokker-Planck equations and
for wave type equations with negative mass.

1. Introduction

The paper is devoted to the time decay of LP — L9 norms of solutions to constant
coefficients strictly hyperbolic equations of general form. It is known that such
estimates lead to Strichartz estimates which are a powerful technique when dealing
with nonlinear problems.

We will assume that the principal part of the equation is strictly hyperbolic. The
full equation may have variable multiplicities because of the lower order terms. One
question of interest is to identify properties of such equations which determine the
time decay rate of solutions. Another question of interest is what happens when
there are multiple characteristic roots.

Equations of higher orders appear in many applications. In particular, they arise
as dispersion equations for hyperbolic systems, for example in the study of the
Fokker-Planck equation and Grad systems in nonequilibrium thermodynamics. More-
over, in approximations of solutions to the Fokker-Planck equation the order of the
corresponding system tends to infinity. However, it turns out to still be possible to
determine the decay rate of its solutions. The behaviour exhibited by these exam-
ples is similar to the behaviour of the dissipative wave equation in the sense that
characteristic roots lie in the complex upper half plane and come to the origin as
single roots and at isolated points. That is why in this paper we will concentrate
on equations of such type in Theorem 2.2, although we will also present a more
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general Theorem 2.1. Results described here are formulated for scalar equations.
However, they can be easily extended to systems. They also yield the well-posedness
results for semilinear equations. Details of such analysis will appear elsewhere.

Second order equations.

The study of LP — L9 decay estimates, or Strichartz estimates, for linear evolution
equations began in 1970 when Robert Strichartz published two papers, [Str70a]
and [Str70b]. He proved that if u = wu(z,t) satisfies the Cauchy problem for the
homogeneous linear wave equation

{8t2u(x, t) — Ayu(z,t) =0, (z,t) € R" x (0,00),
u(r,0) = ¢(x), du(z,0) =¢(x), x€R",

where the initial data ¢ and ¢ lie in suitable function spaces such as C§°(R"), then
the a priori estimate

(1.1)

)., ), Tl e < €1+~ 8 (9,0, Dlyw — (12)

holds whenn > 2, p~'4+¢ ' =1,1<p<2and N, > n(p ' —q ). Here szvp stands
for the standard Sobolev space with N, derivatives over LP. Using this estimate,
Strichartz proved global existence and uniqueness of solutions to the Cauchy problem
for nonlinear wave equations with suitable (“small”) initial data. This procedure of
proving an a priori estimate for a linear equation and using it, together with local
existence of a nonlinear equation, to prove global existence and uniqueness for a
variety of nonlinear evolution equations is now standard; a systematic overview,
with examples including the equations of elasticity, Schrodinger equations and heat
equations, can be found, for example, in [Rac92].

There are two main approaches used in order to prove (1.2); firstly, one may write
the solution to (1.1) using the d’Alembert (n = 1), Poisson (n = 2) or Kirchhoff
(n = 3) formulae, and their generalisation to large n,

L (e, o)

Hj:21 (2] —1

+(t10,)" (t” 17[3& x)wdsﬂ (odd n > 3)
(2,t) = n
T gl (e, |y_x|2dy)

j=1
—lat (tn ][
Bt(az

(for the derivation of these formulae see, for example, [Eva98]), as is done in [vW71]
and [Rac92|. Alternatively, one may write the solution as a sum of Fourier integral
operators:

dy)} (even n),

\y — z|?

eit|‘£‘ _|_ e_itlﬂ N eit|§‘ — e_itlﬂ ~ >

_ g1
u(z,t) =F ( 5 + 2]
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This is done in [Str70a], [Bre75] and [Pec76], for example. Using one of these repre-
sentations for the solution and techniques from either the theory of Fourier integral
operators ([Pec76]), Bessel functions ([Str70a]) or standard analysis ([vWT71]), the
estimate (1.2) may be obtained.

Another problem of interest where an L? — L9 decay estimate for the linear equa-
tion is used to prove existence and uniqueness for the related nonlinear problem is
the Cauchy problem for the Klein—-Gordon equation. Precisely, if u = u(x, t) satisfies
the initial value problem

{utt(x,t) — Agu(x,t) +mu(x,t) =0, (r,t) € R" x (0,00),

u(x,0) = ¢(x), u(x,0) =p(z), =eR”, (1.3)

where ¢, € C§°(R"), say, and m is a constant (representing a mass term), then

n

a0 00, Fasts e < €O+ bl (18

where p, ¢, N, are as before. Comparing (1.2) to (1.4), we see that the estimate
for the solution to the Klein—-Gordon equation decays more rapidly—there is an
1

improvement in the exponent of the decay function of —%(5 — %) The estimate is

proved in [vWT71], [Pec76] and [H6r97] in different ways, each suggesting reasons for
this improvement: in [vW71], the function

v =0(T, Tpyy,t) ;= e Iy (2, t), xpe €ER,

is defined; using (1.3), it is simple to show that v satisfies the wave equation in
R™1 and thus estimate (1.2) holds for v, yielding the desired estimate for w. This
is elegant, but cannot easily be adapted to other situations due to the importance
of the structures of the Klein-Gordon and wave equations for this proof. In [Pec76]
and [Hor97], a representation of the solution via Fourier integral operators is used
and the stationary phase method then applied in order to obtain estimate (1.4).

A third problem of interest for us is the Cauchy problem for the dissipative wave
equation,

{utt(:v,t) — Agu(z,t) +u(x,t) =0, (z,t) € R" x (0,00),
u(x,O) = gb(x), ut(l‘vo) = ¢($)7 reR",

where ¢, ¢ € C§°(R™). In this case,
_nel_ 1y . laf
10705 u (-, )llze < CU+8)7EG™D 77216, Vi) v

This is proved in [Mat76] with a view to showing well-posedness of related semilinear

equations. Once again, this estimate (for the solution wu(z,t) itself) is better than
that for the solution to the wave equation by —%(% - %); there is an even greater

improvement for higher derivatives of the solution. As before, the proof of this may
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be done via a representation of the solution using the Fourier transform:

ff_l({e—t/?Sinh (% 1—4‘§|2> —f-@_t/QCOSh(;m)}gf;(g)

1—4|£|2

/% sinh (%\/1 - 4|§|2>

1 — 4
u(z,t) = /2 N
e
+2€ 42 sm( \VAIE]2 — )
VAR -1

Matsumura divides the phase space into the regions where the solution has different
properties and then uses standard techniques from analysis.

+

Q). I <1,

0©). lel>1/2

Problem.

It is, therefore, interesting to ask why the addition of lower order terms improves
the rate of decay of the solution to the equation; furthermore, we would like to
understand why the improvement in the decay is the same for both the addition
of a mass term and for the addition of a dissipative term. In the proof of each
of the estimates (see the papers cited above), the critical role is played by the
characteristic roots of the equations. In fact, it is the difference in the behaviour
of the characteristic roots of the Klein—-Gordon equation and the dissipative wave
equation which yield improvement over the decay rate for the wave equation.

The aim of this paper is to investigate this phenomenon for higher order hyperbolic
equations and see how lower order terms affect the rate of decay compared to that
for the homogeneous m'™ order equation and the examples above. Equations of this
type appear in many applications. In particular, they arise as dispersion equations
for hyperbolic m x m systems. The order m may be large, as in, for example, Grad
systems coming from nonequilibrium thermodynamics, where it corresponds to the
number of moments under consideration. Moreover, in applications to Fokker-Planck
equations describing the distribution of Brownian particles, the order m corresponds
to the Galerkin approximation of solutions, so it is increasing to infinity. In all these
cases equations become too large and involved to analyse explicitly, so we are led to
study properties which determine the decay rate of L? — L7 estimates in the general
form.

We will consider the Cauchy problem for m'™ order constant coefficient linear
strictly hyperbolic equation of the general form for u = u(z,t):

m—1
Dmu—l—ZP DD u+ > Y o, DEDu=0, t>0,
Jj=1 =0 |a|]+r=l (15)

Dlu(z,0) = fi(x) € C°(R™), 1=0,...,m—1, z € R",

where P;(§) is a constant coefficient homogeneous polynomial of order j, and the
Cq,r are constants.
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We seek a prior: estimates for the solution to this problem of the type
m—1
1D Dyu(s )lle < K () D1 fillyro-t (1.6)
1=0

where 1 < p < 2, % + % =1, N, = Ny(a,r) is a constant depending on p,a and r,
and K (t) is a function to be determined.

Homogeneous equations.

The case where the operator in (1.5) is homogeneous has been studied extensively
and provides many interesting relations to the geometric properties of characteris-
tics. In this case we have

{ L(Dy, D)u =0, (z,t) €R" x (0,00)

1.7
Dlu(z,0) = fi(x), 1=0,...,m—1, x € R", (17)

where L is a homogeneous m'™ order constant coefficient strictly hyperbolic differ-
ential operator; the symbol of L may be written in the form

L(7,8) = (1 = ¢1(8)) - - (T = m(§)), With 2(§) > --- > om(§) (£ #0).

In a series of papers, [Sug94], [Sug96] and [Sug98|, Sugimoto showed how the geomet-
ric properties of the characteristic roots ¢1(§), ..., pm (&) affect the LP — L7 estimate.
To understand this, let us summarise the method of approach.

Firstly, the solution can be written as the sum of Fourier multipliers:

m—1

z), where Fj(t fo—l e, (6)F
1=0 k=1

and ag,(§) is homogeneous of order —I. Now, the problem of finding an L — L9
decay estimate for the solution is reduced to showing that operators of the form

M, (D) := F 1O ||\ (6)F

where p(§) € C¥(R™\ {0}) is homogeneous of order 1 and x € C*°(R") is equal to 1
for large £ and zero near the origin, are L” — L7 bounded for suitably large » > [.
In particular, this means that, for such r,

IE(D) flle < Ol -

Indeed, it may be assumed, without loss of generality, that ¢ = 1 since for ¢t > 0
and f € C§°(R"), we easily have

[E(t) fl(x) = H[EQ) f(t)](t )

Using this identity gives
1E(&) fll%e = tN[E(L) ] (E7H)]|50 =t /RJ[Ez(l)ft](t’lx)lqu

L [ B R e’ = E B il
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Then, noting that a simple change of variables yields

”ftH%/;; < Ctkp_anH%/;c ;

we have,
I+ r—n(i-1) )
1Bt flle < CEFE| fillyyr < CET S £l
hence,
11y ml
Jul s < CEETD S il
1=0

It has long been known that the values of r for which M, (D) is L? — L9 bounded
depends on the geometry of the level set

Yo = {6 € R"\ {0} : p(£) =1} .

In [Lit73], [Bre75] it is shown that if the Gaussian curvature of X, is never zero

then M, (D) is L? — L? bounded when r > "4 (% - %) This is extended in [Bre77],

where it is proven that M, (D) is L? — L? bounded provided r > 22 (% - %), where

p = mingo rank Hess ¢(§).
Sugimoto extended this further in [Sug94], where he showed that if ¥, is convex

then M, (D) is LP — L? bounded when r > (n — %) (% — %); here,

v(X) :=supsupy(X;0,P), X CR" a hypersurface,
cex P
where P is a plane containing the normal to 3 at o and v(X; o, P) denotes the order
of the contact between the line T, N P, T, is the tangent plane at o, and the curve
YNP.

In order to apply this result to the solution of (1.7), it is necessary to find a condi-
tion under which the level sets of the characteristic roots are convex. The following
notion is the one that is sufficient. Let L = L(D,, D;) be a homogeneous m'™ order
constant coefficient partial differential operator. It is said to satisfy the convexity
condition if the Hessian, Hess ¢ (&), corresponding to each of its characteristic roots
©1(), ..., om(&) is semi-definite for £ # 0.

It can be shown that if an operator L does satisfy this convexity condition, then
the above results can be applied to the solution and thus an estimate of the form
(1.6) holds with

K@) =( +t)*%<%*%) ,

where v = maxy <x<m 7(Xp, ). We also have v < m.
Finally, in the case when this convexity condition does not hold, it was shown
in [Sug96] and [Sug98] that, in general, M, (D) is LP — L? bounded when r >

(n = 5) (G = 3) where

Y0 (2) := sup i%f’y(z;a, P) <~(%).

o€y

For n = 2, 4(X) = ~(X), so, the convexity condition may be lifted in that case.
However, in [Sug96|, examples are given when n > 3, p = 1,2 where this lower
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bound for r is the best possible and, thus, the convexity condition is necessary for
the above estimate. It turns out that the case n > 3, 1 < p < 2 is more interesting
and is studied in greater depth in [Sug98], where microlocal geometric properties
must be looked at in order to obtain an optimal result. It can be noted that in
LP — [P estimates other geometric properties of phase function and wave fronts
become important, see the survey [Ruzh00] for more details.

Two remarks are worth making; firstly, the convexity condition result recovers
the Strichartz decay estimate for the wave equation, since that clearly satisfies such
a condition, Secondly, the convexity condition is an important restriction on the
geometry of the characteristic roots that affects the LP — L? decay rate; hence, in
the case of an m™ order operator with lower order terms we must expect some
geometrical conditions on the characteristic roots to obtain decay.

2. Main Results

In this paper we will present conditions under which we can obtain I” — L? decay
estimates for the general m'® order linear, constant coefficient, strictly hyperbolic
Cauchy problem

m m—1
P(Dy,D,) = Dj'u+ > Py(D,)Di" 7u+ > > cayDiDiu=0, t>0,
j=1 1=0 |a|+r=l

Dlu(z,0) = fi(x) € C°(R™), 1=0,...,m—1, v € R".
(2.1)
As usual, the strict hyperbolicity means that the principal symbol of the operator
P(Dy, D,) is strictly hyperbolic, i.e. has real roots, distinct for £ # 0. However, char-
acteristic roots 71 (), . .., T (€) of the full symbol may have any multiplicities. Since
we are interested in the question of how do lower order terms influence time decay
rates, we do not want to worry about the well-posedness of the Cauchy problem
and therefore assume that the principal part of the operator is strictly hyperbolic.
Our main Theorem 2.1 states how different behaviour of the characteristic roots
71(), ..., 7m(&) affect the rate of decay that can be obtained. For now we will as-
sume that symbols of P;(D,) are homogeneous polynomials of order j with constant
coefficients. However, results extend to the case when P; are pseudo-differential op-
erators of order 5 and when lower order terms are pseudo-differential in D,,, provided
the statement of Lemma 3.4 holds. This case is essential when considering hyperbolic
systems and their dispersion equations.
It is natural to impose the condition:

Im7,(§) >0 fork=1,...,m and for all £ € R" (2.2)

this is equivalent to requiring the characteristic polynomial of the operator to be
stable at all points £ € R”, and thus cannot be lifted, since we can not expect
any time decay if this condition fails. Coefficients of equation (2.1) are allowed
to be complex as long as condition (2.2) holds. Of course, because of the strict
hyperbolicity, coefficients of the principal part are real.
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Also, it is sensible to divide the considerations of how characteristic roots behave
into two parts: their behaviour for large values of |£| and for bounded values of [¢].
These two cases are then subdivided further; in particular the following are the key
properties to consider:

e multiplicities of roots (this only occurs in the case of bounded |{]);
e whether roots lie on the real axis or are separated from it;

e behaviour as |£| — oo (only in the case of large [€|);

e how roots meet the real axis (if they do);

e properties of the Hessian of the root, Hess 74 (€);

e a convexity-type condition, as in the case of homogeneous roots.

Some definitions will be needed for the main theorem. Given a smooth function
7:R" —- R and A € R, set

Erx=0a(1)={{eR":7(§) = A}

In the case where 7(§) is homogeneous of order one, write ¥, := 3 (7)—for such
7, we then have ¥, (1) = AX,. Also, a smooth function 7 : R” — R will be said to
satisfy the convexity condition if X is convex for each A € R. Note that the empty
set is considered to be convex. Finally, we will use notation in the introduction for
the mazimal orders of contact of a hypersurface, v(X) and vy(X). We note that
if p(€) is a polynomial of order m and ¥ = {£ € R" : p(§{) = 0} is compact then
7 (X) < 7(X) < m; this is useful when applying the result below to hyperbolic
differential equations and is proved in [Sug96].
Now we may state the main theorem:

Theorem 2.1. Suppose u = u(x,t) satisfies the m'™ order linear, constant coeffi-
cient, strictly hyperbolic Cauchy problem (2.1). Denote the characteristic roots of
the operator by 11 (&), ..., 7m(&) and assume that (2.2) holds.

We introduce two functions, K (t) and K (t), which take values as follows:

1. Consider the behaviour of each characteristic root, 1,(§), in the region |£| >
N, where N is some large number. The following table gives values for the

function K,gl) (t) corresponding to possible properties of (§); if k() satisfies
more than one, then take K,gl)(t) to be function that decays the slowest as
t — oo.
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Location of 74() ‘ Additional Property ‘ K ,gl) (1) ‘

away from real axis e 7 some 0 > 0
det Hess 7 (§) # 0 (1+ t)-%(%—%)
on real axis rank Hess7,(§) =n—1 | (1+ t)—"T_l i-1

convexity condition, v | (1+1¢)~"5 G

1 1

no convexity condition, v | (1 + t)*%(E’E)
det Hess 7,(€) # 0 (1+)" 263

asymptotic to real axis | rankHess7,(§) =n—1 | (1+ t)_%(%_E)

1
no convexity condition, v | (1 + t)_%(p 7

Then take KO (t) = maxg—1 . _m Kk(l) (t).

1. Consider the behaviour of the characteristic roots in the bounded region |§| <
N; again, take K®(t) to be the mazimum (slowest decaying) function for
which there are roots satisfying the conditions in the following table:

| Location of Root(s) | Properties \ K®)(1t) |
away from axis no multiplicities e % some § > 0
L roots coinciding (14 t)Lte0t
on axis, det Hess 7, (§) # 0 (1+ t)’%(%*é)
no multiplicities convexity condition, y (1+ t)’nTl(%?)

111
no convexity condition, vy | (14¢) "o (—q)
meeting axis L roots coincide

. . . . L_l_ﬁ(l_l)
with finite order s | on set of codimension ¢ | (14 t) s'p

Then, with K(t) = max (K(b)(t), K(l)(t)), the following estimate holds:

m—1
1D Dyu(, e < K () DN fillyro-t
=0

where 1 < p < 2, ]13 % =1, and N, = N,(a,r) is a constant depending on p,

and r.

Let us make a number of remarks on how to understand this theorem. Since
the decay rate does depend on the behaviour of characteristic roots at different
points, we single out properties which determine this decay rate. Since the same
characteristic root, say 7, may exhibit different properties at different points, we
look at the Correspondmg rates K (t), KU (t) under each possible condition and
then take the slowest one for the final answer. It also means that if we microlocalise
in a region where only one of these properties holds, we can get the decay rate
straight from the table for the corresponding solution. In some cases, especially
when roots do not lie on the axis for large £, the result may be extended to p = 1.

In Part I of the statement, it can be shown by the perturbation arguments that
only three cases are possible for large &, namely, the characteristic root may be
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uniformly separated from the real axis, it may lie on the axis, or it may converge to
the real axis at infinity. If, for example, the root lies on the axis and, in addition, it
satisfies the convexity condition with index 7, we get the corresponding decay rate

n 1

KW(t) = (1+t)_%(%_5). Indices v and 7y, in the tables are defined as the maximum
of the corresponding indices v(X,) and (X)), where ¥y = {£ : 7,(£) = A}, over all
k and over all A, for which & lies in the corresponding zone.

The statement in Part II is more involved since we may have multiple roots
intersecting on rather irregular sets. The number L of coinciding roots corresponds to
the number of roots which actually contribute to the loss of regularity. For example,
operator (07 — A)(9? — 2A) would have L = 2 for both pairs of roots intersecting
at the origin. Meeting the axis with finite order s means that we have the estimate

dist(€, Z,)° < | Im 7 (€)] (2.3)

for all the intersecting roots, where Z, = {¢ : Im7(§) = 0}. In Part II of Theo-
rem 2.1, the condition that L roots meet the axis with finite order s on a set of
codimension ¢ means that all these estimates hold and that there is a (regular)
set Z of codimension ¢ such that Z, C Z for all corresponding k. In Theorem
2.2 we will discuss the special case of a single root 7, meeting the axis at a point
& with order s, which means that Im7(£) = 0 and that we have the estimate
1€ —&o|® < c/Im7i(€)|. In fact, under certain conditions an improvement in this part
of the estimates is possible, see Theorem 2.2 and Remark 2.3.

In addition to the theorem, if we have L multiple roots which coincide on the real
axis on a set S of codimension ¢, we have an estimate

fut, 7)) < O+ 05 S [ Alloss (2.4)

=0

if we cut off the Fourier transform of the Cauchy data to the e-neighbourhood S¢ of
S with € = 1/t. Here we may relax the definition of the intersection above and say
that if L roots coincide on a set S, then they coincide on a set of codimension /¢ if
the measure of the e-neighborhood S¢ of S satisfies |S¢| < C¢* for small € > 0; here
S¢ = {¢ € R : dist(§,5) < €}. The estimate (2.4) follows from the procedure de-
scribed below of the resolution of multiple roots. We can then combine this with the
remaining cases outside of this neighborhood, where it is possible to establish decay
by different arguments. In particular, this is the case of homogeneous equations with
roots intersecting at the origin. However, one sometimes needs to introduce special
norms to handle L?-estimates around the multiplicities. Details of this will appear
elsewhere. Finally, in the case of a simple root we may set L = 1, and ¢ = n, if it
meets the axis at a point.

Theorem 2.1 allows a microlocalisation and estimates for the corresponding oscil-
latory integrals. In fact, Theorem 2.1 follows from its microlocal version in regions
where characteristic roots are simple. In regions with multiple roots one requires
additional arguments resolving the singularities caused by multiple roots followed
by estimates for relevant pieces of the solution. A microlocal version of the theo-
rem leads to better estimates since in Theorem 2.1 we take the slowest among all
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microlocal decay rates. Such a microlocal version and the full proof of Theorem 2.1
will appear elsewhere.

For our applications in Section 4, we only need this result in the special case
where characteristic roots meet the real axis with finite order; therefore, we shall
state and outline the prove the theorem in this special case.

Theorem 2.2. Consider the m™ order strictly hyperbolic Cauchy problem (2.1) for

operator P(Dy, D,,), with initial data f; € LP N Wz[g]HHa‘in forj=0,....m—1,

where 1 < p < 2 and 2 < q < oo are such that % —1—5 = 1. Assume that the

characteristic roots T1(€), ..., Tm(€) of P(1,€) = 0 satisfy (2.2) and the following
conditions:

1. there is some € > 0 such that for all k € {1,...,m} we have

liminf Im 74,(§) > ¢;

|§]—o0

2. for each & € R" there is at most one k for which Im1,(&) = 0 and there
ezrists a constant ¢ > 0 such that

€ = &l* < clIm 7 (§)],

for & in some neighbourhood of &g.

Then the solution u = u(z,t) to Cauchy problem (2.1) satisfies the estimate

m—1

" D%u(- -2G-9) :
DS Olir < Cor 070D TN 1,

p

Essentially, this theorem is a special case of Theorem 2.1, where we get the ex-
ponential decay from Part I, exponential decay from multiple roots away from the
real axis in Part II, as well as the last line of the table in Part II with L = 1 and
[ = n, since we have only a single root coming to the axis. The main problem here is
the possible appearance of multiple roots in the complex upper half plane. If several
roots meet on the axis, the decay is then given in Part II of Theorem 2.1, where
we observe the appearance of the extra power t*~! compared to Theorem 2.2. If
roots come to the axis on a set of other codimension ¢, the order should change
according to Theorem 2.1. If conditions of Theorem 2.2 hold only with & we will
call the polynomial P(7,&) strongly stable. Such polynomials will be discussed in
more detail in Section 4.

Remark 2.3: The order of time decay in Theorem 2.2 may be improved in the
following cases. If Im 7 (&y) = 0 in (H2) implies that & = 0, then we actually get

ntlo]

11 m—1
prozutn| <ouen BT
j=0

2=p ([g]H) Haltr—j

L4(R?
(R7) w,

Now, assume that for all { in (H2) we also have the estimate

colé — &ol® < c|Im 7 ()| < er|§ — &ol™- (2.5)
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with some constants cg, c; > 0.
If Im 7.(§) = 0 in (H2) implies that Re 74(&o) = 0, then we actually get

n+rsq

§0(1+t)_( : )(;_3)§1llfjll )

Wp%” ([%}H) Hal+r—j

D Dzut )

La(Ry)

And finally, assume that for all & such that Im 7,(&) = 0 in (H2), we also have
& = 0 and Re 7 (&) = 0. Then we actually get

ntlal+rsy (11| M

HD:DM,t) <C(l+t) () ZlejH

La(R) W;%P ([%]H)Ha\w—j '

The proof of this is based on Remark 3.8. In particular, these estimates cover the
case of dissipative wave equation and applications in Section 4. A similar remark
can be made for Theorem 2.1, where we also get the corresponding improvements.

3. Outline of the proof

Here we will outline the proof of Theorem 2.2. For large frequencies we have simple
roots separated from the real axis so we can expect exponential decay in time there.
For small frequencies, while separated from the real axis, we may have multiple
roots, which may intersect on a rather irregular set. We will cut off around this set
and show that we can get additional polynomial growth in time dependent on the
“dimension” of this set, which is matched against exponential decay. Technically we
have to establish a number of additional estimates on the solution in this case since
the usual solution representation blows up around points of multiplicity. Finally, we
can show the polynomial decay in time when characteristic roots approach the real
axis.

3.1. Some properties of hyperbolic polynomials

Here we will describe some useful properties of hyperbolic polynomials. Let L =
L(D,, D;) be a linear m'™ order constant coefficient partial differential operator.
Then each of the characteristic roots of L, denoted 71(§), ..., 7 (£), is continuous in
R™; furthermore, for each k = 1,...,m, the characteristic root 7,,(£) is analytic in

{SeR": 7(§) # (VI # K} .

Let now L = L(D,, D;) be a linear m*® order constant coefficient strictly hyperbolic
partial differential operator. Then there exists a constant N such that, the charac-
teristic roots 71(§), ..., Tm (&) of L are pairwise distinct for |£| > N. We also have
the following symbolic properties of characteristic roots:

Proposition 3.1. Let L = L(D,,D;) be a linear m™ order constant coefficient
hyperbolic partial differential operator with characteristic roots (&), ..., Tm(§);
then
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1. for each k =1,...,m, there exists a constant C' > 0 such that
7T(E) < C(A+[§])  for all § € R™.
Suppose that the mazimum order of the lower order terms is 0 < K < m — 1. Fur-

thermore, assume that L is strictly hyperbolic, and denote the roots of the principal
part Ly, (&, 7) by 01(§), ..., om(&). Then we have the following:

1. For each ,(§), k = 1,...,m, there exists a corresponding root of the principal
symbol (&) (possibly after reordering) such that

(&) — @r()] < CL+ [T for all € € R,

2. There exists N > 0 such that, for each characteristic root of L and for each
multi-index o, we can find constants C = Cy o > 0 such that

Oem(©)] < Clel ™ for all J¢[ 2 N,

3. There exists N > 0 such that, for each 1,(§) a corresponding root of the
principal symbol @ (&) can be found (possibly after reordering) which satisfies,
for each multi-index o and k =1,...,m,

0874(6) — O r(6)] < CLEP 1 for all g > N

for each multi-index o and k =1,... ,m.

3.2. Representation of the solution

Recall that we begin with the Cauchy problem with solution v = u(z,):

m m—1
Di'u+ > Pj(D,)D" u+ > Y ca,DiDju=0, t>0,
Jj=1 =0 |a|+r=l (31)

Dhu(z,0) = fi(z) € C*(R™), 1=0,...,m—1, v € R",

where symbol P;(§) of P;(D) is a constant coefficient homogeneous polynomial of
order j, and the c,, are constants.

Applying the partial Fourier transform with respect to = yields an ordinary dif-
ferential equation for @ = 4(&,t) := [gn €@ tu(w, t) da:

m m—1
DM+ Y POD! Pa+ > Y casl*Dja=0, (3.2a)
j=1 1=0 |a|+r=l
DLa(€,0) = fi(&), 1=0,...,m—1, (3.2b)

where (£,t) € R™ x [0,00). Let E; = E;(&,t), 5 = 0,...,m — 1, be the solutions
to (3.2a) with initial data

1 ifl=j
DiEj(f,O):{O i1 (3.2¢)
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Then the solution u of (3.1) can be written in the form
= Z FLEFf)(x,1), (3.3)

where F and F~! represent the partial Fourier transform with respect to « and its
inverse respectively.

Now, as (3.2a), (3.2c) is the Cauchy problem for a linear ordinary differential
equation, we can write, denoting the characteristic roots of (3.1) by 71(§), ..., 7m(§),

< k T
= Z Aj (& t)e k)
k=1

where Af(f ,t) are polynomials in ¢ whose coefficients depend on &. Moreover, for
eachk=1,...,mand j=0...,m — 1, the A?(f,t) are independent of ¢ at points
of the (open) set {£ € R™ : 74.(§) # 1(§) VI # k}; when this is the case, we write
AR(&,t) = A%(€). For A%(€), we have the following properties:

Lemma 3.2. Suppose £ € Sy, := {£ € R" : 7.(§) # 11(§) VI # k}; then we have the

following formula:

S S mH ()

() = A , (3.4)
_H;”é (1(€) — 7x(€))

where S8 means sum over the range indicated excluding k. Furthermore, we have,
foreach j=0,....m—1andk=1,...,m,

1. A¥(&) is smooth in S;

2. A5(§) = O(€]77) as [¢] — oo.

Proof. The representation (3.4) follows from Cramer’s rule (and is done explicitly

n [KI67]): A%(E) = etV where V = (T-l_l(ﬁ)):;:l is the Vandermonde ma-

detV 2 2
trix and V]k is the matrix obtained by taking V and replacing the k" column by
0...010...07T.
\ﬂ_/
j
Smoothness of Ag? (&) in Sy is obvious and the asymptotic behaviour is a conse-
quence of 1 of Proposition 3.1 since (3.4) holds for all |£| > N. O

In view of Lemma 3.2, choose N; > 0 so that the 7,(£), & = 1,...,n, are
distinct for |€] > Nj. Also, choose Ny > 0 so that all points at which any of
the roots, 7:(§), meet the real axis—i.e. points & € R™ such that, for all ¢ > 0,
there exist £;,& € B.(§) with Im7,(£1) = 0 and Im7(&,) # 0—Ilie in By, (0). Set
N = maX(Nl,Ng).
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Let x(&) = xn(&) € C5°(R™), 0 < x(§) < 1, be a cut-off function that is identi-
cally 1 for |£| < N and identically zero for |£| > 2N. Then (3.3) can be rewritten
as:

S I ENT )0+ X T B 0T, (39)

3.3. Large [¢|
The second term of (3.5) is the most straightforward to study: by the choice of N,

B6. 001 =00 = 3 A1 - 0©

therefore, since each summand is smooth in R",

[y

S T B - 0T

m
A~

22/ AN (1 = () 5(6) de.

27T

Note that, unlike in the case of homogeneous strictly hyperbolic equations we may
not assume that ¢ = 1. Each of these integrals may be studied separately. Indeed,
we have the following result:

Proposition 3.3. Let 7 : U — C be a smooth function, U C R" open, and a; €
S14(U). Assume:

1. there exists 6 > 0 such that Im7(§) > 6 for all £ € U,
2. (7§ < C(A+1E)) forall§ € U.

Then,

[ e N e rer i€ de| < Ce I fllymyriaes
U L>°(Rg) !
and

|| ey fe) d

for all t > 0, Ny > n, multi-indices o, 7 € R and f € C§°(U).

< Ce™|[fllygarers

So, for all t > 0,
[Dipa(( [ e a6 fe) o
" L
HD:D‘? ( /n ei(“ffﬁ(’f)t)aj(f)f(f) dx)

. < Ceigt”fHWINﬁ\aHrfj ;

SO g
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where N; > n, r > 0, a multi-index; interpolating then gives,

HD? Dy [ e, (€) f(¢) de )

LS Ce_‘stHfHW;vaaHr—j ,
where p ' +¢ 1 =1,1<p <2 N, > n(% — %), r > 0, a a multi-index and
f € Cg°(R™). Thus, in this case we have exponential decay of the solution.

3.4. Bounded [¢|

Let us now consider the terms of the first sum in (3.5), the case of low frequencies,

FUENT ) t) = — [ e f:e”k@%f(é,w X f(Eds.  (3.6)
21 Jrn s

Unlike in the case above, here the characteristic roots 71(§), ..., Tm(§) are not nec-
essarily distinct at all points in the support of the integrand (which is contained in
the ball of radius 2N about the origin); in particular, this means that the A;?(& 1)
genuinely depend on ¢ and we have no simple formula valid for them in the whole
region.

For this reason, we begin by systematically separating neighbourhoods of points
where roots meet—referred to henceforth as multiplicities—from the rest of the
region, and then considering the two cases separately.

First, we need to understand in what type of sets the roots 7;(£) can intersect:

Lemma 3.4. The complement of the set of multiplicities of a linear strictly hyper-
bolic constant coefficient partial differential operator L(D,, Dy),

S:={S e R": 75(§) # (&) for all j # k}

is dense in R™.

Proof. First note
S={£cR": AL(§) #0},

where Ay is the discriminant of L(, 7). Now, by Sylvester’s Formula (see, for exam-
ple, [GKZ94]), A} is a polynomial in the coefficients of L(&, 7), which are themselves
polynomials in . Hence, A is a polynomial in &; as it is not identically zero (for
large €|, the characteristic roots are distinct, and hence it is non-zero at such points),
it cannot be zero on an open set, and hence its complement is dense in R". 0

Corollary 3.5. Let L(&,7) be a linear strictly hyperbolic constant coefficient partial
differential operator with characteristic roots 11(§), ..., Tm(&). Suppose My, C R™ is
a set such that 7,(§) = 7(€), for some k # 1, for all £ € My,. Fore >0, define

wo={& e R dist({, My) < e} ;

denote the minimal v € N such that meas(M$,) < Ce” for all sufficiently small
e > 0 by codim My;. Then codim My > 1.
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Proof. Follows straight from Lemma 3.4: the fact that Mj; has non-empty interior
ensures that its e-neighbourhood is bounded by Cc in at least one dimension for all
small € > 0. U

With this in mind, we subdivide integral (3.6): suppose L roots meet on a set M
with codim M = /¢; without loss of generality, assume the coinciding roots are
71(€), ..., 7(§). By continuity, there exists an ¢ > 0 such that only characteristic
roots coinciding with 7,.(€), k € {1,..., L}, in M are 71(§), ..., 7.(§). Furthermore,
we may assume that OM® € C': for each ¢ > 0 there exists a set S. with C*
boundary such that M*® C S, and meas(M°?®) — meas(S;.) as € — 0. Then:

1. Let xpm € C°(R") be a smooth function identically 1 on M*® and identically
zero outside M?*; now consider the subdivision of (3.6):

L o @ BAENT©de= [ oS E(E DX (E) de

o~ (0)
+ e B (E,1)(1 — xane) (€) S (€) dE

Ban (0)

for the second integral, simply repeat the above procedure around any root
multiplicities in By (0) \ ME.

2. For the first integral, the case where the integrand is supported on M, split
off the coinciding roots from the others:

ix-& N
/B2N(0) ¢ Ej (5, t)X/\/l,g (g)f(g) d&

L ~
_ it ( S e O Ak (¢ t)) Yoo (€) F(€) de
k=1

Ban(0)

1§ - i (Ot gk .
- Ban(0) <k§16 Aj(&at)>XM,e(£)f(£)d§. (3.7)

3. For the first integral, we use techniques discussed in Section 3.5 below to
estimate it.

4. For the second there are two possibilities: firstly, two or more of the roots
Tr41(8), ..., Tm(€) coincide in M?—in this case, repeat the procedure above
for this integral. Alternatively, these roots are all distinct in M*—in this case,
it suffices to study each integral separately as the A7 (&, t) are independent of ¢,
and thus the expression (3.4) is valid and we can write

/ eizf (
Ban (0)

Do e mOANE 1) ) xaal€)F(6) dg
k=L+1

-2 /BQN(o) eSO AT ()X (O)F(€) dE

k=L+1
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note that in this case we may use that the region is bounded to ensure the
continuous functions are also bounded.

Continue this procedure until all multiplicities are accounted for in this way.

3.4.1. Roots separated from the real axis

The case where characteristic roots are separated from the real axis is similar to
that for large |£|. Let us assume that 7(£) has no multiplicities in the set 2; now,
a result similar to Proposition 3.3 holds for general integrals of this form, and thus

|prpz(( [ e @na@f©dr)| <ol

wherep'+¢ 1 =1,1<p<2 N, > n(%—%), r >0, @ a multi-index, f € C5°(R"™),
d > 0 is a constant such that Im7(§) > 0 for all £ € Q and C = Cq 0, > 0. So, in

this case we have also have exponential decay of the solution.

3.4.2. Roots meeting the real axis with finite order

In the case of bounded ||, we must also consider the situation where the phase
function 7(&) meets the real axis. Suppose &, € €2 is such a point, i.e. Im7(&;) = 0,
while in each punctured ball around &y, BL(§y) C 2, € > 0, there exists £ € B.(&) so
that Im 7(§) > 0. Then, we claim that &, is a root of Im 7(&) of finite order s: indeed,
if £, were a zero of Im 7(&) of infinite order, then, by the analyticity of Im 7(£) at &,
(which follows straight from the analyticity of 7(£) at &) it would be identically
zero in a neighbourhood of &, contradicting the assumption.

In condition (H2) of Theorem 2.2 we actually have that there exist constants
co,c1 > 0 such that, for all £ sufficiently close to &g,

col€ — &f° < Im7(€)] < )€ — &l

Indeed, the Taylor expansion of Im 7(&) around &,

I 7(€) = f:la& Im 7 (&) (& — (&):) + Ol — &[?),

is valid for £ € B.(&) C € for some small € > 0. Now, if £ € B.(&), then —§+2¢, €
B.(&) also. However,

T 7(—€ + 260) = = 3 0 T (&) (& — (€0)) + O — &P);

thus, for £ > 0 chosen small enough, this means that either Im 7(£) < 0 or Im 7(—£+
2¢y) < O—contradicting the hypothesis that Im7(§) > 0 for all £ € €; hence,
Je, Im (&) = 0 for each i = 1,...,n. In conclusion, Im7(§) = O(|§ — &l?) for all
f € Bs(fo)-

Now, we need the following result, which is based in the calculation of the LP — L4
decay estimate for the dissipative wave equation in [Mat76], but is here extended to
a more general situation so that it can be used on a wider class of equations:
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Proposition 3.6. Let ¢ : U — R, U C R" open, be a continuous function and
suppose & € U such that ¢(§) = 0 and that ¢(§) > 0 in a punctured open neigh-
bourhood of &, denoted by V\{&}. Furthermore, assume that, for some s > 0, there
exists a constant ¢y > 0 such that, for all £ € V,

B(€) > col§ —&ol*

Then, for any function a(§) that is bounded and compactly supported in U, and for
allt >0, f e C°(R™), and r € R,

[ e = @l (@A)l d < O+ 1™ £, (38)

and

et — &ol"a(e) (6)

—r/s
oy < CA+O7P Yl (39

Proof. First, we give a straightforward result that is useful in proving each of the

estimates:

Lemma 3.7. For each p, M > 0 and ¢,c > 0 there exists C = C, ¢ pe > 0 such
that, for all t > 0,

M
/ 2Pe”dr < C(141)" /S and  sup aPe "t < C(14t)77/5.
0 0<a<M

Proof. For 0 < t < 1, each is clearly bounded: the first by J‘gfll and the second

by M?. For t > 1, set y = xt'/s; with this substitution, the first becomes

MitL/s [e%e)
/ ypfp/cefcyqtfl/c dy < t*(erl)/C/ ypefcyg dy,
0 0

while the second becomes

— — S — — <
sup Yt PlSe=cy® < 4Pl supy’e V" :
0<y<Mtt/s y=>0

that the right-hand side of each is then bounded follows from standard results. [

Returning to the proof of (3.8), as a(§) is bounded in U by assumption, we have

/ e 0Oe — & [a(©)]| ()] dE < c/,ﬂ(ﬁ)wg —&l"If ()1,
v \%4

where V'’ = V Nsupp a; this, in turn, can be estimated in the following manner using
the hypothesis on ¢(£) and Holder’s inequality:

/V/ 9O _ goIT (€)] de < C/V, e ol — g f(€)] de

< C/V, €7c0|§*€0|st 5 . §0|T defHLOO(V’)~
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Then, transforming to polar coordinates and using the Hausdorff=Young inequality,
we find that, for some ¢ > 0 (chosen so that V' C B.(&), possible since a() is
compactly supported),

/ e—colé=&ol*t
V/

§—&l" d§||f||Loo(v')

S Cén_l /0 ’n"f"f‘n—le—co‘n'st d‘n|dWHfHL1(Rn) ,

Finally, by the first part of Lemma 3.7, we find

[ e~ &l @) de < © [Ty e dyl fllsgen
< O+ | 7]

This completes the proof of the first part.
Now let us look at the second part. By the second part of Lemma 3.7,

< e~ 2c0l€ o[t

@1 — &lrate)f ()| §— &l de

L2(v) = Jyr
<O+ [ e fg) 2 d.
The Holder inequality implies that
[ el f)ag < suple” | f[ 2y < CIfIZ:
and together these give the required estimate (3.9). O

So, using this proposition, we have, for all £ > 0, and sufficiently small ¢ > 0,

Doz [ cles@age) fe) d
Ba(EO)

L= (Ry)
< e & T AOITOIIEF Il dE < OO+ flur
and, using the Plancherel Theorem,
Doz [ eles@age) fe) d
BS(EO) L2(R9ch)
= C|e™ ()¢ a(€) f(€) ey = Gl

here we have used that |¢]l®l|7(€)|" < C for € € V' for r € N, a a multi-index.
Thus, for all t > 0,

n

<C(1+ t)’?(H> 1 fllze

La(Rz)

r o i(z-E4+T1(€)t) ¢
iz [ e @) f(e) de

where 1 <p<2,pl+qgt=1.
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Remark 3.8: If £, = 0, then Proposition 3.6 further tells us that

<o+ 0.

DDy [ @) f(6) de
B-(0) La(R7)

If Re7(&) = 0, then under condition (2.5) we have |7(£)| < [Im7(&)] < 11§ — &o|™
for £ near &, and so we get

<o+ )0

La(Rg)

DDz [ e @nage o) de
Be(£o)

If both assumptions hold, we get the improvement from both cases, which is the

estimate by C(1 + t)_<m> (%_%)

3.5. Estimates for bounded |{| around multiplicities

Finally, let us turn to finding estimates for the first term of (3.7), which we may
write in the form

/Qei”'g(kie“k“”A?(@t))x@)f(o 3

where the characteristic roots 71 (), ..., 7.(§) coincide on a set M C Q of codimen-
sion ¢ (in the sense of Corollary 3.5), 2 C R™ is a bounded open set and x € C§°(£2).

Unlike in the case away from multiplicities of characteristic roots, we have no
explicit representation for the coefficients Af(f ,t), which in turn means we cannot
split this into L separate integrals. To overcome this, we first show, in Section 3.5.1,
that a useful representation for the above integral exists that allows us to use tech-
niques from earlier. Using this alternative representation, it is a simple matter to
find estimates in the case where the image of the set M is separated from the real
axis. The argument may be extended to the case when it arises on the real axis as
a result of all the roots meeting the axis with finite order. Such argument is more
elaborate but not necessary for Theorem 2.2.

3.5.1. Resolution of multiple roots

In this section, we find estimates for
L .
Z ezm(&)tAj (&,1),
k=1

where 71(§),...,7.(§) coincide on a set M of codimension ¢. For simplicity, first
consider the simplest case, L = 2 and M = {&}; the general case works in a more
involved but similar way. So, assume

71(&0) = m2(60) and 73,(&o) # 11 (&) for k= 3,...,m;

by continuity, there exists a ball of radius € > 0 about &, B.(&p), in which the only
root which coincides with 71 () is 72(&). Then:
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Lemma 3.9. For allt > 0 and &£ € B.(&),

2
SO Ak (e )| < O(1 4 t)e MmO (@) (3.10)
k=1

where the minimum is taken over £ € B.(&).

Proof. First, note that in the set

S={eR": ) #m()Vk=2,... mand () #n({)VI=3,...,m}
the formula (3.4) is valid for Aj(¢) and A3(€). Now, recall that
Ej(&,t) = Yok, e AR (¢ 1) is the solution to the Cauchy problem (3.2a), (3.2¢),

and thus is continuous; therefore, for all n € R™ such that 71(n) # 7x(n) and 7»(n) #
(1) for k = 3,...,m (but allow 71(n) = 72(n)), we have

2
i k . iT 1 iT 2
kz::le k(")tAj (tﬂ?) _ %1371] (6 1(£)tAj(§) +e 2(€)tAj(§)) 7

provided & varies in the set S (thus, ensuring e ©*AN(&) + ™1 A2(¢) is well-
defined). Hence, to obtain (3.10) for all £ € B.(&), it suffices to show

ez’n(&)tA]l (&) + 6”2(5))514?(5)‘ < Ot~ min(lm 7 (§),Im7>(£))t

for all t > 0, £ € BL(&) = B:(&) \ {&0}-
Now, for all £ € B.(&), t > 0,

em(@tA} (f) + eiTQ(f)tA?(f‘)
= sinh[(r1(€) — 72(£))t)(e™ @ A} () — e A2(¢))
+ cosh|[(71(€) — T2())E](e™ O AL(E) + MO AZ(E)) . (3.11)

Furthermore, we have the following estimates for all £ € B.(&), t > 0:

‘sinh[(ﬁ (€) — m(6))t] (A; (g)em(é)t . A?<€>ein(£)t)‘
< Ct[|em(§)t\ + |€i7—1(£)t|] < Cte~ min(m(§)Im ()t (3.12)

|cosh[(71(&) — Tz(f))t](A]l(g)ez’m(f)t +A§(£)ei71(f)t)|
< Cte™ min(Im 71 (€),Im 72 (€))t ' (313>

The proof of the first is simple: just note that

sinh[(71(€) — 72(€))1]
(7'1(5) - 7'2(5))

or, equivalently, as £ — & through S, and A%(£)(1(£) — 72(€)) is continuous in
B.(&) for k = 1,2. The proof of the second is more technical and uses the ex-
plicit representation (3.4) for the A%(¢) at points away from multiplicities of 7 ();
otherwise it is similar and we omit it here.

Combining (3.11), (3.12) and (3.13) we have (3.10), which completes the proof of
the lemma.

—t as (1(§) — =(§)) — 0,

O
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Suppose now that the characteristic roots 71(§),...,7.(§), 2 < L < m, coin-
cide on a set M of codimension ¢, and that 71(§) # 7,(&) for all £ € M when
k = L+ 1,...,m. By continuity, we may take ¢ > 0 so that the set M*® =
{£ e R" : dist(&, M) < e} contains no points n at which 7(n),...,7.(n) = 7%(n)
for k=L +1,...,m. With this notation, we can extend Lemma 3.9 to the general
situation:

Lemma 3.10. For allt > 0 and £ € M®,

k=1

where the minimum is taken over £ € B(&).

Note that this estimate does not depend on the codimension of M nor its geo-
metric structure.

3.5.2. Phase function separated from the real axis

We now turn back to finding L — L9 estimates for

/Qeix'g(éeiTk(@tA?(ét))x@)f(g) de.

when 71(€),...,7(§) coincide on a set M of codimension ¢; choose € > 0 so that
these roots do not intersect with any of the roots 7,41(§), ..., Tm(§) in M=,

Here we can assume that there exists d > 0 such that Im 74,(§) > ¢ for all £ € M*—
so, ming Im 7, (§) > 0. For this, we use the same approach as in Section 3.4.1, but
using Lemma 3.10 to estimate the sum. Firstly, the L' — L° estimate:

HD;D; ( /Q e < kz: e O A (g, t)) X(€)F (&) dm)

Lo (Rg)

[ (e eaic onter)en@ie

Loo(Rg)

(O Ak (¢, t)‘|§|’°‘ £(&)| dx

< max sup|7(§)
E
< CA+ 0" e flle@ < CA+ 6" e fllpr -

Similarly, the L? — L? estimate:
P [es( e asien) o )

H(Ze”’“ tAk (&) (€ )
<

< O+ e fllzao

L2 (Rn)

Lm)

CL+ 0" e[| flze
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Then,

HD{D;“ </Q RS < kzi:l em(f)tA?(f, t)) X(f)f({’) dm)

La(®p)
<O+ e f]le

where p~! + ¢t =1, 1 < p < 2. Once again, we have exponential decay.

4. Applications

In this section we will briefly consider applications of Theorems 2.1 and 2.2 to
Fokker-Planck equations and wave equations with dissipation and negative mass.
There are further applications to Grad systems linearised near equilibrium points
where Theorems 2.2 and 4.1 immediately yield the corresponding decay rates. The
size of these systems depends on the number of moments and dimension of the space.
Some examples of these systems and their stability has been analysed in [VRO3].

4.1. Fokker—Planck Equation

The classical Boltzmann equation for the particle distribution function f = f(t, z, ),
where x,c € R", n=1,2,3, is

(O +c¢-Va)f = 5(f),

where S(f) is the so-called integral of collisions. The important special case of this
equation is the Fokker—Planck equation for the distribution of Brownian particles,
when the integral of collisions is linear and is given by

n

S(f)=Ve-(c+Ve)f = Zack<ck+ack>f'

k=1
In this case the kinetic Fokker-Planck equations takes the form

n

(&—i—chaxk) f(t,z,c) Z e (Ck 4 0 ) -

The Hermite-Grad method of dealing with Fokker-Planck equation consists in de-
composing f(t,z,-) in the Hermite basis, i.e. writing

f(t=x>c) = Z am,J{(:E,t)wa(C),

where ¢*(c) = (27)""/?(-0,)" exp(—%) are Hermite functions. They are deriva-
tives of the Maxwell distribution ¥° which annihilates the integral of collisions and
form a complete orthonormal basis in the weighted Hilbert space L2 (R") with weight

w = 1/4°. This decomposition yields the infinite system

atm/@(xa t) + 6ka$kmﬂ_ek ("L‘7 t) + akaﬂ+6k ("L‘a t) + |ﬁ|m5(x, t) = 0.
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The Galerkin approximation f% of the solution f is

= Y —mala (),

0<la<n

with m(z,t) = {mg(z,t) : 0 <|B| < N} being the unknown function of coefficients.
For m(z,t) one obtains the following system of equations

Dym(z,t) + > A;Dy m(z,t) —iBm(x,t) =0,
J

where B is a diagonal matrix, B, 3 = |®|da,g, and the only non-zero elements of the
matrix A; are a; 7% = ay, a?Jrej ** = 1. For details of these calculations see [VR04].

Hence, the dispersion equation for the system is

P(T7£) = det(T[ + ZAj&-j _ ZB) -0
J

(4.1)

P(1,0) =det(rl —iB) =71 || (T — ji)7.

—

1

J

Properties of this polynomial P(7,&) have been extensively studied by Volevich
and Radkevich in [VRO04], who gave conditions and examples of situations when
Im7;(&) > 0, for all £ # 0. In our situation here we have to take additional care of
possible multiple roots, as is done in Theorem 2.2.

Assume now that P(7,§) is a stable polynomial, i.e. its roots 7(§) satisfy Im 7(§) >
0 and Im7(¢) = 0 imply & = 0. We will say that P(7,&) is strongly stable if,
moreover, its roots 7(&) satisfy Im 7(£) > € > 0 for large £. It follows that we satisfy
the conditions of Theorem 2.2 and we have to determine the order with which the
characteristic arrives at the origin. We have the following theorem about time decay
of solutions to Cauchy problems for equations with strongly stable symbols.

Theorem 4.1. Let a strongly stable polynomial P(1,§) of order m have a strictly
hyperbolic principal part and assume that 0.P(0,0) # 0. Let o be the multiindex of
the smallest length |a| such that 9¢P(0,0) # 0. Let u(x,t) be the solution of the
Cauchy problem P(Dy, Dy)u = 0,0)i—g = f1, 0 <1 <m—1. Let 1 < p < 2,
2<g<oo,and1l/p+1/q=1. Then

llmfl
[u(- D]z < OO+ FE7) S 1 ill, v,

=0

where N; = 2%([”/2] + 1) — . Moreover, we have the estimate

_(nHBl (o1 ) md
< O(1+1) ( lal T )(p q) ||fl||WNz+\5\+7”~
La(Rz) ! r

0; 0u(-, 1)
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Indeed, since the polynomial is strongly stable, the estimate in Theorem 4.1 fol-
lows from Theorem 2.2 and Remark 2.3. The improvement in the last estimate for
derivatives comes from the fact that there is only one root 7 such that 7(0) = 0
and so the last statement of Remark 2.3 applies. In certain cases it can be shown
that actually |a| = 2, in which case we have the same decay as for dissipative wave
equation.

Let us write the polynomial P(7,¢) from (4.1) in the form

M+1

P(r,&) = > (=) Pi(7,£),

Jj=0

where P; is a homogeneous polynomial of order M +1—j, and assume that P(7,§) is
strongly stable. In [VRO04] it was shown that Pyi1(7,&) = 0, yar Py (7, &) = M7 for
some Yy > 0, and yas_1 Pr_1(7,€) = M!S M5! =572 — MUEJ? for some ypr—1 > 0.

It can be readily verified now that conditions of Theorem 4.1 hold with |a| = 2,
1_1

from which we get the estimate with (1 + t)_%(TE).

4.2. Wave type equations with (negative) mass and dissipa-
tion

Here we will show that we can still have time decay of solutions if we allow the

negative mass but exclude certain low frequencies for Cauchy data. This is given in

(4.2) below. Nonnegative but time dependent mass and dissipation with oscillations

have been considered before. See, for example, [HR03] and references therein.
Let us consider second order equations of the following form

Ou — A Au+ 50+ pu =0,

U(O, I) = 07 ut(oa I) = g(ZE) :
Here ¢ is the dissipation and g is the mass. For simplicity, the first Cauchy data
is taken to be zero. The general case can be treated in the same way. Let us now

apply Theorem 2.1 to the analysis of this equation. The associated characteristic
polynomial is

= AP —idtr—p=0,

which has roots

ra(€) = D & [Pl 22 /a.

Now, we have the following cases, which correspond to different cases of Theorem
2.1:

e 0 = p = 0. This is the wave equation.
e ) =0, x> 0. This is the Klein—-Gordon equation.

e 11 =0, 0 > 0. This is the dissipative wave equation.

XII-26



e 0 < 0. In this case, Im7_(§) < g < 0 for all &, hence we cannot expect any
decay in general.

e >0, > 0. In this case the discriminant is always strictly greater than
—42/4, and thus the roots always lie in the upper half plane and are separated
from the real axis. So we have exponential decay.

Here is the main case for us:

e § >0, 11 < 0. In this case, note that Im7_(&) > 0 if and only if ¢?[£|*> +u > 0,
i.e. the critical value is || = {/|u|/c. Therefore, the answer depends on the

Cauchy data g. In particular, if supp g is contained in ¢?|£|? + p > 0, then we
may get decay of some type. More precisely, let B(0,r) be the open ball with
radius r centred at the origin. Then we have:

— if g is such that suppg N B

(0, Y1)

# @, then we have no decay;

— if there is some € > 0 such that supp § C R™\ B(0, @—1—5), then the roots

are either separated from the real axis (if § > 0), and we get exponential
decay, or lie on the real axis (if 6 = 0), and we get Klein-Gordon type
behaviour (since the Hessian of 7 is nonsingular).

— if, for all g, suppg C R™\ B(O,@) = {|§| > \/C“T'} , then again we

must consider § = 0 and d > 0 separately.

If 0 = 0, then the roots lie completely on the real axis, and they meet
on the sphere |{| = \/m/c It follows from (2.4) with L =2 and £ =1
that, although the representation of solution as a sum of Fourier inte-
grals breaks down at the sphere, the solution is still bounded in a (1/t)-
neighbourhood of the sphere. In its complement we can get the decay.

If 6 > 0, then the root 7_ comes to the real axis at [¢]| = @, in which
case we get the decay
()]s < 4167 gl (4.2

Indeed, in this case the order of the root 7_ at the axis is one, i.e. estimate
(2.3) holds with s = 1. Here 1/p+1/¢ = 1 and 1 < p < 2. Note also that
compared to the case of no mass when ¢ = n, the codimension of the set

{5 eR":|¢] = \/07} is £ = 1. We can apply the last case of Part II of
Theorem 2.1 with L =1 and s = ¢ = 1 which gives estimate (4.2).

References

[Bre75]

[Bre77]

Brenner, P., On L, — L, estimates for the wave-equation, Math. Z. 145

(1975), no. 3, 251-254.

Brenner, P., L, — L, -estimates for Fourier integral operators related to

hyperbolic equations, Math. Z. 152 (1977), no. 3, 273-286.

XII-27



[Eva9g]

[GKZ94]

[HRO3]

[Hor97]

[K1i67]

[Lit73]

[Mat76]

[PecT76]

[Rac92]

[Ruzh00]

[Str70a]

[Str70b]

[Sug94]

[Sug96]

[Sug9s|

Evans, L. C., Partial differential equations, Graduate Studies in Mathe-
matics, vol. 19, American Mathematical Society, Providence, RI, 1998.

Gelfand, I. M., Kapranov, M. M., and Zelevinsky, A. V., Discriminants,
resultants, and multidimensional determinants, Mathematics: Theory &
Applications, Birkhduser Boston Inc., Boston, MA, 1994.

Hirosawa, F., Reissig, M., From wave to Klein-Gordon type decay rates,
Nonlinear hyperbolic equations, spectral theory, and wavelet transforma-
tions, 95-155, Oper. Theory Adv. Appl., 145, Birkhauser, Basel, 2003.

Hormander, L., Lectures on monlinear hyperbolic differential equations,
Mathématiques & Applications (Berlin), vol. 26, Springer-Verlag, Berlin,
1997.

Klinger, A., The Vandermonde matriz, Amer. Math. Monthly 74 (1967),
571-574.

Littman, W., LP — L9-estimates for singular integral operators arising from
hyperbolic equations, Partial differential equations (Proc. Sympos. Pure
Math., Vol. XXIII, Univ. California, Berkeley, Calif., 1971), Amer. Math.
Soc., Providence, R.I., 1973, pp. 479-48]1.

Matsumura, A., On the asymptotic behaviour of solutions of semi-linear
wave equations, Publ. Res. Inst. Math. Sci., Kyoto Univ. 12 (1976), no. 1,
169-189.

Pecher, H., LP-Abschdtzungen und klassische Lésungen fiir michtlineare
Wellengleichungen. I, Math. Z. 150 (1976), no. 2, 159-183.

Racke, R., Lectures on nonlinear evolution equations: Initial value prob-
lems, Aspects of Mathematics, E19, Friedr. Vieweg & Sohn, Braunschweig,
1992.

Ruzhansky, M., Singularities of affine fibrations in the reqularity theory of
Fourier integral operators, Russian Math. Surveys, 55 (2000), 99-170.

Strichartz, R. S., Convolutions with kernels having singularities on a
sphere, Trans. Amer. Math. Soc. 148 (1970), 461-471.

Strichartz, R. S.,; A priori estimates for the wave equation and some ap-
plications, J. Funct. Analysis 5 (1970), 218-235.

Sugimoto, M., A priori estimates for higher order hyperbolic equations,
Math. Z. 215 (1994), no. 4, 519-531.

Sugimoto, M., Estimates for hyperbolic equations with non-convex charac-
teristics, Math. Z. 222 (1996), no. 4, 521-531.

Sugimoto, M., Estimates for hyperbolic equations of space dimension 3, J.
Funct. Anal. 160 (1998), no. 2, 382-407.

XII-28



[VR03] Volevich, L. R. and Radkevich, E. V., Uniform estimates of solutions of
the Cauchy problem for hyperbolic equations with a small parameter mul-
tiplying higher derivatives, Diff. Eq. 39 (2003), 521-535.

[VR04] Volevich, L. R. and Radkevich, E. V., Stable pencils of hyperbolic polyno-
maals and the Cauchy problem for hyperbolic equations with a small pa-
rameter at the highest derivatives, Trans. Moscow Math. Soc. 65 (2004),
63-104.

[VWT1] von Wahl, W., LP-decay rates for homogeneous wave-equations, Math. Z.
120 (1971), 93-106.

DEPARTMENT OF MATHEMATICS
IMPERIAL COLLEGE LONDON
180 QUEENS’S GATE

LoNDON SWT7 2AZ

UNITED KINGDOM
m.ruzhansky@imperial.ac.uk
james.g.smith@imperial.ac.uk

XII-29


mailto:m.ruzhansky@imperial.ac.uk
mailto:james.g.smith@imperial.ac.uk

	 1. Introduction
	 2. Main Results
	 3. Outline of the proof
	 3.1. Some properties of hyperbolic polynomials
	 3.2. Representation of the solution
	 3.3. Large 69640972 86418188 
	 3.4. Bounded 69640972 86418188 
	 3.4.1. Roots separated from the real axis
	 3.4.2. Roots meeting the real axis with finite order

	 3.5. Estimates for bounded 69640972 86418188  around multiplicities
	 3.5.1. Resolution of multiple roots
	 3.5.2. Phase function separated from the real axis


	 4. Applications
	 4.1. Fokker--Planck Equation
	 4.2. Wave type equations with (negative) mass and dissipation

	 . References

